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About the cover 


How many “orders” of diffraction can you see? There is one order 
on the right and two on the left. On the vertical wall you see the 
“zero-order” white stripe, the image of the vertical slit through 
which the white light has passed before going through the diffrac- 
tion grating. To the left of this “central maximum’ there is first a 
dark region (call it UV) and then violet and blue, which are followed 
a few degrees further by orange and red. That is the first-order spec- 
trum. The second-order spectrum starts with violet and blue again, 
but this time we see the green and the yellow, going over into or- 
ange and red (see Chapter 12). 
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PREFACE 


As you look at this book, your first thought might be, “How am I going to 
learn all this in one school year?” The answer is that every physics text has 
much more material than any student can digest in a one-year course, This 
gives the teachers who plan your course a lot of choices, and that is a good 
thing, So don’t be disappointed if your instructor announces plans to skip 
chapter so-and-so or be surprised if chapters are assigned out of order. 
Courses in different colleges vary enormously in their content and in their 
style, even though instructors may be using the same text. Something must 
be omitted from every course, and the choice of what to omit does not make 
the course better or worse. Every physics course is designed to build your 
physical intuition. In the process it tries to make you comfortable with quan- 
titative argument, and to help you build your skill at solving quantitative 
problems, 

This book has been written as a text for the introductory physics course 
that is often entitled “College Physics.” Although it is aimed primarily to- 
ward the student who has never studied physics before and who may plan 
to study no more physics after this course, it is sophisticated and its lan- 
guage is technical. You will find a conscious emphasis on applications to the 
human body, You will see a lot of arithmetic and “ninth-grade” algebra, but 
no calculus except in an appendix. Some chapters have sines and cosines. 
The book is intended to sound the way a physicist talks. 

As you leaf through the book, you will notice that each chapter is 
equipped with a number of study aids. Each starts with a list of Questions 
This Chapter Will Answer. Some people might consider these as “goals.” In 
fact, the goals are much loftier. But these questions tell you what to look 
forward to. At the end of each chapter there is a short summary, then a list 
of key terms, which are defined succinctly, This is followed by a set of review 
questions, The key terms list has definitions of the terms found in the chap- 
ter, both in the text and in the problems, and sometimes of terms that aren't 
used at all, but that you might run into in your reading of scientific litera- 
ture. The first time one of the key terms appears in the chapter, it is printed 
in boldface type, so you know right away where you can find a definition. 
All of these terms also appear alphabetically in the index at the back of the 
book, with an italic page number referring to the appropriate key terms list, 
and roman-type page numbers referring to other appearances of the term. 
This feature makes the book a sort of physics encyclopedia, or quick-refer- 
ence book, You will appreciate this feature especially when you consult it a 
few years from now. 

On the other hand, the book is rather short, as physics texts go. It is 
purposely not encyclopedic. Its purpose is to be pedagogic, to teach as lu- 
cidly as possible. Many technical applications found in “engineering phys- 
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ics” texts have been left out. A lot of health-science applications have been 
put in, because so many students who study physics are planning to enter 
health-related careers. In taking a look at the problems at the end of each 
chapter, you will frequently notice some biological applications. 

Each chapter of this book starts with the more familiar and works toward 
the more abstract. You will probably find that the chapters are easy at the 
beginning and get harder the further you read. In general, the more math- 
ematical parts are further along in a chapter. This gives your instructor some 
choice about how mathematical your course should be. Very likely, the 
choice will be to be rather mathematical in some chapters and not in others. 
The chapter on entropy and information is an exception; it is mathematical 
throughout. The math is arithmetic and algebra. The only calculus you will 
see is there (in an appendix and in an occasional footnote) to help make 
connections for the reader who recognizes derivatives and integrals. But 
please do not let the rather elementary mathematical level of the book mis- 
lead you into thinking that the physics has been oversimplified. 

The order of the problems at the end of each chapter tends to follow the 
sequence of topics in the chapter. For educational reasons the problems are 
not overtly keyed to specific sections. They do have names that give away 
what they are about. They also have stars, to grade them by difficulty: 

* easy 

* requires thought 

*“* challenging 
Not surprisingly, two-star problems abound. Your instructor has been pro- 
vided with a Problem Table of Contents to facilitate the planning of problem 
assignments. Quite often the problems go into areas not covered by the text 
at all and are therefore rather lengthy. This again is a feature that gives your 
instructor a choice of the topics your course will include. Remember, what- 
ever form your course takes, it will assign only a fraction of the problems. 
But your best learning will take place while you are struggling with the 
tough ones. Don’t expect to find all of the answers by leafing through the 
chapter. Numerical answers to the odd-numbered problems are in the back 
of the book. Your solution to a problem should, of course, include a lot of 
writing, so that you can go back later and follow the logic. A rather complete 
step-by-step solution also helps you to spot mistakes. 

Should you try to memorize formulas? The answer is: Not before you 
understand them. Quantitative arguments are generally introduced with a 
numerical example so that you will immediately get a feeling for the size of 
the various physical quantities. You will need to follow the arithmetic to 
follow the logic. After you have worked through the numbers, the situation 
is generalized by substituting symbols for the numbers and following the 
argument algebraically, that is, doing a derivation. What comes out is a for- 
mula. You should try to learn the derivation, Then the formula is yours 
automatically. Occasionally, learning the formula as if it were a poem makes 
it a mnemonic—an aid that jogs your memory for the logical argument. It 
should never be a substitute for the logic. 
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Now you know why you don’t see sections entitled “Worked Example” 
following the derivation of a formula. The worked example in fact, preceded 
the derivation. But you do see exercises right in the text. They will slow you 
down in your reading. They are intended to do this. They make parts of the 
book similar to a “‘programmed-learning” text. You have to do the work, to 
carry the ball for a while. You will also succeed in solving them quickly. 
Your new understanding will be quickly rewarded. Your instructor will let 
you know whether to hand in your solutions to the exercises. But handed- 
in or not handed-in, you will find it very useful to do them. 

1 owe huge debts of gratitude to a number of my colleagues who read and 
criticized early drafts of entire chapters. My students, who had to read 
rough, photocopied handout notes, have been kind and diplomatic, but did 
catch errors and ambiguities. Every year that I test-taught a chapter, the new 
version was typed and reproduced by Lucille Rosenberg, my wonderful sec- 
retary. Actually, I have enjoyed her help in many phases of the work. Most 
of the chapters have had the benefit of line-by-line editing by Professor 
James Lock of Cleveland State University. His keen insight, unflagging at- 
tention to detail, and gentle sensitivity to someone else’s teaching style have 
had a profound impact—far beyond the spotting of mistakes. After the man- 
uscript was “finished,” it was sent by Wiley to six reviewers, college profes- 
sors who, at my request, have remained anonymous. This anonymity was 
intended to encourage them to criticize freely, and they worked very hard 
at it. I also worked very hard at incorporating many hundreds of their sug- 
gestions. 

Robert Quail solved all the end-of-chapter problems. In the process, he 
pointed out weaknesses in exposition as well as lots of embarrassing mis- 
takes—fortunately just before they would have gone to the compositor. The 
book has been much improved by his advice. He is an excellent physicist 
and a thoughtful teacher, and on many occasions I fought or rejected his 
advice. For example, he thought it quite wrong to put so much didactic 
material in the problems rather than in the text. I believe that this feature 
not only makes the book shorter but gives your instructor a greater role in 
shaping the course to your common needs. 

Two Cleveland artists, Linda Zolten and George Wang, created a bridge 
between my impossibly rough sketches and the Wiley Illustration Depart- 
ment by providing first drafts of the figures. 

The College Division of John Wiley has an impressive concentration of 
creative and helpful people, many of whom contributed to producing this 
book. Here I mention only three, my heroes: Safra Nimrod (photo editor), 
whose artistic energy and impeccable taste you can see in the photos; Elaine 
Wetterau (copy editor), cultured, literate, a stickler for detail, yet so flexible 
as to allow me my idiosyncratic physicist’s style; and Robert McConnin, 
formerly physics editor, who made it all happen. All the hard decisions 
were his. 


Stefan Machlup 
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FORCE AND MOTION 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 
Why don’t you have to be far from the earth to experience “zero grav- 


ity”? 
Why couldn't you play basketball in an orbiting space platform? To play 
tennis, what kind of strokes would you have to use? 


What kind of experiment would you design to test Newton's First Law 
here on earth? 


The Skylab astronauts used a vacuum cleaner rather than a broom for 
cleaning up. Why? 


Under conditions of constant acceleration, what is the shape of the ve- 
locity-versus-time curve? 


The area under such a velocity-versus-time curve is the 


Accelerating uniformly from rest, an object goes 2 times / 3times / 
4 times as far in the first two seconds as it does in the first second. 


Acceleration can be expressed in miles per hour per second. Is meters 
per square second also a unit of acceleration? 


Under what conditions is it true that displacement goes as the square of 
the time? 


Under what conditions is it true that displacement is directly propor- 
tional to the time? The proportionality constant is the . 


An upward acceleration of 9.8 meters per second per second doubles 
your weight here on earth. What effect does twice that much upward 
acceleration have on your weight? 


By how much does a downward acceleration of 9.8 m/sec? reduce the 
apparent weight of a 150-pound man? 


A force of 1 newton applied to a mass of 1 kilogram imparts to it an 
acceleration of 1 m/sec’ in the direction of the force. What does the same 
force do to a 2-kg mass? 


Here on earth, a 1-kilogram mass weighs 9.8 newtons when it is not 
accelerated. The same object weighs more / less / the same / on 
the moon. 


The Principle of Equivalence states that the gravitational force on an 
object and the force needed to impart a given acceleration to it are pro- 
portional. The particular value of acceleration that makes these two 
forces equal is called 


Here on earth its value is - A hundred miles up 
its value is greater than / less than / the same as this. 
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This chapter begins the study of classical mechanics. That means it is about 
motion and about forces. It starts with an essay called “Space Travel” be- 
cause you will actually find it easier to understand the motion of objects in 
an orbiting satellite than motions in a physics laboratory here on earth. The 
reason is that in an orbiting spacecraft, things have no weight. 


Space Travel: An Essay on Weightlessness 


Down here on earth, everything we touch has weight. If we drop some- 
thing, it falls down. Not so for the orbiting astronaut. If he lets go of his 
toothbrush, it just stays floating in midair. If he gives it a little shove, it 
moves off in a straight line. That may be unfamiliar behavior, but it is pretty 
easy to visualize. The astronaut’s world is amazingly symmetrical. 

When his craft is in orbit, the astronaut loses all sense of the heaviness of 
his body. Raising an arm takes no more effort than lowering an arm. Here 
on earth, we always have that special direction we call down, and the op- 
posite direction, up. For the astronaut in orbit, all directions feel alike. Here 
on earth, the falling toothbrush picks up speed as it falls down. For the 
astronaut, in an orbiting spacecraft, once an object is started moving, it just 
keeps going in a straight line until it bumps into something. Until something 
interferes with its motion, it neither speeds up nor slows down. Here on 
earth, when you throw a ball, it curves downward. Think about the curve 
traced by the basketball on a “rimless” shot. How much easier it is to de- 
scribe the motion of a ball thrown in an orbiting spacecraft: It flies in a 
straight line at constant speed. 


i) 


Weightlessness: Astronauts in orbiting spacecraft. 
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FIGURE 1.1 Astronaut at blast-off. 
(He looks pretty well squashed, 
lying on his support couch.) 
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To accustom your intuition to frames of reference in which your own 
weight changes, think about your experience with elevators. You have prob- 
ably ridden on a fast elevator. Remember the feeling as the elevator starts 
down? Suddenly you seem to weigh less. The floor seems to fall out from 
under you, and your stomach seems to press up. As the “down” elevator 
slows down, you temporarily feel yourself geting heavier, feel the floor 
pushing up on you harder. The same thing happens as the elevator starts 
to move up: Your feet seem to press harder on the floor; your stomach 
seems to sink. Moments later, while the elevator is moving steadily upward, 
your weight is back to normal. But as the elevator stops its upward motion, 
the floor seems to drop away and your stomach feels like it is getting close 
to your throat. All this feels the same approaching the fifth floor as the 
twenty-fifth floor. 

Now think about the space traveler. As his rocket blasts off and starts 
moving upward, he becomes very heavy. As long as the craft accelerates 
upward, the supporting couch pushes up on his body, tending to compress 
him from below. Perhaps we should say from behind. The push on his body 
is in the forward direction, the direction in which the rocket is accelerating. 
When the “burn” is over, the push stops. When his craft is “in orbit,” he 
feels no upward push, no downward push. His body is weightless. (See 
Fig. 1.1) 

Instead of talking about weightlessness, physicists also use the term free 
fall. For our space traveler, after the upward acceleration stops, the free fall 
is an upward fall, of course—at least for a while. The term free fall is used 
regardless of whether the fall is down or up. 

You experience weightlessness every time you jump. When you lose con- 
tact with the floor, you are in free fall. To have time to savor it for more 
than a second, try a diving board or trampoline. If you close your eyes while 
you are in the air, you will notice that the feeling is quite the same on the 
way up, at the top, and on the way down: While unsupported, you are in 
free fall. When you reestablish contact with the trampoline, it pushes up on 
you. It slows down your downward motion, stops it, then starts your up- 
ward motion. During this time, you become a heavy-weight. Your feet press 
into that supporting surface. On the way up, that pressure lessens until you 
lose contact and “go into orbit,” becoming temporarily weightless. 

Think about our three examples: 


The elevator starting and stopping. 
The astronaut blasting off and finally going into orbit. 
The trampoline. 


In all three situations, the presence or absence of forces on the body does 
not depend on which way the body is headed. The elevator floor has to 
push harder than usual both to start the upward trip and to stop the down- 
ward trip. The same goes for the trampoline. The astronaut gets pushed 
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hard from below at blast-off. That push gets less as the thrust of the rocket 
decreases. When the push stops altogether, the astronaut feels just like you 
would if someone cut the cable on the elevator. The book you hold in your 
hand would no longer be heavy. If you let go of it, it would stay right where 
you released it. In other words, it falls at the same rate you do. And that 
would be so whether the elevator was moving up or down before the cable 
was cut or wasn’t moving at all. 


Some Medical Aspects of Weightlessness 


Here on earth, your head is higher than the rest of your body most of the 
time. It pushes down on your neck. When you lie in bed, that stress is 
relieved. Under conditions of weightlessness, all the stresses on bones, on 
joints, and on muscles that have to do with supporting parts of ourselves 
against gravity are relieved. So we have to worry whether, on a long space 
voyage, those bones will soften, those joints stiffen, those muscles weaken. 
These worries are quite similar to worries that arise in.a long hospitalization. 
The astronauts return to earth a couple of inches taller, so that their trousers 
seem too short. That only lasts a day or two, until their weight shrinks their 
bodies back to size. But during the trip, their legs tend to get thin and their 
upper bodies seem bloated. The face is rounder than usual and flabbier. 
What happens is that body fluids that normally have a tendency to flow 
downward distribute more uniformly over the body. When you got up out 
of bed this morning, the fluid pressure in your legs increased and became 
higher than the pressure in your head. Under conditions of weightlessness, 
that pressure difference disappears. 

You may have seen some of the television tapes made by the Skylab as- 
tronauts. One shows how they exercise under conditions of “zero gravity” 
in order to stay healthy. It is fun to see them floating around in the large 
cabin. They come to rest as easily on the ceiling as on the floor. If you ask 
“Which way is up?,” the question has no answer. There is no “up” and no 
“down.” That means there is no lifting. The concept of carrying has only a 
vague meaning. Even walking is impossible without hanging on: The slight- 
est push of a foot against the floor sends the whole body moving off the 
other way. 


Eating and Drinking 


The astronaut does not heap peas on his plate and pick them up with a 
fork. Weightless peas just won't heap and won't stay put on a moving fork. 
(See Fig. 1.2.) Since everything in the spacecraft falls at the same rate, every- 
thing stays put relative to everything else unless it is pushed or pulled. 
Anything that is not fastened floats freely. Anything that starts moving just 
keeps going in the same direction at the same speed until it bumps into 
something else. A salt shaker would be hopeless. There would be salt all 
over. The Skylab crews used a squeeze bottle with salt water. Here is a 
report of an interview: as 
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(a) The board is at its lowest 
point, the downward motion has 
stopped, and the pressure of the 
feet on the diving board is at its 
maximum. (b) As the feet lose 
contact with the diving board, 
free fall (= weightlessness) begins. 


FIGURE 1.2 Bit of egg continuing 
on its straight-line path to the 
mouth although the spoon has 
stopped. 


Hovercraft is supported on a 
cushion of moving air, just like 
the air-track gliders. 
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Keeping food from flying off the silver was a real problem in Skylab. If an 
astronaut spooned up a bit of egg and then paused with his hand halfway 
to his mouth—to ask someone to pass the salt, say—the egg would leave 
the spoon and, continuing its trajectory, land on the astronaut’s face. 


The trick was not to stop the spoon on its trip. . . . They had to have 
their mouths in exactly the right spot, and open, for there was no way to 
stop the spoonful of food once it had started on its way.’ 


Liquids do not have smooth surfaces. The slightest vibration will cause a 
liquid to fill its container by breaking into droplets. The concept of pouring 
loses all meaning in a world without an up and a down. When the force of 
gravity has been “canceled out” by giving in to it, that is, by falling, other 
forces ordinarily much smaller than weight become more noticeable. Al- 
though there is no such thing as “heaping” in a weightless environment, 
the forces of adhesion and surface tension now dominate. So liquids tend to 
form into spherical drops. They only flow if they are pushed. Anything that 
gets loose in the cabin, whether a cracker crumb or a drop of milk, just 
keeps floating until it adheres to some surface. If you spill, you can wipe, 
but you mustn't sweep. 

Can you imagine what washing is like? 


Newton’s First Law 


An object persists in its state of rest or motion in a straight line at 
constant speed unless acted upon by an external force. 


That is a formal statement of the First Law of Motion. In an orbiting space- 
craft, that law is a generalization of easily observable behavior of objects 
loose in the cabin. In everyday life here on earth, on the other hand, it is a 
difficult law to verify. The motion of the objects around us is evidently af- 
fected by the force of gravity. For objects that are not falling, the gravita- 
tional force is canceled out by an opposing upward force, a supporting 
force. To verify Newton’s First Law, should we concentrate on objects in 
horizontal motion? How about a toy car moving on a horizontal table or 
track? You note that it slows down unless it is pushed or pulled. That is 
because of the force of friction, you will be quick to point out. There is 
fiction from the track, friction from the bearings, even air friction. If we 
could remove all friction, the car would keep on moving at the speed it had 
when you stopped pushing. That is what the First Law would predict. 

Try to experiment with an air track or air table. Like a Hovercraft, the 
gliders are supported on a cushion of moving air, so they don’t touch the 
track at all. If the track is accurately level, you can check how well Newton’s 
First Law is obeyed by timing various distances along the track. The photo- 
graph shown here was made with a stroboscope. Problem 1.1 asks you to 
use this multiexposure photo to find the glider’s speed at various places 


1H. S. F. Cooper, The New Yorker, 52, 34 (1976). 
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Stroboscope flashed 
every 0.1 second in 
making this 
multiexposure 
photo of glider in 
uniform motion on 
air track. 


along the track. Even a quick inspection will satisfy you that the glider goes 
approximately equal distances in equal times. 

The air track represents our attempt to make measurements on motion 
with as little friction as possible. Making the track nicely horizontal allows 
us to forget about the force of gravity. The point is to create something close 
to the ideal situation that the First Law is about: motion without force. In 
our everyday lives, we are accustomed to motions that require force in order 
to persist. If we want something to go, we usually have to push. The First 
Law of Motion says that things go without pushing. No wonder it was not 
discovered until the seventeenth century! It is not intuitively obvious to 
someone living here on earth. In the orbiting space craft, by getting rid of 
weight, we get rid of most friction as well. For the astronaut in orbit, an 
object loose in the cabin is very close to the ideal “no-force” situation. For 
the astronaut, the First Law is intuitive. 

In the next section, we take up the relation between force and motion. To 
make things simple, we start with situations in which the force is in the 
direction of the motion. 
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A drag racer might get up to 60 miles per hour in 6 seconds. That is an 
average acceleration of 10 miles per hour per second. 


EXERCISE 3 What did we divide by what to arrive at that result? 


EXERCISE 4 What average acceleration is needed to speed up from rest to 
60 miles per hour in 5 seconds? 


Acceleration is defined as the rate of change of the velocity. With Newton's 
First Law in mind, you know that acceleration requires force. Newton's Sec- 
ond Law says that the force and the acceleration are proportional. 


KINEMATICS 


A comfortable walking speed is about 1 meter 
per second (=3600 m/hour). Suppose that we 
plot speed versus time, say for 10 seconds, 
while the speed remains constant at 1 m/sec 
(see Fig. 1.3). Then the area enclosed in that 
rectangle (the “area under the curve”) has an 
immediate interpretation: 


height of | base of 
rectangle ` rectangle 
speed x time = distance covered 


= area 


ee. 10 sec = 10m 
se 


Speed 
1:5 
1.0| 


“sec 
0.5 


FIGURE 1.3 


You may look at the graph and say to your- 
self, “That is about 1 square inch.” But we are 
talking about the interpretation: The vertical 
axis is marked off in meters per second; the 
horizontal axis is measured in seconds. The 
product of a vertical distance times a horizontal 
distance (an “area”) has to be measured in 


( meters 


) x (seconds) = meters 
second, 


If the speed of walking changed from 1.0 
m/sec to the 1.5 m/sec abruptly at £ = 10 sec, 
then after 15 seconds the walker will have cov- 
ered 17.5 meters (= 10 m in the first 10 sec + 
7.5 m in the next 5 sec). Again, the area under 
the speed versus time curve represents the dis- 
tance covered (see Fig. 1.4). 


EXERCISE 1 Convince yourself that his average 
speed during those 15 seconds was 1.17 m/sec 
(not 1.25 m/sec). (See Fig. 1.5.) 
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Speed 
15 
Mio 
sec 0.5 


FIGURE 1.4 


Velocity 


FIGURE 1.5 


HINT: Distance = rate X time. If he had 
turned around after 10 seconds at 1 m/sec, and 
walked backward at 1.5 m/sec, we would have 
subtracted that area below the axis so that his 
final displacement at the end of the 15 seconds 
would be 2.5 m: 


10 meters — 
(0 to 10 sec) 


In this way we give meaning to “negative 
areas” as “backward displacements,” just as 
we plotted forward velocities as “up” and back- 
ward velocities as “down.” 


7.5 meters = 2.5 meters 


(10 to 15 sec) 


Constant Acceleration 


Now suppose that the walker starts from rest 
and accelerates uniformly to 1.5 m/sec by the 
end of 10 seconds (see Fig. 1.6). His average 
velocity during those 10 seconds is 0.75 m/sec. 
So his displacement at the end is 


07s Sri see = 5m 
sec 
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Velocity 


FIGURE 1.6 


One way to see this geometrically is to sketch 
in a horizontal dotted line at Vaverage = 0.75 
m/sec and see that the displacement is the area 
under the dotted line, or, what is the same 
thing, the area of the triangle under the solid 
line, as shown in Fig. 1.7. Can you see that the 
two shaded triangles have equal areas? 


Velocity 


15 
Tea kee 


FIGURE 1.7 


We now repeat the reasoning algebraically: 


1. Uniform velocity v for the time t. 


displacement = v : t = area of rectangle 
of height vand base t 


2. Uniform acceleration, that is, velocity in- 
creasing in proportion to the time. 


1( ms F$ Vn) 


= 40 + a°t) 
= hat 
in a time t, displacement = 


v = u(t) =a-t 


average velocity Vaverage = 


Vaverage X t 
gat x t 
= la 


Il 
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That is the area of a triangle of height at and 
base t. 


Putting in the numbers we had may give 
these formulas some life. The velocity went 
from Vinita = 0 tO Vfina = 1.5 m/sec in 10 sec- 
onds, so the acceleration was 


1.5 m/sec 
~~ tinat — Finitiad 10 sec 
= 0.15 m/sec? 


The average velocity over those first 10 seconds 
was 


— YUfinal — Vinitial 


a4 
Vaverage = 2A ` t 


4 x 05- x 10 sec = 0.75 
sec sec 


and the displacement was 
displacement = łał? 
0.75 — x 10 sec 
sec 


7.5m 


Il 


If the same acceleration persisted for 20 sec- 
onds (twice as long), the final velocity would 
be double the 10-second velocity, and the final 
displacement would be four times the 10-sec- 
ond displacement: The velocity is proportional 
to the time; the displacement goes as the 
square of the time. To see the latter geometri- 
cally, we extend our triangle: The base dou- 
bles; the height doubles; so the area quadru- 
ples, as shown in Fig. 1.8. 


Velocity 


FIGURE 1.8 
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CONVERTING UNITS 


The speedometer on a car gives speeds in miles Similarly, we have 1 km = 1000 m, so we can 

per hour, or perhaps in kilometers per hour. write 1 in the form 1000 m/ 1 km = 1. 

You know how to convert such a reading to km  1000m A 

meters per second. But just to rehearse the 0:01 ae vi = Wee 

technique of units conversion, we go through gee 

the method. Repeat the whole thing: 

SAMPLE EXERCISE Convert 36 km/hr into m/sec. ae km Ay 1 hr $ 1000 m qo 
Remember, we can always multiply anything hr 3600sec 1km sec 


by 1 without changing it. Since 1 hour = 60 


The trick is to end up with the units you want. 
minutes, and 1 minute = 60 seconds, we can 


If we had multiplied by unity in the form 


multiply by 3600 sec/1 hr, we would have had a correct an- 
1hr 1mm 1hr swer, or course. But the units would have been 
eDim. 60sec 3600s m sec/hr’. That is an unusual and perhaps even 
useless unit of speed. So if you worry, “Do I 
Here is how: multiply by 3600 or divide by 3600?,” just carry 
ka ine hea the units along in your calculation. 
Phe A "we EXERCISE 2 Verify that 10.0 m/sec = 
(The hours canceled.) 22.37 miles per hour. 


Newton’s Second Law 


Imagine a situation in which a constant force acts on an object. The Second 
Law then says that the object will have a constant acceleration. Double the 
force, and the acceleration doubles. To verify that law, you might use an air 
track again. You will want to have some arrangement for keeping the force 
from changing during a time long enough to make measurements of accel- 
eration. In other words, you want to have some standard force, and it has 
to be reproducible. Suppose you had a device that could pull with a steady 
1-pound pull. Then two such devices could provide a 2-pound pull. What 
the Second Law says is that two 1-pound pulls both pulling on the same 
glider in the same direction give it twice the acceleration it gets from one 
1-pound pull. 


1.2 ACCELERATION 


If we have two identical gliders and each one gets a 1-pound pull, we get 
the same acceleration for both gliders. It should not matter whether the glid- 
ers are connected together, should it? That way we would have one double- 
glider with a force of 2 pounds pulling it. But what if we had a double-glider 
with only one 1-pound pull? Then the Second Law would predict an accel- 
eration exactly half the old acceleration. Not only is the acceleration propor- 
tional to the force, but the acceleration is also inversely proportional to the 
number of gliders that force is pulling. 

Here is a more general statement: 


The acceleration is proportional to the force and 
inversely proportional to the mass of the object. 


a 
100 RESTS SS 
EXERCISE 5 A certain tug boat can pull with a steady force of 1 ton. The 
barge it is pulling accelerates at 0.2 miles per hour per second. A 2-ton pull 


would accelerate the barge at miles per hour per second. Neglect 
the forces of friction in solving this and the following exercise. 


EXERCISE 6 A l-ton pull applied to two identical barges hitched together 
would give them an acceleration of miles per hour per second. 


EXERCISE 7 A 1-ton pull applied to 5 such barges hitched together would 
give them an acceleration of 


EXERICSE 8 A 2-ton pull would accelerate the 5-barge train at 


EXERCISE 9 How hard would the tug have to pull to accelerate a single 
barge at 0.1 mile per hour per second? tons 


EXERCISE 10 to accelerate the 5-barge train at 0.1 mile/hr sec? 


ŘS 
Aa 


Things get a bit more complicated for vertical motion. We have to take 
gravity into account. In order to have a situation in which the force is in the 
direction of the motion, we analyze the forces on our astronaut as the rocket 
blasts off from earth. 


Essay: The Spacecraft Blasts Off 


During the lift-off and the almost vertical climb that starts the space voyage, 
the craft gains speed rapidly. It pushes on its passengers, who feel their 
stomachs getting heavy. To withstand their increased weight, they lie face 
up on a contoured support couch. That way, even though the blood gets 


Newton’s-Second-Law experiment 
on an air track. 


D 
Watching the face deform during 
acceleration. Bottom photograph 
was made while braking in a 
rocket sled (deceleration) at 22 g's. 
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very heavy, there is little pressure difference between the head and the 
heart.” 

How much of this squeezing can the body stand? How many times heav- 
ier than our earthly weight can we get without being hurt? In other words, 
how much acceleration can we tolerate? In experiments preparatory to the 
U.S. space program, human subjects remained conscious and uninjured un- 
der accelerations that made them 9 times heavier than normal. So if we 
imagine a 165-pound man lying on a bathroom scale, the scale would regis- 
ter 1485 pounds—and he would be`thinner too. Of course! He is being com- 
pressed. 

We might ask how much acceleration gives rise to that much weight in- 
crease. An easier question is, how much acceleration does it take to just 
double the astronaut’s weight? Before we answer, note that it is not rapid 
motion that makes his weight increase, but the rate of change of velocity. For 
the astronaut, it turns out that to double his usual weight requires an up- 
ward acceleration of 22 miles per hour per second. To triple his weight re- 
quires an acceleration of 44 miles per hour per second = 2 X 22 miles/hr sec. 
For every 22 miles/hr sec of acceleration, his weight increases by an amount 
equal to his normal weight on earth. So to get to 9 times his old weight 
requires an acceleration of 8 x 22 miles/hr sec (= 176 miles/hr sec). The 


rol 


engineer says simply “8 g's” or “8 times gravity.” 


EXERCISE 11 With an upward acceleration of 66 miles per hour per second 
the astronaut weighs _______ times his usual weight. 


The numerical value of the acceleration required to double a weight (what 
we call 1 g) may seem more familiar if we express the miles per hour in feet 
per second. This exercise is left to the reader as Exercise 12. 


EXERCISE 12 Remember that 1 mile = 5280 feet. 
(HINT: How many seconds in an hour? Converting 22 miles/hr sec) to met- 
ric units, we get g = 9.8 meters per second per second.) 


That number varies by less than 1% over the surface of the earth. Perhaps 
you recognize it as the rate at which a falling object increases its downward 
velocity: the acceleration of free fall. This is what you expect! The accelera- 
tion that adds a weight equal to your usual gravitational weight is the accel- 


If the head were higher, the blood pressure in the brain would be much less than in the heart, 
resulting in possible loss of consciousness. You might get an idea of that effect when, after you 
have been squatting for a while, you get up fast, accelerating the head rapidly upward, and 
then feel giddy for a few seconds after. ý 
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eration of gravity. Remember, when you accelerate downward at 1 8 (= 98 
m/sec’), your weight decreases to zero. (See Sec. 1.1; also Problem 39.) 


The Acceleration of Gravity 


The acceleration of gravity on the surface of the earth, that characteristic 22 
miles per hour per second (= 9.8 m/sec’), is a measure of the gravitational 
pull of the earth on objects here on the earth’s surface. On other planets, 
the value is different. On the moon, the pull of gravity is about one-sixth of 
what it is here. Does it seem surprising to you that at any one location the 
value of g is the same for all objects, regardless of their size or composition? 
It really is the same for a feather as for a lead brick. Indeed, this intimate 
connection between the gravitational force on an object and the force 
needed to give it a certain acceleration is a profound truth about the physical 
world. It is called the Principle of Equivalence. 

Let us review our definition of g. We assumed that the spacecraft blasts 
off vertically and asked what value of its acceleration would double the as- 
tronaut’s weight. That value we called g. Such a definition implies that we 
have an instrument that measures weight. This “bathroom scale,” or what- 
ever you want to call it, supposedly reads correctly even under the unusual 
circumstances of blasting off on a space voyage. Assuming we know how to 
measure weight, we find that the extra weight our astronaut (or any object 
in the craft) gains by being accelerated straight up is proportional to the 
acceleration: Two g’s triple the weight, three g's quadruple, and so on. Re- 
peat: The extra push his support couch has to supply in order to accelerate 
him is proportional to his acceleration. This proportionality is a special case 
of Newton’s Second Law: The force needed to accelerate an object is pro- 
portional to the acceleration. Earlier, we had that statement turned around 
and said that the acceleration of an object is proportional to the force applied 
to it. You might want to think about whether those two statements are 
equivalent. 


eee 
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EXERCISE 13 Are they? Support your answer with 10 or 20 well-chosen 
words. 


EXERCISE 14 During blast-off, the vertical force supporting a 100-pound as- 

tronaut becomes 500 pounds. 

(a) What is the upward acceleration of the rocket? 

(b) Later on, in orbit, the astronaut is weightless. If his feet push on the 
floor of his cabin with a force of 100 pounds, then the floor pushes on 
him with a force of 100 pounds. Argue that he will accelerate away from 
the floor at 22 miles per hour per second. 

(c) If he pushes on the floor with only a 50-pound force, what will be his 
acceleration? 


SS RG SS 
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FIGURE 1.9 Standing on that 
bathroom scale in the elevator: 

(a) at rest; (b) as the elevator starts 
to go up. 
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*Fictitious Forces 


The astronaut feels heavier at blast-off. You feel heavier as the elevator starts 
on its “up” trip. This extra weight due to acceleration is sometimes called a 
“fictitious force.” Don’t misunderstand. The support couch is really pushing 
up on the astronaut’s back. The floor of the elevator is really pushing up on 
the soles of your shoes. But you feel heavy all over. What force is pulling 
down on you, making you feel heavier? Some books call it a D’Alembert 
force to distinguish it from a real force. ° 

If you are standing on a bathroom scale during the acceleration, does the 
scale register how hard it is pushing up on you, or how hard you are pushing 
down on it? There is no way to tell. The two pushes are equal and opposite. 
Both are real forces. One object is in contact with the other and pushing on 
it. Not so with the extra weight you feel, even though you are content to let 
the increased reading of the bathroom scale be the measure of that extra 
weight (see Fig. 1.9). 

The terminology is a bit tricky here. If you took your scale to the planet 
Jupiter and weighed yourself there, the scale would register an increased 
weight. Jupiter, being a more massive planet than Earth, has stronger grav- 
ity at its surface. Your added weight there is a real force. It is Jupiter pulling 
on you. But the weight you gain in an upward acceleration is a fictitious 
force, even though it requires an equal and opposite real force to produce 
the acceleration. 

How about weightlessness? Suppose I let go of all supports and allow the 
force of gravity to accelerate me downward. We called that free fall. The 
force of gravity is a real downward force. But this time there is a fictitious 
upward force due to my downward acceleration. Since the two forces are 
equal and opposite, there is no force at all from my point of view. The 
fictitious force is equal and opposite to the real force, and I feel no weight 
at all. Indeed in my accelerated frame of reference, nothing has weight. 
Again, note that we said nothing about how fast I am falling, or whether I 
am falling up or down, or moving sideways at the same time. All that is 
needed to make me weightless is that my acceleration be equal to the local 
value of g. Being unsupported guarantees that. 

The fact that you can’t tell “by feel” the difference between a gravitational 
force and a “fictitious force” is a consequence of the Principle of Equiva- 
lence. Standing on the surface of the earth, where § is 22 miles per hour per 
second, you have the familiar sensation of your usual weight. You would 
get the same sensation standing in a rocket far in outer space accelerating at 
22 miles per hour per second in the direction of your head. We say “in the 
direction of your head” instead of saying “upward” to emphasize again that 
there is no “up” or “down” when you get away from gravity. Remember, 
the farther away you are from the earth, the source of the gravitational pull, 
the smaller is the local value of g. 


“This section is optional and can be omitted without loss of continuity. 
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4.3 DEFINITION OF MASS 


When we talk about the weight of an object, most people know what we 
mean. When I say I weigh 165 pounds, people know that I am talking about 
my weight here on earth. They may even have a mental picture of me stand- 
ing on a bathroom scale. They assume that I will be standing still for the 
measurement and not jumping on the scale. You now know that I would 
weigh more on Jupiter, less on the moon. You also know I would weigh 
more on a rocket accelerating upward, less on a rocket near the end of its 
burn. But suppose you were really interested in whether I am fat or thin, 
not in how hard the bathroom scale has to push to support me. Then you 
need the concept of mass. My mass will not depend on where I happen to 
be, or on which way I happen to be accelerating. Here is one way to define 
mass. 

Suppose that you weigh two objects, and one object weighs twice as 
much as the other—in your laboratory. In another laboratory, each object 
might have a different weight. For example, the second laboratory might be 
on the moon. (See Fig. 1.10.) The remarkable fact is that the first object still 
weighs twice as much as the second, regardless of where the laboratory is 
located or how it is accelerated. The weights may be different in the two 
laboratories, but the ratio of the weights will be the same. We say the ratio 
is invariant. The ratio of the weight of an object to the weight of some stan- 
dard object is therefore an intrinsic property of that object. That property is 
called mass. A standard object, called the standard kilogram, is kept in a 
vault in a suburb of Paris. 

In Paris, the value of g is 9.80943 meters/sec*. There, the standard kilo- 
gram has a weight of 2.20462 pounds. Armed with these two numbers,° we 
could find the weight of a one-kilogram object at some other place if we 
were given the value of g there, just by proportions. [See the box called 
“Proportions.”] We could also find the weight of another object whose mass 
we were given. For example, convince yourself that a 75-kilogram man 
weighs 165 pounds in Paris. On the moon, where g is 1.6 m/sec”, that same 
man weighs 27 pounds. Of course, he is still a 75-kilogram man. His mass 
is invariant. 


_——— U EE Eee 
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EXERCISE 15 Verify that 27 pounds. 
EE a EE 
————— eee 
It probably does not surprise you that mass is defined in such a way that 
it is measured by weighing. It should also not surprise you that it makes no 
difference whether the weighing is performed in a laboratory firmly attached 


to a planet like ours, or in an accelerating rocket in outer space. Remember 
that a given acceleration adds weight to an object in proportion to its mass. 


*Please don’t memorize them! But if you insist, the first three digits are enough. 


FIGURE 1.10 “The second 
laboratory might be on the 
moon.” The value of g on the 
moon is 16% of g on earth, so a 
10-pound weight only weighs 1.6 
pounds there. The point is that 
the ratio of the two weights stays 
the same. 
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PROPORTIONS 
If a 1-kilogram object weighs 2.2 pounds, then 2.2 pounds _ C] pounds 


a 2.0-kg object in the same location weighs 1.0 kg 2.0 kg 
pounds. The proportion reads 


You will not have trouble getting the 4.4 doing 


2.0 kg _ Lan pounds the arithmetic in your head. But make sure you 
1.0kg 2.2 pounds know how to solve this kind of problem on 
your calculator. 


You might prefer to write the proportion in the 
form 


If the acceleration changes rapidly, if there is jerking or rotation or vibration, 
that makes a measurement of mass difficult. It does not in principle upset 
our definition of mass. 

In some books the concept we have defined is called gravitational mass 
when the weighing is performed in a laboratory anchored to the earth. This 
is to distinguish it from inertial mass, defined in such a way as to involve 
acceleration, but not gravity. What is important is that the different defini- 
tions result in the same numbers for the masses of objects. The Principle of 
Equivalence guarantees that. 


a T 


EXERCISE 16 Inertial mass 

In outer space, far away from the earth and other planets, a rocket is accel- 

erating at 22 miles per hour per second (= 9.8 m/sec’). 

(a) How much force does the support couch exert on a 75-kilogram astro- 
naut? In other words, how much does he weigh? [Answer: 165 pounds] 
Note that this weight has nothing to do with gravity. 

(b) How much force is needed to support a 1-kilogram object and keep it 
from moving toward the back of the rocket? Answer in pounds. 
(HINT: Use proportions.) 


EXERCISE 17 Vertical Accelerations from Earth 

A laboratory weight labeled “1 kg” weighs 2.2 pounds as measured on a 
spring balance here on earth. In a rocket blasting off vertically with an ac- | 
celeration of 66 miles per hour per second (= 3 g's), its mass is still 1 kg. 
Remember, mass is an invariant. 

(a) What is its weight in pounds? 
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(b) At what vertical acceleration would it weigh 4.4 pounds, that is, twice 
its earthly weight? 
(c) At what acceleration would it be weightless? 


A NOTE ABOUT MIXED UNITS Here we are purposely using metric units (kg) 
for mass and English units (pounds) for weight. We do this because the 
pound is familiar from bathroom scales. The SI unit of weight, the newton, 
is defined in Sec. 1.4. 
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EXERCISE 18 How much does a 5.0-kg object weigh at this location? 

Now you can also verify the Paris weight of the 75-kg man. Did you get 
165 pounds? On the moon, where g is 1.6 m/sec’, the proportion for a 1-kg 
object is 


weight on earth _ weight on the moon 
g on earth g on the moon 


2.2 pounds _ EE] pounds 
9.8 m/sec? 1.6 m/sec? 


You should have gotten a moon weight of 0.36 pounds for that kilogram. 
For the weight of a 75-kg man on the moon we have 
weight of 1.0 kg on the moon _ =a pounds 


1.0 kg 75 kg 


Put in the 0.36 pounds and solve the proportion. Imagine how high he 
could jump! 


4.4 DEFINITION OF THE NEWTON 


Remember our definition of mass: The weight of an object anywhere in the 
universe is proportional to its mass. Recall also how we defined the local 
value of g: The weight of an object in a given location is proportional to g. 
Combining the two definitions, we can write 


weight « mass X g 


The symbol œ means “is proportional to.” This proportion can be written as 
an equation by finding the proportionality constant. Just because we chose 
to express weight in pounds and mass in kilograms, the proportionality con- 
stant is ugly. So the following exercise is optional, and you may want to 
skip it. 
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FORCE AND MOTION 


EXERCISE 19 Ina place where the value of g is 9.8 m/sec’, we said that a 1- 
kg mass weighs 2.2 pounds. The equation for the weight of any mass at any 
place can therefore be written 


weight __ mass g 


2.2 pounds 1kg * 9.8 m/sec 


or 


rE Lee 2.2 pounds 
e ane 1kg X 9.8 m/sec 


That cumbersome 2.2/9.8 is just there in order to give the weight in pounds 
when the mass is given in kilograms. 


ae 
If we prefer to write the simpler equation 
weight = mass X g 


the physics is unchanged, but the units are different. In particular, if mass 
is in kilograms and g is in meters per second per second, then weight comes 
out in kg meters/sec’. The price we pay for getting the simple formula 
“weight = mass x g” is that we get a less familiar weight unit. Instead of 
getting American bathroom-scale units, we get the newton: 


1k ter 
ee 1 newton 


sec? 


To put a familiar fact in the new language, we now say that on earth, 1 
kilogram weighs 9.8 newtons. The same fact in the same language is that, 
on earth, g is 9.8 newtons per kilogram. 


EXERCISE 20 How many newtons does a 2-kilogram mass weigh? How big 
a mass weighs 1 newton? 


Newton’s Second Law: F = ma 


Back in Sec. 1.2, the Second Law was stated: Acceleration is proportional to 
force and inversely proportional to mass: 


g= 
m 


1.5 THE POUND: MASS OR WEIGHT? 


Alternatively: The force required to impart to a mass m an acceleration a is 
directly proportional to the mass and to the acceleration: 

Fo ma 
We did not ask about the value of the proportionality constant. Now if we 
express 

F in newtons, 

m in kilograms, 

a in m/sec’, 


the proportionality constant turns out to be unity: 
Newton’s Second Law: F = ma 


These are the units of choice in the SI (Système International). This system 
of units, based on the meter, the kilogram, and the second (MKS), has been 
officially adopted by various international organizations. Problems 1.34 
through 1.40 show how to use “F = ma” in some other systems of units. 


EXERCISE 21 Accelerating Those Barges 

A 1-ton force ( = 2000 pounds = 8.9 x 10° newtons) gives an acceleration 
of 0.2 miles per hour per second = 8.9 x 10”? m/sec’. Find the mass of the 
barge in kilograms. [Answer: 1.0 x 10° kg.] You may be worried that part 
of that mass is not barge but water carried along with the barge’s motion. If 
so, you are right! 


EXERCISE 22 Free Fall 
A 1-kg mass on earth weighs 9.8 newtons. If dropped, its downward accel- 
eration is 

_ F _ 9.8 newtons _ 


m 1kg 


NOTE: From now on, SI units for force and speed (newtons, m/sec) will be 
used in preference to pounds and miles per hour. 


1.5 THE POUND: MASS OR WEIGHT? 


Using the pound as a unit of weight and the kilogram as a unit of mass is 
conventional usage, but it gives rise to a confusion: A laboratory balance is 
a weighing instrument, yet it reads in kilograms. In much of the world, our 
165-pound man would be said to weigh 75 kilograms. Is the kilogram, then, 
a unit of weight? No. The confusion is one of words, but it is subtle: When 
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(b) On the moon, 
FIGURE 1.11 “Moving to a location 
with a smaller value of g would 
serve to decrease my weight but 
would not serve my purpose.” (a) 
On the earth. (b) On the moon. 


Earth pulls 


mg | down 


Couch pushes 
up 


mg + ma 
Forces on the 


FIGURE 4.12 
astronaut during lift-off: The 
support couch pushes up with 
force mg + ma. The net force on 
the astronaut is ma: 


FORCE AND MOTION 


I want to lose weight, it is not in order to decrease the load on my legs, but 
in order to fit into my favorite clothes. I am concerned with how much of 
me there is, not with the pull of gravity. I am really concerned with my 
mass. But because I use a bathroom scale to measure it, what I talk about is 
my weight (weight = mass x g). Moving to a location with a smaller value 
of g would serve to decrease my weight, but would not serve my purpose. 
So whether I say 75 kilograms or 165 pounds, I really mean the same thing 
(mass). (See Fig. 1.11.) 

Remember, we said that in Paris, 1 kilogram weighs 2.20462 pounds. We 
could use that as a conversion factor to make the pound a unit of mass. 
Indeed, the U.S. Bureau of Standards has adopted that definition of the 
avoirdupois pound. If you use it, you have to be careful when you get a place 
where g is not the same as in Paris. See Problem 1.28. 

We don’t usually have to worry about the distinction between pound 
(mass) and pound (weight), simply because the value of g varies so little 
over the surface of the earth. The variation is less than 1%. Bathroom scales 
and similar spring balances are not usually accurate to better than + 1%. 
That is one reason they are illegal in grocery stores and unfashionable in the 
doctor's office. A good scale compares the weight to be weighed with that 
of standard “masses” that are part of the instrument. That is what a beam 
balance does. So it really measures mass, not weight. 

Because g varies so little here on earth, the mass-weight distinction is lost 
in popular usage. The metric system tries to avoid the confusion. One sim- 
ply says, “One kilogram weighs 9.8 newtons” (on earth). The kilogram is 
the unit of mass; the newton is the unit of weight. Accordingly, a metric 
bathroom scale should be calibrated in newtons. Scientific supply houses 
sell spring balances calibrated that way. But European department stores sell 
their bathroom scales calibrated in kilogram weight!" 


1.6 SOME BOOKEEPING WITH F = MA DURING LIFT-OFF* 


An upward acceleration of 8 g gave our astronaut nine times his usual 
weight (Sec. 1.2). How did we interpret that? Well, with no acceleration, he 
had weight m x g. (See Sec. 1.4; let mass = m.) Each “g” of upward accel- 
eration added one “m x g” to his weight. Adding 8(m X g) to the 1(m x g) 
gave him a weight of 9(m x g). (The support couch has to supply an up- 
ward force equal to (m x g) + 8(m X g) = 9(m x g) pushing up on him to 
make his mass m accelerate with an acceleration a = 8g. Of that 9 (m x g), 
the 1(m X g) part serves to cancel out the pull of gravity; the 8(m x g) is 
the accelerating force. To decompose the force in this way into a gravita- 
tional force and an accelerating force helps clarify our thinking: 


‘Please do not conclude that the French Revolution was fought for nothing. The metric system, 
which, was one of its products, has some easy conversion factors. For example, one liter (= 
10°° m°) of water has a mass of 1 kilogram. 

*This section is optional and can be omitted without loss of continuity. 
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force needed to = mg FULRT, West Benga 


overcome gravity Date EEA 9, 9O l 
accelerating force = ma Naa resi. 25 7J; 0 


force exerted by couch = mg + ma TS eae 
Both forces are proportional to the astronaut’s mass m. Given this mass, 
the gravitational force mg depends only on the local value of g. The acceler- 
ating force ma depends only on the acceleration and is quite independent of 
location. Notice that both forces are independent of the velocity. 
How about the net force on the astronaut? The couch pushes up on him; 
the earth pulls down on him: 
force exerted by couch = mg + ma 
force exerted by earth = —mg 


net force = ma 
The downward pull of gravity was written as —mg because we arbitrarily 
called “up” positive. The result for the net force on the astronaut, 

F = ma 


is just what Newton’s Second Law (Sec. 1.2) tells us. 


SUMMARY 


In free fall, the notions of “up” and “down” lose meaning. 

Free fall, weightlessness, motion without force—they all mean the same 
thing. 

Newton’s First Law: Things don’t speed up or slow down or curve unless 
there is a force on them. 

Newton’s Second Law: When a thing does speed up or slow down, its ac- 
celeration (+ or —) is proportional to the external force on it and inversely 
proportional to its own mass. 

The upward acceleration needed to double the weight of an object here on 
earth is 22 miles per hour per second (= 9.8 meters per second per sec- 
ond). 

An object dropped close to the earth gains speed at the rate of 22 miles per 
hour per second. Although that number is the same for all objects, it does 
vary somewhat with location on the earth and falls off with increasing 
distance from the earth. 

The mass of an object can be defined as the ratio of its weight to the weight 
of a standard object. 


Without acceleration, an object of mass m has weight mg. 

Writing Newton’s Second Law F = ma, the MKS unit of force is the newton. 
1 newton = 1 kg m/sec’. 

The pound may be defined as a unit of force (= 4.45 newtons) or as a unit 
of mass (= 0.454 kg). 
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KEY TERMS 


Mechanics The science of forces and motion. 

Classical mechanics Same meaning as mechanics. The word classical is added to em- 
phasize that the objects being studied are not so small (i.e., atomic size) that quan- 
tum effects would be important. 

Orbit The path traveled by an object (a planet? a satellite?) without rocket power. 
We talk about the earth’s elliptic orbit around the sun and the moon’s almost 
circular orbit around the earth. A spacecraft is “in orbit” when the rocket engines 
are turned off. 

Air track A smooth rail with many tiny holes through which a stream of air es- 
capes. The gliders ride above the track with hardly any friction. This instrument is 
used in student laboratories. 


Hovercraft A transportation vehicle that glides above the ground or water by emit- 
ting a downward jet of air. 

Newton’s First Law A body persists in its state of rest or motion in a straight line 
at constant speed unless acted upon by an external force. 


Newton’s Second Law The acceleration of a body acted upon by an external force 
is proportional to that force and inversely proportional to its mass. 


Kinematics The science of motion without reference to force or mass. Being con- 
cerned only with the description of motion, its only variables are position (dis- 
tance) and time. 


Meter (metre) The unit of length (distance) in the SI (Système International). 1 me- 
ter = 39.37 inches = 3.28 feet. 

& The acceleration of gravity. On earth, this is about 9.8 meters/sec* = 22 miles per 
hour per second. It varies by less than 1% over the earth’s surface but decreases 
at high altitudes. 


Weight What a bathroom scale is designed to measure. The unit of weight is a force 
unit, for example, the pound or the newton. Here on earth, a stationary 1-kilogram 
mass weighs 9.8 newtons; a 1-pound (avoirdupois) mass weighs 1 pound. 


Acceleration Rate of change of velocity. 


Skylab A U.S. manned spacecraft in which experiments were conducted during 
1973-1974. It had three different three-man crews. 


Principle of Equivalence Force on an object due to gravity is indistinguishable from 
force experienced by virtue of acceleration. Alternative statement: Gravitational 
mass is equal to inertial mass. A more careful statement has to specify that the 
object has to be small enough so that the difference in direction of gravitational 
force at different places on the object is too small to be measured. 


D'Alembert force Fictitious force, proportional to the acceleration of your frame of 
reference. 


Kilogram Standard of mass. The primary standard is a cylinder of platinum-iridium 
alloy kept at the International Bureau of Weights and Measures in Sèvres, France. 
According to the U.S. Bureau of Standards, 1 kilogram is 2.2046 pounds. Abbre- 
viation: kg. 


REVIEW QUESTIONS 


gram Unit of mass in the c.g.s. system. 1 gram = 107° kilograms. 


Newton Sir Isaac Newton (1642-1727), British scientist and theologian, who for- 
mulated the laws of mechanics, discovered the universal law of gravitation, and 
invented calculus. 


newton Unit of force in the SI (Systéme International). One newton is the force 
needed to accelerate a mass of 1 kilogram with an acceleration of 1 meter per 
second per second. 

dyne Unit of force in the c.g.s. system. One dyne is the force needed to accelerate 
1 gram with an acceleration of 1 centimeter per second per second. 1 dyne = 10°° 
newtons. 

SI Système International. The system of units based on the meter-kilogram-second 
(MKS) adopted by all nations represented at the 15th General Conference on 
Weights and Measures (1975) and recommended for all scientific, technical, prac- 
tical, and teaching purposes. 


REVIEW QUESTIONS 


* When the elevator starts down, you feel yourself getting temporarily: lighter / 
heavier. 


* While the elevator is moving downward at constant speed, you feel that your 
weight is: the same as without any motion / heavier than usual / lighter 
than usual 


* When the down elevator slows to a stop, you feel yourself getting temporar- 
ily: lighter / heavier 


* What happens to an object released inside an orbiting spacecraft? Why could an 
astronaut in orbit not pour himself a glass of water? According to Newton’s First 
Law, when an object has no external force on it, its acceleration / speed / 
position does not change. 


* According to Newton's Second Law, when an object has a constant external force 
on it, its acceleration / speed / position does not change. 


* When an object has a constant acceleration, we can conclude that it has: no 
external force on it / a constant external force / a uniformly changing exter- 
nal force 


* On the speed-versus-time axes, sketch a graph corresponding to motion at con- 
stant speed. 


* On the speed-versus-time axes, sketch a graph corresponding to motion under 
the action of a constant external force. 


* If the external force on an object is doubled, its velocity / acceleration is 
doubled. 


* For a given external force, the acceleration of a 1-kg object is half / dou- 
ble / equal to the acceleration of a 2-kg object. 


v 
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FORCE AND MOTION 


On the moon, where the acceleration of gravity is only ¢ of its value on earth, a 
1-kg object weighs more than half / less than half / exactly half as 


much as a 2-kg object. 


If a 2-kg object experiences an acceleration of 2 m/sec’, we can conclude that the 
external force on itis: Imewton / 2newtons /. 4 newtons 


An object on a horizontal air track experiences an acceleration of 9.8 m/sec? when 
pulled with a force of 9.8 newtons. Its mass is: 
1kg / 9.8kg / 96.04kg / 1 pound 


On earth, a 1-kg mass weighs: 1 newton / 9.8newtons / 22 newtons 


In a rocket accelerating upward at 11 miles per hour per second, a 1-kg mass 
weighs: 1 newton / 1.5 newtons / 9.8newtons / 14.7 newtons 


In a rocket accelerating downward at 4.9 meters per second per second, a 1-kg 


mass weighs: 1newton / 0.5 newtons / 9.8newtons / 4.9 newtons 


PROBLEMS 


* 1. Uniform Motion on a Linear Air Track The 
dots in the figure represent successive exposures made 
with stroboscopic lighting with 10 flashes per second. This 
means that the successive exposures you see are 0.1 sec- 
ond apart. (a) Use the centimeter scale below the track to 
find the glider’s speed between the first two flashes (far 
left). 


10 20 30 40 50 


SOLUTION At time + = 0, position x = 3.1 cm. At time t 
= 0.1 sec, position x = 5.5 cm. The distance moved in 0.1 
sec is 


poem = 3.L.emy= —= jem 
Average speed during that 75 second is 


2.4 cm 
0.1 sec 


= 24 cm/sec 


Since our position measurements are good only to the 
nearest millimeter, the distance moved (2.4 centimeters) 
has only two significant figures. It would not be correct to 
write the speed as 24.0 cm/sec. Always keep only as many 
digits in your answer as the measurements justify. 

(b) Now find the speed between the last two flashes (far 
right) and 


(c) between the 10th and 11th flashes. 

(d) By measuring the distance between the first and last 
flashes, find the average speed during the entire 2-second 
interval. Note that, here, the distance measurement has 
three significant figures. 


2. Weightlessness To prepare future astronauts 
for the experience of weightlessness, they are taken up in 


PROBLEM 2. Half a minute of weightlessness: training as- 
tronauts. The engines are cut on the way up, and restarted 
as late as possible. While the airplane is on its parabolic 
trajectory, its occupants are weightless. 


PROBLEMS 


airplanes and the engines are suddenly slowed down 
while the airplane is climbing, so that its path is exactly 
like free fall in a vacuum (see the figure). It can remain in 
such a parabolic arc for as much as half a minute before 
the engines are turned to full power again to break the 
fall. 

(1) Without looking out the window, would the astronaut 
be able to tell when the airplane had reached its greatest 
height? 

(b) Why slow the engines while the airplane is climbing 
rather than in level flight? 


> 3. Meters per Second, per Hour Comfortable 
walking speed is a little over 2 miles an hour. Suppose 
that you kept up a steady speed of 1 meter per second. 
(a) How many meters would you walk in an hour? 

(b) How many meters would you walk in a minute? 

(c) If your stride is 80 cm (= 0.80 meters), how many 
steps do you take per minute? 

(d) How many seconds does each step take? Express in 
decimal form. 

(e) How many steps do you take per second? 


* 4. Percentage Change If you increased your 
speed by 1%, your speed would be 1.01 m/sec. (See Prob- 
lem 1.3) Suppose that you did this by increasing the 
length of your stride by 1%, to 80.8 zm. 

(a) By what percentage is the distance covered in an hour 
changed? 

increased / decreased by ____% 

(b) The time per step? 

increased / decreased by 


> 5. Constant Speed The graph shows that the 
speed is constant as a function of time, at least for 5 sec- 
onds. 

(a) How far does the object go in 1 second? 

(b) In 5 seconds? 


t 
1 2 35 4 5 sec 


* 6. Changing Speed Suddenly The graph shows 
the object changing speed suddenly at t = 3 seconds. 
How far did it move: 
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(a) In the first second? 

(b) In the first 3 seconds? 

(c) In the fourth second? 

(d) In the time interval between t = 3 sec and t = 5 sec? 
(e) In the entire 5 seconds? 

(£) What was the average speed over the 5 seconds? 


m 
sec 


m oN WwW bo 


1 2 2 g 5 sec 


NOTE: Such a graph is evidently an idealization. No ob- 
ject can really change speed suddenly. That would imply 
an infinite acceleration and therefore an infinite force. 


xæ 7. Changing Speed Suddenly Ata speed of 2 me- 
ters per second, it takes 50 seconds to go 100 meters. 

(a) How long does it take to go 100 meters at 4 m/sec? 

(b) If I go the first 50 meters at 2 m/sec and the second 
50 meters at 4 m/sec, how long does it take to go the 
whole 100 m? 

(c) What is the average speed during this time? HINT: The 
answer is not 3 m/sec. 

(d) [Harder] If I divide up the 100 m so I spend half the 
time going at 2 m/sec and the other half of the time going 
at 4 m/sec, will the trip take more or less than 37.5 sec- 
onds? How long? 

(e) How long after starting will I have gone halfway, that 
is, 50 meters? 

(f) Make rough graphs of distance versus time for the sit- 
uations of parts (b) and (d). Does your graph agree with 
the answer to part (e)? (HINT: The graphs consist of two 
straight-line segments each.) 


4K 8. Walking in Skylab The Skylab astronauts had 
shoes with hooks that fit into special slots in the floor, as 
shown in the figure. That way they could stay in one place 
or walk without losing contact with the floor. In normal 
walking here on earth, the impulse your foot gives the 
floor in a walking step is large enough to start you moving 
away from the floor at about 0.8 meters per second under 
conditions of weightlessness. Suppose that your hook 
missed the slot in the Skylab floor as you took a normal 
step. How fast must your reaction time be to enable you 


PROBLEM 8. The 
Skylab astronauts 
had shoes with 
hooks that fit into 
special slots in the 
floor. 


to grab hold of some fastened-down furniture before you 
are more than 1 meter off the floor? 


> 9. Knowing What to Neglect The speed of sound 
in air is 3.3 x 10° m/sec. The speed of light is 3.0 x 10° 
m/sec. If you hear the thunder 2.0 seconds after you see 
the lightning, how far away did the flash occur? 


**« 10. Bullet Goes Faster Than Sound A bullet trav- 
eling at an average speed of 660 m/sec gets to the target 
before the sound of the gun, which travels at 330 m/sec, 
(a) The sound gets there 0.2 seconds after the bullet. How 
far is the target from the gun? 

(b) Why do soldiers say, if you hear the whine of a shell, 
it won't hurt you? 


PROBLEM 10. “If 
you can hear the 
whine of a shell, it 
is not going to hit 
you.” 
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x 11. Kinematics In an orbiting spacecraft, any free 
object travels in a straight line at constant speed. 

(a) To bring the peas from the plate to the mouth—a dis- 
tance of 40 cm—might take half a second. What is the av- 
erage speed of the fork? 

(b) The astronaut stops the fork, but the peas keep going. 
They miss his mouth. How long before they hit the wall 
3.0 meters away? 

Here on earth, a pea dropped from a fork has a chance 
of falling back on the plate. As it falls, it gains speed at 
the rate of 22 miles per hour per second (= 9.8 m/sec’). 
(c) If a pea hits the plate after 0.1 second, at what speed 
does it hit? Assume that it left the fork at negligible veloc- 
ity. 

@ Since it started at zero speed, its average downward 
velocity during that one-tenth of a second is only half the 
final speed. How far did it fall? Answer either in meters 
(m) or centimeters (cm). (1 m = 100 cm.) 

(e) If it had fallen for twice as long, a time 0.2 sec, it would 
have fallen times as far. Prove your answer. 

(f) To fall twice as far takes times as long. Prove. 


* 12. Average Speed A car travels the first half 
hour at 30 miles per hour and the second half hour at 50 
miles per hour. 

(a) Write down a convincing argument that it traveled 
40 miles, so that its average speed was 40 miles per hour. 
(b) Another car traveled 20 miles per hour for a quarter 
of an hour and 60 miles per hour for three-quarters of 
an hour. Find the average speed during the hour. 
(HINT: Average speed x total time = total distance.) 


* 13. Average Speed A car travels the first 10 miles 
at 30 miles per hour and the second 10 miles at 60 miles 
per hour. 

P How long did it take to travel the 20 miles? | + 4 = 

r. 

(b) What was its average speed? (HINT: The answer is not 
45 mph.) 

(c) Plot the velocity versus time for this trip. 


Æ 14. Interpolation and Extrapolation When the 
clock reads 45 seconds, the car was at a position marked 
200 meters in the figure. At t = 75 sec, it is at x = 700 m. 
(a) Assuming constant velocity, where was the car at | = 
60 sec? 

(b) Where was the car at £ = 51 sec? You may read the 
position off the graph or you may do the arithmetic, or 
better yet, do both. 

(c) What is the car's speed? 


PROBLEMS 


Position, x/meters 


15 30 45 60 75 90 time/sec 


(d) When the clock read t = 0, the car was at a point 
marked with a negative x. Calculate it. ` 


of 15. Uniform Acceleration The graph shows a uni- 
form acceleration from rest lasting at least 5 seconds. 

(a) What is the speed at t = 1 sec? 

(b) What is the acceleration? What tells you that it is the 
same in the first second and in the fifth second? 

(c) What is the speed at t = 5 sec? 

(d) What is the average speed over the 5 seconds? 

(e) What is the distance traveled during those 5 seconds? 
(f) Compare the distance traveled in 5 seconds with the 
distance traveled in the first second. Interpret those dis- 
tances as the areas of triangles. 


t 
1 22" a so kec. 


* 16. Uniform Acceleration This graph shows a 
uniform acceleration starting at 2 m/sec and lasting at least 
5 seconds. What is 

(a) The speed at t = 1 sec? 

(b) The acceleration? 

(c) The speed at t = 5 sec? 

(d) The average speed over the 5 seconds? 

(e) The distance traveled in those 5 seconds? Interpret this 
distance as the area of a trapezoid. 


1 2 3 4 °° 5 sec 
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* 17. Uniform Acceleration (Negative) The graph 
shows a uniform negative acceleration starting at a speed 
of 8 m/sec and lasting at least 5 seconds. What is 

(a) the speed at t = 1 sec? 

(b) the acceleration? 

(c) the speed at t = 5 sec? 

NOTE: The velocity is —2 m/sec; the speed is 2 m/sec. Af- 
ter £ = 4 sec, the motion is in the opposite direction from 
the initial velocity. 

(d) the average velocity over the 5 seconds? 

(e) the displacement at the end of the 5 seconds? 
NOTE: This is not the same as the distance traveled, since 
some of the travel was backwards.) 
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* 18. Stopping the Car In order to stop a car going 
at 60 miles per hour in 3 seconds, the average acceleration 
has to be —20 miles per hour per second. You may prefer 
to call that a deceleration of 20 miles per hour per second. 
Conventionally, it is called an acceleration of —20 miles/ 
hr sec. In order to keep from skidding, it is best to have a 
uniform acceleration. 

(a) How far does the car go during the first second? 

(b) How far does the car go during the second second? 

(c) How far does the car go during the third second? 

(d) What is the total stopping distance? Is the average 
speed during those three seconds 30 miles/hr? 

(e) In order to stop the car in half the time, the acceleration 
would have to be times as great. 

(f) [Harder] In order to stop the car in half the distance, 
the acceleration would have to be times as great. 


* 19. Acceleration A rifle bullet travels faster than 
the speed of sound. Suppose that it leaves the muzzle at 
1500 miles per hour (= 668 m/sec). Then its average speed 
through the barrel of the rifle is half of that, or 750 
miles/hr. 

(a) How long does the bullet take to travel the 76-cm 
length of the barrel? 

(b) What is the average acceleration during this time? 
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* 20. Drag Race A certain drag racer is able to gain 
speed at a uniform rate of 8 miles per hour per second. At 
the end of the first second he is moving at 8 miles per 
hour. So his average speed during that time is 4 miles per 
hour. The distance he travels during that first second 


(= xd hour) is 


miles 1 ox EASAN 

Roar x 3600 hour = 1.11 x 10° miles 
(a) During the next second he accelerates from 8 miles per 
hour to 16 miles per hour. Argue that his average speed 
during that second second is 12 miles per hour. 
(b) Argue that he covers 3 times as much distance during 
the second second as he did during the first. (HINT: A 
geometrical argument counting triangles of equal areas on 
the graph is convincing.) 
(c) During the third second he accelerates from 16 miles/hr 
to 24 miles/hr. How much distance does he cover during 
the third second? 
(d) Make a table of distance from the starting point versus 
time for the first 5 seconds. 
(e) Plot the values of distance versus time on a rough 
graph, and connect your six points with a smooth curve. 


* 21. Drag Race with Speed Limit Suppose that 
there is a 40-mph speed limit, so the drag racer only ac- 
celerates for 5 seconds. Then he travels at uniform speed 
for another 5 seconds. 

(a) How far does he get from the starting point? 

(b) Plot the speed versus time for the full 10 seconds and 
interpret the area under the curve in terms of displace- 
ment. 


* 22. Pushing Off from the Floor of the 
Spacecraft The kind of push-off you give yourself at the 
wall of a swimming pool might be enough to start you 
moving at 4 meters per second perpendicular to the floor 
of a spacecraft in orbit. Suppose that your feet stay in con- 
tact while your legs straighten out and your body moves 
50 cm. At the beginning of the push your speed is zero; 
when you lose contact, your speed is 4 m/sec. Assuming 
a constant acceleration (i.e., a uniform push), how long 
does the push last? (HiNT: Your average speed during the 
push is 2 m/sec.) 
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Æ 23. Slowing Down A car being braked from 20 
mph to a stop in 4 seconds has an average acceleration of 
—5 miles per hour per second during the braking. 

(a) Could that acceleration be expressed in meters per sec- 
ond per second? If yes, do so. If no, explain. 

(b) Could it be expressed in square miles per second? If 
yes, do so. If no, explain. 


*% 24. Catching Speeders The police cruiser in the 
figure can accelerate at the rate of 5 miles per hour per 
second. The cruiser starts from rest just as the speeder 
passes the bridge abutment where it was hiding. The 
cruiser catches up with him in 15 seconds. 

(a) How fast was the speeder going? (HINT: The answer 
is not 75 miles per hour.) Sketch a graph of the cruiser’s 
speed versus time and of the speeder’s constant speed. 
(b) How far did the cruiser travel before overtaking the 
speeder? 

(c) This time the speeder going 80 mph notices the police 
cruiser right away and slows down at the rate of 5 miles 
per hour per second until he is down to 30 mph. Then he 
stays at 30 mph. How far did the cruiser travel at a con- 
stant acceleration of 5 mph per second before overtaking 
the speeder? Plot! 


PROBLEM 24. “Starting from rest, the cruiser catches up 
with him in 15 seconds.” 


** 25. Uniform Acceleration Algebraically The dis- 
placement x in a time t at average speed ọ is 


x= ut 


Starting from initial velocity v; and accelerating to a final 
velocity v; the average acceleration is 


0 = 40; + v) 
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(a) Now we can write 


x = (v; + v) t 
(v+ v) t 
2(v; + v) t 


(b) At uniform acceleration 


(Circle the correct one.) 


Uf — Vi 
t 


a= 
that displacement can be rewritten 
x = vt + 4a? 


_ o; + v) (% — 2) 


a 
_ Wo — v) 


F (Prove all three forms.) 

All these formulas are good also for negative values of the 
variables. Thus if positive x means displacement to the 
right, then negative x means displacement to the left. Sim- 
ilarly for velocities. A negative acceleration may mean that 
a motion to the right is slowing down or that a motion to 
the left is speeding up. 

(c) Suppose that v; > 0 and a < 0 are given. Starting at 
x = 0, how long does it take until x = 0 again? 

(HiNT: Solve the equation x = 0 for t in terms of the given 
v; and a.) 

(d) Solve also for v; at that instant, again in terms of v; and 
a. Does it depend on both? 


x 26. Free Fall on Earth The dots in the right-hand 
margin represent the position of a falling object at inter- 
vals of one-fiftieth of a second. The top dot is the position 
at the instant the object is dropped. Call that time t = 0. 
(a) How much time has elapsed at the eleventh point, that 
is, the bottom dot? 

(b) Measure the distance y fallen during this time t. 

(c) Divide y by t to find the average speed 0 during this 
time. 

(d) Argue that the speed at the eleventh point should 
be 20. 

(e) Calculate the acceleration by dividing 27 by t, 

(f) Measure the distance Ay fallen in the last sy second, 
that is, between dots 10 and 11. The “final speed” vio may 
be taken to be Ayjo/0.02 sec. Is this the speed at time = 
0.20 sec? or 0.18 sec? or 0.19 sec? 

(g) Argue that the acceleration may be calculated as 
%0/0.19 sec. What is your result this way? 

(h) Which value of the acceleration is more precise? That 
means, which value is likely to be more trustworthy. 
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Which value is closer to the value you expected to find, 
based on your reading? (HiNT: If they are both “right 
on,” that just means you have not measured to enough 
significant figures.) 


* 27. Falling Up, Falling Down Object A is shot 
vertically upward from the earth at 29.4 m/sec (= 66 miles 
per hour). In Table 1.1, the column labeled y, gives its 
height above the starting point as a function of time. The 
object is in free fall throughout. Note that it reaches its 
maximum height in 3.0 seconds. (HINT: 66 miles per 
hour/22 miles per hour per second = seconds.) 
Column v4 gives its velocity. Plus means up; minus means 
down. Column yz is for object B launched at 49.0 m/sec 
(= 110 miles per hour), and vg is its velocity. 

(a) When will B reach its maximum height? 

(b) Sketch a graph of va versus time t for the full 6 sec- 
onds. 

(c) Sketch a graph of ya versus time t. 

(d) Predict when B will be back to its starting point. 

(e) At what time are A and B moving at the same speed? 
NOTE: The word speed means the absolute value of the ve- 
locity. 

(f) Suppose that you are riding on A and observing how 
high B is above you. Plot Yreiative = Ye — Ya as a function 
of time. 

(g) Plot B’s velocity as measured in A’s frame of reference, 
Vrelative = Us — Va, as a function of time. Why would you 
be inclined to say that B is weightless if you observe it in 
A’s frame of reference? 

[Harder] (h) Write down a formula for yg as a function of 
time £. Use it to verify the last entry in column yp. 


* 28. Force of Gravity Falls Off with Distance The 
farther we get from the earth, the lighter we get. Near the 
earth, the pull of gravity decreases about 1% for every 32 
km of altitude. So 100 km up, the value of g is about 3% 
less than at sea level. 

(a) At sea level, g is 22 miles per hour per second. What is 
it at 200 km above sea level? 

(b) Many artificial satellites are in orbits 100 to 200 kilo- 
meters above the earth’s surface. Comment on the mis- 
taken notion that such satellites are “beyond the pull of 
the earth’s gravity.” 


Æ 29. Escape Velocity If you throw an object 
straight up, it comes back down after a while. The faster 
it is launched, the longer it takes to return. Is there a 
speed at which it will never come back? After all, the 
strength of the earth’s gravity gets weaker farther from the 


earth. [Answer: Yes, things launched at 1.12 x 10* m/sec e 
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TABLE 1.4 Objects A and B are both launched at y = 0. B, the faster one, reaches a 


higher altitude (Problem 27). 


T Ya Va Ys Vp 

0.0 0.00 29.40 0.00 49.00 
0.2 5.68 27.44 9.60 47.04 
0.4 10.98 25.48 18.82 45.08 
0.6 15.88 23.52 27.64 43.12 
0.8 20.38 21.56 36.06 41.16 
1.0 24.50 19.60 44.10 39.20 
T2 28.22 17.64 51.74 37.24 
1.4 31.56 15.68 59.00 35.28 
1.6 34.50 13.72 65.86 33.32 
1.8 38.04 11.76 72.32 31.36 
2.0 39.20 9.80 78.40 29.40 
2.2 40.96 7.84 84.08 27.44 
2.4 42.34 5.88 89.38 25.48 
2.6 43.32 3.92 94.28 23.52 
2.8 43.90 1.96 98.78 21.56 
3.0 44.10 0.00 102.90 19.60 
3.2 43.90 —1.96 106.62 17.64 
3.4 43.32 —3.92 109.96 15.68 
3.6 42.34 —5.88 112.90 13.72 
3.8 40.96 —7.84 115.44 11.76 
4.0 39.20 —9.80 117.60 9.80 
4.2 37.04 —11.76 119.36 7.84 
4.4 34.50 -13.72 120.74 5.88 
4.6 31.56 —15.68 121.72 3.92 
4.8 28.22 —17.64 122.30 1.96 
5.0 24.50 —19.60 122.50 0.00 
5.2 20.38 -21.56 122.30 —1.96 
5.4 15.88 -23.52 121.72 —3.92 
5.6 10.98 -25.48 120.74 —5.88 
5.8 5.68 —27.44 119.36 —7.84 
6.0 0.00 —29.40 117.60 —9.80 
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or more do not return. Call that the escape velocity] 


Æ 30. Fictitious Force 


In a spacecraft in orbit, ob- 


(a) Suppose that you could accelerate a rocket at 100 g's 
= 980 m/sec’). How long would it take to reach the es- 
cape velocity? 
(b) How much thrust does the rocket engine have to pro- 
vide? Answer in the form, “ times the weight of 
the rocket.” 
(c) Conventional rocket boosters give initial accelerations 
closer to 10 g. Argue that the height attained in reaching 
the escape velocity is so great (a reasonable fraction of the 
earth’s radius) that the escape velocity up there is actually 
a bit less. 


jects are completely weightless. But during a small “course 
correction,” a period of slowing down, for example, the 
astronauts would feel pushed toward the front of the craft. 
For the duration of the burn of the retrorockets, they 
would feel some weight, with the “forward” direction 
being the “down” direction. If the slowing down is at the 
rate of 1 mile per hour per second and the craft’s speed is 
17,000 miles an hour, it would take almost 3 minutes to 
slow the speed down by 1%. (Verify!) During these 3 min- 
utes, what fraction of her earth weight does the astronaut 
have? [Answer: Less than 5%] 


PROBLEMS 


PROBLEM 31. At the 
bottom of the 
pushup the force on 
the hands is 
maximum. 


4" 31. Pushups Slow pushups take about 2 seconds, 
down and up, and have an amplitude around 50 cm top- 
to-bottom, so the average speed is 0.5 m/sec. The speed is 
certainly not uniform, since the motion stops at the top 
and at the bottom. A measurement shows that the force 
of the hands against the floor increases by 25% at the bot- 
tom turnaround (see the figure). 

(a) What is the maximum acceleration of the shoulders 
during this phase of the pushup? 

(b) Estimate how long this acceleration lasts. 

(c) How far do they move—down and up—during this 
time? 

(d) The force of the hands against the floor can be almost 
zero at the top. If so, how long can that last? 


2K 32. F= ma To accelerate a 100-pound vehicle at 
an acceleration of 22 miles per hour per second along a 
level road requires a push of 100 pounds. This assumes 
that friction can be neglected. 

(a) Suppose that the horizontal accelerating force is 25 
pounds. In how many seconds does the vehicle accelerate 
from rest to a speed of 11 miles per hour? 

(b) You were able to solve this problem by proportions 
without ever calculating the mass. Here is the same prob- 
lem in SI units: mass = 45.36 kg; accelerating force = 
111 newtons. How long will it take to attain a speed of 
4.9 m/sec? 


x 33. Accelerating the Car For acceleration on a 
smooth, horizontal road, the bookkeeping is easy. A hor- 
izontal force of 3000 pounds applied to a car weighing 
3000 pounds will impart to it an acceleration of 22 miles 
per hour per second (= g). (See the accompanying figure.) 
For other accelerations, just use proportions. Remember, 
no horizontal force is needed to support the weight. 
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(HINT: A 1500-pound push will accelerate it at 
11 miles/hr sec.) 

(a) How much horizontal force is needed to accelerate the 
3000-pound car at 1 mile per hour per second? Answer in 
pounds. 

(b) Estimate how much force is needed to keep a car rolling 
at 1 mile per hour on a smooth road. The answer is not 
likely to be more than 100 pounds. All that force does is 
to overcome friction in the bearings and rolling friction in 
the tires. At such slow speeds, air drag is negligible. 
Whatever your answer, if you pushed with a horizontal 
force 50 pounds harder than that, what would be the ac- 
celeration of a 3000-pound car? 

(c) What would be the acceleration of a 2000-pound car? 
Feel free to leave your answer in miles per hour per sec- 
ond. 


(HiNT: It is not necessary to convert the mass to kilograms 
and the force to newtons. “Proportional reasoning” is eas- 
iest here. Just don’t make the mistake of trying to apply 
the formula F = ma with F in pounds and m in pounds.) 


PROBLEM 33. Accelerating the car takes more force than 
keeping it rolling at constant speed. 


* 34. Accelerating Elevator An elevator starts up 
(up) from rest and accelerates uniformly at an acceleration 
of 4.4 miles per hour per second (= 0.2 g). 
(a) How fast is it going after 1 second? 

miles/hour 
(b) How fast is it going after 0.5 sec? 
(c) What is its average speed during the first second? 
(d) What is its average speed during the first half-second? 
(e) How fast is it moving after 0.25 sec? 
(f) How fast is it moving after 0.75 sec? 
(g) What is its average speed during the second half-sec- 
ond? 
(h) In order to double the tension in the elevator cable, the 
elevator would have to be accelerating upward at 
22 miles/hr sec. By what percentage is the tension in- 
creased by an acceleration of 4.4 miles/hr sec? 
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35. Accelerating Elevator (Using Different 
Units) The elevator accelerates uniformly upward at 6.4 
feet per second per second. 

(a) How fast is it going after 1 second? ______ ft/sec 

(b) How fast is it going after 0.5 sec? 

(c) How far did it move during the first second? 

ft 

(d) How fast was it moving after 0.25 sec? 

(e) How far did it move during the first half-second? 

(f) How far is it moving after 0.75 sec? 

(g) How far did it move during the second half-second? 
(h) After 1 second it moved times as far as after 
half a second. 


(HINT: Does this kind of arithmetic lead you to conclude 
that the distance moved is proportional to the square of 
the time?) 


* 36. More About the Car At faster speeds, air re- 
sistance becomes increasingly important. At 30 miles per 
hour it takes about 100 pounds to overcome the frictional 
force of the air, the bearings, and the tires. 

(a) How much extra force does it take to accelerate that 
3000-pound car from 30 miles/hr to 31 miles/hr in 1 sec- 
ond? Convince yourself that when the car is traveling un- 
der its own power, all that forward force is provided by 
the road pushing forward on the tires. Indeed, for a con- 
ventional car with transmission in the rear, all that force is 
on the rear tires. 

(b) A good tire on dry pavement can stand a horizontal 
(i.e., tangential) force about 3 times the vertical (i.e., nor- 
mal) force before it starts to skid. Argue that this makes it 
theoretically possible to brake a car from 66 miles/hr to a 
stop in 1 second. But please don’t try to do it! 

(c) What would be the force on the seat belt of a 150- 
pound passenger during such an acceleration (deceler- 
ation)? 

(d) How far does the car travel during the braking? 

(e) Suppose that it really takes twice as long (i.e., 2 sec- 
onds) to brake to a stop. Argue that the tangential force 
on the tires is only half as great. 

(f) A realistic value for a reliable braking acceleration is 
—11 miles/hr sec. How far does the car travel in stopping 
from 66 miles per hour? miles. Is your answer 
around 300 feet? Remember that you have neglected reac- 
tion time of the driver. 

(g) List a few reasons why the car might start to skid with 
accelerations close to 22 miles per hour per second, even 
though 3 times that is theoretically possible without skid- 
ding. 
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PROBLEM 37. Bathroom scale on the elevator (1) at rest (2) 
starting down (3) starting up. 


> 37. Bathroom Scale on the Elevator The bath- 
room scale reads 100 pounds just before the elevator starts 
down (see the accompanying figure). The elevator starts 
suddenly, getting to a downward velocity of 11 miles per 
hour in 1 second. 

(a) Argue that the person standing on the scale weighs 
only 50 pounds during the acceleration. 

(b) Argue that the person's weight is back to the usual 100 
pounds as soon as the elevator has attained a uniform 
downward velocity. 

(c) If the acceleration from speed 0 to 11 miles per hour 
had lasted only half a second, what would have been the 
downward acceleration? 

(d) What would have been the weight during the down- 
ward acceleration in part (c)? 


NOTE: Conventional bathroom scales do not respond fast 
enough to make experiments on elevators practical. They 
usually oscillate for a second or more. 


*>% 38. Bathroom Scale on the Elevator The bath- 
room scale reads 100 pounds with the elevator at rest. We 
say that the person standing on the scale weighs 100 
pounds. The elevator starts to move up, achieving an up- 
ward velocity of 11 miles per hour in 1 second. During this 
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second, its average acceleration is 11 miles per hour per 
second. Call it half a g. 

(a) Argue that the bathroom scale should read 150 pounds 
during the 1 second that the acceleration lasts. 

(b) Argue that the reading should drop back to 100 pounds 
while the elevator is moving up at a steady 11 miles per 
hour. 


oF 39. Your Weight on the Elevator If the up eleva- 
tor gained speed at the rate of 22 miles per hour per sec- 
ond, your weight would increase by 100%. 

(a) If the up elevator gained speed at the rate of 2.2 miles 
per hour per second, your weight would increase by 
— 

(b) At what rate would the down elevator have to gain 
speed in order to give you a 1% weight loss during the 
acceleration? 


> 40. Blood Pressure at Blast-Off When you stand 
erect, the pressure difference between the blood in your 
head and the blood in your toes is approximately 0.2 at- 
mospheres. This is just because of the weight of the blood; 
the pressure is proportional to the weight of the blood. If 


PROBLEM 40. Blood 
pressure at blast- 
off. What would 
happen if the 
astronaut were 
positioned 
vertically? 
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an astronaut were to be situated vertically during blast-off 
(see the accompanying figure), how great would that pres- 
sure difference become at an acceleration of 10 g's? 
(HINT: The answer is not 2.0 atm. It is even greater. Now 
you appreciate the need for lying flat at blast-off.) 


* 41. Towing Icebergs The suggestion has been 
made to bring icebergs from the Arctic down south to 
shores close to desert areas, as sources of fresh water. 
Consider an iceberg of mass 10'* kg. Suppose that tug- 
boats can provide a towing force of 10° newtons. 

(a) How long would it take to accelerate the iceberg to a 
cruising speed of 1 m/sec? Express your answer in sec- 
onds, also in days. 

(b) How far would the iceberg move during that time? 
(c) FERMI QUESTION’ Estimate the diameter of an iceberg 
whose mass is 10™ kg, good to the nearest power of 10 
only. (HINT: It makes little difference whether you as- 
sume that it is a sphere or a cube.) 


* 42. Accelerating That Barge (a) How much force 
is needed to give a 10°-kg barge an acceleration of 10°! m/ 
sec’? Can one dock worker possibly pull that hard on a 
tow line? 

(b) How long does it take to get up to a speed of 1 m/sec 
with that much pull on the tow line? 

(c) How long does it take to move the barge 1 m from rest 
with that much pull? How fast is it going after moving 1 
m? 


* 43. Accelerating That Barge, in English 
Units The 1-ton force will be called 2 x 10° pounds. The 
0.22 miles per hour per second will be called 0.32 ft/sec’. 
If we want to write the formula F = ma, then we solve for 
the mass as follows: 


ids 2 x 10° pounds _ 
m = "0.32 ftise? 7 


5Enrico Fermi (1901-1954) was one of the twentieth century's 
great physicists. Among his discoveries was the prediction of the 
neutrino in beta radioactivity, and the “quantum statistics” of 
electrons. Having moved from his native Italy to the University 
of Chicago, he directed the building of the first “atomic pile” un- 
der the stands of the football stadium, and achieved a chain re- 
action, showing the feasibility of a nuclear-fission bomb. He was 
a great teacher and delighted in order-of-magnitude questions, 
like “How many Ping-Pong balls would it take to fill up a tele- 
phone booth?” There is no exact answer, of course. 


Barges on the Mississippi River. 


This unit of mass also has a name: 
1 pound sec’/ft = 1 slug 


But if you want to know how much the barge would 
weigh (remember, weight = mg), you must multiply that 
mass value by g = 32 ft/sec’. 


(b) weight = 


pounds 


Some people prefer to say that the barge has a mass of 2.2 
x 10° pounds. If they also want to write F = ma, then the 
2000-pound force becomes 


F = 2.2 x 10° pounds mass x 0.32 ft/sec? = 
Again a new unit: 
1 pound mass ft/sec? = 1 poundal 


A 1-poundal force gives a 1-pound mass an acceleration of 
1 foot second per second. Conversion: 32 poundals = 1 
pound force. 

(c) Another choice is to write the mass in pounds and the 
force in pounds. Then the formula has to be rewritten 


F x 32 ft/sec? = ma 


Verify that the acceleration a 2 x 10°-pound force gives a 
2.2 x 10°-pound mass barge is what you got before. 


xÆ 44. F = ma in Nuclear Physics The uranium-238 
nucleus is radioactive and emits an alpha particle, thereby 
transforming into a thorium-234. The force on the alpha as 
it crosses the surface of the Th-234 is 560 newtons. Find 
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the instantaneous acceleration of the alpha. [HINT: You 
can calculate the mass of an alpha particle (a helium-4 nu- 
cleus) by knowing that 6.02 x 10” (Avogadro's number) 
alpha particles weigh 4 grams. ] 


Æ 45. Sudden Stop An ice hockey player can 
achieve speeds of 15 m/sec and can stop in as little as 2 
meters. 

(a) How long does he take to cover that 2 meters? 

(b) What is his average acceleration during this time? 

(c) How many times his weight do his ankles have to sup- 
port during this time? Neglect the mass of his feet. 

(d) What angle does this force make with the vertical? 


* 46. Catcher's Mitt, F = ma Try to calculate the 
force on the catching hand of the baseball catcher during 
the time the ball is slowing down in his glove. Here are 
the data: 


Mass of the baseball = 0.15 kg 
Speed of a fast pitch = 40 m/sec 


Distance his hand recoils from the moment of contact 
until it stops = 0.5 m 


Assume that the acceleration (deceleration) is uniform 
over those 50 cm. 


** 47. Rolling Hospital Bed A certain hospital bed 
has a mass of 250 kg, which includes the patient. If the 
nurse pushes it horizontally with less than 50 newtons (= 
11.2 pounds) of force, static friction keeps it from moving. 
As soon as it does start to move, though, about 10 new- 
tons (= 2.25 pounds) is enough to keep it moving at con- 
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stant speed. (Rolling friction is less than starting friction.) 
So if a 50-newton force is applied, that leaves 40 newtons 
to accelerate the bed. 

(a) How fast is it moving after 2 seconds? 

(b) How far has it moved in 2 seconds? 

(c) To avoid crashing into a wall, the nurse now pulls back 
on the bed and stops it in 10 centimeters. How many g's 
is that acceleration (deceleration)? 

(d) How hard did she have to pull? (HINT: This time the 10 
newtons of frictional resistance help her.) 

(e) Comment on the effect of the bed springs on the an- 
swers to parts (c) and (d). 


* 48. Detached Retina: Tennis, Nodding, and 
Boxing A patient with a detached retina is warned by the 
opthalmologist not to shake the eye. The doctor recom- 
mends that backward acceleration not exceed 1 or 2 g's. 
The danger is that the vitreous humor—with the retina 
adhering to it— might pull away from the sclera, to which 
the retina is normally attached. “Doctor, can I play ten- 
nis?” $ 

(a) Use estimated values of running speeds and the time 
it takes a player to stop, and calculate the maximum accel- 
eration of the body in a fast game of tennis. 

(b) A vigorous “yes” nod of the head might take a quarter 
of a second and have an amplitude of as much as 10 cen- 
timeters up and down. Estimate the maximum accelera- 
tion of the eye, making reasonable assumptions about the 
nature of the motion. 

(c) Invent some reasonable values for times and ampli- 
tudes of head motion in boxing, and show that the accel- 
eration of the head might well exceed 2 g (see the figure). 


PROBLEM 48. How 
many g’s does the 
head experience in 
a well-aimed punch 
on the jaw? 


** 49. Golf Ball A golf ball might leave the tee at 50 
meters per second, having been in contact with the surface 
of the “wood” for about 10~* second. 
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(a) Calculate the average acceleration of the ball during 
this time. 

(b) Calculate the average force on the ball during this time. 
Express it in the form “______ times the weight of the 
ball.” 

(c) Argue that, in fact, the force is less than this value near 
the beginning and near the end of the contact, and greater 
while the elastic deformation of the ball is greatest. 


xÆ 50. Fly Landing A fly can cross a big room in 
about a second. Cruising speeds must be around 10 m/sec. 
Does it use its wings to slow down before landing or do 
its legs exert all the deceleration force? Would the legs be 
strong enough? They are about 5 millimeters long, and the 
fly’s mass might be estimated at 50 milligrams. Let's cal- 
culate how much force those six legs would have to with- 
stand to stop the fly in 5 mm. That force would be least if 
the acceleration from 10 m/sec to zero were uniform. At 
an average speed of 5 m/sec, that would take _______ sec- 
onds, giving an average acceleration of m/sec? or 
——— g. Can you believe that the legs could support a 
thousand times the weight of the fly? That would be the 
weight of grams. Are the legs that strong? 
Would a fly be crushed under that much weight? 


** 51. Acceleration of the Housefly High-speed stro- 
boscopic photography shows how a fly takes off. It jumps 
backward while starting to flap its wings. It is up to its 
maximum fiying speed (around 10 m/sec) in about one- 
quarter of a second. 

(a) Calculate its average acceleration during that time. 

(b) How large a force is needed to produce that accelera- 
tion? Express it in the form “ times the fly’s 
weight.” (HiNT: Why don’t you have to know the fly's 
weight?) 


NOTE: Comparisons between man and insect are dis- 
cussed in Chapter 3, “Size, Strength, and Scaling.” 


> 52. Swimming Protozoa, x = ať, and F = ma A 
paramecium is a one-celled animal about 0.2 millimeters 
long, with a mass around 10772. kg (= 0.1 microgram). Us- 
ing its hairlike cilia, it looks like a fast swimmer. Starting 
from rest, it can move its own length in one-fifth of a sec- 
ond. 

(a) Assuming that it accelerates uniformly during that 
time, calculate its acceleration in m/sec’ and translate that 
into g's. (HINT: 1g = 9.8 m/sec.) 

(b) Calculate the force needed to produce that acceleration, 
Neglect the mass of water the animal pulls along as it 
moves. 
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Paramecium can 
coordinate its cilia 
to work like 
flippers. 


(c) What fraction is that force of the animal’s weight in air? 
(d) About how long does it take you to swim your own 
length starting from rest? 


> 53. The Shoes Stayed Behind In auto accidents 
one sometimes reads that a survivor was “pulled right out 
of his shoes.” Let's estimate how many g's of vertical ac- 
celeration the foot would have to suffer to pull out of its 
shoe. It takes perhaps 10 pounds of force (= 44.5 new- 
tons) to pull a firmly laced shoe off a foot. (Try it.) A shoe 
might weigh half a pound. How many g's of acceleration 
would it require for that shoe to be pulled with a 10-pound 
force? 


Æ 54. Seat Belts—How Strong Do They Have to 
Be? The maximum braking acceleration a car can achieve 
is about 3 g (= 66 miles per hour per second = 30 m/sec’). 
To be sure, this is a rare happening, requiring good tires 
and dry pavement. During such an acceleration of 3 g the 
horizontal force against the seat belt is 3 times the usual 
weight of the passenger. If that is all we worried about, 
600-pound-test belts would suffice even for 200-pound 
passengers. But consider a head-on collision, say at 30 
miles per hour (= 13 m/sec). 

(a) If the car is stopped within 1 meter, show that the av- 
erage acceleration during the collision is 89 m/sec* (= 9 g), 
so the seat belt needs to hold 9 times the passenger's 
weight. 

(b) Show that a 60-mph collision requires belts 4 times as 
strong as a 30-mph collision. 


Æx% 55. Air Bags One way to protect the driver and 
passengers in a car against injury in a collision is with a 
device that inflates when the deceleration of the car ex- 
ceeds a certain value (perhaps 5 g’s). Suppose that a car 
traveling at 20 m/sec (= 45 miles per hour) has a head-on 
collision, so that its forward motion is stopped in about 
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1 meter. That 1 meter is the amount by which the front of 
the car may be expected to deform. 

(a) Show that the average acceleration of a passenger is 
-200 m/sec? in this case. (Hint: How long does it take to 
travel that 1 meter?) 

(b) The horizontal force on the driver during the accelera- 
tion is times his or her normal weight. 

(c) If that much force were applied to a few ribs, they 
would surely break. The point of the air bag is to distrib- 
ute the force over a larger area of the body. But the bag 
also may allow more time for the acceleration. Argue that 
an air bag 0.5 m thick extends the stopping time to 0.15 
sec and decreases the average acceleration by about 33%. 


*Æ 56. Train A pull of 2 newtons to the right on the 
2-kilogram “train” results in an acceleration of 1 m/sec? to 
the right. 

(a) What is the tension in the left-hand string? 

(b) What is the net force on the right-hand mass? 


pja 


(c) With a 3-kg “train,” what is the tension in the middle 
string? 
(d) What is the net force on the middle mass? 


CO O 


XÆ 57. Falling Without Accelerating A speck of dust 
is seen to fall at a constant speed. It does not accelerate at 
the familiar 22 miles per hour per second (= 9.8 m/sec’). 
We conclude that its weight is exactly compensated by air 
resistance. With zero net force, its acceleration is zero. It 
accelerates only during the first fraction of a second of its 
fall, because air drag increases with speed v. 
Suppose that the air drag is given by the formula 


ton se 
retarding force = (1076 TEON SES) y 


and the speck weighs 107° newton. 

(a) At what speed will it stop accelerating? 

(b) What is its acceleration when it is falling at half of this 
“terminal speed”? 


NOTE: The air-drag formula, called Stokes’ Law, depends 
on the shape of the object. For a spherical speck, the drag 
force is proportional to the diameter. 


* 58. On Avoirdupois Pound If we decide to mea- 
sure force in pounds and mass in avoirdupois pounds, we 
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must be careful with the formula 
weight = mass X g. 
In Paris, the formula would say 
1 pound weight = 1 pound mass x g. 


That may seem strange, since it makes g equal to one. One 
what? The obvious answer is “one pound weight per 
pound mass.” But that is the g-value for Paris. In a differ- 
ent place with a different value of g, the same mass has a 
different weight. In a location in which g is one-tenth of a 
percent greater than in Paris, a 1-pound mass would 
weigh 1.001 pounds. Just to make sure that you under- 
stand this piece of sophistry, verify that, on the moon, a 
l-pound “mass” weighs only 0.16 pounds (weight). 
(HINT: On the moon, g is 1.6 m/sec’.) 


> 59. On Vector Addition of Forces (Not discussed 
in the text; see Appendix A.) As the airplane accelerates 
on the runway, the back of your seat cushion pushes on 
you. If the speed increases at 22 miles per hour per second 
(= g), that forward force is equal to your weight. If you 
normally weigh 165 pounds, the bottom of the seat cush- 
ion pushes up with a force of 165 pounds, while the back 
of the seat cushion pushes forward with a force of 165 
pounds. The accompanying figure shows how to add two 
forces that are not in the same direction. The rule is called 
the “‘vector-addition rule” or the “parallelogram rule.” 

(a) Argue that the resultant force on you makes a 45° angle 
with the horizontal. 

(b) Argue that the resultant force is 233 pounds. 
(HINT: 165 pounds x vZ. Pythagoras!) 

(c) If the airplane's acceleration were 44 miles per hour per 
second (= 2g), the back of the seat cushion would push 
with a force of 330 pounds. Argue that the direction of the 
resultant force would then be 26.6° above the horizontal. 
Find its magnitude. 


PROBLEM 59. Vector 
addition of forces. 
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>"> 60. They Always Collect Your Tray Before Land- 
ing. (Not discussed in the text. See Appendixes A and 
B.) What if the airlines didn’t remove your tray? Would 
food and drink spill on your lap? Assume that you don’t 
spill unless the cup deviates from the vertical by more 
than 10°. Certainly, waiters wobble more than that. Note 
that tan 10° = 0.176. So you could stand acrobatics up to 
0.176 g = 4 miles per hour per second. 

From your experience with airplanes, estimate the max- 
imum acceleration (deceleration) of the airplane after 
touching the ground (see the figure). How much would 
the surface of your coffee tilt? 


g Apparent g 


PROBLEM 60. “They always collect your 


-Acceleration tray before landing.” 


*>« 61l. Speeding Up Feels Like Driving Uphill (see 
Appendix A) According to the Principle of Equivalence, 
“gravity” and “acceleration” feel the same. If your car 
starts going uphill, the back of the seat cushion starts to 
push on your back. That is exactly what happens when 
your car speeds up (see the figure). Argue that an accel- 
eration of 2.2 miles per hour per second (= one-tenth the 
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PROBLEM 61. 
Speeding up feels 
like driving uphill. 


acceleration of gravity) on a horizontal road feels like driv- 
ing at constant speed up a 1-in-10 incline. One-in-ten 
means the road rises 1 foot in every 10 feet of road. 


*> 62. Least Noticeable Difference in g If the local 
value of g were to increase by 2%, you might not notice 
the increased downward pull on all parts of your body 
without a scale. But if the direction of the apparent “ver- 
tical” were to change because the floor under you started 
to accelerate horizontally at 0.02 x 22 miles per hour per 
second, you might well notice. How sensitive is your bal- 
ancing organ? Could it detect an incline that rises 1 foot 
for every 50 feet along the floor? 


[L] QUESTIONS FOR FURTHER THOUGHT 


a. 


Blood Pressure During Jump If you don’t have access to a trampoline or diving 
board, just try jumping straight up from the floor while standing with closed 
eyes. Can you tell the instant you are at the highest point, the point of zero 
velocity? Can you feel the motion of your stomach? 

Now concentrate on the difference in blood pressure between head and heart. 
You will probably not be able to feel this duting the jump. Try to reason out 
how it should vary: 

(a) Just before take-off: greater than usual / less than usual 

(b) While you are in free fall: greater than usual / less than usual 

(c) Just after landing, while your knees are flexing: greater than usual / less 
than usual 

How Much Squeezing Can We Stand? In centrifuge experiments a human 

subject lying on his back (see Figure 1.13) became unconscious between 14 and 

16 times his normal weight when he had his knees slightly bent. Subjects could 

stand up to 20 times normal with straight legs. Try to explain the difference. 

Lost in Space An astronaut in orbit gives a slight push with his foot against 

the floor of his space craft so that he loses contact. Slowly he floats upward in 
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FIGURE 1.43 Human 
subject in a centrifuge. 


the large cabin. He is far from the walls or anything to hang on to. His upward 
velocity is so slow that he would not hit the ceiling for some time. Invent two 
or three different ways he can get back faster. One obvious way is to have his 
roommate throw him a rope and pull him back. (HINT: You will know some 
answers after reading Chapter 2.) a 

5. Weightless Water i 
(a) Describe what would happen if an orbiting astronaut tried to drink a glass 

of water the way we do here on earth? 
(b) How would she get the water into the glass in the first place? 

e. Constancy of g Give evidence for your belief that the value of g in your house 
does not change from day to day or even from year to year. Would you be able 
to detect a 1% change? 

(. Bathroom Scale, Doctor’s Scale If you used a bathroom scale to weigh your- 
self, your weight on the surface of the moon would read one-sixth its usual 
earthly value. But if you used a doctor's scale (“No Springs—Honest Weight’), 
the reading would be unchanged from its usual value. Both instruments mea- 
sure gravitational pull. Explain why the readings are so different. 

n. How Straight is That Straight-Line Path in the Spacecraft? The text says that 
in an orbiting spacecraft, an object keeps moving in a straight line until it bumps 
into something. How accurate is that statement? You may argue as follows: The 
center of the earth is not in exactly the same direction when you are in the 
middle of the spacecraft as when you are at the rear of the spacecraft. If the craft 
is 5 meters from middle to rear, and it is 6400 kilometers from the center of the 
earth (tight orbit), those directions make an angle of (5/6.4 x 10° =) 0.78 x 10°° 
radians. The argument continues: A freely flying object experiences a downward 
acceleration of 9.8 m/sec. The spacecraft is freely flying, so it experiences that g 
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acceleration, in the downward direction, as seen from its middle (center of grav- 
ity). An object at the rear of the craft would, in the reference frame of the space- 
craft, experience an acceleration toward the middle of the craft equal to 0.78 x 
10-° x 9.8 m/sec? = 7.7 x 10° msec’. Is that worth talking about? 

Let’s see how much of an “aiming error” it would give. Suppose you launched 

an object “upward” (meaning in a radially outward direction, as seen from the 
spacecraft) near the rear of the craft at 0.1 m/sec. How much does it curve in 
moving 1 meter? It takes 10 seconds at that speed. The deviation from a straight 
line, that is, the forward displacement, is x = 4 at 2 = 3,8 x 10° m, correspond- 
ing to an angular deviation of 3.8 x 10~* radians. Of course, the longer the 
spacecraft, that is, the further you are from the middle, the bigger this acceler- 
ation toward the middle. Calculate for a 100-meter-long craft. 
What About the Tumbling of the Spacecraft? If the spacecraft were tumbling 
end over end, a freely flying object inside would certainly not be seen as having 
straight-line motion. Seen from a rotating platform, straight lines become circu- 
lar. So we are tempted to say simply, let’s not let our spacecraft tumble. But we 
might want the front to remain front and the bottom to remain bottom while it 
circles the earth. The only way to do that is to let it make one complete rotation 
every complete revolution. In a tight orbit that takes about 5000 seconds. Does 
such a slow rotation give us noticeable deviations from straight-line flight? 

Again, let the object fly 1 meter in 10 seconds. In that time, the craft will rotate 
through an angle of 27 x 10/5000 radians = 1.2 x 10~* radians. so the aiming 
error will be 1.2 millimeters. 

Notice that the larger the orbit, that is, the farther the craft is from the earth, 

the slower this rotation, the smaller the aiming error. Look at the previous 
Question for Further Thought. Comment on how that deviation from straight- 
line motion depends on the distance from the earth. 
Overcoming Classical Misconceptions To keep a sled moving on a flat snow- 
field, you have to push. To make it go faster, you have to push harder. Twice 
as fast, twice as hard? It looks as though the “law” might be that the velocity is 
proportional to the applied force. But Galileo and Newton wrote—about 300 
years ago—that an object maintains its state of uniform motion when no force 
acts on it. That does not seem to conform to our experience with sleds! 

Argue that when the sled has achieved a constant speed, the net force on it is 
indeed zero. Remember, your push is not the only force on the sled. The snow 
also exerts force. Which way? How does the snow know which way its frictional 
force should be exerted? ý 

Argue that the snow’s retarding force is greater the faster the sled moves. But 

be careful: Just because you know that it is so doesn’t mean you understand 
why. Note: That part is quite complicated. And the “law” that the frictional force 
is proportional to the velocity is very approximate indeed. In fact, for the friction 
of the air at automobile speeds, the force is approximately proportional to the 
square of the velocity. 
Frames of Reference—Air Track Accelerating The linear air track is a device 
for eliminating most of the friction we usually associate with the motion of ve- 
hicles here on earth. If we can make our track straight enough and level enough, 
the motion of the gliders is measured to have constant velocity, that is, no mea- 
surable acceleration, over several meters of motion along the track. 
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Suppose that such an air track is carried on a cart moving at constant velocity 
along the corridor. Will the glider still move at constant velocity 

(a) in the reference frame of the air track? 

(b) in the reference frame of the corridor? Present a brief argument for your 
answers to parts (a) and (b). 

(c) Now let the cart be accelerated. Answer the same two questions. 

Note: This is strictly a thought experiment. If you try it with a real cart on a 

real corridor, you will find you can’t achieve sufficiently constant velocity of the 

cart down the corridor. What you need is an air track carried on an air track! 

Sketch the Graph An air-track glider is outfitted with a battery-powered 

model-airplane motor and propeller capable of providing a constant forward 

force for several seconds. 

(a) Argue that, starting from rest, the velocity-versus-time curve for the glider 
has to have the straight-line shape shown in Figure 1.14. 

(b) A remote-control switch turns off the motor, so the glider continues under 
no force. Sketch the v-versus-t curve in Figure 1.14 for the next few seconds. 

Constant Speed? Analyze Some Data Timing a bicyclist, we find that he travels 
100 meters in 10 seconds. At the end of the 11th second, he reaches the 110- 
meter mark. At t = 15 seconds, he is at the 150-meter mark. 

(a) Calculate his average speed (in meters per second) during the first 10 sec- 
onds 

(b) Calculate his average speed during the 11th second. 

(c) Calculate his average speed during the last 4 seconds. 

(d) Is it possible that he traveled 60 meters in the first 5 seconds and 40 meters 
in the second 5 seconds? 

(e) Is it possible that he traveled 90 meters in the first 5 seconds and 10 meters 
in the second 5 seconds? 

(f) Why do you think that part (e) is unlikely? 

(g) Have you ever observed a cyclist accelerating from 2 m/sec to 10 m/sec in 1 
second? 

(h) What average acceleration would that require during that 1 second? 

(i) Is the part (e) record possible without such a large acceleration at any time? 
If so, sketch a possible graph of speed versus time for those 10 seconds in 
which there are no accelerations as great as 8 m/sec’. 

(j) Estimate how long it takes a good cyclist to accelerate from rest to 22 miles 
per hour on a flat road. 
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FIGURE 1.14 Sketch the graph. 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 


Is the momentum of two colliding objects always conserved in the col- 
lision? 

What is the “law of action and reaction”? Can it be used to derive the 
conservation of momentum? 


If two objects are at rest and an explosion between them sends one to 
the right, the other to the left, argue that their center of mass will stay 
put or will move after the explosion. 


Why is it so hard to step out of a canoe onto a dock without hanging 
on? 


Argue that it is possible (or impossible) to “pull yourself up by the 
bootstraps.” The expression comes from a story about being stuck in 
quicksand. 


Can conservation of momentum be violated by a description in an ac- 
celerated frame of reference? 


2.4 ESSAY: SPACE WALK 


What is it like to open the hatch of an orbiting spacecraft and step out into 
space? (Fig. 2.1) 

Of course, you'd better open slowly, because the air in the cabin will rush 
out, making a gust of wind. Also, you'd better have on that space helmet 
and carry your own air for breathing, because out there, there is nothing. 
There is nothing, in fact, to give you any sense of your motion. From the 
standpoint of observers on earth, you may be falling through space at many 
thousands of miles per hour. Yet you have no sense of speed because no air 
is rushing past you. You have no sense of acceleration because you are not 


FIGURE 2.1. Stepping 
out of the spacecraft. 
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resisting the gravitational forces on you. You are falling freely, and so is the 
spacecraft you have just left. Unless you happened to push off hard as you 
got out, you'll be floating along right close to the craft. Any push you give 
as you get out will start you moving away from the craft. You'll just float 
off at constant speed in the direction your initial push gave you. You might 
prefer to say that it is the craft that is moving away from you at constant 
speed because of the initial push you gave it. What you realize here is that 
the question of which one is moving is a matter of point of view. In the 
frame of reference of the craft, you are moving one way. In your frame of 
reference, the craft is moving the opposite way. In any other frame of ref- 
erence, both are moving. For example, if you and the craft are in orbit 
around the earth, then in the frame of reference of the earth your motion 
while you are moving away from the craft is quite complicated. To be prag- 
matic, when we want to describe a motion we usually choose a frame of 
reference that gives a simple description of that motion. Here is an example: 


Equal Masses 


You and your identical twin are floating just outside the craft, as shown 
in Fig. 2.2, with no perceptible motion. You give your twin a shove. 
Afterward-you see him receding from you at 2 meters per second, while 
the craft is receding from you at 1 meter per second. 


What is the simplest description here? Nobody pushed on the craft; why 
should it have started to move? A description in the frame of reference of 
the craft says that you and your twin, after pushing off, moved off in op- 
posite directions at 1 meter per second. The symmetry between yourself and 
your (equally massive) twin is preserved in this description. Each experi- 
ences the same acceleration during the push, or, more accurately, equal and 
opposite accelerations. Which of you actually exerted the muscular effort is 
not important for the subsequent motion. 


2.2 DEFINITION OF MOMENTUM 


How do you find the simplest frame of reference for describing a motion? 
In our example of the twins, there is an appealing symmetry in choosing 
the spacecraft frame of reference. In this frame both were at rest before the 
push-off. It is in this frame (also called the center-of-mass frame of refer- 
ence) that you both receded at the same speed, but in opposite directions. 
If you call your velocity +1 m/sec, you could call your twin’s velocity —1 
m/sec, The product of mass times velocity is called momentum. If your mass 
is 75 kilograms, your momentum after the push-off is 75 kg x 1 m/sec = 75 
kg m/sec. Your twin’s momentum is —75 kg m/sec. The sum of your mo- 
menta is zero, just what it was before the pushing. We can say that, in the 
spacecraft frame of reference, the total momentum is conserved: It was zero 
before the interaction (the pushing); it is zero after. Note that we chose the 
rest frame of an object on which nobody was pushing. The spacecraft as a 
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Astronaut leaving his spacecraft 
on a “space walk.” 


FIGURE 2.2 Identical twins 
pushing off in space. 
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massive object was irrelevant to the situation. It just provided an imaginary 
place to sit and measure velocities of the objects on which forces were ex- 
erted—the twins. 


exercise 1 Calculate the momentum of your twin in your own frame of 
reference. Note that, in this frame, your own momentum remains zero. This 
is an “accelerated reference frame” (Remember the feeling of weight during 
the push?); total momentum is not conserved when measured in such a 


F 
3 
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A harder push would give you more momentum, and your twin more 
momentum in the opposite direction. Again, the sum of the momenta 
would be zero. But what if the other fellow were more massive? We might 
think of a 75-kg twin with a 75-kg pack, total mass = 150 kg. If, in the 
spacecraft frame of reference, your speed after the push is 1 m/sec, his speed 
in the opposite direction turns out to be exactly half of that, or 0.5 m/sec. 
How come? Because that is the speed that conserves momentum. Your mo- 
mentum is 


EA zl 

(75 kg) x (2) 75 kg m sec 

the same as in the previous example; his momentum (pack and all) is 
(150 kg) x (-052) = -75 kg m sec”! 


Total momentum is conserved: zero before, zero after. In order to gain a 
certain amount of momentum, you have to give an equal and opposite 
amount of momentum to another object, regardless of its mass. In order to 
impart a certain amount of momentum to an object, you have to recoil with 
an equal and opposite momentum. 

Now we can instruct our astronaut how to maneuver in space without 
hanging on to anything: Throw or shoot or somehow project an object in 
the direction opposite to the one he wants to go. If it is a rocket, he has to 
aim it in back of him. To stop, he has to aim his rocket forward; hence the 
word “retrorocket.”” What the law of conservation of momentum tells us is 
that the change in momentum of the astronaut plus the rocket engine is 
numerically equal to the momentum of the ejected rocket fuel, and, of 
course, it is in the opposite direction. 


EXERCISE 2 How many kilograms of rocket fuel does a 75-kg astronaut have 
to eject at a speed of 300 m/sec in order to recoil at 1 m/sec, measured in the 
center-of-mass frame of reference? 
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HINT: total momentum remains zero. 
m m 

75 kg X 1— — maa X 300 — = 0 
sec sec 


It does not matter which velocity you call positive, which negative. 


EXERCISE 3 A 75-kg skater shoots a rifle. The 10-gram bullet (= 107? kg) is 
shot at 7.5 x 10° m/sec. At what speed does the skater recoil? 


EXERCISE 4 Twin A moving at 1 m/sec collides with twin B, who is at rest. 
They hang on. At what speed do they move off together? 
[Answer: 0.5 m/sec] 


EXERCISE 5 The 75-kg astronaut moving at 1.5 m/sec collides with the 150- 
kg astronaut at rest and hangs on. At what speed do they move off to- 
gether? 


EXERCISE 6 The 150-kg astronaut moving at 1.5 m/sec collides with the 75- 
kg astronaut at rest and hangs on. At what speed do they move off to- 
gether? 


SS 
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In the story of the twins, we did not say how hard you pushed. When we 
described your pushing your equally massive twin away, we only said that 
each of you ends up moving backward at 1 m/sec after the shove. That was 
the description of the interaction in the center-of-mass frame of reference. 
But it was only a before-and-after description. It did not specify the force or 
how long the push lasted. Suppose that the strength of the push was a 
steady 150 newtons. Then your 75-kilogram twin would accelerate away at 
a uniform acceleration of 2 m/sec’. 


150 newtons = 75 kg x = 
sec 
To get up to a speed of 1 m/sec, the push would have to last 0.5 sec. 
25; x 0.5 sec = 1 
sec sec 


In momentum language, we would say that a steady 150-newton force has 
to last half a second to impart a momentum of 75 kg m/sec: 


m 
150 newtons x 0.5 sec = 75 kg ce 


All we did here was to multiply the previous equation by 75 kg. 
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Here is the same argument generalized. Suppose that a uniform accelera- 
tion a from rest to velocity v takes time t, We can write 


v= at 
The momentum of a mass m so accelerated would be 
momentum = mv = mat 


You can interpret the ma on the right-hand side using Newton's Second 
Law, 


F = ma 
to get 
mo = Ft (Eq. 1) 


In words: The momentum attained by being pushed with force F for time ¢ 
is equal to the product of the force times the time. 

Now back to our astronaut. Call M the mass of the astronaut plus the 
engine and m the mass of a small amount of rocket exhaust negligible com- 
pared with M. The momentum of the rocket exhaust is mv; the momentum 
of the recoiling astronaut is MV. The ejection velocity v and the recoil veloc- 
ity V are both measured in the astronaut’s resting frame, the frame of ref- 
erence in which he was at rest before the mass m of exhaust gas was ejected. 
Of course V and v are oppositely directed, so if we call v positive (forward), 
then V will have to be negative (backward). The conservation of momentum 
says 


mv + MV =0 


since we call the astronaut’s momentum before the ejection zero. Repeat: 
The recoil momentum acquired by the astronaut as a result of ejecting, that 
jet of gas is equal and opposite to the momentum of the gas: 


MV = ~mv 
In the language of forces, this can be restated using Eq 1: 
Frnanegas = —Fgaseman (Eq. 2) 


To see that the last two equations are equivalent, simply write each momen- 
tum as a force times time product, and then cancel out the equal times. 
Equation 2 states that the force exerted by the exhaust on the man is equal 
and opposite to the force exerted by the man on the exhaust. We have really 
proved a general law of physics here, called the Law of Action and Reaction, 
or Newton's Third Law. (See Horse-and-Wagon Paradox, page 50.) Evi- 
dently, it is logically equivalent to the Law of Conservation of Momentum, 
once you are given the Law of Motion F = ma. 

It may be instructive to go back over some of the physical situations intro- 
duced in these first two chapters to see how “action equals reaction” ap- 
plies. You may find you “knew it all the time.” Let’s start with the support 
couch for the astronaut at blast-off (Sec. 1.2). We asked about the force tend- 
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ing to compress him, the upward force exerted by the couch. Surely that is 
equal to the downward force his body exerts on the couch. Indeed, substi- 
tuting a bathroom scale for the couch (a thought experiment!) in order to 
measure that force implies our faith in the equality of the downward force 
on the scale and the upward force exerted by the scale. The same goes for 
the elevator: While the down-elevator is slowing to a stop, the extra upward 
force the floor is exerting on the passenger is equal to the extra downward 
force the passenger's shoe soles are exerting on the elevator floor. How 
about the accelerating drag racer? The road exerts a forward force on the 
tires, and that has to be exactly equal to the backward force the tires exert 
on the road. Also, in the case of the twins pushing off against each other in 
space, remember, it doesn’t matter which one is doing the work. If you are 
the one pushing with your hand against the other fellow’s chest, you know 
that the effort is all yours, but the force his chest exerts on your hand is 
equal (and opposite) to the force with which your hand pushes on his chest, 
You may have heard the expression “pulling yourself up by the boot- 
straps.” The Law of Action and Reaction is the physical principle that for- 
bids that miraculous feat in the real world, (Fig. 2.3) So don’t expect to go 
anywhere by blowing on the sails of the sailboat you are sitting in. 


2.4 CENTER OF MASS 


For the two identical masses (the twins) their center of mass is the point 
located exactly midway between them, That is just a definition of a mathe- 
matical point. Even though it is called the center of mass, there is, in gen- 
eral, no mass there, If B has twice the mass of A, the center of mass is half 
as far from B as it is from A; that is, it is one-third of the way from B, or 
two-thirds of the way from A. 


FIGURE 2.30 Pulling yourself up 
by the bootstraps. 


FIGURE 2.30 Blowing at the sails of your own sailboat. 
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HORSE-AND-WAGON PARADOX 


According to the Law of Action and Reaction, 
the wagon pulls back on the horse just as hard 
as the horse pulls forward on the wagon. How 
can they ever get anywhere? 

This apparent paradox is resolved by analyz- 
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doesn’t the horse accelerate backward? Be- 
cause it is digging its hoofs into the 
ground, pushing backward on the ground. 
According to the Law of Action and Reac- 
tion, the ground pushes forward on the 


horse’s hooves (Fig. 2.4). If this forward 
force exceeds the pull of the wagon, the 
horse accelerates forward. 


ing separately the forces on the horse and the 
forces on the wagon. 


Forces on the wagon: 
The earth (gravity) pulls down on it. The 
ground supports it, that is, pushes up, 
with an equal and opposite force, assum- 
ing that the ground is level. The horse 


The force of the horse on the wagon and the 
force of the wagon on the horse do add to zero. 
To determine the acceleration of the wagon, 
what we need is the sum of all the forces on the 


pulls forward on the collar. The ground ex- 
erts frictional resistance backward. 


As long as the frictional resistance is equal to 
the forward pull, the wagon does not acceler- 
ate. If it is stuck, it stays stuck. If it is moving 
forward, it continues to move forward at con- 
stant speed. Only if the horse’s pull exceeds 
the frictional force exerted by the ground can 
the wagon accelerate forward. 


Forces on the Horse: 
Gravity pulls down. The ground pushes 
up. These two forces are equal and oppo- 
site. The wagon pulls backward. Why 


FIGURE 2.4 


The beautiful property of this mathematical point is that conservation of 
momentum guarantees that the center of mass remains stationary. Consider 
our twins. After they push off, one goes off to the right at 1 m/sec, the other 
off to the left at 1 m/sec. They go equal distances in equal times, so their 
midpoint—their center of mass—stays put. We said that they have equal 
and opposite momenta. Calling momentum to the right positive, momen- 
tum to the left negative, we can add the momenta algebraically and say that 
the two momenta add up to zero. And we can use the center-of-mass con- 
cept to restate that: Zero total momentum means that the center of mass 
remains stationary. 

That whole idea becomes more interesting for unequal masses. 


2.4 CENTER OF MASS 


EXAMPLE Let B have twice the mass of A. 
my = 75 kg meg = 150 kg 


After the push, A is moving to the right at 1 m/sec, B is moving to the left 
at 0.5 m/sec (see Fig. 2.5). So at any time after the push, A will have moved 
twice as far as B. The center of mass—that point half as far from B as it is 
from A—will stay right where it was. Let’s calculate the momentum. 


momentum of A =75 kg x 1” =7 kg ae 
sec sec 
m m 
momentum of B =150 kg x (-o5 = -kg 
sec, sec 


total momentum =75 kg = -75 kg = =0 


Repeat: Saying that the center of mass remains stationary and saying that 
the total momentum is zero are logically equivalent statements. 


But it is time for a proper definition. The center of mass is defined as the 
weighted average position of the two (or more) masses. The weighting is in 
proportion to the masses. Look at the previous example, say 10 seconds 
after the push. A has moved 10 meters to the right; B has moved 5 meters 
to the left. Suppose that they both started out at x = 0. Their weighted- 
average position is now 


na, oh kg) x (10m) + (150 kg x (—5m) 
M 75 kg + 150 kg 
=0 


Notice that we multiplied each position (the +10 m and the —5 m) times 
the mass located there and then divided the sum of those products by the 
total mass. That is what we call a weighted average. 

There is no magic in calling the initial position x = 0. Suppose that the 
initial position is called x = 20 meters. 
(SO NA STE SET SNS ET SO a NE ET ETE 
EXERCISE 7 After 10 seconds, A is at x = m, while B is at x = 15 
m. Now do the weighted averaging. 


eg, = 5kg x 30 m) + (150 kg x 15m) _ 
aie 75 kg + 150 kg 


Were you surprised at the answer? You should have known it even without 
doing the arithmetic (HINT: Note that the kilograms cancel and only the 
meters are left.) When we take a weighted average, the dimensions of the 
“weighting function” always have to cancel out. If you worry about A and 
B both starting out at x = 0, that is obviously an idealization. They would 
have to be awfully thin. We did that just to make the numbers come out 
pretty. The next exercise is more realistic. 


51 E 


FIGURE 2.5 Pushing off in space. 
B has twice the mass of A. 
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EXERCISE 8 Start A out at x = 20.50 m, and start B at x = 19.75 m. (a) 
Where is their center of mass? (b) Where is each one after 2.00 seconds? (c) 
Calculate the weighted average of their two positions at this time. 


Writing down a general formula for the position of the center of mass of two 
point masses, 


RE Myx, + Mox2 
eo Mı + M2 


shows how the concept can be extended to any number of point masses: 


The symbol > just means “sum of,” and the index i takes on as many values 
as there are mass points. Of course, “position” implies three coordinates x, 
y, z, with analogous formulas for ycy and zcm. In this chapter we shall limit 
ourselves to motions that can be described in one dimension. 

Why has the center-of-mass concept been introduced here? Well, for one 
thing, center of mass is usually identical with center of gravity. But it also 
has the following convenient property: For any set of objects, if you multiply 
the velocity of their center of mass by the sum of the masses the product is 
the total momentum of all the objects. Many discussions about the move- 
ment of athletes involve the motion of their center of mass. Examples are 
high jump (Problem 33), broad jump, and diving. 


EXERCISE 9 Prove the convenient property. (HINT: What is meant by the 
velocity of the center of mass?) 


EXERCISE 10 What was the velocity of the center of mass of the twins in 
our example? 


That convenient property makes it possible to talk about the momentum 
of a complex thing like a human being, full of internal motions in diverse 
directions. The sum of the momenta involved in all those motions is the 
momentum of the center of mass, a point usually located somewhere in the 
pit of the stomach. Of course, if you hold your arms out in front of you, 
your center of mass will be further forward. If you sit straight-legged on the 
floor, your center of mass is likely to be several centimeters in front of your 
trunk. 


EXAMPLE You (mass = 75 kg) throw a 750-gram (= 0.75 kg) ball in such a 
way that its velocity in the center-of-mass frame of reference is 10 meters 
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per second. At what speed do you recoil? Remember, you are not standing 
on or hanging on to anything; this is a space walk. Call your initial momen- 
tum (before the throw) zero. 


ball’s momentum (let “forward” be positive)= (0.75 kg) (10 m/sec) 
= 7.5 kg m/sec 

your momentum = (75 kg)2;ecoit 

sum of the momenta = (75 kg)2ecoi + 7.5 kg m/sec = 0 


Solve for Vrecoil? 


m 
Urecol = OI 
Interpret: Your speed or recoil is tõ the speed of the ball, since your mass 
is 100 times the mass of the ball. The center of mass is tiw as far from you 
as it is from the ball. 

That was analyzed in the frame of reference in which you were at rest 
before the throw. Now look at it in your own frame of reference after the 
throw. The ball is moving away at a speed of 10.1 m/sec (= 10 m/sec + 0.1 
m/sec); the center of mass is moving away at a speed of 0.1 m/sec. In that 
frame, the total momentum is not zero but 


m m 
(0.75 kg) (1012) = 7.575 Kg 


This looks unfamiliar. But if you look at the total mass (75 kg + 0.75 kg) 
before the throw, its velocity in that moving frame of reference was 0.1 
m/sec, so its momentum was 


(75.75 kg) (012) = C Jk = 

sec sec 
and momentum is conserved. Note that this frame of reference was not at- 
tached to you before the throw but moved in the backward direction. In this 
frame, the velocity of the center of mass did not change during the throw. 
A frame attached to you during the throw would be an accelerated frame of 
reference. In such a frame, momentum would not be conserved. 


If the last paragraph seemed difficult, try the following exercise. 


EXERCISE 11 Moving sidewalk 

Two people are tossing a baseball back and forth (Fig. 2.6.). They are 20 
meters apart on a north-south line, and the ball’s speed is 20 m/sec. Here is 
a description in the reference frame of a moving sidewalk traveling north at 
2 m/sec. (a) The northward throw: During the 1 second the ball is in the air, 
the players both move south a distance of (2 m/sec) x 1 sec = 2 meters. 
This means that the ball only has to fly 18 meters in that second. So the 
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FIGURE 2.6 (a) Baseball players seen from a moving sidewalk, northward throw; (b), 
southward throw. 


speed of the ball is m/sec. (b) The southward throw: During the 1 
second the ball is in the air, the players move south a distance of 2 m. This 
means that the ball has to travel 22 meters during that second. So the speed 
of the ball is m/sec. 


Evidently, the speed of the players’ reference frame is subtracted from the 
ball’s speed in that reference frame for the northward throw, added for the 
southward throw. More generally, we can say that the velocities are added. 
We might, for example, write northward velocities as positive, southward 
as negative. Transforming velocities from one frame of reference to another 
by adding the relative velocity of the frames of reference is called a Galilean 
transformation. 


*2.5 INERTIAL FRAMES OF REFERENCE 


We distinguish between frames of reference in which momentum is con- 
served and those in which it is not. We use the term inertial frame of ref- 
erence for any of the former class. More simply, an inertial frame is defined 
as one in which Newton's Laws of Motion are obeyed. It is actually easier 
to think of examples of noninertial frames: In the rocket blasting off, free- 
floating objects do not travel in straight lines but are accelerated toward the 
back of the rocket. Certainly, their momentum is not constant. 

It is not hard to see that any vehicle in which you feel yourself spinning 
or turning corners is not an inertial frame. But that brings up a difficulty: 
We like to think of our earth as providing a privileged frame of reference. | 

| 


“This section can be omitted without loss of continuity. 


2.5 INERTIAL FRAMES OF REFERENCE 


Certainly, the laws of physics were formulated to apply here on earth. 
Doesn't the diurnal’ rotation of the earth and its orbital revolution around 
the sun spoil it as an inertial frame? Well, yes it does. Fortunately, it doesn’t 
spoil it very much, on the scale of most everyday phenomena. To be spe- 
cific, the earth’s rotation gives New York City an acceleration of 2.5 milli- 
meters per second per second toward the axis of the earth. If you are con- 
cerned with weight, that acceleration makes things in New York lighter than 
they would be without any rotation by one-fortieth of 1%. In the section 
on’’Why We Get Dizzy on a Merry-Go-Round” (Sec. 5.3), you will learn how 
to do this kind of calculation. 

Evidently, the concept of an inertial frame of reference is an idealization. 
In any practical situation, there will be forces on objects that cause the ob- 
jects to accelerate; sometimes those forces will be known or predictable, and 
other times they will be unknown or unpredictable. Here on earth, free- 
falling objects suffer an acceleration of 9.8 m/sec? toward the center of the 
earth. We don’t ascribe that to making our measurements in a noninertial 
frame; we ascribe it to the gravitational pull of the earth. An electrically 
charged object experiences electrical and magnetic forces. We say that we 
are surrounded by a gravitational field, an electric field, a magnetic field. All 
of these are continually changing. The concept of inertial frame of reference 
allows us to distinguish between the “real” forces associated with these 
fields and the “fictitious forces” associated with the accelerations of our 
transportation vehicles, our earth, our solar system, or our galaxy.” 


SUMMARY 


When you impart momentum to another object, you impart an equal and 
opposite momentum to yourself. 

When you exert a force on another object, it exerts an equal and opposite 
force on you. 

The Law of Conservation of Momentum and the Law of Action and Reaction 
are logically equivalent once F = ma is assumed. 

The sum of the momenta of two objects measured in their center-of-mass 
frame of reference is zero. If there are no external forces, the combined 
momentum remains zero. 

Newton’s Laws of Motion are not valid in an accelerated frame of reference. 

A frame of reference in which they are valid is called an inertial frame of 
reference. 

In an inertial frame of reference, when an object is accelerated we say that 
it is being acted on by a field of force. Gravitational fields, electric fields, 
and magnetic fields are familiar. 


'Once-a-day. 
*Some readers may now want to skip to Sec. 5.3, “Why We Get Dizzy on a Merry-Go-Round.” 
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KEY TERMS 


Momentum The product of mass times velocity. Plural: momenta 
Retrorocket A rocket aimed forward in order to slow down. 
Newton's Third Law For every action there is an equal and opposite reaction: 


Fang = Fpa 
Center of mass The weighted average position of all the masses: 


pi ics rmx; 
H Em; 


For two masses, the product of the mass times the distance from the center of 
mass is the same for both. The center of mass is the same as the center of gravity. 
The product of the total mass times the velocity of the center of mass is equal to 
the total momentum. 

Center-of-mass frame of reference In this reference frame, the total momentum is 
zero. 

Galilean transformation Velocity referred to a moving frame of reference is ob- 
tained by adding the relative velocity of the reference frames. Named after Galileo 
Galilei (1564-1642), Italian astronomer and physicist. 

Impulse Product of force times the time during which it acts. If the force is not 
constant, its impulse is the average force times the time. 

Inertial frame of reference A reference frame in which Newton’s Laws are valid. 
Conventionally, the reference frame of the fixed stars is assumed to be inertial. 
Accordingly, every frame of reference moving at constant velocity relative to it is 
also inertial. 

Elastic collision The relative speed of the two objects after the collision is the same 
as before. 

Inelastic collision In a perfectly inelastic collision the two objects stick together, so 
their relative speed after the collision is zero. 


REVIEW QUESTIONS 


* When you push on him, only he moves. When he pushes on you, only you 
move. True / False 


* A mass of 1 kg moving at 1 m/sec has a momentum of _______ kg m/sec. 


* Two 1-kg masses moving in opposite directions at 1 m/sec have a total momentum 
of 


* If these two masses collide, their total momentum: / canincrease / can de- 
crease / must stay the same 


* If an object changes its velocity at the same rate in one second as in the next, we 
say it has a constant acceleration. Is its momentum also changing at a uniform 
rate? 


* When a skater bumps into a stationary skater of the same mass, and hangs on, 
conservation of momentum predicts that the skaters move off at half the incident 
velocity. True / False 


REVIEW QUESTIONS 


* A 1-kg mass moving at 1 m/sec collides with a stationary 1-kg mass, and they 
stick together. The momentum of the 2-kg object is — kg m/sec. Its speed 
is — MeT 


* A 1-kg mass moving at 2 m/sec catches up with a 1-kg mass moving at 1 m/sec 
in the same direction. They collide and stick together. The momentum of the 2- 
kg object is ______ kg m/sec. Its speed is ____ m/sec. 


* When a skater bumps into two stationary skaters of the same mass, and they all 
lock arms, conservation of momentum predicts that they move off together at 
one-third the incident velocity. (See Figs. 2.7a and 2.7b.) True / False (Neglect 
friction on the ice.) 


From the stern of the canoe you throw a heavy pack toward the bow, as shown 
in Fig. 2.8. Conservation of momentum predicts that the canoe will move—for- 
ward / backward—only while the pack is in flight / only after the pack is 
caught. 


ep AS” 
MS 


FIGURE 2.8 The 
pack is thrown from 


A gases the stern toward 
wae the bow. Which 
Aste PS, way does this make 


the canoe move? 


* In a perfectly inelastic collision, the relative speed of the two objects after the 
collision is zero. This implies that momentum cannot be conserved in the colli- 
sion. True / False 


In elastic collisions, momentum is conserved. In inelastic collisions, some momen- 
tum is lost. True / False 


* Just before the head-on collision, the total momentum of two objects is measured 
to be zero. After the collision, their center of mass: / must beat rest / may 
be in motion 
If the tennis ball leaves the racquet with its velocity exactly reversed, the momen- 
tum it received from the racquet was equal to twice its final momen- 
tum. True / False 


° In this case, the momentum the racquet received from the ball is equal to twice 
the ball’s initial momentum. True / False 


* According to the Law of Action and Reaction, the force of the fist on the chin is 
equal in magnitude to the force of the chin on the fist. True / False 
(How about their directions?) 
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FIGURE 2.7 “Skater bumps into 
two stationary skaters and they all 
lock arms.” How fast does the trio 
move off? 
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According to the Law of Action and Reaction, the force exerted by A on B is equal 
and opposite to the force exerted by B on A: provided neither is accelerating / 
provided both are accelerating / provided the forces are measured in an inertial 
frame of reference 


In an accelerated frame of reference, the Law of Conservation of Momentum can 
be violated. True / False 


In an inertial frame of reference the total momentum of two isolated objects is 
conserved / is always inertial 


While swimming, you meet a large ore boat. By pushing on the freighter, you 
manage to make it move aside 2 feet. This is a description: in an inertial frame 
of reference / in an accelerated frame of reference 


In this frame of reference, momentum is / is not conserved. 
Did the shoreline move too, as you pushed? 


When a bird accelerates in flight, the air behind it has to start moving backward 
to conserve momentum. True / False 


Falling from a tower in the earth's gravitational field, an object gains as 
much / half as much downward momentum in the first second as in the 


second second. 


PROBLEMS 


x 1. Definition of Momentum A force of 1 newton 
acts on a mass of 1 kg. / 

(a) What is the acceleration of the 1-kg mass? 

(b) What speed does it attain in 1 sec? 

(c) What is its momentum at the end of 1 sec? 

(d) Compare its momentum change during the first second 
with its momentum change during the second second. 


* 2. Tug-of-War in Space The 75-kg twins have a 
light rope stretched between them, as shown in the figure. 
One pulls with a force of 75 newtons. 

(a) What is the force on each twin? 

(b) Argue that each accelerates toward the other at an ac- 
celeration of 1 m/sec. 

(c) What is the speed of the first twin after 1 sec of pulling? 
(d) What is the momentum of the first twin after 1 sec of 
pulling? 

(e) What is the total momentum of both twins after 1 sec 
of pulling? 

(HiNT: Don’t forget to add the momenta with proper + 
and — signs.) 

(£) Now change the problem: The 75-kg space athlete pulls 


on one end, while a 150-kg athlete is attached at the 
other. The tension in the rope is 75 newtons. What is the 
acceleration of the more massive athlete? 

(g) What is his momentum after 1 second? 

(h) After 1 second, what is the combined momentum of 
both? 

(i) Is there any way one could pull harder than the other? 


PROBLEM 2 Tug-of-war in space. 


PROBLEMS 


> PUZZLE: Tug-of-War on Earth 

According to the Law of Action and Reaction, both 
teams in a tug-of-war pull equally hard on the rope. In- 
deed, the tension in the rope is a measure of how hard 
each team is pulling. Nevertheless, one team wins. An ac- 
celeration in the direction of the winning side ensues. 

Analyze all the forces on both teams, using a diagram 
including forces exerted by the ground on which they 
stand, State what it is that the winning team has more of. 
Remember, both teams are accelerated. Is it true that the 
force each player exerts on the ground is equal and oppo- 
site to the force the ground exerts on him or her? 


* 3. Twins in Space Two 75-kg twins are holding 
on to each other as they push off from the space craft at 1 
m/sec. A few seconds later, twin B pushes twin A so that 
A is heading back toward the craft at 1 m/sec. 

(a) What was the momentum of the clinging twins? How 
does their total momentum change during the push? 

(b) What is the momentum of twin B after he has pushed 
his brother? 


aa 4. Action and Reaction A simple spring balance is 
just a calibrated spring whose extension registers the force 
stretching it (see the figure). If such a balance is inserted 
between the tow truck and the towing cable, it presum- 
ably measures the force the tow truck exerts. If another 
one is inserted between the car in the ditch and the towing 
cable, this one should measure the force exerted by the car 
in the ditch on the towing cable. Argue persuasively 
whether these two readings should be equal or unequal: 
(a) while the car is still stuck. 

(b) while the car is moving uniformly out of the ditch. 

(c) while the car is being accelerated. 


PROBLEM 4 Action and reaction. One spring balance is 
attached to the tow truck; the other one is attached to the 
car in the ditch. 


* 5. Car on a Level Road Why doesn’t the car keep 
moving without power? Because through friction against 
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the tires, the road exerts a backward force on a car moving 
forward. If the car is speeding up on a level road, the road 
must be exerting a forward force on the tires. State care- 
fully which way the road pushes on the front tires and the 
rear tires of a car speeding up. Use the Law of Action and 
Reaction to state which way the tires push on the road. 
(HINT: Assume that the transmission is connected only to 
the rear wheels.) 


6. Pushing That Stalled Car Do you really believe 
Newton's Third Law? Does the car really push back on 
you as hard as you push forward on it? To start it rolling 
might take a 150-pound push. But suppose your feet are 
on an icy spot. As you push harder, suddenly they go out 
from under you. Instead of the car accelerating forward, 
you accelerate backward. If you are pushing forward on 
the car with a force of 140 pounds and it is still stuck, what 
is the horizontal force of the ground on the car? Forward 
or backward? 


x% 7. Explosion on the Air Track On an air track, an 
explosion can get two gliders in motion in opposite direc- 
tions (see the figure). A spring tied with thread can be 
placed between them. The thread is burned to release the 


spring. 


200 400 


PROBLEM 7 Explosion on the air track. The thread is 
burned to release the spring, so the two gliders move off 
in opposite directions. 


(a) Both gliders are at rest initially, one 200-gram, one 400- 
gram. After the explosion, the 200-gram glider moves 
north at 1 m/sec. At what speed does the 400-gram glider 
move south? 

(b) Different gliders: 200-gram and 300-gram. After the ex- 
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plosion, the 200-gram glider moves north at 1 m/sec. At 
what speed does the 300-gram glider move south? 

(c) Two 200-gram gliders are moving north together at 1 
m/sec initially. After the explosion, one is moving north at 
2 m/sec. What is the velocity of the other? State speed and 
direction. 

(d) The 200-gram and the 400-gram glider are moving 
north together at 1 m/sec initially. After the explosion, the 
200-gram glider is moving north at 2 m/sec. What is the 
velocity of the 400-gram glider? 


x 8. Transforming Reference Frames Here is a de- 
scription of the twins pushing off from the point of view 
of someone traveling south relative to the space craft. Both 
twins are moving north at 1 m/sec. Twin A gives twin B a 
push toward the north. As a result, twin A stops moving, 
while twin B moves north at 2 m/sec. 

(a) Verify that momentum is conserved, that is, the total 
momentum of both twins is the same before and after the 
push. 

(b) Write a description in the frame of reference in which 
both twins are moving south at 1 m/sec before the push. 
Verify the conservation of momentum. 

(c) Write a description in a frame of reference in which 
both twins are moving north at 2 m/sec before the push. 
Verify the conservation of momentum. 


note: The difference between A’s velocity and B's veloc- 
ity is independent of reference frame. 


4k 9. Symmetry Twin A is moving north at 1 m/sec. 
Twin B is moving south at the same speed. They collide 
and hang on to each other. 

(a) Use the Conservation of Momentum to argue that they 
both come to rest. 


Nore: You would feel justified in arguing that this fol- 
lows from a simple symmetry argument. The twins are 
identical. How could the collision favor one direction or 
the other? Indeed, Conservation of Momentum is an as- 
sertion about the homogeneity of physical space. 


(b) If you played this scene backward, it would look like 
the pushing-off scene we described in Sec. 2.1 You might 
feel justified in arguing that reversing the time should not 
change a law of physics. Indeed, the time-reversal invari- 
ance of physical laws is never violated, as far as we know 
today. Describe the time-reversed scene corresponding to 
the 75-kg astronaut pushing off his 150-kg companion. 

(c) Twin A moving at 2 m/sec collides with twin B at rest 
and hangs on. At what speed do they move off together, 
to conserve momentum? Choose a frame of reference in 
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which this scene becomes familiar and describe it in that 
frame. 


4 10. Impulse When a constant force F acts for a 
time t, the product Ft is called the impulse delivered by 
that force. From Sec. 2.3, you know that that product rep- 
resents the change in momentum of the object on which 
the force is acting. 

(a) A 1-kg mass has a weight of 9.8 newtons. Falling to 
the ground from a height of 2.0 meters takes 0.64 sec. Ver- 
ify the arithmetic. (HINT: 4 gi? = 2.0 meters.) 

(b) In that time, it attains a speed of 6.3 m/sec, or a down- 
ward momentum of 6.3 kg m/sec. What impulse does the 
earth’s gravity impart to the mass during its fall? 

The interaction with the ground when the mass hits is 
complicated. Things tend to deform. Certainly, the up- 
ward force slowing down the mass is large, brief, and not 
constant over any appreciable time period. But the prod- 
uct of the average force over the time of the interaction is 
still defined as the impulse of that force. Again, it is equal 
to the momentum change of the object on which the force 
acts. 

(c) Verify that the change in the momentum of the mass 
upon striking the ground is 6.3 kg m/sec upward. Is this 
equal to the impulse applied to it by the ground? 

(d) If a 1-kg mass is launched vertically upward at 6.3 m/ 
sec, what impulse is needed to bring it to rest? 

(e) How long does that take, given a constant gravitational 
force of 9.8 newtons? 

(f) What height does the mass attain in that time? 
(HINT: Uaveraget-) 

(g) What impulse did the launching device deliver to the 
mass? 

(h) Assume that the launching device gave up all its 
downward momentum to the earth. Argue that the earth 
gets all that momentum back by the time the mass has 
reached its maximum height. 

(i) How much does the center of mass of the system “mass 
+ earth” move during the upward motion of the mass? 
Does this mean that the earth actually moves down during 
that time? Does it move up during the downward trip of 
the mass? 


* 11. Machine Gun When 15-gram bullets are shot 
at a speed of 6 x 10° m/sec at the rate of 8 per second, 
what is the average backward force on the gunner? 


** 12. Collision For the collision of two air-track 
gliders, the Conservation of Momentum may be written 


mw, + mw = mw, +myvz 


PROBLEMS 


Velocities after the collision are marked with an asterisk. 
An alternative way of stating the conservation law is 


mW, — MW, = MW — MW 


The loss of momentum of the first glider is equal to the 
gain of momentum of the second glider. 

(a) Assume that the collision lasts for a time t. Then (v), — 
vı)/t represents the average acceleration of the first glider 
during the collision. Show that the less massive glider suf- 
fers the greater acceleration. (HINT: The word “greater” 
refers to absolute value.) 

(b) Argue that this is why the occupants of the heavier car 
in a two-car collision are less likely to be injured. 


** 13. Elastic Collision If they are equipped with 
spring bumpers, air-track gliders will collide elastically. In 
an elastic collision, by definition, the relative speed of the 
two colliding objects is the same after the collision as be- 
fore. Suppose that a glider collides elastically with a sta- 
tionary glider of the same mass. The incident glider will 
then stop and impart all of its momentum to the struck 
glider. Evidently, the relative speed is then the same as 
before, Evidently momentum is conserved. 

(a) Use the Conservation of Momentum to prove that, if 
the struck glider has less mass than the incident one, it 
ends up moving forward faster than the other one. 

(b) Which way is the incident glider moving after the col- 
lision? Prove. 


** 14. Ping-Pong Someone claims that it is impossi- 
ble for the Ping-Pong ball to move faster than the paddle 
that struck it. Respond to this claim. Remember, the pad- 
die has not only its own mass, but also the mass of the 
hand, arm, and so on, carrying momentum. 


*%* 15. Elastic Collision Definition: 
lo — v| = Jo, — v9] 


The * marks the velocities after the collision. This relation 
between absolute values (relative speeds) can be satisfied 


in one of two ways: Either 
M-M=Yj—-v, Of A-M=M— 


Which is right? Argue that one choice would require the 
objects to pass through each other. 


* 16. Elastic Collision Remember the definition: |v; 
= v| = |v*, — v|. Remember the Conservation of Mo- 
mentum: 


mw, + mw, = myv*, + mv". 
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Let v = 0 and m, < mp. 

(a) Prove that v, and v*; have opposite signs. Does this 
mean that the incident object bounces back? 

(b) Is v*, < vı? Prove your answer in words. 


** 17. Elastic Collision If m, = m prove that an 
elastic collision results in an exact interchange of mo- 
menta. 


* 18. What Kind of Collision? 


Given: m, = 0.2 kg, m = 0.3 kg 


Is the collision elastic? 


** 19. Elastic Collision A 100-gram glider moving at 
10 cm/sec collides elastically with a 300-gram glider at rest. 
Find the velocity of each glider after the collision. 


%*%* 20. Inelastic Collision A perfectly inelastic colli- 
sion is defined as one in which the colliding objects stick 
together. That is, the relative speed after the collision is 
zero: v"; = v*,. This is actually closer to what happens in 
an automobile collision. If the masses are equal and v, = 
0, show that v* = 30). 


*%* 21. Symmetric Perfectly Inelastic Collision Let v, 
= -0 

(a) If the masses are equal, what is v*? 

(b) If m, = 2m, what is v*? 

(c) What is the greatest value that v* can possibly have? 
What mass ratio would give that value? Is there more than 


one correct answer? 


xÆ 22. It Does Not Matter Who Is Doing the 
Work Twin A (m = 50 kg) pushes on twin B (m = 50 
kg) with his hands, exerting a constant force of 25 new- 
tons for 1 second. 

(a) At the end of 1 second, contact is lost, and each one 
moves off backward at a speed of m/sec. A says 
to B: “Next time I want you to help push too.” 

(b) Next time, A pushes against the flat of B’s hands with 
a constant force of 25 newtons, while B pushes back with 
a force of 25 newtons, again for 1 second. All four of their 
elbows are straightened as they push. Argue that the final 
velocities are the same as last time. Note: This used to 
bother me when I first learned about momentum. It just 
didn’t seem fair that the end result does not depend at all 
on whether B exerts himself or not. If you are worried 
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about who is doing the work, come back to this problem 
when you study Chapter 4 on Work and Energy. You will 
see that they share the work when both twins’ arms 
straighten during the pushing. 


* 23. Weighted Average A class of 10 students 
shows the following scores: 


100 1 
80 4 
o 5 


What is the average score? (HINT: Do not make the mis- 
take of just adding 100 + 80 + 60 and dividing by 3 to 
get 80. You have to add the 100 in once and add the 80 in 
4 times and add the 60 in 5 times, and then divide by 10.) 


Note: Why were you assigned this problem? Just to help 
understand the definition of center of mass as a weighted 
average position. 


5 24. Center of Mass A 1-kg mass and a 2-kg mass 
are 3 meters apart. Where is their center of mass? Answer 
in the form “ from the 1-kg 
mass and from the 2-kg mass.” 


> 25. Moving Center of Mass A 1000-kg car is mov- 
ing north at 10 m/sec. A 2000-kg car is moving north at 20 
m/sec. 

(a) What is their total momentum? kg m/sec 

(b) At what speed is their center of mass moving north? 
(int: Divide their total momentum by their total mass.) 
Does it matter how far apart they are? 


> 26. Moving Center of Mass A 1000-kg car is mov- 
ing north at 10 m/sec. A 2000-kg car is moving south at 20 
m/sec. 

(a) What is their total momentum? Don’t forget to state the 
direction. 

(b) What is the velocity of their center of mass? 


* 27. Center of Mass A 50-kg astronaut and a 75-kg 
astronaut are at rest 20 meters apart. 

(a) Where is their center of mass? They are attached by a 
light rope. One pulls on the rope, keeping a tension of 150 
newtons. 

(b) Find their respective accelerations. 

(c) Find their respective velocities after 1 second of pulling. 
(d) How far is the 50-kg astronaut from the center of mass 
after 1 second of pulling? Remember, the center of mass 
does not move. 


> 28. Baseball The pitched ball arrives at the plate 
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at 40 m/sec and is hit straight back toward the pitcher at 
the same speed. 

(a) How much momentum does the bat impart to the 150- 
gram ball? 

(b) The bat (mass 2 kg) is only moving at 10 m/sec toward 
the pitcher at the instant of impact. Which way is the cen- 
ter of mass of the ball and bat moving? At what speed? 
(c) How much velocity does the bat lose while it is in con- 
tact with the ball? 

(d) Suppose that the contact lasts 1 msec. Calculate the 
average force of the bat on the ball during the contact. 

(e) Why does the batter not feel that enormous force? 


** 29. Rifle Recoil A 10-gram bullet leaves the muz- 
zle at 668 m/sec. 

(a) Calculate the momentum it imparts to the rifle. 

(b) In Problem 1.19, you found that the bullet travels the 
length of the barrel in 2.28 msec. What is the average force 
it exerts on the rifle during that time? 

(c) In that time, the bullet travels 0.76 m. If the rifle’s mass 
is 4 kg, how far does it recoil in that time? 

(d) Why do you think the rifleman’s shoulder feels a much 
smaller force than the answer to part (b) (HINT: Estimate 
how long it takes to bring the rifle to rest? That is, how 
long does it take for the body to absorb the rifle’s momen- 
tum?) 


Æx 30. Space Walk When the astronaut leaves the 
space craft for his space walk, he remains attached by a 
rope. 

(a) Explain why, if he pushes off from the craft, he would 
have difficulty getting back without the rope. Your expla- 
nation should either use the term Conservation of Momen- 
tum or the term center of mass. 

(b) Horrors! The knot attaching the rope to the craft came 
undone! He decides to pull on the rope anyway. Does this 
help him get back to the craft? Explain. Does the mass of 
the rope play a role in your answer? 

(c) His initial push-off was too vigorous, and he finds him- 
self receding from the craft. In desperation he throws his 
bag of tools in the direction away from the craft. Write 
down an inequality relating the momentum of the tools 
and his own initial momentum if he is ever to get back to 
the craft. Work in the reference frame of the craft. 

(d) Why would the same inequality not work in the astro- 
naut’s own frame of reference? 

(e) Come back to this problem after reading Sect. 2.4, and 
answer part (c) using the center-of-mass concept. How far 
away are the tools by the time the astronaut gets back to 
the craft? Assume reasonable values for the various 
masses. 


PROBLEMS 


4 31. Adrift The astronaut finds himself floating 1 
meter from the “floor” of his spacecraft, slowly moving 
toward the ceiling at 1 cm/sec (= 1072 m/sec). There is 
nothing in reach to hang on to. In order to get back to the 
floor, he takes off his jacket (mass 1 kg) and throws it at 
the ceiling at a speed of 5 m/sec. 

(a) How do you know that the center of mass of the astro- 
naut (75 kg) plus jacket (1 kg) still moves toward the ceil- 
ing at 107° m/sec? 

(b) The astronaut imparts a momentum of 5 kg m/sec to 
the jacket. How much momentum does the jacket impart 
to him? 

(c) How much momentum does that leave him? Don’t for- 
get to say in what direction. (HNT: Remember his initial 
momentum of 0.75 kg m/sec toward the ceiling.) 

(d) Which way is he moving after the throw, and how 
fast? 

(e) How far off (%) would your answer be if you neglected 
his initial velocity? 

(f) When he hits the floor and hangs on, the center of 
mass of the system astronaut plus jacket starts to move 
faster, Explain. 


4K 32. Walking in a Boat A 75-kg sailor walks from 
the bow to the stern of a 150-kg boat. (See the figure.) The 
boat is 6 m long. 


PROBLEM 32 
Walking in a boat. 


(a) How far does the boat move? 

(HINT: If the boat moves a distance x, then the sailor 
moves 6m — x, measured in the center-of-mass frame of 
reference, Neglect any friction between the boat and the 
water. Use the fact that the center of mass remains station- 
ary.) 

(b) If the sailor walks at 1 m/sec, as measured in the cen- 
ter-of-mass frame, how fast does the boat move? 

(c) How fast is the sailor walking, as measured in the 
boat's frame of reference? 
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NOTE: Have you ever tried to step out of a canoe onto a 
dock? Did you miss? 


%*%* 33. High Jump An object launched vertically up- 
ward at 4.43 m/sec can gain an altitude of 1 meter before 
starting to drop. 
(a) Verify. (HINT: g = 9.8 m/sec?.) How long does the ob- 
ject rise? A useful property of the center of mass is that its 
acceleration is given by dividing the sum of all the external 
forces by the sum of all the masses. 
(b) A highjumper, whose center of mass is normally 1 me- 
ter above the ground, needs to raise it approximately an- 
other meter in order to clear the 2-meter bar. How long 
after take-off does his center of mass start to drop? 
High-jumping technique is such that the center of mass 
does not have to be raised quite to the level of the bar. 
Parts of the body roll over the bar while others remain at 
lower altitudes. 


$k 34. Why Did the President’s Head Snap Backward 
After the Fatal Shot? The movie film taken of President 
Kennedy at the moment of his assassination shows his 
head moving backward at 0.5 m/sec after being hit from 
behind. Some people said this proved that there had to 
have been another bullet entering from the front. But only 
one bullet, one that had entered the back of the head, was 
found inside. A jet of blood and soft tissue had emerged 
toward the front. 

The one-bullet explanation of the backward recoil of the 
head is that the momentum of the jet exceeded the inci- 
dent momentum of the bullet. Both the jet and the recoil 
of the head occurred in response to the large compressive 
stresses inside. Here are some order-of-magnitude num- 
bers: 
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mass of bullet 0.01 kg 
mass of head 10 kg 
mass of jet 0.1 kg 
velocity of bullet 6 x 10° m/sec 
velocity of head —0.5 m/sec 


(a) Find the velocity of the jet that conserves momentum. 
(b) How fast was the center of mass moving forward be- 
fore the impact? 

(c) In the center-of-mass frame of reference, how fast was 
the head moving backward before the impact? 


Note: Fruit hit by rifle bullets show the backward recoil. 
This problem demonstrates the usefulness of the conser- 
vation of momentum in analyzing a situation in which the 
internal forces are not known. 


The bullet enters the banana from the left, causing a jet 
of fruit pulp to emerge toward the right. To conserve 
momentum, the rest of the banana recoils toward the left. 


> 35. Atwood Machine When the two weights are 
released the heavier one accelerates downward, the lighter 
one accelerates upward (see the figure). 

(a) Show that the center of mass of the two masses M and 
m accelerates downward. 


NOTE: The center of mass accelerates as though all the 
external forces were applied to it and the entire mass of 
the system were concentrated there. 
(b) Here is a solution for the accelerations: Let upward 
forces and accelerations be positive. 
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PROBLEM 35 Atwood machine. 


Mass M Mass m 
Rope pulls up with Rope pulls up with 
tension T tension T 
Gravity pulls down with Gravity pulls down with 
force Mg force mg 


Downward acceleration a 


T — Mg = -Ma 


Upward acceleration a 

T — mg = ma 
Subtract the two equations: (M — m) g = (M + m)a 
Solve: 


a= MoM 
M+m 8 


Solve for the tension T in the rope. (Neglect the mass of 
the pulley.) 

(c) Show that if M = m, your solution gives T = Mg. Why 
is this what you expect? 

(d) Now worry about the center of mass. If m moves up a 
distance y, then M moves down a distance y. Then the 
center of mass moves down a distance 


M-m 
M+m 


Show that, if m = 4M, the center of mass moves only one- 
third as far as the weights. 

(e) According to part (d), the acceleration of the center of 
mass is 


M-m 
M+m 


Let us add up the external forces on the system: the 
weight (M + m) g acting downward, and the supporting 
force on the pulley (2T) acting upward. Writing F = ma 
for the center of mass, we have 


PROBLEMS 


(M — m) 
(M + m) 


—(M + mg + 2T = —(M + m) 


Compare with the equations of part (b). 

(f) Let m = 3M. Solve for the acceleration a and for the 
tension T. 

(g) Find the tension in the rope holding up the pulley. 
Note that it is less than (M + m) 8. Explain in terms of the 
motion of the center of mass. 


** 36. Ballisticardiogram Some people can stand so 
still on the bathroom scale that they can see the dial jiggle 
in rhythm with their heartbeat. It seems that the pumping 
action of the heart perturbs the weight reading periodi- 
cally by about an ounce above and below its average 
value. 

What is going on in the circulatory system? Does the 
center of mass of our blood move up and down during 
one heartbeat? Yes. It appears that more blood flows 
down than up during that phase of the cardiac cycle in 
which the left ventricle is contracting and pushing blood 
out through the aorta into the arterial system. You may 
object that the circulatory system is a closed network of 
tubes, so as much blood as goes down in the arteries must 
come back up in the veins. How can more go down than 
up? The answer is that the blood vessels are elastic; they 
expand and contract in response to the rhythmic pressure 
changes due to the pumping action of the heart. The ar- 
terial blood flow pulsates; the venous flow is much more 
uniform. For about one-sixth of the cardiac cycle most of 
the blood squeezed into the aorta (one “stroke volume”) is 
moving through it at a speed of about 1 meter per second, 
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much faster than it flows during the remaining part of the 
cycle. Since the end of the aorta points down, this down- 
ward acceleration of the arterial blood results in an up- 
ward recoil of the rest of the body: conservation of mo- 
mentum, or, if you prefer, action—reaction, During this 
part of the cycle, then, the body will be accelerated up- 
ward and will “weigh less” on the bathroom scale. 

We can get an idea of how much the apparent weight is 

reduced if we assume that the entire stroke volume, about 
65 cubic centimeters in an average adult, has to be accel- 
erated to 1 m/sec in 0.13 seconds (= one-sixth of a cycle 
at 77 beats per minute), an acceleration of msec’. 
(a) The mass of 65 cm’ of blood is about 65 grams (= 0.065 
kg). Calculate the force needed to give that mass the ac- 
celeration just estimated. (HiNT: F = ma. Express both in 
newtons and in pounds. Your answer is actually a bit 
more than the amplitude of the jiggle usually observed. 
For one thing, not all the blood moves toward the feet. 
The aorta has a branch to the arteries that go up to the 
head. For another thing, the heart is not firmly anchored. 
It moves back and forth as it beats.) 
(b) If the center of mass of the blood moves toward the 
feet, the center of mass of the rest of the body has to move 
in the direction of the head. The physiologists tell us that, 
during that left-ventricular contraction, the center of mass 
of the 65 cc of blood that leaves the ventricle is shifted 
about 7 cm closer to the feet. How far does the rest of the 
body have to recoil in order to leave the center of mass of 
a 75-kilogram patient unchanged? In the ballisticardi- 
ogram, the patient is placed horizontally on a light bed 
mounted on frictionless bearings. Minute displacements of 
the bed can be monitored sensitively. 


L] QUESTION FOR FURTHER THOUGHT 


a. Throwing Do you think you can give more momentum to a light object like a 
baseball or to a massive object like a 100-pound bag of flour? 
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FIGURE 3.4 The strength of a 
muscle is proportional to the 
number of muscle fibers, hence to 
its cross-sectional area. 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 


King Kong was about 20 times as tall as an average man. He would have 
weighed as much as average men. 


A 1% increase in the diameter of a sphere results in a % increase 


in its volume and a % increase in its area. 


Young’s modulus for bone is only 5% of that for steel. What advantage 
does bone have over steel for making human bodies? What advantage 
does wood have over both? 


In jumping out of a window, how does the force on the body upon 
landing depend on the landing speed? 


How does the time it takes to fall depend on the height of the window? 


Use the method of dimensional analysis to show that the frequency of a 
pendulum does not depend on its mass. 


3.1 THE SIZES OF MAN AND ANIMALS 


In our fairy tales we have giants. They are tall; they take huge steps; they 
have enormous strength. What advantages! 

If it really were an advantage to be taller, why would the human species 
not have evolved taller? That is what the doctrine of natural selection would 
predict. There must be drawbacks to being big. Of course, our giant would 
be heavier. But isn’t that compensated for by being stronger? For the mo- 
ment, just think about the strength he needs to hold up his own weight. 

This discussion is going to be earthbound. Here on earth, each kilogram 
weighs 2.2 pounds (= 9.8 newtons), without any acceleration at all. We are 
talking about gravity, right here on the surface of our planet. You remember 
all about g from Chapter 1. What if we were twice as tall? 

Iam about 1.7 meters tall and weigh 165 pounds. Suppose that our giant 
were 2 x 1.7m = 3.4 m tall and built to my proportions. That means every 
linear dimension would be doubled. Every inch on me would be 2 inches 
on him. So every cubic inch of volume in my body would be (2 inches)? = 
8 cubic inches of volume in his body. His body volume would be 8 times 
mine. If he were made of the same materials, he would weigh 8 times my 
weight: 8 x 165 pounds = 1320 pounds. Could he hold himself up? Would 
his muscles be strong enough? 

The strength of a muscle is proportional to its cross section (Fig. 3.1). You 
can see that by thinking of a muscle as a bundle of fibers. Its strength is 
proportional to the number of identical fibers. The number of fibers con- 
tained in a bundle is proportional to the cross-sectional area of the bundle. 
That area goes as the square of the diameter. (Remember 1r”?) If the giant's 
leg is twice as thick as mine, it ought to be 2? = 4 times as strong. The giant 
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Scene from the original 
“King Kong” movie. 


is 4 times as strong, but 8 times as heavy! When I get up in the morning, I 
find my 165 pounds enough. Our giant might not make it out of bed at all.! 

Here is the same thing said more generally: The weight of a body is pro- 
portional to the cube (= third power) of its dimensions, while the structural 
strength is proportional to the square (= second power) of the linear dimen- 
sions. This scaling principle has put a natural limit on the size of animals 
here on earth. You rarely see an elephant lying on its stomach. The pressure 
of the ground on its internal organs must be intolerable. Indeed elephants 
only copulate in water, where the weight of the male need not be borne by 
the female partner. The larger whales do not leave the water at all. Their 
bones and muscles are not strong enough to support their weight. A 
stranded whale’s ribs break. 

Comparing species of animals of different sizes, we find that the propor- 
tions change. The larger the animal, the thicker are the bones relative to 
their length. The photographs show analogous bones enlarged to be the 
same length. As an exercise, compare a dog and a mouse. Suppose that the 
dog is 10 times as long as the mouse. It might well weigh 10° = a thousand 
times as much, for example, 50 pounds versus 0.05 pounds. That means 
each leg of the dog needs to support 1000 times as much weight as each leg 
of the mouse. In order for a bone to have 1000 times the strength, it has to 
have 1000 times the cross-sectional area, or \/1000 = 31.6 times the diame- 
ter, Repeat: the dog’s leg bone may be expected to be 31.6 times as thick, 
but 10 times as long as the mouse’s. So the ratio of bone diameter to bone 
length is likely to be more than 3 times (31.6/10) greater for the dog than for 
the mouse. 


Try to see the film “Change of Scale,” PSSC Physics Film No. 0106, which includes an excerpt 
from the original “King Kong.” 
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Skeleton of wolf and skeleton of 
kangaroo mouse. Notice how 
much smaller the thickness-to- 
length ratio of the bones is for the 
mouse. See also Prob.3.11, 
“Elephant” and Prob.3.12, 
“Dinosaur”. 


m 70 


FIGURE 3.2 A3 x 3 square has 
an area of 9 little squares. A 

3 x 3 x 3 cube has a volume of 
27 little cubes. 
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EXERCISE 1 On Scaling. (See Fig. 3.2.) 


Arguments based on scaling are used throughout physics and biology. Here 
are some, using 1-centimeter cubes each having a mass of 1 gram. 

The area of each face is 1 cm’. If we build a 3 x 3 square, that takes 
(how many?) little cubes. The face-up area is 9 cm’. 

If we build a 3 x 3 x 3 cube, that requires (how many?) little 
cubes. The volume of the big cube is cm’, 

A cube has (how many?) faces. So the total surface area of each 
little cube is cm’. The surface area of the big cube is cm’, 
that is, 9 times as great. 

The weight of each little cube is 107° Kg x 9.8 newton/kg = 0.0098 new- 
ton = 980 dynes. NOTE: 1 newton = 10° dynes. The normal stress on the 
bottom surface of each little cube standing alone is therefore 980 dynes/cm’, 
The stress on the bottom surface of the big cube is times as great. 
(HINT: The weight that has to be supported is times as great, and 
the area over which it is distributed is times as great, so that the 


force 
area 


stress = 


is 3⁄3? = ______ times as great.) 
What if we had started with some other shape, some shape other than | 
cubes, and scaled it up by a factor of 3? The arguments would have been | 
the same. Just imagine the new shape built up out of lots of tiny cubes. All 
the areas multiply by 3°; all the volumes multiply by 3°. 


In our example of the dog and the mouse, we scaled lengths by a factor 
of 10 and we scaled volumes by a factor 10°. We might ask whether the 
dog’s skin would have 10° times the area of the mouse’s. It would probably 
be pretty close. 

But we have to be careful with scaling arguments. Here is an apparent 
paradox: A human adult is about 3 times as tall as a one-year-old child. Does 
he weigh 3° = 27 times as much? 


27 x 20 pounds = ? 


Oh, no. But look at the toddler. How much thicker all his parts are relative 
to their length than the adult’s. Does that sound like the wrong way 
around? Remember the dog and the mouse when we compared species of 
different sizes, it was the bigger ones that had the thicker limbs. Evidently 
Nature has other variables at her disposal beside size. The child has a larget 
fraction of fat than the adult, for one thing. This will come up again when 
we talk about keeping warm, in Chapter 8. 


3.2 THE STRENGTH OF BONE 


The same boy at ages 1%, 2%, 6, 7, 11, 14, and 18, showing typical changes in 
proportions. A baby would be cold if it were as long and thin. 


EXERCISE 2 Suppose that a doll is one-third as tall as the child that plays 
with it. To make a dress for the doll should require ______ (what fraction?) 
as much cloth as a similar dress for the child. 


EXERCISE 3 If the doll in Exercise 2 is made of solid rubber, its density 
(mass per unit volume) is roughly the same as ours. What fraction of the 
child’s weight should the doll weigh? (See Problems 11 and 12, Elephant 
and Dinosaur.) 
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3.2 THE STRENGTH OF BONE 


How strong are our bones? In this section we develop a vocabulary suitable 
for such questions. 

First we have to decide in what terms we want our “how strong” question 
answered. If we want to know how much weight a particular bone can sup- 
port before it breaks, the answer could be in pounds or newtons or dynes, 
any unit of force. That number would characterize a particular bone, not 
bone as a substance. If we want a quantity characteristic of the material the 
bone is made of, we somehow have to divide out the physical dimensions 
of the bone. Again we invoke the argument that the strength of a bone is 
proportional to the cross-sectional area of the bone. So the quantity we are 
after is the maximum force per unit cross-sectional area. That quantity refers 
to bone, not to a particular bone. Force per unit area is called stress: 
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FIGURE 3.3 Human tibia and 
fibula (bones of the lower leg), 
cross section, actual size. 
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force 


stress = 
area 


If we are talking about a leg holding up the weight of the body, we are 
talking about compressive stress. 

Bone has a rupture strength of 10° dynes per square centimeter (= 10° 
newtons/m2). That is the maximum compressive stress before the material 
yields. It is also called the yield stress. In Exercise 4 you are asked to convert 
that to pounds per square inch, and you get an impressively large answer. 
The tibia, the front bone in the lower leg, has a cross-sectional area of about 
3 cm? at its thinnest place, not counting the marrow. (See Fig. 3.3) So it 


could support a load of 
10 WIRES x 3 cm? = 3 x 10° dynes 
cm 


3 x 10* newtons 
= 7 x 10° pounds 


Il 


That is well over 30 times your weight, and this is just one leg. At this point 
you may breathe easier, remembering that you have jumped from high 
places. In landing you suffered accelerations many times g without breaking 
any bones. But not too many times g. That is why you bent your knees as 
you hit the ground.” 


EXERCISE 4 Recall that 1 kilogram weighs 9.8 newtons, or 2.2 pounds; 
1 newton = 10° dynes. Express 10° dynes/cm? in pounds per square inch 
(psi). For comparison, note that the stress on the sides of an automobile tire 
is around 30 psi. 


Elasticity 


Our question about the strength of bone has been answered purely in terms 
of the longitudinal compression the bone can withstand before breaking. 
That answer has ignored the fact that bones bend. It might have been more 
realistic to begin our discussion with the elastic properties of bone. After 
being bent, the bone returns to its original shape, like a spring. It does that 
provided it is not bent so much that it breaks. Now we start to address the 
question of how stiffness is measured. Should we ask how much bending 
force gives how much bend? The stiffness of a particular bone depends on 
its length and on the detailed shape of its cross section. Nature's weight 
bearing designs of bone cross sections (Fig. 3.3) give us a lot of resistance to 
bending for little weight of bone. They have their analogues in the I-beams 
used in steel-frame buildings. 


?See Sec. 3.4, Falling from Great Heights. 
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Again, we would like to define a constant that characterizes the stiffness tension 
of the material rather than the stiffness of a particular bone. Figure 3.4 
shows that, as the bone bends, some of the material is put under tension, compression 


some under compression. The dotted line represents a neutral surface, 

where there is no stress. Inside the neutral surface, that is, toward the cen- 

ter of curvature, the stress is compressive. Outside the neutral surface, the FIGURE 3.4 Bending a bone 

stress is tensile. It turns out that a single elastic modulus describes rather (exaggerated). Below the neutral 

well the resistance of a material to either tension or compression. But be- surface (dotted) the bent bone is 

cause bending is rather complicated, we shall define this elastic modulus for under compressive stress. Above 

a simple tensile stress. the neutral surface, the stress is 
Suppose that we were to pull on a wire having a uniform cross section. tensile. 

Take a 1-meter length of steel wire, for example, 1 mm? in cross section. A 

stretching force of 98 newtons (= 10 kilogram weight = 22 pounds) would 

stretch it by 0.5 millimeters, or 0.05%. The same load would stretch a 2- 

meter length of wire by 1 mm, that is, twice as much. The fractional elon- 

gation, which we call the longitudinal strain (Fig. 3.5), is still five parts in 

10,000. How does the strain depend on the cross-sectional area? If we dou- 

ble the cross-sectional area, we have to double the load to get the same 

strain. So the strain depends on the force per unit area, on the tensile stress. FIGURE 3.5 Strain = ALIL. 

Half the stress would give roughly half the strain. The strain is proportional 

to the stress for small strains. The constant of proportionality is called an 

elastic constant: 


stress 


strain 
tensile force per unit area 


elongation per unit length 


Young’s modulus = 


Put in the numbers for that wire: 


O 98 newtons 
S = 
10-° m? 
a Ex 10 em 
strain = —_—_——— 


1m 


98 x 10° newtons/m? 


Young’s modulus for steel = 5 x 107 


= 2 x 10” newtons/m? 


Young’s modulus for bone has a value roughly one-twentieth that of steel. 
Looking at Table 3.1, note that the yield stress of steel is only 3 times that 
of bone. 

The maximum strain a material can stand before yielding is given by di- 
viding the yield stress by Young’s modulus: 


yield stress 


ield strain = —~—————>__ 
ia Young’s modulus 
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TABLE 3.1 Elastic Stiffness and Strength 
_— ee 


Rupture 

Young's Strength = 

Modulus Yield Stress Density 

dynes/cm? dynes/cm? gram/em? 
Aluminum Toxo 1 x 10° 20. 
Bone 10 x 10" 1x 10° 1,7 to2 
Steel, stainless 20 x 10" 2.8 x 10° 7.8 
Tungsten 35 x 10" 4.2 x 10° 19.3 
Sugar maple Ta xos 1.1 x 10° E 
White oak 1.4 x 10" TASTO 0.8 
Rubber 2 x10 10° 1 


Units conversion: 
1 newton/m? = 10 dynes/cm? 
1 kg/m? = 10~* grams/cm? 
14.5 pounds per square inch = 10° newtons/m? 


Again consulting Table 3.1, you note that the yield strains of bone and of 
steel are quite comparable, around one part in a hundred. If you are think- 
ing about ski accidents, you might be worried about an ankle held firmly in 
a boot that does not release from a ski binding. You might ask: How far off 
center can the full weight of a 165-pound skier be before its pull would break 
a tibia? The answer is about 1 foot. (See Fig. 3.6.) 

In recent years, measurements of stiffness and of yield stress of bones in 
live animals have been compared with measurements on wet bones dis- 
sected out. The living bones showed much greater values. Evidently, the 
muscles help the bones resist bending. This has been of interest in the study 
of ski injuries and the design of safety bindings for skis. The leg can with- 
stand much greater stress when that stress is applied slowly than when it is 
applied so suddenly that the muscles do not have time to respond. Modern 
ski bindings take this into account. They are set to release earlier for force 
applied suddenly than for force applied gradually. 


FIGURE 3.6 How far 
off center can the full 
weight of a skier be 
before its pull would 
break a tibia? 


3.3 SPECIAL TOPIC: FALLING FROM GREAT HEIGHTS 


How well did nature do in her choice of a building material for our skel- 
etons? Table 3.1 compares bone with some other materials. Steel has a rup- 
ture strength about 3 times that of bone. But it would weigh about 4 times 
as much. Pound for pound, bone is stronger than steel. How about wood? 
Wood has about the same rupture strength as bone and is typically less than 
half as dense. Sure enough, maples and oaks can grow much taller than we 
can. Of course, they don’t have joints, for which bone is ideally suited. 


Cee 


EXERCISE 5 If a wire 1 meter long is elongated by 1 millimeter, the tensile 
strain is 


EXERCISE 6 If a wire 1 mm in diameter is loaded with a 10°-newton weight, 
the tensile stress is newtons/m?. 


EXERCISE 7 Ifa 10-cm-long bone is compressed by 0.1 mm, the compressive 
strain is . Answer: 1 part in a thousand. 


STE 


@ 3.3 SPECIAL TOPIC: Falling from Great Heights 


A flier bails out of his burning aircraft at 23,000 feet. His parachute fails to 
open. He lands on the edge of a ravine covered with snow. Three-and-a- 
half months later he is back at work. 

Incredible? We shall use the story to 


1. discuss an acceleration that is not uniform, and 


2. apply the kinematics of uniform acceleration to the practical problem 
of how to land safely. 


Yes, the story is true. When you bail out of an airplane, you fall with a 
downward acceleration of 22 miles per hour per second (= g = 9.8 m/sec’) 
for the first second or so. But the faster the air rushes past you, the more 
resistance it offers. As you speed up, your acceleration decreases. Your 
weight pulls you down; the increasing wind resistance pushes you up. The 
net force on you becomes less and less. Gradually, you approach a speed at 
which the two opposing forces are equal. At that speed the net force on you 
is zero and you do not accelerate past it. It is called your terminal velocity. 
For an adult human being it is around 120 miles per hour (= 54 m/sec). 
With a parachute, it would be less than one-tenth of that. Now we shall 
calculate the upward acceleration you suffer on landing. How many g’s? 

Obviously, that depends on how hard you land. If you land on a hard 
surface, the most favorable impact is a “whole-body” landing. Parachutists 
are taught to land so they touch first with the feet, then fall sideways so 
that gradually the whole body absorbs the impact. This maximizes the time 
for absorbing the momentum, so it minimizes the force. Also, it distributes 
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FIGURE 3.7 Velocity of your center 
of mass versus time, after your 
feet hit the ground. 
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the force over a large area. This reduces the compressive stress (force per 
unit area) on any one part of the body. 

The distance your body’s center of mass travels during the deceleration is 
essentially equal to half your height. That assumes your center of mass is 
near your middle. 

We take that “stopping distance” s to be 1 meter and calculate the upward 
acceleration during the “stopping time” t. We assume that the acceleration 
is uniform during this time. Let Vmax be the speed on impact, the 54 m/sec. 
Look at the triangle in Fig. 3.7. 


stopping distance s = 4 Umax Í 
= area of the triangle 


f $ s lm 
stopping time f = ie = 64 m/seg) = 0.037 sec 
z 54 m/ 
acceleration a = = x = aes = 1458 m/sec? 
= 148 g's 


This means that the body has to support 149 times your normal weight. 
Repeat: Total force of the ground on your body = 148 mg + mg = 149 mg. 
If you weighed 165 pounds, that would be a force of more than 12 tons. You 
would be crushed. You could not survive such a hard landing. 

But our analysis shows us that, for given landing speed Vmax the acceler- 
ation is inversely proportional to the stopping distance s. Eliminating t be- 
tween the last two equations above, we get 


2 
Umax _ Emna 
t s 


a= 


Changing the stopping distance s from 1 meter to 4 meters gives one-quarter 
the acceleration (37 g's) and a force of 38 times the body weight, lasting 4 
times as long. Remember the snowy ravine? Now the story of the flier seems 
less miraculous. Recall that the strength of bone is such that each tibia can 
support about 30 times the body weight. 

At this point you might want to recall the experiments done preparatory 
to the U.S. space program to test what accelerations human subjects could 
withstand. A large centrifuge was used, and accelerations went up to 20 g's. 
The subjects lost consciousness but suffered no injuries. To be sure, they 
were strapped to soft support couches that distributed the force over a max- 
imum area of the body. In Problem 23 we calculate the average compressive 
stress at 20 g’s. The numbers are quite modest. 

We now look at a less spectacular fall but with a hard landing. Say you 
jump from a height of 2 meters onto a concrete floor and don’t bend your 
knees. The landing velocity Vmax is now a mere 6.3 m/sec. With stiff legs, 
the deceleration has to occur in a stopping distance of perhaps 1 centimeter. 
This requires an upward acceleration of 1960 m/sec’, or 200 g’s. That means 
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the ground exerts an upward force 201 times your normal weight. You can 
see why stiff-legged landings often result in broken ankles. 


a ————————— 
SL 0 oh LLL SSD 
EXERCISE 8 Verify the numbers in this last paragraph. 


ES 
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An architect may build a scale model in order to help visualize a design. An 
engineer may build a scale model in order to make physical measurements. 
At the beginning of this chapter we talked about the way weights and vol- 
umes scale with size: They go as the cube of the linear dimensions. Areas 
go as the square of the linear dimensions. How do the time constants, the 
characteristic frequencies of the model, scale with size? Again, we shall be 
concerned with the effects of gravity. 


Time to Fall 


It takes an object 1 second to fall 4.9 meters from rest. In 2 seconds, an 
object falls 19.6 meters, that is, 4 times as far. Here we are neglecting wind 
resistance and assuming a constant acceleration of g = 9.8 m/sec’. Looking 
at Fig. 3.8, we see that the distance fallen is represented by the area of a 
triangle on the velocity-versus-time graph. (See Chapter 1, Kinematics.) If 
we write 

v = gt 
the area of a triangle of altitude v and base t is 


distance fallen = y = 4t 
= def? 
Evidently, the distance fallen is proportional to the square of the time. If we 
turn that around, we can say that the time it takes to fall is proportional to 
the square root of the distance fallen: 


0) 
8 


EXERCISE 9 Verify the distances fallen in 1 sec and 2 sec. 


EXERCISE 10 How long does it take to fall 9.8 m? (HINT: VZ = 1.414.) 


EXERCISE 11 How long does it take to fall 3 x 4.9 m = 14.7 m? 
(HNT: V3 = 1.732.) a 
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Seconds 


FIGURE 3.8 Falling from rest, 
velocity versus time. The distance 
fallen is the area of the triangle. 
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FIGURE 3.9 The pendulum swings 
in a circular arc of radius L. The 
maximum height is h. 
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We now have the answer to our question about how time scales in free 
fall. The time to fall scales as the one-half power of the linear dimensions. 


Pendulum: Dimensional Analysis 


A weight swinging on a rod or string is referred to as a pendulum. A “point 
mass” swinging on a “massless rod” is a physicist’s idealization. We call it 
a simple pendulum. That means a pendulum is simple if the support is light 
and if the weight is compact enough so it can be considered as concentrated 
at one point—its center of mass. 

Let the weight be displaced from its equilibrium position far enough to be 
raised up to a height h (see Fig. 3.9). How does the time it takes to swing 
back to the equilibrium point depend on h? Does it go as the square root of 
h? Careful! This is not free fall. We cannot just take the results of the pre- 
vious paragraph and apply them blindly. But an experiment is easy here. A 
key on a string is fine. A tape dispenser will do. Try timing swings, even 
very roughly. Since the pendulum overshoots the equilibrium point and 
comes back almost to the same height, the “time to fall” is just one-quarter 
of the period, the time for one complete oscillation. Try timing 5 or 10 small 
swings to improve the accuracy. Then double the release height / and re- 
peat. 

What did you find? When you doubled the height of the swing, did the 
period increase by 41%? This is what the free-fall result would have pre- 
dicted: The time to fall should be multiplied by VŽ = 1.41. What you prob- 
ably found is a barely measurable increase in the time. Indeed, for small 
swings, the period turns out to be independent of the oscillation amplitude. 

Are you surprised, or did you “know it all the time”? The mathematics to 
prove this result is a bit too difficult for this book. But now we should ask, 
what are the important variables that determine the period of a pendulum? 
Surely, the length L of the string matters. The strength of the earth’s gravity 
is not a variable in the sense that you can change it. But you know that g is 
going to enter the formula. How about the mass M of the pendulum? If you 
don’t know, put it in the list. Arbitrarily, we end the list with three vari- 
ables. Now we demonstrate the method called dimensional analysis for ob- 
taining approximate formulas. If we were to leave out an important variable, 
the method would probably fail. Or it might give unphysical results. Here 
is how it works. 

We ask how our three variables, L, M, and g, might be used in the for- 
mula for the period T. They all have different physical dimensions. The pe- 
riod T can be measured in seconds, length L in meters, mass M in kilo- 
grams, acceleration g in meters per second per second. It would not make 
any sense to add or subtract quantities having different dimensions. For 
example, adding meters and seconds has no meaning. But multiplying and 
dividing them does make sense. For example, dividing a length (meters) by 
a time (seconds) gives a speed (meters per second). If we use only multipli- 
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cation and division to combine our three variables, the most general formula 
would look something like this: 


T = (some number) x L4“M®° 


The exponents A, B, and C are the unknown powers to which each of the 
variables is raised. The method of dimensional analysis is used to determine 
these exponents. The “number” in the parenthesis does not have any di- 
mensions. It is a pure number, and the method does not determine it. For 
obtaining approximate results, the hope is that it is not a number like 10° 
but somewhere close to 1. 


EXAMPLE To find the volume (meters*) of a pyramid (Fig. 3.10), you can 
probably guess that you have to multiply the area of the base (m°) times the 
altitude (m). But how can you guess that the product has to be multiplied 
by 4 to get the volume? 


If we forget about the magnitudes and keep only the units, the pendulum 
formula becomes purely dimensional: 

meter) © 

sec = (meter)* x (kg)? x (——— 

( y" X (kg) ( Fae ) 

Our one equation then yields three: one equation in seconds, one in kilo- 

grams, one in meters. For example, seconds appears to the first power on 
the left, to the —2C power on the right: 


1= =2C 


Therefore, C = —4. Kilograms do not appear at all on the left, giving 
B = 0. That leaves 


sec = (meter) x (ss) 
sec 
Meters do not appear on the left, implying that A — $ = 0, or A = 4. 
A = 3. That means the length enters to the one-half power, which is the 
result we were after. The formula now says 


T = (number) x L'2M°g~!? = (number) £ 
3 8 


The mass M does not enter the formula. We need not have included it in 
the list in the first place. A heavy pendulum has the same period as a light 
pendulum of the same length. A stronger g would give a shorter period. 
Usually, that is not something we have control over. But accurate pendulum 
timing to investigate variations in g from place to place is useful in geological 
research and prospecting. 

Dimensional analysis is no help in determining the “number” out front. 
A proper theoretical treatment gives the formula 
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FIGURE 3.10 Pyramid. How do 
you find its volume? 
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for the period of a simple pendulum. Remember, the 27 is exactly co; 
only for small oscillations. 


EXERCISE 12 Increasing the length L by 1% increases the period T 
%. (HINT: 1.01 = 1.005.) 


EXERCISE 13 Increasing the length L by 0.1% increases the period T 
%. 


EXERCISE 14 Decreasing the length L by 1% decreases the period T 
%. (HINT: V/0.99 = 0.995.) 


EXERCISE 15 A pendulum swinging with an angular amplitude of 10° fr 
the vertical has a period about 0.2% longer than the small-amplitude peri 
given by the formula. Argue that dimensional analysis is powerless in d 
ing with a dimensionless variable like angle or with two variables having 
same dimensions, like h and L. (On the other hand, see Problem 29, Pı 
dulum with Finite-Amplitude Swing.) 


SUMMARY 

Weight is proportional to the cube of the linear dimensions. Strength is pI 
portional to the square of the limb thickness. 

The bones of larger animals are thicker in proportion to their length. 

Weight-induced stress scales linearly with size. 

The yield stress of our bones in compression is much greater than the d 
mands our weight might make on them. 

Tensile strain is defined as elongation per unit length. Compressive strain 
defined as shortening per unit length. 

Young’s modulus measures the elastic stiffness of a material under longit 
dinal tension or compression. It is defined as the quotient of stress: strai 

Bending involves tensile stress toward the outside of the bend, compressi 
stress toward the inside of the bend. 

Wind resistance increases with speed. This puts a limit on the speed 
which an object falls in air. 

For given impact speed, the stopping acceleration is inversely proportio 
to the stopping distance. 

For given stopping distance, the stopping acceleration is proportional to 
square of the impact speed. 


KEY TERMS 


The time to fall at constant acceleration is proportional to the square root of 
the distance fallen. 

In making physical measurements on the undamped motion of a scale 
model, time scales as the square root of the linear dimensions. 

The period of a pendulum is independent of its mass, insensitive to its am- 
plitude, but proportional to the square root of its length. 


The period of a pendulum is proportional to the square root of 1/g. 


KEY TERMS 


Scaling principles Area is proportional to the square of the linear dimensions, vol- 
ume to their cube, 

Stress Force per unit area. One distinguishes compressive stress, tensile stress, and 
shear stress (not discussed in the text). 

Strain The measure of deformation. Displacement per unit length. 

Dyne A unit of force equal to 10-° newtons. 1 dyne = 1 gm cm/sec2, A force of 
1 dyne accelerates a mass of 1 gm by 1 cm/sec’, 

Tibia The front bone in the lower leg. 

Fibula The rear (smaller) bone in the lower leg. 

Elasticity The ability of a material to return to its original shape after small defor- 
mation. 

Elastic modulus Also elastic constant. A measure of elastic stiffness, defined as the 
quotient of stress/strain. For small deformations, the stress and strain are propor- 
tional. The common elastic moduli are Young’s modulus, bulk modulus, and shear 
modulus. This chapter has defined only Young’s modulus. 

Young’s modulus The proportionality constant relating compressive stress to com- 
pressive strain. Or, the constant relating tensile stress to fractional elongation. For 
most materials, these two moduli are almost equal. 

Tensile Refers to tension or pulling. The opposite of compressive. 

Neutral surface When a beam is bent, some of it is under compression, some under 
tension. The boundary between these regions, a surface of zero stress, is the neu- 
tral surface. For a rectangular beam, it is in the middle. Also called neutral axis. 

Yield stress The limit of elasticity. That stress beyond which the material no longer 
returns to its original shape upon removal of the stress. The yielding is called plastic 
deformation. 

Terminal velocity Fastest speed reached when falling in air. For an adult human 
being, around 120 miles/hour. 

Period Time for one complete oscillation. Reciprocal of the frequency. 

Dimensional analysis Use of the physical dimensions (units) of the variables to 
find their exponents when combined in a formula. A shortcut to proper physical 
theory. 

Alopecia The development of a hairless spot. This occurs on the back of the head 
in babies allowed to lie on their backs too long without being turned. 
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REVIEW QUESTIONS 


* A giant 3 times my height would weigh ______ times my weight if built to my 
proportions. 
* If his legs were 3 times as big around, his leg muscles would have ——— times 


as many muscle fibers as mine. 


* Consequently, the stress in his legs in order to hold him up, that is, the force per 
unit cross-sectional area, would be ——— times that in mine. 


* In order to have the same stress in bones and muscles, an animal weighing 27 
times as much should have legs with 27 times the cross-sectional area, or 
times the diameter. 


* The yield stress of a material can be expressed in: pounds / pounds per 
square inch / percent 


* A bone with a yield stress of 10° pounds per square inch and effective cross- 
sectional area of 0.5 in.* can support a compressive load of _______ pounds. 


* Argue that when you bend a yard stick, about half of its volume is under 
compression, half under tension. 


* If a wooden meter stick is stretched to 1.001 m, the elastic strain in it is 
%. 


* This requires a stretching force of about: 1 pound / 20 pounds / 1 ton 


* An elastic modulus can be measured in: pounds / pounds per square inch / 
percent 


* For wood and bone, the values of the elastic moduli are about 10° times the values 
of the corresponding yield stresses. This implies that the yield strains are roughly 
%. 


° Look at Table 3.1. Which has greater strength per unit weight, steel or tungsten? 


* Which has the greater terminal velocity in free fall, a Ping-Pong ball or a billiard 
ball? A mouse or a human being? 


* Argue that stopping acceleration should be proportional to the square of the im- 
pact speed. 


* Argue that stopping acceleration should be inversely proportional to the stopping 
distance. 


* Argue that the time to fall a given distance (free fall) should be proportional to 
the square root of that distance. 


° Argue that increasing the length of a pendulum by 2%: increases / decreases 
the period by 1%. 


z The frequency of a simple pendulum 1 foot long is about: 107! Hz / 1Hz / 
10° Hz 


PROBLEMS 
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PROBLEMS 


5 1, Scaling Weight and Volume A human being 
1% taller than I am and built to my proportions would 
have a volume (1.01) times mine, that is, —— % 
greater than mine. Being built of the same materials, his 
body would have the same density as mine. Therefore, his 
weight would be % greater than mine, 


xÆ 2. Scaling in Two Dimensions A state map might 
be drawn on a scale 1:1,000,000. That means 10 km is rep- 
resented by 1 cm on the map. How many such maps 
would it take to “paper” the state? 


* 3. Rope A rope 1 cm in diameter contains 24 
strands of fiber. 

(a) What is the cross-sectional area of the rope? 

cm? (HINT: Tr.) 

(b) How much of this area is taken up by each strand? 
> 

(c) How many strands would there be in a rope 2 cm in 
diameter? 

(d) What diameter rope would 48 strands make? 

(e) If the 1-cm rope holds 400 pounds, how much tension 
can the 2-cm rope stand? 

(f) What should be the diameter of a rope that can hold 
800 pounds? 


* 4. Cubes The 3 cm Xx 3cm x 3 cm cube in our 
example has a bottom area of 9 cm?. 

(a) What is the bottom area of a 4 cm X 4cm X 4 cm 
cube? 

(b) What is the ratio of the bottom areas of the two cubes? 
large: small 

(c) The weight of the 4 x 4 x 4 cube is ______ times 
that of the 3 x 3 x 3 cube. 

(d) The stress (= weight per unit area) on the bottom of 
the 4 x 4 x 4 cube is times that on the 3 x 3 x 
3 cube. 


* 5. Bones + Skin If you were to grow so that 
every linear dimension in your body increased by 1%, 
your shape would not change: A 10-cm-long bone would 
become a 10.1-cm-long bone; a 10 cm x 10 cm area would 
become a 10.1 cm x 10.1 cm area, and so on. 


(a) Your surface area (skin) would increase by _____%. 
(HINT: Area changes as the square of the linear dimen- 
sions, and (1.01)? = _____..) 


(b) Your volume would increase by %, and so 


would your weight. 


(c) The stresses on your bones and muscles having to do 
with bearing weight would increase / decrease 
by ——___%. (HINT: Weight is multiplied by 

and area by ; hence the weight per unit area by 
——) 

(d) Repeat the calculations of parts (a) through (c) for a 
20% increase in linear dimensions. (HINT: If you increase 
something by 20% twice, that does not give a 40% in- 
crease, but a 44% increase. OK? 1.2 x 1.2 = _____..) 


** 6. Fur Coats If it takes four sheep to make a fur 
coat, how many rabbits would it take to make a coat of the 
same size? Data: The average rabbit weighs about 3 
pounds. The average sheep weighs about 60 pounds. Of 
course, rabbits and sheep are not built in the same pro- 
portions, but you can solve the problem assuming that 
they are. 


> 7. Alien Life Forms On a planet with an acceler- 
ation of gravity g only half the value it has here, how 
much bigger would you expect their land animals to be 
than ours? Assume their bone and muscle to be consti- 
tuted of the same materials as ours. Support your answer 
with cogent argument. You might begin as follows: 

Assume that the size of their largest animals is dictated 
largely by their ability to support their weight. The maxi- 
mum stress (force per unit cross-sectional area) in their 
bones and muscles should be the same as ours. 

If you multiply all the linear dimensions of a given spe- 
cies by a factor f, the volume and hence the mass is mul- 
tiplied by a factor f°, provided that the shape stays the 
same. But the weight is only multiplied by 3f*, because 
their g is half of ours. The cross section of their limbs is 
multiplied by f°. That means the stress in those limbs is 
multiplied by _____. (Complete the argument.) 


* 8. Scaling—Wire How does the maximum weight 
a wire can support depend on it cross-sectional area? On 
its length? 


*%* 9. Density One cubic centimeter of oak wood has 
a mass of 0.8 grams. (See Table 3.1) 


(a) 1 m° has a mass of _____ kg. 

(b) 1 kg has a volume of ______ cm’. 

(c) The ratio of the densities of oak and maple is 0.8:0.7. 
This means that 1 kg of maple occupies ——__% 


more / less volume than 1 kg of oak. 
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* 10. Steel Cable How much weight can a steel ca- 
ble 1 cm? in cross section bear without breaking? Express 
in tons. Conversions: 1 ton = 2000 pounds; 1 pound = 
4.445 newtons. 


NOTE: If the yield stress is exceeded, the cable deforms 
plastically and gets thinner. This increases the stress for 
given load, so the cable eventually breaks. 


*%* 11. Elephant In the text it is stated that the hu- 
man tibia can support over 30 times our weight before it 
ruptures. Of course, nothing is said about the joints, but 
let's argue this one just from the strength of bone. An el- 
ephant weighs about 80 times as much as a human being, 
and its tibia is about 3 times as big around as ours. 

(a) Show how it is that the elephant can still support its 
weight on two legs. 

(b) How many times its weight can it support using all 
four legs? (HINT: Each tibia is times as strong as 
ours.) 


NOTE: Have you ever seen an elephant jump? 

12. Dinosaur A large dinosaur may have weighed 
400 times as much as an adult human. Its tibia was about 
3 times as big around as ours. Standing still on all four 
legs, the compressive stress would have been about 
times the stress in ours when we stand still on two legs. 


A 


SIZE, STRENGTH, AND SCALING 


Do you really think such an animal could have walked on 
land? 


Note: It is conjectured that they lived in swamps. 


* 13. Young’s Modulus 

(a) How much would a 196-newton weight stretch a 1-me- 
ter length of steel wire 1 mm? in cross section? 

(b) What would be the strain in the wire? 

(c) Divide the stress by the strain. Answer in newtons/m’, 


x 14. Yield Stress Would you expect that a steel 
wire 1 meter long, 1 mm? in cross section, could support 


a weight of 10° newtons? (= 22.5 pounds) 10° newtons? 
See Table 3.1. 
æ 15. Compression A steel disk 1 cm’ in cross sec- 


tion and 1 mm thick is loaded with a 9800-newton weight, 
that is, the weight of 1 metric ton. 

(a) Find the compressive stress in the disk. 

(b) Find the compressive strain. Assume that the Young's 
modulus for compression is the same as for tension. 

(c) How much thinner does the disk become by being 
loaded? [Answer: 5 x 107 m] 


** 16. Bending a Beam, Bending the Tibia A useful 
measure of how much a straight rod is bent is its curva- 
ture. Imagine a small segment of the rod fit onto a circle. 
The radius R of this circle is called the radius of curvature. 


Spider, elephant, dinosaur (Poisonous brown spider, African elephant, Tyrannosau- 
rus rex). Can an animal with 400 times your weight possibly support it all? 


PROBLEMS 


The reciprocal 1/R is called the curvature. The tensile 
stress is maximum at the outside surface of the rod. Call d 
the distance of this surface from the neutral surface. The 
maximum tensile strain is given by d/R. Thus a cylindrical 
rod of radius r bent into a circular arc of radius R has a 
maximum tensile strain of r/R. 

(a) Look up the Young’s modulus and the yield stress of 
steel in Table 3.1. Their quotient is the yield strain. So a 
steel rod can stand a strain of about ____% before it 
reaches its elastic limit. Beyond that, it does not come back 
to its original shape. Then the deformation is no longer 
elastic, but is called plastic. Some steels break just beyond 
the elastic limit. Bone does too. 

(b) A steel rod 1 mm in radius can be bent into a circular 
arc of radius 1 meter (curvature = 1 m~') and still be elas- 
tic. Argue that a steel rod 2 cm in radius would yield if it 
were bent this far. 

(c) The tibia has an effective d of about 1.5 cm at its thin- 
nest point. Use Table 3.1 to find the maximum curvature 
the tibia can have without breaking. Express the result in 
m`’, 


> 17. Rubber The elastic properties of polymers are 
rather different from those of crystalline solids. Neverthe- 
less, it makes sense to talk about a Young’s modulus and 
about a yield stress. 

(a) Use Table 3.1 to find the force needed to stretch a rub- 
ber band 1 mm? in cross section by 1%. 

(b) In your experience, can rubber stand elastic deforma- 
tions of 100%? That would mean doubling its length in 
tension, halving it in compression, 

(c) Do the relative magnitudes of the Young’s modulus 
and yield stress support your answer to part (b)? Explain. 


NOTE: For strains more than a few percent, the relation 
between stress and strain becomes quite nonlinear for rub- 
ber and other polymers. 


** 18. Cantilever Beam For a rectangular beam of 
length L, width w, and thickness 2d, with Young’s modu- 
lus E, as shown in the figure, the displacement y of the 
end due to bending under a load F applied at the end is 
given by the formula 
F 
=i 
2 "Edw 
The other end is assumed clamped. 
(a) If the load F is doubled, the displacement y is multi- 
plied times . The formula is valid for small dis- 


placements only. We speak of a linear spring, or “linear 
theory.” 
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PROBLEM 18. 
Rectangular beam 
bending under a 
load applied at the 
end. The left end is 
assumed clamped. 


(b) If L is doubled, the displacement y is multiplied times 


(c) If L is increased by 1%, the displacement y is increased 
yee 

(d) If d is increased by 1%, the thickness of the beam is 
increased by % and the displacement y is de- 
creased by ____%. 

(e) Apply the formula to an oak plank 2 meters long, 30 
cm wide, 2.5 cm thick, with a load of 200 newtons at the 
end. Use Table 3.1. 

(f) Was it a good approximation to neglect the weight of 
the plank? Try to make a correction. 


** 19. s= la 
(a) For a given stopping distance s, if the impact speed v 
is doubled, the acceleration a is multiplied times 


(b) For given acceleration a, if the stopping distance s is 

doubled, the impact speed v has been multiplied 

times a 

(c) For given stopping distance s, if the impact speed v is 

increased by 1%, the acceleration a is increased by 

es 

(d) For given acceleration a, if the stopping distance s is 

increased by 1%, the impact speed has been increased by 
%. 


** 20. s= 4v’/a Suppose that you desire to keep the 
acceleration less than 20 g = 196 m/sec’, for safety rea- 
sons. 

(a) What is the largest allowable impact velocity, given a 
stopping distance s of 2 meters? (HINT: You can do this 
one in your head.) 

(b) Repeat for a stopping distance s = 0.5 m. 


* 21.8 = ba 

(a) Sketch a graph of s versus v for given acceleration a. 
(b) Sketch a graph of acceleration a versus stopping dis- 
tance s for given v. 


** 22. Soft Landing Suppose that your stopping dis- 
tance is 50 cm. That is, the distance your center of mass 
moves down after your feet touch the ground is 0.5 m. 
What is the fastest impact speed that will keep your aver- 
age stopping acceleration less than 5 g's. 
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* 23. Accelerating at 20 g’s. Stress? The support 
couch exerts force 21 times the subject’s normal weight. 
Let that force be distributed over 600 square inches. Sup- 
pose that the normal weight is 165 pounds. Calculate the 
average stress, in pounds per square inch. 


*> 24. Falling from a Height You want to jump 
down from a 3-meter-high platform. Suppose that your 
legs can bend enough so that your center of mass has 0.6 
meters of vertical descent between the instant your feet 
touch the ground and the instant your center of mass 
comes to rest. Assume that the force of the ground on 
your feet during the “landing time” is constant. 
(a) Sketch a graph of the velocity of your center of mass 
versus time for the whole 3.6 meters of vertical descent. 
(HINT: Is it a straight line?) 
(b) Calculate the acceleration during the landing and ex- 
press it both in g's and in m/sec’. 
(c) The upward force of the ground on your feet is 
times your normal weight. 


3 meters 


PROBLEM 24, 
Jumping down from 
a 3-meter-high 
platform. By 
bending your feet, 
your knees, your 
waist, you give 
your center of mass 
60 cm to stop after 
your feet first hit 
the ground. 


> 25. Wind Resistance An approximate formula for 
wind resistance at speed v is 


wind force = bv. 


(a) If a body weighing 735 newtons falls at a contant speed 
(terminal velocity) of 54 m/sec, the proportionality con- 
stant b is equal to ______ kg/m. 

(b) What is the wind resistance at 27 m/sec? 

(c) What is the downward acceleration of a body falling at 
27 m/sec? 
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NOTE: This formula holds for speed exceeding 1 millime- 
ter per second. This is to be contrasted with the situation 
in Problem 1.54, Falling without Acceleration. There, for 
very slow speeds, the air resistance is proportional to v, 
not to V°. 


** 26. Lunar Gravity On the moon gravity is one- 
sixth as strong as on earth. How does the time to fall a 
given distance scale between earth and moon? Answer in 
the form: “The time to fall a distance y on the moon is 

times the time to fall the same distance on 
earth.” 


** 27. Period of Pendulum Independent of 
Mass Without using dimensional analysis, present an ar- 
gument to show that the period of a pendulum should be 
independent of its mass. 


*%* 28. Period and Frequency A pendulum having a 
period of half a second has a frequency of two oscillations 
per second. The technical term is 2 Hertz (Hz). 

(a) To double the frequency, the period has to be halved. 
This requires that the length of the pendulum be multi- 
plied times _____. 

(b) A carpenter's tape measure used as a pendulum makes 
quite a satisfactory metronome for setting the beat in mu- 
sic. Calculate the length in inches for 0.5 and 1 Hz, that 
is, 60 and 120 half-swings per minute. 


NOTE: “The Star-Spangled Banner” might be marked 80. 


** 29. Pendulum with Finite-Amplitude Swing In 
the text, the period of a pendulum oscillating with a small 
amplitude, that is, swinging away from the vertical by 
only a small angle a, is given as 2n¢""/g'*. For larger an- 
gles, theory predicts a slight lengthening of the period 
with increasing amplitude a: 


T = (2m€'7/e'"\(1 + 4 sin? da + d sint 4a +. . .) 


The dots represent terms of higher order, higher powers 
of sin ża; those are going to be negligible until the angular 
amplitude «a gets close to 90°. 

(a) Verify that, for a = 60°, the period is 7% longer than 
for “zero” (i.e., small) amplitude. 

(b) How much longer (%) than the zero-amplitude period 
does a 10° swing take? Does the sin‘-term matter? [An 
swer: 0.19%] 


> 30. How Fast Can I Run? When small animals 
run, their legs are in rapid oscillation. The legs of large 
animals have longer periods. In other words, having legs 
twice as long does not enable the animal to run twice a$ 


PROBLEMS 


fast. A comfortable jogging speed is one for which the os- 
cillation frequency is close to the natural pendulum fre- 
quency T of the leg. Here is a scaling argument: 


step size % leg length L 


speed = step size X frequency « 5 


But 

T « L'? for a pendulum 
so 

speed « L'? 


(a) According to this argument, an animal having legs 
twice as long should have a running speed ______ times 
as fast. 


Note: We would expect Nature to obey our scaling law 
roughly at best. Remember, species differ in ways other 
than size. 


(b) A runner might cover about 3 meters in one period, 
that is, two paces. The natural swinging frequency of the 
leg is about 1 second. How much faster than 3 m/sec can 
you run a mile? 


NOTE: The 4-minute mile is now an international stan- 
dard in track competition. 


** 31. Scaling Time One scene in the movie 
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“Change of Scale” shows a bridge being blown up. Sup- 
pose that the bridge filmed was a scale model one-hun- 
dredth life size. That means a 50-meter bridge would be 
50 cm in the model. To make the explosion look natural, 
the movie has to be played at (what fraction?) of 
the speed at which it was filmed. 


** 32. Bending the Tree Limb by Dimensional 
Analysis When you hang on the end of a tree limb, the 
distance y that it sags under your weight W depends on 
its length L, its cross-sectional area A (assumed uniform), 
and the Young’s modulus E of the wood. From experi- 
ment you know that y is proportional to W and to L’. Use 
dimensional analysis to show that 

(a) y is inversely proportional to E. 

(b) y is proportional to A~*. 


** 33. Frequency of Guitar Strings by Dimensional 
Analysis You know that the frequency of vibration of the 
strings of guitars and other musical instruments increases 
when the string tension is increased. Also, the more mas- 
sive strings have lower frequencies, Shortening the string 
length raises the frequency. 

(a) Use dimensional analysis to find how the frequency 
might depend on string tension F, mass M, and length L., 
(b) When you shorten the vibrating string by pressing it 
against the finger board, you also change M, but you leave 
MIL, the mass per unit length, unchanged. Rewrite the 
result of part (a) to show how the frequency depends on 
tension, mass per unit length, and length. 


a 


|] QUESTION FOR FURTHER THOUGHT 


a. Bed Sores Bed sores may occur where prolonged local pressure against a set 
of blood vessels impedes the circulation. A common place is right at the coccyx, 
a protruding bone at the base of the spine. Here the skin bears a disproportion- 
ate share of the weight of a bed patient lying on his or her back. Why do such 


sores afflict adults but not babies? 


An obvious answer is that the baby is so much lighter than the adult, so there 
is less force squeezing on the blood vessels. True. But isn’t that force distributed 
over a much smaller area in the baby? And isn’t it stress (= force per unit area) 
that counts? We might try to compare the average stress exerted by the bed 


sheet on the body in order to make comparisons. 


Compare a 10-pound baby and a 165-pound adult: The baby’s linear dimen- 
sions are scaled down about 1:5 relative to the adult, so the comparable surface 
area is only one twenty-fifth that of the adult. How does the average stress on 
the baby’s skin compare with that of the adult's? The ratio of the stresses 


baby _ 10 pounds/165 pounds _ 15 
adult — ds ý 
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The stress on the baby’s skin is about 1.5 times greater than on the adult's! Evi- 
dently, average stress is not what counts for bed sores, so that we shall have to 
look elsewhere. But we can use the insight we have gained from our simple 
exercise in proportions to see why babies that are not turned often enough can 
develop hairless spots (alopecia) on the back of the head: A much larger fraction 
of the total body weight resides in the infant's head than in the adult's. 

Getting back to bed sores, it looks as though the baby’s blood vessels can 
stand local pressure better than the adult’s. How is it possible that a stress suf- 
ficient to collapse an adult’s blood vessel can be withstood by the corresponding 
blood vessel in the baby? 

Present your ideas for the resolution of this paradox in a brief paragraph. 


ENERGY 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 


Someone says work is force times distance. When would such a 
stripped-down definition be misleading? 


The foot-pound is a unit of work. Is the joule a unit of work? 

How would you find the mechanical advantage of a pulley system? 
State the work-energy theorem. 

When is the concept of potential energy useful? When isn’t it? 
What is an elastic collision? 

For what kind of collisions is kinetic energy conserved? 

For what force does mgh represent potential energy? 


If I tell you the vertical takeoff speed of a jumper, can you tell me how 
high the jump will be? Do you have to know the weight of the jumper? 


Estimate how much power it takes for you to run up a flight of stairs in 
4 seconds. Answer in watts. 


What is lift-over-drag ratio? Why is it important in determining the 
power requirement of an aircraft engine? 


Why can big birds in general not fly as well as little birds? 
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You are given the task of getting 1000 pounds of sand from the first floor to 
the second floor, 12 feet up. Should you carry the 100-pound bags up one 
at a time or two at a time? (See Fig. 4.1.) 

The question really has to do with personal preference. The lifting force 
you need for two bags is twice the force you need for one. So it seems to 
require more effort to move them two at a time. On the other hand, you 
might finish the job in less time that way. Which way would you develop 
more fatigue? That may depend on how strong you are. There is one mea- 
sure of the task that is called work. One bag at a time or two at a time, the 
same amount of work is done either way. You can express the amount of 
work quantitatively: To raise 1000 pounds up 12 feet requires 12,000 foot- 
pounds of work. It does not matter how you subdivide it. Ten loads at 1200 
foot-pounds each, or five loads at 2400 foot-pounds each, the work comes 
out the same. 

This kind of bookkeeping on the quantity we call work will form the sub- 
ject of this chapter. Here is a crude definition of the technical term: 
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FIGURE 4.1 Should you 
carry the 100-pound 
bags up one at a time 
or two at a time? 


DEFINITION Work is the product of force times the distance that force acts 
through. 


Each 100-pound bag requires 100 pounds of force to lift it. That hundred 
pounds of upward force acts through 12 feet of vertical ascent to do 1200 
foot-pounds of work per bag. Add it up for 10 bags, and so on. 


EXERCISE 1 The force needed to lift 1 kg is 9.8 newtons. The work done in 
lifting 1 kg up 1 meter is newton meters. 


DEFINITION 1 newton meter = 1 kg m/sec’ = 1 joule 
The joule is the SI (Système International) unit of work. 


Conversion 1 foot-pound = 1.358 joules 


EXERCISE 2 Verify that conversion factor. 


FIGURE 4.2 Block and tackle. A 
50-pound pull can lift a 100-pound 
load. 


FIGURE 4.3 


FIGURE 4.4 
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Block and Tackle 


What if you don’t want to lift even one 100-pound bag? A system of ropes 
and pulleys can lift the load with less force from you. Convince yourself 
that the setup of Fig. 4.2 only requires you to lift with a force of 50 pounds, 
The tension in the rope is then 50 pounds. The left half and the right half 
of the rope each pull up on the pulley with 50 pounds of upward force. The 
100-pound bag can be lifted with a 50-pound pull. Now how much work do 
you do to lift the bag 12 feet up? You have to shorten the left half and the 
right half of the rope each by 12 feet. So you have to pull 24 feet of rope. 
The work done on each bag is still 


50 pounds x 24 feet = 1200 foot-pounds 


EXERCISE 3 (See Fig. 4.3.) Adding another pulley on the ceiling does not 
change things. Argue that the work to raise the 100-pound bag up 12 feet is 
still 1200 foot-pounds. 


EXERCISE 4 (See Fig. 4.4.) Argue that you have to pull the rope 48 feet to 
raise the bag 12 feet, but that a 25-pound pull is sufficient. The work done 
is still foot-pounds. 


The block-and-tackle problems have not been introduced here in order to 
teach you how to lift bags of sand. The point is to make intuitive the concept 
of work—force times distance—and to accustom you to energy bookkeeping. 
That term will be made clear in the next section. 


4.2 THE WORK-ENERGY THEOREM 


EXAMPLE Let a constant force of 1 newton push on a 1-kg air-track glider 
and accelerate it through 2 meters. The force then does an amount of work 
equal to 


1 newton X 2 meters = 2 joules 


What happened to the work? It has gone into changing the speed of the 
glider. How much? That depends on how fast the glider was going initially. 
Suppose it was at rest. The acceleration 


_ Inewton _ am: 
1kg sec? 


would last until the glider had traveled the 2 meters. How fast is it going at 
the end? You know how to solve this kind of problem pretty well by now. 
We picked easy numbers on purpose. After 1 second it is going at 1 m/sec 
and has covered 0.5 m. After 2 seconds it has gone the whole 2 meters and 
is going at 2 m/sec. 


4.2 THE WORK-ENERGY THEOREM 


But what if the glider had already been moving forward before the force 
was applied? Then it would have taken less than 2 seconds to cover the 2 
meters, and it would have gained less than 2 m/sec in speed from the action 
of the force. What should we do our bookkeeping on? Is there a quantity 
characterizing the motion of the glider that does change by the same amount 
when the same amount of work is done? We tackle that question algebra- 
ically: 

Constant force F on mass m, acts through distance s 

Initial speed v; 

Final speed vy 

Acceleration a lasts time t, so Y — 0; = at 

Average speed = 4(% + vi), so 

distance s = ¿(vp + u,)t 

Eliminate the time: 

Hor + vi) (4% — v) 
a 


k ho? — bv? 


a 


work done = Fs (Now use F = ma) 
= mas (Now put in for s) 
= im} — imo; 
The quantity }mv* is called the kinetic energy. This is the quantity that al- 
lows bookkeeping. The theorem that we have proved is 
WORK-ENERGY THEOREM The work done on the mass is equal to the change 
in its kinetic energy. 


Now come back to our example, the 1-kg glider with 2 joules of work 
done on it. What increased by 2 joules regardless of the initial speed? The 
kinetic energy. 


a 
EXERCISE 5 Let m = 1 kg, s = 2 m, and v; = 1.5 m/sec. Then the initial 
kinetic energy is 

imo? = 1,125 joules [Verify] 
The final kinetic energy is 

imo? = 1.125) + 2J = 


Verify that the final velocity v is indeed the result of an acceleration of 
1 m/sec? over 2 meters. 


Me ee 
Sm a ET 


Why is kinetic energy, #mv*, an interesting concept? Essentially, it is be- 
Cause it allows us to do another kind of bookkeeping. Kinetic energy is a 
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quantity that is larger for a fast object than for a slow one, larger for a mas- 
sive object than for a light one. In Chapter 2 we defined momentum, also a 
measure of “how much motion.” Which is the better measure of motion, 
kinetic energy or momentum? Two hundred years ago, that was a contro- 
versial question. Both lend themselves to bookkeeping, but different kinds 
of bookkeeping. Both tell something about how hard it is to start a certain 
motion, or how hard it is stop it. The kinetic energy of a bullet, for example, 
is a measure of how far it will penetrate into a block of wood. It is also a 
measure of how much it heats up the block of wood. The logical connection 
between kinetic energy and temperature will be made in Chapter 6, Pressure 
of Air and Water. 


Potential Energy 


To lift 1 kilogram takes a force of 9.8 newtons. To lift 1 kilogram up 1 meter 
takes an amount of work equal to 9.8 joules. What if, having been raised 1 
meter, 1 kg is dropped? What happens to the work we did on it? [Answer: 
It goes into kinetic energy.] After falling 1 meter, the 1-kg mass will have a 
kinetic energy of 9.8 joules. That is what the work-energy theorem says. 
Gravity provides a downward force of 9.8 newtons. That force acts through 
a distance of 1 meter. Work done = 9.8 joules. If we had dropped it from 
double the height, the kinetic energy gained in falling would have been 
doubled. Had we dropped double the mass, we also would have doubled 
the kinetic energy. Remember the sand bags. The energy bookkeeping is 
straightforward. The work done in lifting a mass up against gravity all goes 
into kinetic energy when the mass is dropped back down to its original 
level. 

It is useful to have a word that describes “how the work is stored” while 
the mass is waiting to be dropped. But it is not work that is stored. Neither 
is it kinetic energy. The useful word is potential energy. When the 1-kg 
mass is raised up 1 meter, 9.8 joules of work is done on it. We say its poten- 
tial energy is increased by 9.8 joules. When it falls down 1 meter, that po- 
tential energy is lost and “converted” into kinetic energy. This is a conve- 
nient way to talk. It implies that the sum of potential energy and kinetic 
energy is what enters the bookkeeping. 

Here is a quick review of our energy bookkeeping: 


To lift mass m against gravity requires a force mg 

To raise mass m up to height h requires work mgh 

Change in potential energy = A (P.E.) = mgh 
When mass m falls down from height h, 

A (P.E.) = —mgh 

Change in kinetic energy = A (mv) = =A E.) 

Repeat: A (mv) = mgh 


Notice that we never said what the value of the potential energy is. We 
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talked only about changes in P. E. In other words, the level at which the 
P. E. of an object is zero was not defined. We shall continue to live with 
that ambiguity. If you don’t like it, you can define your own zero, After all, 
the zero is arbitrary. How about sea level? That way negative values of P.E. 
won't seem strange. The point is, regardless of where you take the zero, the 
statement 


A (m°) = —A (P.E.) 
is equivalent to the statement 
kinetic energy + potential energy = constant 


You will read about the “Law of Conservation of Energy.” People may have 
in mind other forms of potential energy besides gravitational, For example, 
in Chapter 13 we shall take up electrostatic potential energy. But this kind 
of bookkeeping is what the terminology is about. 


EXERCISE 5 My mass is 75 kg. Consequently, I weigh 735 newtons. When I 
step up a 0.15-m step, I increase my P.E. by joules, If I jump down 
0.15 m, my landing speed is m/sec. That makes my kinetic energy 


on landing mv? = joules. 
EXERCISE 6 To climb the full 3 meters between floors requires work 735 
newtons Xx 3m = joules. 


Note that it does not matter how steep the stairs are. In climbing stairs, I 
move forward as well as up. But my weight pulls vertically down on me. So 
the work I do against gravity depends only on my vertical displacement. 
The definition of work has to be refined when the force and the displace- 
ment are not in the same direction. 


DEFINITION Work is the product of force times the component of the dis- 
placement parallel to that force. 


So the work done against gravity would be quite the same if I went up a 


5 
3 
D 


EXERCISE 7 A car might have a mass of 10° kg. When you drive up a hill 
10? meters high, by how much is the potential energy of the car increased? 


EXERCISE 8 A fly might have a mass of 50 milligrams (= 50 x 107° g = 50 
X 10° kg). How much work is required to lift it up 1 meter? Does the fly 
increase its potential energy by that much in climbing 1 meter higher on the 
wall? In climbing 1 meter higher in the air? 
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4.3 ELASTIC COLLISIONS 


In Chapter 2 we defined what is meant by an elastic collision between two 
objects: Their relative speed after the collision is the same as their relative 
speed before: 
jo. = v| = [2 z a| 
We now show that an elastic collision conserves the total kinetic energy of 
the two colliding objects. 
All that is needed for the derivation is the conservation of momentum: 
mw, + Mmm = mwi =i MV> 
Rewrite the condition for elastic collision in the form 
v — v = (v — v) 
or 
v + v = u + v 
Rewrite the momentum conservation equation: 
m @ — v) = -m (vz — v2) 


The two equations can now be combined so as to relate the kinetic energy 
before to the kinetic energy after the collision. Just multiply the equations 
together: 


m wr — v) = -m (vy — v3) 
In kinetic-energy language: 
mwi + imo = Amv? + imor 


Repeat: The total kinetic energy is the same after the collision as before. 

On the air track, elastic collisions are the ones between gliders fitted with 
spring bumpers. During the collision, while the bumper spring is being 
compressed, work is done against the spring. We say that “elastic potential 
energy” is stored in the spring. As the spring expands and does work on 
the gliders, that elastic P.E. is converted back into the kinetic energy of the 
gliders. What is special about elastic collisions is that no energy is lost in the 
two conversions, kinetic-to-potential and potential-to-kinetic. Why is that 
special? Doesn't the work-energy theorem guarantee that the energy books 
will balance? 


Nonconservation of Mechanical Energy 


You know about collisions that are not elastic. For example, if the bumper 


spring is replaced with putty, the two gliders stick together. In that case, 
the kinetic energy after the collision will be less than before (see Exercise 9). 


4.4 SPECIAL TOPIC: HOW HIGH CAN | JUMP? ABOUT AS HIGH AS A FLEA 


What about the work-energy theorem? How can we save the energy book- 
keeping? The answer is that some of the work done on the putty goes into 
internal motions of the putty. The molecules of the putty end up with the 
kinetic energy needed to balance the books. It is kinetic energy of random 
motion, and we call it heat. The putty gets warm. 

Energy bookkeeping involving heat will be taken up in Sec. 8.3, under the 
heading “First Law of Thermodynamics.” Here, you may want a guideline 
to tell when the potential-energy concept is applicable. When it is not, me- 
chanical energy can be “lost” by doing hidden internal work. The rule is 
that the potential-energy concept is limited to central forces that depend 
only on the positions of objects, not on velocities or on the time. That says 
that work done by frictional forces, by electric motors, by heat engines, or 
by the wind cannot be described in terms of potential-energy changes. A 
central force is a force directed along the line joining two interacting objects. 


EXERCISE 9 A 1-kg glider moving at 1 m/sec bumps into an identical glider 
at rest. The putty between them makes them stick together, and they move 
off together. 

(a) Conservation of momentum implies that their speed after the collision is 
m/sec. 

(b) Kinetic energy before collision = 0.5 joules. (Verify.) 

(c) Kinetic energy after collision = joules. 

(d) What fraction of the original kinetic energy was lost? 


EXERCISE 10 Same as Exercise 9, except that the stationary glider’s mass is 
2 kg. 


m 4.4 SPECIAL TOPIC: How High Can I Jump? About as 
High as a Flea 


Our muscles are capable of doing work. In what form is energy stored in 
them, waiting to be converted into work? Is it potential energy? The word 
is chemical energy. The scaling argument that follows assumes that the 
amount of energy a muscle can store is proportional to how much muscle 
there is. It shows why it is reasonable that a flea and a man should be able 
to jump to about the same height (see Fig. 4.5). 


Our giant (Sec. 3.1) will not do well in the competition for who can jump 
highest. He weighs too much in relation to his strength. Can you imagine 
an elephant jumping? From a crouched position, I can’t even jump up half 
my height off the ground. A flea can jump about 200 times its height. The 
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FIGURE 4.5 How high can I jump? 
About as high as a flea. 
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actual height of the jump is about the same. Here is the argument why a 
big animal and a small animal have roughly the same limitation here. 

We are talking about a jump from rest. As your legs straighten, you leave 
the ground with an upward center-of-mass velocity v and kinetic energy 
4mv*. After take-off, your center of mass continues to rise to a height h above 
its take-off altitude. At this point all that kinetic energy has been converted 
to potential energy: 


mgh = mv? 


Of course, your mass m is a needless variable here. It cancels out. But your 
kinetic energy was the result of your leg muscles doing work to straighten 
your legs and accelerate that mass m. It is a reasonable assumption that the 
amount of chemical energy rapidly available in the leg muscles is propor- 
tional to the mass of muscle. If leg muscle forms the same fraction of total 
mass in man as in a flea, then the energy available for jumping should be 
proportional to total mass. Consequently the height h should also be the 
same. 

There is actually an error in that argument. You crouch down, bending 
your knees. During the upward acceleration of your center of mass your 
legs straighten and raise your center of mass a distance s before your feet 
lose contact with the ground. The amount of work done by the muscles is 
not just the kinetic energy }mv* that they give your body. There is also the 
potential-energy gain mgs due to raising your center of mass up to its take- 
off altitude. That term was left out of the scaling argument of the previous 
paragraph. We now put in numbers to see how important it is. 

For a grown-up, the straightening distance s might be 0.6 meters. If the 
jump height h is also 0.6 m, then the work done by the leg muscles in the 
jump is 

work done by legs = mgs + įmo? 
= mgs + mgh 
= mg (0.6m + 0.6 m) 


We made a 100% error in using 0.6 meter in place of 1.2 meter in our scaling 
argument. For the flea, the distance s the legs stretch is at most a couple of 
millimeters. Writing mgh in place of mgs + mgh was a very good approxi- 
mation there. In that case, why can’t the flea jump twice as high as we can? 
Perhaps it can. You are asked for your ideas in the Question for Further 
Thought at the end of the chapter. 


EXERCISE 11 In the argument above, we replaced the kinetic energy jo” at 
take-off by mgh. Why is this correct? 


4,5 POWER 


4.5 POWER 


The rate of doing work is called power. The SI unit of power is the watt: 


1 watt = Tonle 


second 


A 1-watt motor puts out 1 joule of work per second. If something does work 
at the rate of 1 watt for 1 hour, it does 1 watt-hour of work: 


1 watt-hour = 3600 watt sec = 3600 joules 


1 kilowatt-hour, the unit favored by the electric utility companies (1 kwh = 
3.6 x 10° joules), is the work done in lifting about 5000 human beings 1 
meter off the ground. Alternatively, it is the work done in lifting one human 
being 5000 meters. 


——————_——————— 
a 
EXERCISE 12 Verify. 

a 22 
C 

A warning may be useful about possible confusion arising from the pop- 
ular usage of words. The electric utility company sells you “power.” Pre- 
sumably, it charges you for how much power you use. Your bill tells you 
how many kwh you used. In other words, you are charged for watt-hours, 
not for watts—for energy, not for power. 

The next paragraph goes through an estimate of how much power the 
human body can deliver, The amount is impressive. Peak power is about 1 
kilowatt. The Special Topic that follows presents just enough theory of flight 
to show why human-powered flight is not practical: We just don’t have 
enough endurance. 


E CLIMBING STAIRS 


When I step up a 12-inch step, I am doing 1 foot-pound of work on every 
pound of my body. That means I am doing 165 foot-pounds of work on my 
165 pounds. Converting to metric, every kilogram gets raised 0.305 meters, 
So my 75 kg requires 


work = 75 kg x 9.8 — x 0.305 m = 224 joules 
g 


to be raised up 1 foot. In my house it is about 8 ft. 6 in. between floors (2.6 
m). That means I do 1.9 x 10° joules of work against gravity every time I 
walk upstairs. Let’s round that off to 2000 joules. How long does that 
amount of work take? If I take the stairs two at a time and run as fast as I 
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FIGURE 4.6 Climbing stairs. The 
power required is your weight 
times the vertical component of 
your velocity. 
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can, it takes me about 2 seconds. That means I am putting out 1000 joules 

per second: 

0° joules 
sec 


1 = 10° watts = 1 kilowatt 
And that neglects the work my muscles do that just heats them up! Total 
power is more than twice the output power. 

I can’t keep up that pace for more than a few seconds. I run out of breath. 
When I walk in the mountains, I can comfortably gain around 400 meters of 
altitude in an hour. That is a power output of 


newtons y 400 m 
kg 3600 sec 


That is about an order of magnitude down from my peak exertion. Here is 
a beautiful example of Nature’s way of designing for emergencies. I have an 
enormous short-run capability, many times greater than my circulatory sys- 
tem can handle in the long run. 

It will be useful to review how the power was calculated in each case. We 
multiplied the lifting force mg times the vertical distance s to be gained. That 
is the work done against gravity. This is divided by the time t it takes to do 
that work, to obtain the power: 


75 kg x 9.8 = 82 watts 


work mgs s 
power = — = Me = mg -2 
time t t 


Power is the product of a force times a velocity. It is the lifting force times 
the rate of vertical displacement s/t. We call s/t the vertical component of the 
velocity v. Accordingly, we write 


power = Fo, 


where v is the component of the velocity v parallel to the direction of the 
force F (Fig. 4.6.). In climbing stairs this is only about 70% of Fu, since the 
velocity v is directed along the staircase, not vertically up. (See Appendix 
A.) 


SESS EEE a a al 


EXERCISE 13 Verify that figure of 82 watts for my power output in mountain 
climbing. 


EXERCISE 14 How much power is required to accelerate a 1-ton car from 19 
m/sec to 21 m/sec in 0.5 sec? Use m = 10° kg. Neglect friction. 


EXERCISE 15 A 10°-kg car accelerates from rest to 10 m/sec in 4 seconds. 
Calculate the average power needed to supply the additional kinetic energy: 
Again neglect friction. There is no implication that the acceleration is 
constant. 
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4.6 FLYING 


ee ze = 
The Gossamer Condor, a human-powered aircraft. 


m 4.6 FLYING 


If we could only fly like the birds! Recently, the old dream of muscle-pow- 
ered flight has been realized with a pedal-powered aircraft. The pilot was a 
superb athlete. Most of us could not sustain quite enough power output to 
power flight. The numbers are right near the margin of the possible. This 
Section attempts to estimate the minimum power needed. 

In the previous section, when we calculated the power needed in climbing 
Stairs, we neglected air resistance. This was legitimate because the frictional 
“drag” force of the air tending to slow you down is so small. It is much less 
than the lifting force the stairs have to supply, which is equal to your 
weight. When you fly through the air, the drag force acting in the direction 
opposite to your velocity relative to the air can no longer be neglected. The 
aerodynamicist talks about the “lift-over-drag ratio” of a wing. This is the 
ratio of the upward force to the horizontal retarding force of the air moving 
Past the wing in horizontal flight. 

What you have to know about the physics of flight is that every wing 
design has a stalling speed. Below this speed, the wing no longer gives 
appreciable lift. Using our terminology, below the stalling speed, the L/D 
ratio becomes very small. At somewhat higher speeds, the L/D ratio can take 
on values as high as 25. A lift-over-drag ratio of 10 is more common. With 

= 10, a weight of 1000 newtons could be held aloft with a forward 
thrust of 100 newtons. The forward thrust would be supplied, say, by a 
Propeller. The figure 1000 newtons represents the weight of a human adult 
fitted with very light wings. Now even with that optimistic L/D ratio of 25, 
a lift of 1000 newtons requires a thrust of 40 newtons. Given a stalling speed 


101 m 


m 102 


ENERGY AND POWER 


as slow as 15 m/sec (= 33.6 miles per hour), flying would still require a 
power output of 


40 newtons x 15 a 600 watts 
sec 


That is more than I can sustain for much more than a minute. If you want 
a heavier craft, the power required grows in proportion. For speculation on 
improved design, see the Question for Further Thought at the end of the 
chapter. 

How do the birds do it? They are capable of a lot more power per unit 
body weight. Being smaller and lighter, a bird can get along with thinner 
bones. Its skeleton therefore represents a smaller fraction of its body weight 
than ours. Remember the argument in Sec. 3.1 on the size of man and ani- 
mals. A greater fraction of the bird’s body is muscle, and its circulatory sys- 
tem is designed for a higher metabolic rate per pound than man’s. The 
larger birds either fly briefly and then rest, or they do a lot of gliding, letting 
the wind supply the power. E 


4.7 USEFUL MATHEMATICS: VECTORS 


So far we have talked only about motion in a straight line. All collisions 
were head-on. A velocity was either + or — because on a straight line the 
only directions are forward and backward. Now we want to talk about side- 
ward, about things moving at an angle to each other. We need to free our- 
selves from the constraint to one dimension and go to the real three-dimen- 
sional world. In three dimensions, a velocity will no longer be represented 
by one number, but by three numbers: the x, y, and z components of the 
velocity vector. (See Appendix A.) 

The next section goes back to freely falling objects. It treats the kinematics 
of throwing. 


m 4.8 SPECIAL TOPIC: How Far Can I Throw? 


When the ball leaves your hand, it has motion in a well-defined direction. 
We talk about its initial velocity. If you throw it toward the east and a little 
bit up, our convention would say that the initial velocity has an x-compo- 
nent and a z-component. If the acceleration is vertically down (gravity), the 
subsequent velocity has only x- and z-components, no y-component. The 
mathematician would say that the motion is confined to the xz plane. It is 
motion in two dimensions. a 


Before doing any arithmetic or algebra, it is best to make some simplifying 
assumptions. One is to neglect the spin of the ball and represent the ball’s 
position as a function of time by a point in the xz plane, 


4.8 SPECIAL TOPIC: HOW FAR CAN | THROW? 


x= x(t) 
z = z(t) 


The other is to neglect air resistance. Those are good assumptions for a 
heavy ball. They are bad assumptions for a light ball, You know that they 
would be terribly misleading for a Ping-Pong ball. They could never predict 
the curve ball in baseball pitching. They get worse the faster the speed of 
the wind past the ball. They do make the kinematics simple. 

Suppose that the initial velocity is 20 m/sec, directed at an angle of 30° 
above the horizontal (Fig. 4.7). The components of that initial velocity vector 
are 


Dy = 17.32 — 
sec 


EXERCISE 16 Verify that Vv; + v? = 20 m/sec, and that v/v, = tan 30°. 
(HINT: Tangent = opposite/adjacent.) The acceleration of 9.8 m/sec? is di- 
rected vertically downward. The components of the acceleration vector are 


a, = 0 


ay = 0 
m 
a = —9.8 —> = — 
z sec? 8 

Finding the trajectory of the ball represents the solution of two problems: a 
uniform motion in the x-direction and a motion at constant acceleration in 
the z-direction. For example, we might ask where the ball is 2 seconds after 
being released. The x-component of the velocity remains at a constant 17.32 
m/sec. So the x-displacement is just 


EO = 17:32 2 x 2 sec = 34.64 m 
sec 


The z-component of the velocity is not constant (Fig. 4.8). At t = 2 sec, it 
is ý 


10 m m m 
v(t) = PiS (98 2] x (2 sec) = =9.6 = 


The ball rose and has already started to lose altitude. The average v: over 
the 2 seconds is +0.2 m/sec. The ball ends up only 0.4 m higher than it was 
when released. 


EXERCISE 17 Let the initial velocity vector have components (vo, 0-9). De- 
tive the formulas 


30° 


FIGURE 4.7 
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V(t) = Vro 

v(t) = vo — gt 
x(t) = Vot 

z(t) = vot — Sgt 


A geometric derivation is suggested: Sketch graphs of v(t) versus £ and in 
terpret the areas of the little triangles, as in Sec. 1.1, Kinematics. 


EXERCISE 18 When does the ball reach its highest point? Call that time top. 
At trop the ball has stopped rising: VAttop) = 0. 


vo- gt =0 
a 


Note that trop is independent of vxo and depends only on vo. 


Now to come back to the question asked in the section title: How far can 
I throw? The range of a projectile is defined as the horizontal distance i 
travels before coming back to its original height. You can see that the rangi 
is the value of x at time t = 2 tiop: 

20,0020 

8 

That is the result of the symmetry between the up and down portions of th 
trajectory. Problem 29 shows that the best angle for throwing far is 45°, 
other words, if the initial speed vọ = Vvo + v% is given, a 45° launchin 


angle maximizes the range. That means vxo = vo = V3 vo. A basebal 
pitcher can throw close to v, = 40 m/sec. That gives his throw the followi 


range: 
( Nef ( $ ) 
sec sec 


= 163 m = 536 feet 


That is a long throw! Of course, you remember that we neglected air resi 

tance. Anyway, if you can’t compete in that league, remember that a 1 i 
increase in your speed vp gives you a 2% increase in maximum range 
[HINT: Range is proportional to vg, and (1 + 0.01)? = 1.02.] 


range = Vwo X 2ftop = 


vi 


range = 


EXERCISE 19 How much kinetic energy does that pitcher impart to a 1 
gram ball with a 40-m/sec pitch? 


NOTE: Don’t underestimate his muscular effort. He has to impart some 
netic energy to his arm too, which has a mass of several kilograms. 


KEY TERMS 


SUMMARY 


To raise a weight of 9.8 newtons up to a height of 1 meter requires an 
amount of work equal to 9.8 joules. 

A mechanical device that allows raising a weight with half the force requires 
that force to act through twice the distance to raise the weight to the same 
height. The work done is the same, 


According to the work-energy theorem, work done on a mass is converted 
into kinetic energy. This is the basis of energy bookkeeping and the idea 
that energy is neither created nor destroyed (energy conservation). 

Elastic collisions are lossless; that is, the total kinetic energy is the same after 
as before. 

In collisions that are not elastic, kinetic energy of the colliding masses is 
converted into energy of internal motion or deformation. 


When a muscle does work, it uses up chemical energy. 

Man and flea can jump about equally high. This is roughly predicted by 
simple scaling laws, assuming that the amount of work a muscle can do 
rapidly is proportional to its mass. i 

Power is the rate of doing work = Fuy. 1 watt = 1 joule/sec. 


The peak rate of human power output is more than 10 times the rate we can 
sustain for longer times. 


Human-powered flight is impractical because we cannot sustain the needed 
power output to overcome air resistance. 

Mass is a scalar, Displacement, velocity, acceleration, force, and momentum 
are vectors. 


Under the action of gravity, the horizontal and vertical components of dis- 
placement obey independent equations. 


Nore: This is only true in the absence of frictional forces, 


KEY TERMS 


Work A force does work when the object on which the force acts is displaced in 
the direction of the force. The work done is the product of the force times the 
component of the displacement in the direction parallel to the force. Alternatively, 
the work is the product of the displacement times the component of the force in 
the direction parallel to the displacement. If the force is not constant over the 
displacement, the average force must be used, Then the definition requires a sum 
of products using small displacements. 

Block-and-tackle One or more pulleys and ropes so arranged as to amplify the 
force available for pulling. With one rope and one pulley, the available pull can be 
doubled. 


Work-energy theorem The work done on a mass is equal to the change in its kinetic 
energy. 
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Kinetic energy Energy of motion = dmv”, where m = mass and v = speed. 

Potential energy (P.E.) The energy an object has by virtue of its position. The work 
done in getting an object to its position from some reference position. For gravi- 
tational potential energy simply write mgh, where mg is the weight and h is height 
above some reference altitude. A potential energy function can only be defined for 
forces that are functions of position alone. 

Joule Unit of energy. The work done by 1 newton acting through 1 meter. 1 joule 
= 1 newton x 1 meter. 

Elastic collision A collision between two objects whose relative speed after is the 
same as before. Elastic collisions conserve kinetic energy, that is, they are lossless. 

Power Rate of doing work = Fy. 

Watt Unit of power. 1 watt = 1 joule/sec. 

Kilowatt-hour (KWH) The amount of energy supplied if work is done at the rate 
of 1000 joules per second for 1 hour. 1 kwh = 3.6 x 10° joules. 

Lift The force of the wind on the wing perpendicular to the wind direction. 

Drag The force of the wind on the wing parallel to the wind direction. 

Stalling speed The slowest speed at which an airplane will fly. 

Vector In three dimensions, a vector is a set of three numbers called components 
that transform in the same way as a displacement under a change of reference 
frame. Accordingly, a vector is something having a magnitude and a direction. 
Examples: Displacement, velocity, acceleration, force, and momentum. 

Scalar A quantity that is invariant under a change of reference frame. Accordingly, 
a scalar has a magnitude and does not have a direction, nor is the magnitude a 
function of direction. Examples: mass and energy. 

Component of a vector The x-component of a vector is the projection of that vector 
on the x-axis. 

Magnitude of a vector Also called absolute value. If a vector has components ( Vy 
V,, V.), its magnitude is (V$ + Vi + V2". 

Simple machine A device for transforming forces. The six basic types of simple 
machine are the lever, the wedge, the wheel and axle, the inclined plane, the 
pulley, and the screw. 


Mechanical advantage The mechanical advantage of a simple machine is the ratio 
of the output force to the input force. 


REVIEW QUESTIONS 

* How much work is done when a 98-newton weight is raised 2 meters? 
NOTE: That is a 10-kg weight. 

* Is all that work converted into potential energy of the 10 kg? 


* If the weight is dropped and falls to its original level, how many joules of kinetic 
energy does it have just before it hits the ground? 
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* Why does the kinetic energy not depend on whether it drops straight down or 
slides down a frictionless ramp? 


* What happens to the kinetic energy when the weight hits the soft ground? 


* Show how a rope and pulley can be used to lift a heavy weight with a force equal 
to half that weight. 


* If the speed of an object is doubled, its kinetic energy is multiplied times 


* If the speed of an object is increased by 1%, its kinetic energy is increased by 
%. 


* In order to increase the kinetic energy by 1%, the speed has to be increased by 
%. 


° If two equal masses have an elastic head-on collision, they simply interchange 
velocities. True or False? Prove your answer. 


* If two equal masses have a totally inelastic collision so that they stick together, 
anywhere up to 100% of their total kinetic energy may be lost, that is, may go 
into internal motion. True or False? (Hint: How about a symmetric collision?) 


* If you jump straight up, the kinetic energy you lose as you gain altitude is con- 
verted into potential energy in such a way that you lose an equal amount of 
kinetic energy in every inch your center of mass rises. True or False? Explain. 


* At first we argued that the height you can jump from a crouched position is 
proportional to the energy your leg muscles provide. What was wrong with that 
argument? 


* In jumping, you raise your weight mg up to an effective height s before your feet 
leave the ground. This takes a time t. What is your average power output during 
this time? 

* I weigh 165 pounds. If I walk up a flight of stairs having a 10-foot vertical rise, I 
do 1650 foot-pounds of work against gravity. Why does the slope of the stairs not 
affect the amount of work done against gravity? 


* If run down again, what happens to the potential energy I gained in the climb? 


* Argue that, if I run up the stairs very fast, I actually do a bit more work. 
(Hint: What happens to my kinetic energy?) 


* The amount of work done by an airplane engine in powering the plane for a mile 
is proportional to the lift-over-drag ratio of the wings. True or False? Explain. 


* For a given lift-over-drag ratio, the power needed to fly a level course is propor- 
tional to the speed. True or False? Explain. 


* A jet engine capable of providing a thrust of 10* newtons at a speed of 2 x 10? 
m/sec is advertised as delivering 2000 watts of power. Why do you think there is 
a misprint in the advertisement? What might the writer have intended? 


* Tf the initial speed is doubled, the range of the throw is multiplied times 
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* 1. Block and Tackle Argue that in order to raise 
the load up 12 feet, you have to pull the rope 36 feet. How 
much tension is needed in the rope to lift a 100-pound 
load? 


PROBLEM 1. Block 
and tackle. 
Mechanical 
advantage is 3:1. 


>> 2. Mechanical Advantage A pulley is one of the 
six classes of “simple machine.” The others are the lever, 
the wheel and axle, the wedge, the inclined plane, and the 
screw. All of these are devices for transforming forces. 

In the pulley system of Fig. 4.3, a force of 50 pounds 
can raise a weight of 100 pounds. We say that the system 
has a mechanical advantage of 2. The mechanical advan- 
tage is defined as the ratio of the output force of the ma- 
chine to the input force to the machine. If we neglect fric- 
tional losses in the machine, the ratio of the distances 
through which those forces must act in doing work is the 
reciprocal of the mechanical advantage. 

(a) In Fig. 4.3, in order to lift the weight 1 foot, the rope 
has to be pulled _______ feet. 

(b) In Fig. 4.4, in order to lift the weight 1 foot, the rope 
has to be pulled feet. The mechanical advantage 
rr 

(c) The figure here shows a lever that allows a 100-pound 
weight to be lifted with a 50-pound force. The mechanical 


PROBLEM 2. 
Mechanical 
advantage: Lever 
allows a 100-pound 
weight to be lifted 
with a 50-pound 
force. 
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advantage of this lever is . To raise the weight 1 
foot, the force applied vertically downward at the long 
end has to act through ——— feet. 

(d) The teeter-totter is another “lever” arrangement (see 
the second figure). Describe in words. How can the light 
child “lift” the heavy grown-up? 


PROBLEM 2. The bigger one has to sit closer to the middle 
in order to balance. 


* 3. Inclined Plane A ramp with a grade of 1 in 5 
has a mechanical advantage of 5. In pulling the load 5 me- 
ters up the ramp, it is raised 1 meter. A load weighing 
1000 newtons can be pulled up a frictionless ramp by a 
force of 200 newtons. 

(a) How much work is done by the 200-newton force in 
pulling the load 5 meters? 

(b) How much work is done in raising the 1000-newton 
weight by 1 meter? 


E 
1 
PROBLEM 3. 


* 4. Pushing the Car Suppose that it requires 4 
force of 100 newtons (= 22 pounds) to keep a car rolling 
slowly on a level road. This is just the force to overcome 
friction. How much work is done in pushing it a mile (= 
1.6 x 10° m)? ______joules. 


* 5. Pushing the Pencil Suppose that it requires 4 
force of 1 dyne (= 107" newtons) to move the pendil 
across the paper in writing. How much work is done in 
writing the solution to this problem—about 0.1 meter of 
pencil lines? joules. Express the answer also in 
ergs. Conversion: 1 erg = 10°’ joules = 1 gram cm//sec - 
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** 6. Coefficient of Friction (a) How much work is 
done by a force of 6 newtons pushing a blackboard eraser 
across 1 meter of blackboard? 


Note: That 6 newtons is a force in the direction of the 
motion. It is the tangential component of the total force 
pushing the eraser. The work goes into warming up the 
board and the eraser and making a sh-shing sound. 


(b) To erase properly, I have to push the eraser into the 
board with a force of about 8 newtons. But that 8 newtons 
does no work. The board does not deform appreciably un- 
der the 8-newton push, and the work of deforming the 
eraser is small. The ratio of the tangential frictional force 
impeding the motion to the normal force is called the coef- 
ficient of friction. In this case it is 0.75. Verify. 

(c) Coulomb’s Law of Friction asserts that the coefficient 
of friction is independent of the normal force. In practice, 
this is only an approximate law. Assuming it to be true for 
our blackboard, what would be the frictional force if I dou- 
ble the normal force to 16 newtons? 

(d) How much work would then be done in moving the 
eraser 1 meter? 

(e) What is the net force with 16 newtons normal force and 
12 newtons tangential force? [HINT: Pythagoras! In part 
(b), the net force is 10 newtons.] 


* 7. Car at Highway Speed A reference book says 
that it takes 9 kilowatts to overcome tire and air friction 
when running a car at 44 miles/hour (= 20 m/sec). Calcu- 
late the horizontal force of the road on the tires. 


x% 8. Friction A 5-kg chair is dragged slowly across 
the floor by a horizontal pull of 30 newtons. Some of the 
energy expended goes into the air as a scraping sound. 
Some of it goes into warming the floor. 

(a) How much work is done in dragging it 2 meters at 
constant speed? 

(b) If the pull is increased to 50 newtons, the chair speeds 
up as it is pulled. Assume that it starts from rest and the 
frictional force opposing its motion remains 30 newtons. 
Calculate its acceleration. 

(c) How long does it take to go 2 meters? How fast is it 
moving at the end? 

(d) How much work does the 50 newtons do on the chair? 
(e) How much of that work goes into kinetic energy of the 
chair? Into heat? 

(f) What is the average power supplied to the chair over 
the 2 m? 
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(8) What is the instantaneous power supplied to the chair 
as it passes the 1-meter mark? 


** 9, Climbing Stairs, Climbing Mountains A stair- 
case with the riser equal to the depth of the step makes a 
45° angle with the vertical. 

(a) Let & be the angle the climber's velocity v makes with 
the vertical. Show that power = mgv cos . For “All the 
trig you need,” see Appendix B. 

(b) For a 45° staircase, show that this power is about 70% 
of mgv. 

(c) A pleasant trail up a mountain might have a 1-in-5 
grade. That is another way of saying cos @ = 4. If I aver- 
age 400 meters of vertical ascent per hour, how fast am I 
walking on the trail? m/sec. 

* 10. Climbing Mountains to Work Off Your 
Lunch A glass of milk can deliver roughly 100 Calories 
of chemical energy in being metabolized (= 4.2 x 10° 
joules). How high do you need to climb to “use up” that 
much energy? You can be consoled to learn that your 
straightforward answer is about twice too big because 
your body is at best 50% efficient in converting chemical 
energy into work. 


* > 11. Potential Energy of a Linear Spring For small 
deformations, stress and strain are proportional. (See Sec. 
3.2) To stretch a spring by an amount x from its equilib- 
rium length requires a force kx. The “spring constant” k is 
proportional to the Young’s modulus of the material and 
depends on the geometry of the spring. How much work 
does this stretch require? The guess 


work = force x distance = kx + x 


is wrong. The force is not constant during the displace- 
ment. The average force over the displacement x is only 
tkx. The correct answer is 


work = average force x distance = 4kx « x 


Consequently, the elastic potential energy stored in the 
spring is 


P.E. = tke 


(a) To stretch the 1-meter steel wire of Section 3.2 by 1 
millimeter requires a force of 98 newtons. The average 
force over that displacement is 49 newtons. Hence the po- 
tential energy stored in the stretched wire is 

joules. 

(b) Verify that the spring constant is k = 0.98 x 10° new- 
tons/m. 
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* 12. Work in Jumping How much work must I do 
on my 75 kg to jump 0.6 m off the ground? Assume that I 
start by crouching, that is, lowering my center of mass 0.6 
m below its “takeoff” altitude. [Answer: 882 joules] 


* 13. Vertical Jump 

(a) How high can you jump with a vertical take-off velocity 
of 2 m/sec? 

(b) How long does it take to achieve full altitude? 

(c) How long does it take to fall back to the ground, that 
is, back to the take-off altitude? 

(d) How fast is your center-of-mass traveling when you hit 
the ground? 


x 14. Vertical Jump 

(a) To jump to a height of 1 meter, what must be the take- 
off speed? 

(b) To stay in the air for 1 second, what must be the take- 
off speed? How high does that take you? 


*> 15. Jumping down You plan to jump down from 
a 6-meter-high platform. This can be dangerous! Assume 
that your legs can bend enough to give your center of 
mass 0.6 meters of vertical descent between the instant 
your feet touch the ground and the instant the center of 
mass comes to rest. 

(a) Plot the velocity of your center of mass versus time for 
the whole jump. Assume constant acceleration during the 
landing, that is, after your feet touch the ground. 

(b) Calculate the landing acceleration. Express the answer 
in m/sec’ and in g's. 

(c) The force on your feet during the landing is 

times your normal weight. 

(d) Assume a body mass of 75 kg. How much potential 
energy will you gain in climbing up to the 6-m platform? 
(e) How much kinetic energy will you have the instant 
your feet touch the ground? 


kÆ 16. Jumping: Man Versus Flea Suppose man and 

flea can both jump 0.6 m high from rest. Assume that the 

upward acceleration a over the leg-straightening distance 

s is constant. 

(a) If s = 0.6 m for man, calculate a. Express it in g's. 

(HINT: mas = mgh from conservation of energy.) 

(b) Calculate the force on his legs. Answer in the form 

E times his weight.” 

(c) If s = 2 mm for the flea, calculate the acceleration a 

and the force on the flea’s legs during the acceleration. 
For man, an upward acceleration of 1 g already puts a 

sizable strain on the leg muscles. It is like carrying another 

person your own weight on your shoulders. An accelera- 
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tion of 300 g, even if our legs could deliver it, would put 
intolerable stress on our internal organs. Is the flea 
stronger than we are? It is much stronger per unit weight, 
See Sec. 3.1, Size of Man and Animals. 


Problems 17-20 are Easy Problems on power. 
* 17 Walking Upstairs How much power does a 75. 
kg woman expend in walking upstairs if she takes 10 sec- 
onds to walk up one floor and it is 3 meters between 
floors? Neglect all frictional losses. watts. 


* 18 Jogging Suppose that jogging on flat ground at 
3 meters per second requires about 100 watts of power 
from the legs. (This is a rough estimate.) All that energy 
goes into friction, since no potential energy is gained and 
kinetic energy is essentially constant. (It is, if we neglect 
the “bouncing” up and down.) 

(a) What is the average forward component of the force of 
the ground on the runner? 

(b) What is the average upward component of the force of 
the ground on the runner? 

(c) Why does the upward component do no work? 


* 19 Jogging Uphill A 75-kg jogger runs up a 1-in- 
12 grade. That means the roadway makes an angle with 
the horizontal whose sine is 7s, or sin @ = 0.0833. His 
speed is 3 m/sec. Assume that 100 watts of the power de- 
livered by his legs goes into friction. 

(a) How much goes into raising his center of gravity? 

(b) How much power do his legs put out? 

(c) How much altitude does he gain in 10 seconds? Com- 
pare with Problem 17. 


* 20. Accelerated Running How much average 
power does this runner require to accelerate from zero t0 
6 m/sec in 2 seconds? Assume that 100 watts are required 
on the average to overcome friction, and he is on flat 
ground. The horizontal force on him is partly the force 
needed to overcome friction, partly that needed to accel- 
erate him. Do the bookkeeping on these forces. 

At the end of the 2 seconds, how much energy has gone 
into kinetic energy? How much into friction? 


* 21. Joules, Watts, and Calories When you climb 
a staircase or a mountain, not all the chemical energy you 
“burn” in your muscles goes into potential energy, that 
into raising your weight. Some goes into heating your 
body and the ground under your feet. In solving this 
problem, neglect this “losť” energy. in other words, ap” 
proximate the conversion of food energy into useful work 
as 100% efficient. 


pReOBIEMS 


a Fow many joules are required to raise 75 kg (= 165 
ounds) up 100 feet (= 30.5 m)? 

(o> <onvert that to calories (1 calorie = 4,18 joules) and 

rernm ember that the Calorie of the nutritionist is one kilo- 

calorie (= 10° lowercase calories). 

() A lump of sugar gives up about 18 Calories when me- 

taboo lized. How high does that amount of energy take a 

165—pP ound climber? 


NOTE: The efficiency of conversion is actually well below 
50 Ze - 


x> 22. Waterfall Warms River A waterfall is 10 me- 
trs high 

(a) WVV hat is the kinetic energy of 1 liter (= 1 kg) of water 
at th € bottom of the waterfall? Neglect the energy of hori- 
zon tal motion. 

(b) me calorie is defined as the heat energy needed to 
rais@ the temperature of 1 gram of water by 1 degree Cel- 
sius- Flow much does the 10-meter fall raise the tempera- 
ture Of the water? 

(c) Ef 10 tons (= 10° liters) of water go over the falls each 
second, how much power is wasted? watts. 


NOTE: Che 10-meter drop could have been harnessed to 
dive a generator. That is the meaning of the word 
“wasted.” 

OE 23. Airplane Power Requirement A certain light 


airplane has a mass of 500 kg including the pilot (total 
weis= Fit = 4900 newtons). At its cruising speed of 50 m/sec 
(= 112 mph) its lift-over-drag ratio is 10. 

@) EXLow much power does it require for level flight at a 
cons ta mt 50 m/sec? 

b) FEXowy much power does it require to increase its altitude 
at tre rate of 10 m/sec while flying at 50 m/sec, that is, to 
fly ah jl! at a 1-in-5 grade? (HINT: Don’t forget the drag. 
Asume LD unchanged.) 


tina Power at Constant Acceleration At uniform 

t= tion, it takes just as long to accelerate (i) from 9 m/ 

(a) Fi. 41 m/sec as (ii) from 19 m/sec to 21 m/sec. 

a aA the average power output needed to accelerate a 

stages of 1000 kg at an acceleration of 1 m/sec’ during 

b) W G) and (ii). 

for eh can you say about how the power requirement 

do th aes S tant acceleration depends on speed? (HINT: How 

(©) [Na K inetic-energy increases compare?) 

functie £ difficult] Write down a formula for power as a 
Ta of mass m, acceleration a, and speed v. 
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xÆ 25. Components of a Vector The speed of the 
boat in still water is 4 miles/hour. It heads its bow straight 
across the river, which is 1 mile wide (see figure). 

(a) Without knowing the speed of the river, calculate how 
long the crossing will take. 

(b) Without knowing the speed of the river, can you say 
in what direction the boat actually travels? Yes or No? 

(c) The river flows east at 3 miles/hour. Argue that the 
speed of the boat is 5 miles/hour. Sketch! 

(d) The eastward projection of that 5 miles/hour velocity 
vector is 3 miles/hour. Someone who sees the boat in sil- 
houette from the front (i.e., from the north) sees only that 
it moves to the left at 3 miles/hour. Let @ be the angle 
made by the velocity vector with the shore (with an east- 
ward vector). Show that cos 6 = 3. (Trig? See Appendix 
B.) 

(e) Someone who sees the boat in silhouette from the side 
(from the east) sees only that it moves to the right at 4 
miles/hour. What angle does the velocity vector make 
with a northward vector? Answer in the form cos @ = 


$ 4mph 


> 3mph 


SOA A R: OGLE 20, 


*%* 26. Addition of Velocities The boat (still-water 
speed 4 miles/hour) heads down the river (speed 3 miles/ 
hour). 

(a) How long does it take to go 1 mile? 

(b) How long does it take to go 1 mile down and back? 
(c) Compare with the time to go 1 mile across the river 
and back. 


NOTE: A similar problem will be assigned in Chapter 20, 
in connection with the Michelson-Morley experiment 
(Problem 20.22). 


** 27. Inclined Plane A 1-kg block slides down a 
frictionless plane inclined at 30° to the horizontal. This 
means that in sliding down 2 m along the plane, it loses 
1 m of altitude (see figure). 

(a) According to energy bookkeeping, it loses 9.8 joules of 
potential energy. Therefore, its kinetic energy at the bot- 
tom must be joules. 

(b) Its weight is 9.8 newtons. The component of this force 
along the plane is 9.8 newtons x sin 30° = 4.9 newtons. 


= 
<----3----> 


PROBLEM 27. 


According to Newton's Second Law, its acceleration is 
___ m/sec’. 

(c) With that acceleration, how long does it take to go the 

2m? 

(d) What is its speed at this time? 

(e) Now calculate its kinetic energy dmv’. Compare with 

part (a). 


** 28. Throwing The limitations on speed appear to 
be imposed by strength (force) and by skill, not essentially 
by the lack of available energy. 

(a) Why can’t you throw a bowling ball as fast as a base- 
ball? 

(b) Why can’t you throw a Ping-Pong ball as far as a base- 
ball? 


xÆ 29. Maximize the Range For an initial velocity 
with horizontal and vertical components (vxo, ¥.9), the ball 
reaches the top of its trajectory at time fop = V.o/g. You 
have already gone through that algebra. In that time it 
covers horizontal distance x = Uwfop = VwV0/g- The 
range—the distance the ball has gone by the time it gets 
back to its original height—is just twice this distance: 


20,0020 
& 


Suppose that we are given v, and asked to find the 
launching single 0 that maximizes the range. We can write 
Vo = V COS O and Vz = vo sin 9 so that 


range = 


2 


2 
range = (=) sin @ cos 0 
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Now use your calculator—just trial and error—to find the Q 
that maximizes sin@ cos@. It is easiest if you make a table, 
(Hint: The maximum value is 0.5 so that the maximum 
range is vg. If your calculator does not have sin and cos 
functions, here is another way. Lets = vo:/vo. Then, from Py- 
thagoras, you can write U = Vex + Voz » SO Vox = Vox 
(1 — $) This gives range = (2 vog) s (1 — s°)'7. Now 
you can use your calculator by trial and error to maximize 
that function of s. No fair calculus—but it does save time!) 


> 30 Range as a Function of Launching Angle This 
is not a problem in trigonometry, but it does use the sine 
function. Using the definition of the sine of an angle, con- 
vince yourself that sin 0 = V»/V. The task here is to re- 
write the formula 


20,000 


range = 
© 8 


in terms of the initial speed vo and the initial angle 0. We 
use a geometric trick. The area of the right triangle with 
sides v,9 and v is one-half the product of the sides (see 
the first figure). 


PROBLEM 30. 


Four such triangles will make a rhombus (an equilateral 
parallelogram (see the second figure). The two labeled 
sides make an angle of 20, so that the area of the rhombus 
is base x altitude = vo X vp sin 20 = vå sin 20. This is 
where we need trigonometry, to write the altitude (the 
dotted line) as vp sin 20, using only the definition of the 
sine of the angle as the ratio of the side opposite the angle 
20 (that dotted line) to the hypotenuse (vo). 

Now our task is accomplished: In the range formula we 
substitute the area of the rhombus (= va sin 20) for 4 times 
the area of the triangle (= 2v,9v.9) to obtain 


vp sin 20 
& 


range = 


A 


QUESTIONS FOR FURTHER THOUGHT 


We should check to see that it agrees with the maximum 
range vọ/g of Sec. 4.8. The largest value taken on by the 
sine function is 1; that is the sine of 90°. (Verify by refer- 
ring to the definition in the box.) Accordingly, the range 
should be maximum for 


sin 20 = 1 
20 = 90° 
0 = 45° 


which was our previous result. 
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(a) Prove that the range is the same at 46° as at 44° launch- 
ing angle. 
What other launching angle gives the same range as 30°? 


KK 31 Throwing a Ball Off a Cliff To throw the ball 
as far as you can on to a flat plain, do you still try for a 
45° launching angle? Present argument in words. Then 
find how far the ball goes when thrown off a 50-meter cliff 
at 25 m/sec for launching angles of 40° and 45°. 
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L! QUESTIONS FOR FURTHER THOUGHT 


a. Flea Versus Man When a flea jumps, some of the energy it has on take-off is 
lost to the air because of wind resistance. For man’s jump from rest, even 
though the take-off speed is comparable, the frictional loss to the air is negligi- 
ble. Why? Another way to argue that is to point out that the terminal velocity 


for the flea is much lower than for man. 


Argue that this gives man an advantage in the who-can-jump-higher compe- 
tition. Do you think this outweighs the flea’s advantage in strength-to-weight 
ratio? Do you think the fraction of the body weight devoted to leg muscle is in 
fact comparable? What are other advantages of flea versus man in this competi- 


tion? 


1 measured the height h of my jump by comparing how high my hand can 
reach standing on tip-toe with my reach jumping. How would you make mea- 


surements on fleas? Who will win? 


B. Why Stall on Landing Why does the pilot try to have the airplane at stalling 


speed just an instant before the wheels touch the ground? 


Y- Muscle-Powered Flight Suppose that a wing design achieved a lift-over-drag 
ratio of 50:1, with a stalling speed of 10 m/sec. Comment on the practicality of 
using such a wing for human-powered flight. How much would craft-plus-pilot 
weigh? What minimum power output would be required for level flight? Can 
big wings be made strong enough and yet light enough? How fast would you 
be able to climb? How about wind? Does it represent a hazard or a possible 


source of power? 
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FIGURE 5.1 A stone being twirled 
on the end of a string. When the 
string is shortened—by pulling it 
through the tube—the stone spins 
faster. 


ROTATION 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 


When the spinning skater pulls her arms in, why does she then spin 
faster? 


Why does the stone whirling on the end of a string move twice as fast 
if the string is pulled in to half its original length? 


Explain why whirling the stone twice as fast at constant string length 
quadruples the string tension. 


Explain why the Gulf Stream flows counterclockwise. 


Explain why we have two tides per day. 


5.14 ANGULAR MOMENTUM 


Paddling in the stern of the canoe, you happen to turn the craft sharply to 
the right in order to avoid an obstacle. The canoe rotates clockwise. But 
unless you make another stroke to stop the rotation, it just keeps turning. 
That is an example of conservation of angular momentum. 

Here is another one, from ice skating: With your hands far from your 
body, go into a slow spin. When you pull your hands in close to your body, 
you automatically spin faster. Ice is wonderful for demonstrating the laws 
of mechanics! What is not so wonderful is when your car skids in rounding 
a curve. That is also an example of conservation of angular momentum. 

A stone being twirled on the end of a string is an example that allows 
some easy quantitative experiments (see Fig. 5.1). When the string is short 
ened, the stone moves faster. The law is simple if we idealize the situation: 


1. Neglect gravity and friction, that is, consider the stone to be moving 
on a frictionless plane. 

2. Neglect the mass of the string and consider the stone as a “point 
mass.” 


For slow changes in string length, the law is an inverse proportionality: 
When the string length is halved, the speed of the stone is doubled. The 
speed v is inversely proportional to the radius r of its path: 


rv = constant 


If the change in string length is not slow, the law has to be formulated 
more carefully. The velocity vector v then has a component parallel to the 
string. The law has to be written 


Tv. = constant 


The component of the velocity perpendicular to the string is inversely pt!” 
portional to the string length. 


54 ANGULAR MOMENTUM 


Multiplying this expression by the mass m of the stone gives us the an- 
gular momentum of the stone: 


DEFINITION mrv, = angular momentum 


Notice that this quantity does not have the same dimensions as momentum. 
Momentum is measured in kg m/sec. Angular momentum is kg m?/sec. 

You may wonder, under what conditions is angular momentum con- 
served? For the stone, the answer is that the angular momentum is un- 
changed if the only forces on it are parallel to the string. 

Some insight can be gained by writing the angular momentum in terms 
of the rate of rotation. Suppose that you are twirling the stone at the rate of 
2 revolutions per second. That 2/sec is the rotation frequency v, and is also 
written 2 Hertz (abbreviation 2 Hz). The stone takes } a second to make its 
circle once. That 4 second is called the period T of the rotation. 


DEFINITION T = 1/v = period. 
The speed of the stone is 


2ar 
y 
the circumference of its circular path divided by the time it takes to go 


around once. If we want to make the formula look pretty, we write it in the 
form 


v= 


The symbol w (= omega) is called the angular velocity and is defined as 


DEFINITION w = 2 n/T 
= 2 mv = angular velocity 


It is measured in radians per second. You may recall that the radian is a 
natural measure of angle, since there are 27 radians in one revolution (= 
circumference/radius). 

Using our new notation, we write the angular momentum as 


angular momentum = mrv = mrw 


When you see the r? in this formula, your experiments with the stone on 
the string become more vivid. If the string is pulled in so its length r is 
halved, the speed v of the stone is doubled, to be sure. But its angular 
velocity is quadrupled. The rotation rate goes as the inverse square of the 
string length for angular momentum to be constant. 

The tetherball shows the law beautifully. As the rope winds around the 
pole, pulling the ball in closer, the ball moves faster and faster. A good 
classroom demonstration uses a little merry-go-round or bar stool mounted 
on good bearings so it rotates freely. Take a couple of weights in your hands 
and start spinning. Then pull your hands close to your body. The spin is 
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Ball Ball 
(a) (b) 
FIGURE 5.2 Catching a ball on a 
merry-go-round: (a) 5 feet from 
the center; (b) 10 feet from the 
center. 


———Ball 


FIGURE 5.3 Catching a ball on a 
merry-go-round when the ball 
comes from a radial direction, that 
is, aimed toward the center of the 
merry-go-round. 


for any rigid object. A big wheel has a larger moment of inertia than a little 
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much faster, just as with the skater. You can really get dizzy. When you 
push your hands out again, the spin slows to its original rate. 

A bicycle wheel mounted on a handle makes a dramatic demonstration of 
angular-momentum conservation. Stand or sit on your rotating platform 
holding the handle vertically. With your other hand, start the wheel spin. 
ning in a horizontal plane. As you spin the wheel clockwise, you find your 
self turning counterclockwise. If you stop the rotation of the wheel, your 
own rotation stops too. 

The bicycle wheel is handy for quantitative experiments too. Its angular” 
momentum is easy to calculate from its angular velocity. Because most of 
the mass is in the rim and tire, essentially at the same distance r from the 
hub, the angular momentum is very close to mr*w. To be more precise, the ` 
m here is the mass of rim and tire, and the r is the “effective” radius. The 
mass in the hub contributes very little to the angular momentum because it 
is so close to the center of rotation. f 


Moment of Inertia 


To calculate the angular momentum of a rotating object with the mass dis- 
tributed at various distances from the center is a bit more complicated. Mul- 
tiply each mass point m; by its own effective r? and add up all those mi 
products. The resulting sum is called the moment of inertia. You might 
want to think in terms of atoms. The ith atom has mass m; and is a distance 
r; from the rotation axis. 


4 2 o 2 
DEFINITION moment of inertia = Dy mr 
7 


Using that terminology, we can write 


angular momentum = (moment of inertia) x w 


wheel, even if their masses are the same. 
Describing the spinning skater in those terms, we can say that pulling het 

arms in close to her body decreases the moment of inertia. Conservation af 

angular momentum implies that this increases the angular velocity. | 


A 
EXERCISE 1 You are standing on a stationary merry-go-round, 5 feet from 
the center. Someone throws you a ball, as shown in Fig. 5.2a. If the bearing 
are frictionless, when you catch it you will start spinning counterclockwisè 
Now suppose that you were standing 10 feet from the center and caught the 
same ball thrown just as hard (Fig. 5.2b). Argue that your angular veloci 
would be twice as great. Assume that the mass of the ‘merry-go-round is 
much greater than your own mass that moving further out toward the edge 
did not change the moment of inertia of the whole system appreciably. : 

If the ball comes from the radial direction (Fig. 5.3), argue that catching! 


5.2 CENTRIFUGAL FORCE, CENTRIPETAL FORCE 


does not impart any angular velocity to the merry-go-round. It does not 
matter how far from the center you are standing. Evidently what matters is 
the component v, of the ball’s velocity perpendicular to the line drawn be- 
tween you and the rotation axis (center) of the merry-go-round. 
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5.2 CENTRIFUGAL FORCE, CENTRIPETAL FORCE 


What force is it that keeps the string stretched when the stone is whirled 
around in a circle? 

The obvious answer is that you are pulling on the string to keep the stone 
from flying off in a straight line. That happens to be the correct answer, too. 
It may not be completely satisfying. When you ride on a merry-go-round, 
you feel yourself being pulled toward the edge. The faster the rotation, the 
stronger the pull. Also, the further you are from the center, the stronger the 
pull. The force pulling you away from the center of rotation is just like the 
force that stretches the string when you whirl the stone. Isn’t that what we 
call centrifugal force? 

Certainly. But now we have to be very careful not to confuse the logic. If 
we talk about a force away from the center, a centrifugal force, that is equal 
and opposite to the force toward the center that keeps the stone and the 
merry-go-rounder from flying off. That force is called a centripetal force. An 
object going round in circles is changing its velocity vector at every instant. 
Even though its speed is constant, it is always being accelerated. Its accel- 
eration vector is directed toward the center of the circle: centripetal acceler- 
ation. The centripetal force and the centripetal acceleration obey Newton's 
Second Law, F = ma. The force toward the center is proportional to the 
acceleration toward the center. But an observer riding along with that object 
would not observe its centripetal acceleration, its constant change of direc- 
tion. Of course, the observer could observe the tension in the string. So he 
would ascribe that tension to centrifugal force on the object rather than to 
an acceleration he does not observe. In the language of Chapter 2, centrifu- 
gal force is a fictitious force. It is a force arising from making an observation 
in an accelerated reference frame. The fictitious centrifugal force is equal and 
Opposite to the centripetal force, which is a real force. 

How the centripetal force depends on the angular velocity and on the 
length of the string is derived in the box: For a given rotation rate, doubling 
the string length doubles the force. For given string length, doubling the 
rotation rate quadruples the force. Here is the formula: At angular velocity 
and distance r from the center of rotation, 


centripetal acceleration = œr 
Accordingly, the centripetal force on a mass m is 
centripetal force = mw”r. 


The following exercises express this formula in different ways. 
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PROOF OF v?/R FORMULA 


CENTRIPETAL ACCELERATION How does it de- 
pend on speed and turning radius? [Answer: 
a = VIR] 


Proof 


We are talking about uniform motion at speed 
v around a circular path of radius R. Figure 5.4 
shows a small arc of this left-turn path, corre- 
sponding to a travel time t, making the arc of 
length vt. At the beginning of this arc the ve- 
locity is in the x-direction; after time t, the path 
has moved sideways by a displacement y away 
from that initial x-axis. Since the speed is un- 
changed, the acceleration vector is in the y-di- 
rection, perpendicular to the velocity vector at 
the beginning. Writing a for this (centripetal) 
acceleration, the sideward displacement y dur- 
ing the time £ can be written 


y = dat? 


FIGURE 5.4 Motion in a circular arc at speed v. The 
x-direction is the original direction of motion at the 
left-hand end of the arc. 


To write a formula for a in terms of v and R, 
we shall construct another expression for y in- 
volving the arc length vt and the radius R, and 
then equate the two expressions for y. The ge- 
ometry is shown in Fig. 5.5. For the large right 
triangle, with R as hypotenuse, write (Pytha- 
goras) 


CFR- =R 
which becomes 
X + R -— Ry + y= R 


"Passing to the limit of small times t makes this argument rigorous, 
*If you complete the picture of the bow and arrow in Fig. 5.6, the displacement y is seen to be the length of the arrow—the sagitta. 
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FIGURE 5.5 Proof of the v?/R formula. 


The R? terms cancel, leaving 
Ry = x° + y? 
If the time t is short enough, the arc vt can be 


approximated’ by a straight line—the hypoten- 
use of a right triangle, for which 


e+ y = (vt)? 


holds. Eliminating the x? + y? between the last 

two equations gives i 
2Ry = (vt)? or y= we 

This is the promised geometrical formula for y, 

known as the “sagitta formula.’” Setting this 


equal to Jat? gives t° on both sides of the equa- 
tion: 


or, finally, 


mak 
R 


FIGURE 5.6 
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EXERCISE 2 An object going around in circles of radius r at speed v covers 
one circumference 27r in a time T, one period: 


vT = 2ur 
‘The angular velocity is w = 2n/T = vlr. Prove that centripetal acceleration 
2 2 
A y 2 
wr can also be written œr = — = (2) ie 
r T 
E><ERCISE 3 If the merry-go-round doubles its angular velocity w, but you 
xma ove in toward the center so you halve the value of r, what happens to 
y Our centripetal acceleration? It is multiplied times . Note that your 
speed v stays the same. 
EXERCISE 4 You are running around in circles. Suppose that your speed 
imicreases by 1% and the radius of the circle increases by 1%. What 
happens to your centripetal acceleration? It increases / decreases by 
%. 
X< ERCISE 5 Curves in the road are banked to keep the cars from skidding 
toward the outside. Use a sketch to prove that if the speed is so fast that 


th € centripetal acceleration is equal to g, then the road should be banked at 
45%. (Problem 20 is also about banking curves. See photo there.) 
EXERCISE 6 A 1-kg stone is whirled around on the end of a 1-meter string 
tthe rate of 1 revolution per second. Show that the string tension is 39.5 
Fre wtons. (Problem 19 shows that adding gravity does not change this re- 
sult.) 


SLL 


=Œ 5.7 SPECIAL TOPIC Why We Get Dizzy on a Merry- 
Go-Round 


I£ you want to stand up on a merry-go-round or on a bus rounding a curve, 
it helps to hang on. There seems to be a force pulling you toward the edge 
Of the merry-go-round, toward the outside of the curve on the bus. We call 
= ©e€ntrifugal force. But if you start to walk toward the edge of the merry- 
$S©-round, you feel another kind of force: For a counterclockwise rotation 
©st merry-go-rounds?) you feel yourself veering toward the right. If you 
 @ 1k toward the center of the merry-go-round, again you feel a force toward 
© right. This force, having to do with your velocity relative to the rotating 
Pla £form and directed at right angles to it, we call Coriolis force. (We will 


*SCuss Coriolis force in the next section.) Is it the centrifugal force that 
MAK es us dizzy or the Coriolis force? It turns out that both play a part. 
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Posterior 
semicircular i 
Superior 
canal semicircular 
cana 
a trie 
C 8 a 
Lateral Cochlea m f, 
Saerah FIGURE 5.7 The balancing 
canal organ of the ear. Note the 


(a) (b) three semicircular canals, 


Actually, some people feel dizzy just watching a movie taken on a rotating 
platform. Our eyes have a lot to do with vertigo. But if you close your eyes 
while you are being spun around, you can still get that queasy feeling. Itis 
not so bad if you sit or stand quite still; that points the finger at the Coriolis 
force. Here are the anatomical clues: The balancing organ of the ear consists 
of a labyrinth or vestibular apparatus containing a utricle and saccule and 
three semicircular canals, in each ear (see Fig. 5.7). The utricle and saccule 
have some pebbles (otoliths) whose weight presses on the surrounding sen- 
sory cells to give a continuous signal about “which way is down.” The three 
semicircular canals, which lie in approximately mutually perpendicular 
planes, are partially filled with a viscous fluid (endolymph), and each contains 
a pendular organ called a cupula. If the direction of the g-force changes, for 
example, if you tilt your head, there is fluid flow in the canals. The flow 
displaces the cupula; sensory cells, in turn, respond to the direction and 
amplitude of the displacement. Apparently, the utricle and saccule give in- 
formation about slow changes in the “down” direction; the cupula and sur- 
rounding fluid respond to fast changes. 

If your head is accelerated, that fluid starts to flow. For example, being 
accelerated to the left makes fluid flow toward the right, just as if you had 
tilted your head toward the right. That is what is happening when the bus 
is turning left: There is an acceleration toward the left (toward the center of 
the turn), and that is why you have to hang on. It requires a force to accel- 
erate your body toward the left (F = ma). We call that acceleration centripetal 
acceleration (“pulling toward the center”), and the force a centripetal force. 

In the box labeled v?/R we worked out how the centripetal acceleration 
depends on the speed of the bus and the sharpness of the curve. But even 
without the quantitative argument, we can see what rotation does to the 
balancing organ. In that left turn, the right ear is going faster than the left 
ear and experiences more centripetal acceleration than the left. “Down” ap- 
pears to be in different directions for the two ears. Confusing, indeed! If 
you are at the center of the merry-go-round, the left ear is accelerated t0- 
ward the right, the right ear toward the left. 

The remarkable thing is not that this kind of thing makes us dizzy, ba 
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“CENTRIPETAL FORCE/CENTRIFUGAL 
FORCE.” 


Centripetal force is a real force, unlike the 
equal and opposite centrifugal force, which just 


feels like a force because your frame of refer- 
ence is rotating. 

Back in Chapter 2 we warned you not to ex- 
pect laws of physics like the conservation of 
momentum to hold in accelerated reference 


that we quickly get used to it; the sensation of rotation wears off in about 
Half a minute. The cupula is elastic and returns slowly to its equilibrium 
position. But angular acceleration, a change in the rate of rotation, again 
Produces the sense of rotation. When the merry-go-round stops, you feel 
the world spinning the other way. Indeed, the fluid flows back, displacing 
the cupula in the opposite direction. And again, it takes about 30 seconds 
for that sensation to wear off as the cupula returns to equilibrium. 


SUGGESTION If you have not already done so, read the box with the proof 
©f the formula a = v’/R now. 


Moving the Head 

‘Wve have been considering the head motionless in the rotating frame of ref- 
rence (merry-go-round or bus). That way, the balancing organ experiences 
©nly one of the two types of “fictitious forces” arising from the rotation of 
the reference frame, only centrifugal force. If you move your head, Coriolis 
£<rce also contributes to modifying what you experience as the “down” di- 


rection. 

Without a quantitative derivation, one can nevertheless get an intuitive 
Srasp of the accelerations that we feel as Coriolis forces. Points on the 
MN erry-go-round closer to the edge are moving faster than points close to the 
aXis. lf you walk along a radius toward the edge, your tangential velocity 
CEO the left, for counterclockwise rotation) due to the rotation has to increase; 
that is, you are given a tangential acceleration to the left by virtue of your 
Xa dial velocity toward the edge. It is called a Coriolis acceleration. Evidently, 
At is proportional to the rate of rotation and also proportional to the radial 
Walking speed. As you walk radially outward, the floor of the merry-go- 
®Ound exerts a force on you toward the left. If the floor were slippery, you 
Would slide toward the right. You experience the Coriolis force toward the 


Tight. 
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frames. The bus is certainly one of those, and 
in order to talk in our customary language, in- 
cluding statements like “F = ma,” we intro- 
duce fictitious forces like the centrifugal force 
to “cancel out” the centripetal force and keep 
us in one place—on the bus, that is. 
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FIGURE 5.8 In the northern 
hemisphere, winds blowing into a 
low-pressure region are turned to 
the right by the Coriolis force. 
Viewed from the center, the air 
mass turns counterclockwise. 


ROTATION, 


Note that the Coriolis acceleration is always opposite to the direction of 
the Coriolis force, just as the centripetal acceleration is always opposite to. 
the centrifugal force. Both forces are what we have called fictitious forces, 
Both accelerations are due to being in an accelerated frame of reference. 

A force proportional to a velocity is a concept we have not met so far in 
this book. If you turn the velocity around, you turn the force around. In- 
deed, if you walk toward the center of the merry-go-round, the force is the 
other way. Because you have also turned around, it is still a force to your 
right. If you walk tangentially, say counterclockwise or with the merry-go- 
round, that is equivalent to increasing your rate of rotation, and conse- 
quently the centripetal acceleration. Again, you feel yourself pushed to the 
right (toward the edge) as a result of your velocity relative to the merry-go- 
round. A marble started rolling on a merry-go-round can roll in a complete 
circle, constantly turning to the right.’ And on this great merry-go-round, 
the earth, spinning around once every 24 hours, the winds and the ocean 
currents are driven in large circular patterns by Coriolis forces, turning to 
the right in the northern hemisphere (counterclockwise merry-go-round), to 
the left in the southern hemisphere (clockwise merry-go-round). Figure 5,8, 
drawn for the northern hemisphere, shows why turning right gives a coun- 
terclockwise rotation around a low-pressure region. 

What about head motions? If you are facing away from the center of the 
merry-go-round and start turning your head to the left, your left ear moves 
toward the axis, your right ear away from the axis. Your left ear experiences 
Coriolis acceleration toward your right side; your right ear Coriolis acceler- 
ation toward your left side. Again, there is confusion about “which way is 
down.” These Coriolis accelerations appear to be the chief cause of motion 
sickness. Many a mother instructs her car-sick child to “sit real still and it 
will go away.” In the car, of course, curves are not the only cause of g-forces 
in directions other than the vertical. Speeding up and slowing down give 
sensations similar to going up and down hills, that is, tilting backward and 
forward. (See the sketch with Problem 1.61.) 


@ 5.8 SPECIAL TOPIC: Rotating Space Stations 


At the time of writing of this book, the problem of providing astronauts with 
a homelike environment for long stays in space has not been solved. How 
can one simulate gravity, a homelike weight of 9.8 newtons per kilogram of 
body mass, in a space station? The obvious solution, to have the craft accel- 
erate forward at a steady 9.8 meters per second per second, would require 
a constant source of fuel, to give the craft ever-increasing kinetic energy 
That’s out. But a steady rotation, say of a cylindrical craft about its axis, 
would make it possible to walk on the inside surface of the cylinder. In 
Exercise 7 we calculate how much rotation it takes to give a centripetal ac 


`The film “Frames of Reference” has a dramatic demonstration of this phenomenon. 
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celeration (= v7/R) equal to 9.8 m/sec2, to give the astronaut his accustomed 
earthly weight. We now ask the question, does this astronaut get dizzy? 

We might ask the question another way: Does he have any way of know- 
ing that his craft is rotating, aside from looking out at the stars? Does this 
artificial gravity feel like real gravity? The answer is No. Not once he starts 
to walk around the cylinder! If he walks with the rotation, that increases his 
rate of rotation and hence his centripetal acceleration. The floor has to pro- 
vide the extra “upward” centripetal force, so he feels heavier. If he walks 
the other way, he gets lighter. In fact, if he walks (runs?) as fast as the 
cylindrical floor is turning, he has no weight left at all. A somewhat unusual 
environment after all! Note that walking in a direction parallel to the axis of 
rotation does not change his weight. But if he tries stooping down, he will 
tend to fall over. On getting up, he will feel pushed the other way. 

These forces, arising from motion relative to his rotating reference frame, 
are Coriolis forces. They are proportional to the rate of rotation of the cyl- 
inder and also to the velocity of the relative motion. As we saw, they de- 
pend on the direction of that relative velocity. The Coriolis force is always 
perpendicular to that direction; any component of the relative velocity par- 
allel to the axis of rotation does not contribute. 

What are the design considerations for rotating space stations to simulate 
gravity? Remember that the effective g is proportional to the square of the 
rate of rotation. For a given rotation frequency, it is also proportional to the 
radius of the craft (= oR) The Coriolis forces are directly proportional to 
rotation frequency. If we want to minimize these forces for our astronauts, 
we should make the cylinder large. A budget-conscious designer may just 
tell them to move slowly. a 


en Eee eee eee 
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Exercise 7 A small, round space station has a radius of 10 meters. What 
angular frequency w would give an “effective g” of 9.8 m/sec? at the outside 
edge? How many sunsets would the astronaut see per minute? 


SO 
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m 5.9 SPECIAL TOPIC: Are We Lighter at Noon than at 
Midnight? 


It sounds reasonable. At noon, the sun is above our heads. It is a massive 
body, so it exerts a gravitational pull on us. At noon, that pull is up, pulling 
me up off my bathroom scale. Wouldn't that decrease my weight? At mid- 
night, the sun is on the other side of the earth; its gravity pulls me down, 
into the bathroom scale I am using to measure my weight. Now you may 
point out that the sun is awfully far away, so this might be a very small 
effect. But are we sure we have the sign of the effect right? Can we conclude 
that the scale reads less at noon than at midnight? 
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No, things are not that simple. Remember, the sun pulls on the earth too, 
That pull is also up at noon, down at midnight. We know that the earth 
responds to this gravitational pull by accelerating toward the sun. After all, 
that is what keeps the earth in orbit. I know that the earth on which my 
bathroom scale stands is accelerating upward at noon. So the earth is push- 
ing upward on the bathroom scale, pushing it up toward me. That would 
tend to increase the scale reading. The effect of the earth’s acceleration to- 
ward the sun is to make me heavier at noon, lighter at midnight. So now 
we have to ask, which dominates? Which affects my apparent weight more 
at noon, the sun pulling up on me, making me lighter, or the sun pulling 
up on the earth, making me heavier? For the same question at midnight, 
just reverse all the signs. 

To try to answer the question, we remember F = ma, and restate the 
question in terms of accelerations: Which acceleration would be bigger, my 
acceleration toward the sun because of its gravitational pull on me, or the 
earth’s acceleration toward the sun because of the sun’s pull on it? 

You can easily convince yourself that what counts here is which is closer 
to the sun. You don’t have to know about the inverse-square falloff of the 
gravitational force. All you have to know is that it does fall off with distance 
and is proportional to mass. It also helps to know about center of mass. 
When we talked about the center of mass back in Chapter 2, we pointed out 
that it is equivalent to the center of gravity. At noon in June, with the sun 
overhead, my center of mass is indeed closer to the sun than the earth's 
center of mass. Figure 5.9 is a cartoon, of course; it is not to scale. The center 
of the earth is about 6400 kilometers further from the sun than I am. So at 
noon, the sun’s pull on me “talks harder” than the sun’s pull on the earth 
in determining the reading of my bathroom scale. I am lighter at noon than 
I would be if the sun were not overhead. 

Now think about midnight. This time the center of the earth is closer to 
the sun than I am. The sun’s pull on the earth per kilogram of earth is 
greater than the sun’s pull on me per kilogram of me. The earth’s falling 
into the sun (down) talks harder than my falling into the sun. So again, with 
the bathroom scale falling away from me, I am lighter than I would be if the 
sun were not there. Instead of saying “pull per kilogram” I could, of course, 
use the term “gravitational field.” 

If all this seems complicated, remember that we are performing a weigh 
ing in an accelerated reference frame. The earth is accelerating toward the 
sun in its (almost circular) orbital motion. The magnitude of that acceleration 
is the same at all hours of the day or night. The sun’s pull on me is nol, 
because I am closer to the sun at noon than at midnight. The net effect of 
the sun is to make me lighter both when it is above me and when it is below 
me. 

Now look what happens when the sun is neither above nor below, bu! 
off to the side, say at 6 A.M. and 6 P.M. Again, to make the picture simple, 
put me at the equator in March or September. At 6 o'clock, the pull of the 
sun on the earth and the pull of the sun on me are almost parallel, but no! 
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Noon Midnight 6 o'clock 


OQO- 


Q 


FISSURE 5.9 “Are we lighter at noon than at midnight?” At noon, the sun is above 
otar heads. At midnight, the sun is on the other side of the earth. At 6 o'clock, the 
stam is off to the side. 


quite. Looking at Fig. 5.9, you see that the sun’s pull on the earth is 
straight to the right, while the pull on me is to the right and a little bit 
daw n. So the effect of the sun is to make me heavier than I would be if it 
Were not there. This time, the effect is not the result of distances being a 
little different but of directions being a little different. In looking back over 
the argument, note that we have used the word “down” in a highly egocen- 
ti< way. It is down relative to me and my bathroom scale. 

hat may now be clear to you is that my weight reading is periodic and 
has a 12-hour period. That implies a symmetry between the situations at 
nOn anda midnight, which may worry you. But remember that the earth’s 
nadius is a tiny fraction of the earth-sun distance. An inverse-square law 
boks very linear over that small a range. 


Tica Ss 


Why have we worried about such a small effect? A difference of 6.4 x 10° 
Kora ut of 1.5 x 10° km is not going to show up on any bathroom scale. 
Te a nswer is that this story is really about the tides. Have you ever won- 
drea why there are two high tides and two low tides per day? Now you 

OW 1 It is the small variation in the weight of the water. But you have 
Mba bly read that the tides are due to the moon. Isn't the gravitational field 
“the moon here on earth much smaller than the gravitational field of the 
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sun? Indeed. But the relative difference between having the moon above us 
and below us is so much greater, because the moon is so much closer than 
the sun—only 60 earth radii away. It turns out that the lunar tides are more 
than twice as strong as the solar tides. Because of the motion of the moon, 
the two don’t stay in phase but get into phase about twice a month. 
Please don’t expect high tide to occur when the moon is overhead. The 
oceans are a complicated dynamical system, with shore lines and variations 
in depth. Navigators need tide tables! [] 


SUMMARY 


Angular momentum of a mass m about a reference point (call it the origin) 
is defined as mrv.. If the only forces on m are directed toward (or away 
from) that origin, then the angular momentum is conserved during the 
motion. 

In terms of angular velocity œ = v./r, we can write the angular momentum 

2 
as mrw. 

For a rigid body, considered to be made up of constituent masses mi; located 
a distance r; from some rotation axis, the moment of inertia about that axis 
is defined as the sum I = Smjr?. The angular momentum about that axis 
is simply Iw. 

For uniform motion in a circle, the centripetal acceleration is given by vir 
= wr = (2n/T)r. 

That acceleration gives rise to the fictitious force we call centrifugal force 
when we describe motion in a rotating reference frame. If an object is also 
moving relative to that reference frame, there is another fictitious force 
perpendicular to its direction of motion: the Coriolis force. 

The difference between the gravitational acceleration due to the sun (and 
moon) of the whole earth and of objects at its surface (e.g., the sea) gives 
rise to two tidal cycles per day. 


KEY TERMS 


Angular momentum of a rigid body about a specified axis of rotation is the sum of 
the angular momenta m,r% of the mass points making up the body. Here r; is the 
distance of the mass m; from the rotation axis. 

Angular velocity denoted w = v./r. Measured in radians per second. 

Radian The natural measure of angle, defined as the ratio of arc length to radius: 
One revolution (= 360°) is therefore 27 radians, making 1 radian = SAS 

Angular momentum of a rigid body about a specified axis of rotation is the sum of 
the angular momenta mr of the mass points making up the body. Here r; is thè 
distance of the mass m; from the rotation axis. 

Moment of inertia Denoted I, and defined about a specified axis of rotation, aS the 
sum over all the mass points m; of the quantity m,r?. 

Centripetal Toward the center. 


KEY TERMS 


Centrifugal Away from the center. 

<eniripetal force The force that changes the direction of the velocity when an ob- 
ject goes around a curve. In a circular motion at speed v, this is a force mv*/r 
toward the center of the circle. 

Centrifugal force The fictitious force mor on a mass m measured in a rotating 
frame of reference that takes account of the acceleration it has by virtue of the 
rotation only. 

Sagitta Latin word for arrow. 

Sagittz formula Arrow length = (})(bow length)/R, where R = radius of curvature 
of the bow. 

Coriolis force The fictitious force on a mass measured in a rotating frame of refer- 
ence which is proportional to the velocity of that mass relative to the rotating 
frame. 

Labyrinth Also called vestibular apparatus. Tubular structure in each ear, contain- 
ing a utricle and a saccule, used for obtaining information about the tilt of the 
head. See Fig. 5.7. 

Otoliths Pebblelike objects in the labyrinth that press on the sensory cells to indi- 
ca te tilt direction. See Fig 5.7. 

Vestibular aparatus Also called labyrinth. 

Semmicircular canals Three tubular structures in each ear. The flow of a viscous fluid 
im these canals caused by tilting the head gives information about fast changes in 
the inclination of the head. 

Te@rque Makes an object tend to start turning or, more generally, change its angular 
Velocity. Definition: Torque is the moment of a force or set of forces about a spec- 
ified point or axis. To calculate the moment of a force about an axis, multiply the 
¥magnitude of the force times the perpendicular distance of the line of action of 
that force from the axis. That perpendicular distance is called the moment arm. 

Momment arm See Torque. 

Orbit The path of a planet around the sun. More generally, the path of a particle 
im. a force field. The planets and comets have elliptical orbits with the sun at one 
focus. 

Escape velocity The fastest speed a satellite can have and still be in a closed orbit. 
Any faster speed causes it to escape from the gravitational field, never to return. 
At the earth's surface, the escape velocity is 11.2 km/second. 

Artificial gravity Fictitious “downward” force produced by rotation. The term is 
fOunnd more in science-fiction accounts of life in a space station than in instruction 

©oks for laboratory centrifuges. 

Tides Cyclical motions of parts of the earth’s surface (water or earth) having 
Ou shly a 12-hour period. 

Solar tides Tides caused by the gravitational pull of the sun. 

lunar tides Tides caused bythe gravitational pull of the moon. 

Hre ERS tide Tide of large amplitude caused by solar and lunar tides being in phase. 

n Not mentioned in text.) 
cap tide Tide of small amplitude caused by solar and lunar tides being out of 
PRase. (Not mentioned in text.) 
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Argue that the MKS unit of angular momentum is kg m? sec. 


Often it is enough to write mrv to define angular momentum. When do you have 


Argue that a particle moving in a circular path at constant speed is being acceler- 


Argue that the centripetal acceleration v’/r can also be written wr. 


You are hanging on to a vertical rod on the merry-go-round. If the angular veloc- 
ity increases by 1%, by how many percent does the tension in your arm increase? 


In a cylindrical space station 100 meters in radius, what rotation frequency will 
make the astronauts feel at home? Home means g = 9.8 m/sec’. 


Argue that, if they stand up too fast, they will tend to fall over. Those sideward 
forces‘are'called € = forces. 


Argue that, when the sun is overhead, you are lighter than you would be if the 
sun were on the horizon. Then argue that when the sun is on the other side of 
the earth, you are also lighter than you would be if the sun were on the horizon, 
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REVIEW QUESTIONS 
to be careful and write mrv,? 
* Explain what is meant by a moment of inertia. 
ated toward the center of the circle. 
PROBLEMS 


Æ 1 Angular Momentum When the spinning skater 
pulls in her arms, her moment of inertia is decreased by 
20%. Argue that her angular velocity increases by 25%. 


* 2 Scaling If the angular velocity of an object is in- 
creased by 1%, its angular momentum is increased by 
%. The assumption here is that the moment of 

is constant. 


QUICK QUESTION: How can the moment of inertia of 
an object be increased while keeping its mass con- 
stant? 


* 3 Scaling A rigid object is built to be the same 
shape as the model, with all the linear dimensions multi- 
plied times 10. This means that the mass of each compo- 
nent is multiplied times 10°. The moment of inertia is mul- 
tiplied times 

* 4. Volcanoes Change the Length of the Day The 
eruption of Maunaloa volcano moved some of the mass of 


the earth (some lava) to higher ground, that is, farther 
from the earth’s center. According to the Law of Conser- 


vation of Angular Momentum, this increased / de 
creased the length of the day by a small amount just be 
cause it increased/decreased the earth’s moment of inertia. 


** 5. Canoe The paddler is in the stern (the back) of 
the canoe, which is moving straight ahead. Someone off 
to his right (excuse me, off to the starboard) throws hima 
ball. After he catches it, the canoe will rotate clock- 
wise / counterclockwise. Doubling the speed of the ball 
would multiply the rotation rate of the canoe times 
———. Doubling the mass of the ball without changing 
its speed would multiply the rotation rate of the canoe 
times ____. Assume that the mass of the ball is much 
less than the mass of the canoe. Why was this assumption 
necessary? 


* 6. Angular Momentum of the Earth in Its Orbit’ 
Data: Earth-sun distance = 1.5 x 10" m = 1 A.U.* 
Mass of the earth = 6.0 x 10% kg 
Period = 1 year 
Calculate its angular momentum in kg m° sec '. 


4A.U. = astronomical unit. 
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When the skater pulls in her arms, her moment of ine 
r angular velocity, conserving her angular momentum. 


rtia is decreased, This causes 


an increase in he 


Volcano erupting: Mount Hekla in Iceland. 


B 132 


ok 7. Speed of an Earth Satellite The free-fall accel- 
eration of objects near the earth’s surface is what we have 
called g (= 9.8 m/sec’). The further an object gets from 
the surface, the weaker the gravitational pull of the earth. 


The law that governs the fall-off of “g” is an inverse- 
square law: 


constant 


S 
where r is the distance of the object from the center of the 
earth. The “constant” is equal to (9.8 m/sec’) x (radius of 
the earth)’, Note that the height of the object above the 
surface of the earth is r — (radius of the earth). That in- 
verse-square law is called Newton’s Law of Gravitation, 
and you will meet it in numerous places throughout this 
book (see, for example, Problem 13.46). 

If we want our satellite to travel in a circular orbit of 
radius r, how fast does it have to move? Let’s use the v7/r 
formula for the acceleration of an object going around a 
circular path at constant speed v: 


v? _ constant 
ie te 
(a) How fast would a satellite have to travel in order to 
stay in orbit just above the atmosphere, that is, r = 6.4 x 
10° m. Note that the radius of the earth is only about 100 
km less than that. 
(b) How long would it take to go around the earth once? 


NOTE: Since there is so little air up there, there is virtually 
no friction to rob the object of its energy. A satellite can 
stay in orbit for years. 


xÆ 8. Kepler's Third Law In Problem 7 you found 
the relation between the speed v of a satellite and the ra- 
dius r of its circular orbit: v’/r = constant/r*, That can be 
written more economically as 


ge constant 
r 
(a) Recalling that the period T is the time to go a whole 


circumference, we have 2nr = vT. Use this equation to 
eliminate v above to obtain 


T? = (constant)r? 


The constant is different, of course. This relation, that the 
square of the period is proportional to the cube of the ra- 
dius, is true for satellites of the sun as well. It was discov- 
ered by Kepler based on astronomical observations of the 
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planets by Tycho Brahe—almost 100 years before Newton 
used it to deduce the inverse-square law for gravitation, 
(b) The earth-sun distance is 1.5 x 10" meters, and a year 
is 3.1 x 10’ seconds (verify). Calculate the centripetal ac- 
celeration of the earth in its orbit. Now you know why, 
when you drop something, it falls toward the center of the 
earth rather than toward the center of the sun. 

(c) Venus is only 1.08 x 10! m from the sun. Calculate its 
period of revolution. 

(d) The moon takes 28 days to circle the earth. How far is 
jt from the center of the earth? (HINT: Use part (b) of 
Problem 7.) 


4 9. Universal Gravitation Newton's Law of Uni- 
versal Gravitation for the force of attraction between two 
spheres with center-to-center distance R can be written 


Gmm: 
pai 


The sun is (R=) 1.5 x 10™ m from the earth, on the av- 
erage. That distance is called 1 A.U. (Astronomical Unit). 
One year = 3.1 x 10” seconds. (Verify.) 

(a) Use the law of motion, F = ma, with a = v7/R for mo- 
tion in a circle, and solve for Gmsun: Note that the mass of 
the earth cancels out. 

(b) Venus takes 225 days to circle the sun versus 365 days 
for Earth. Calculate the sun—Venus distance in astronomi- 
cal units. (HiNT: You need neither the mass of the sun 
nor the universal gravitational constant G in order to solve 
this.) 


ok 10. When You Slow Down a Satellite, It Speeds 
Up Since it takes work to lift a satellite up away from the 
earth, the potential energy increases with height. If it 
meets resistance to its orbital motion by gas molecules 
“Jost in space,” it gives up some of its kinetic energy t0 
them, and starts to spiral in. But Problem 9 tells us that at 
a smaller r it has a larger v. This says that doing work on 
the gas results in a larger kinetic energy. 

(a) Show that energy bookkeeping is not violated. Where 
does the extra energy come from? 

(b) Show that a 1% decrease in r results in a 1% increas 
in kinetic energy. 

(c) Here is a crucial hint: The potential-energy decreas 
twice the kinetic-energy increase. Show that the amount 
of work done on the gas (i.e., the kinetic energy give? 
the gas) is equal to the kinetic energy gained by the satel 
lite. 


e i$ 


Note: More about this hint in Chapter 13, Electrostatics: 
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11. Kepler’s Second Law This law states that in 
the motion of the planets around the sun, the line con- 
necting the planet and the sun Sweeps out equal areas in 
equal times. Kepler had found (Kepler’s First Law) that 
the planetary orbits are ellipses with the sun at a focus, 
Equal areas in equal times means they move faster when 
they are close, slower when they are far away from the 
sun. Since the orbits are all so close to circular, this was 
truly a remarkable generalization and tells you that Kepler 
had good astronomical data to work with! Newton later 
proved the equal-areas law just from the assumption that 
the force was “central,” that is, pulled the planet directly 
toward the sun. Here is the proof. 

Think of the impulse imparted to the planet by the sun’s 
pull as delivered in discrete bursts. Acutally, you know 
that momentum is being transferred continuously; the dis- 
crete-burst approximation is just a trick to make the argu- 
ment simple. Consider a short time At during which the 
planet has velocity v,. In that time, it travels a distance v 
At, shown as AB on the figure. At the end of that time 
interval, it gets one of its impulses toward the sun. During 
the next time interval At it travels at velocity v, covering 
the distance v,At shown as BC on the figure. What we are 
trying to prove is that the area of the triangle ABS is equal 
to the area of the triangle BCS. 


S 


PROBLEM 11. Proof of the “law of areas.” The impulse to- 
ward the sun S is considered to be delivered at point B. 
The triangles SAB and SBC have equal areas. 


To complete the proof, we need some ideas about vector 
addition. The velocity vector v differs from the velocity 
vector v, by a vector directed along the “line of centers” 
BS. So the components of the two velocity vectors perpen- 
dicular to BS are equal. That says the two dotted lines 
drawn perpendicular to BS are equal, the one drawn from 
A, the other drawn from C. Now finish the proof. 

Of course, the time intervals At can be as short as you 
like, so the discrete impulses can match as closely as de- 
sired the continuous transfer of momentum to the planet 
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PROBLEM 11. Kepler's Second Law. As 
the planet gets further from the sun, it 
slows down, so those triangles get 
longer and thinner, The triangles 
correspond to equal time intervals; the 
law says they have equal areas. 


A 


by the attraction of the sun. This process of “passing to 
the limit” of small At is probably familiar to you from 
mathematics courses. This mathematical technique was in- 
vented by Newton in connection with his work on the or- 
bits of the planets and the Law of Gravitation. 


* 4% 12. Conservation of Angular Momentum from 
Kepler's Second Law Use Newton's proof (see Problem 
5.11) to prove the conservation of angular momentum for 
a ball on a string. 


kÆ 13. Satellite Meeting Resistance from Gas Mole- 
cules 

(a) Show that the angular momentum of the satellite spi- 
raling in closer to the earth is decreasing. Notice that there 
is no violation of angular-momentum conservation here. 
The gas molecules carry off the satellite’s angular momen- 
tum. Does it seem strange that the angular momentum is 
decreasing even though the angular velocity is increasing? 
(b) Show that for an inverse-square law of gravitation, a 
1% decrease in r results in a 0.5% increase in v, 

(c) By how many percent does this make the angular mo- 
mentum decrease? 


4K 14. Escape Velocity The potential energy of an 
earth satellite is given by the formula 


mgr(1 = *) 


Here 


= distance from the center of the earth 
radius of the earth = 6.4 x 10° m 

= 9.8 m/sec = acceleration of gravity at 
r = R, meaning sea level 

mass of the satellite 


wW Rs 
1 


1 


m 


(a) Verify that gR = (7.9 x 10° m/sec}. 

(b) Show that the potential energy thus defined is zero 
at sea level. Remember (Chapter 4) that the zero of po- 
tential energy is arbitrary; that is, it is merely a conven- 
tion. 
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(c) Show that the work done in lifting a satellite from r 
= R to r = 2R is equal to the work done in taking it 
from 2R to infinity. 

(d) At what speed does a satellite move in a circular or- 
bit at r = R, that is, just above the atmosphere? 
(HiNT: The atmosphere is not even 100 km thick. You 
make less than a 2% error by setting v’/r = 9.8 m/sec.) 
(e) What speed does an object have to have at sea level 
in order to escape the earth’s gravity altogether, that is, 
to get out to r = infinity? (HINT: Do energy bookkeep- 
ing.) 

Scope that you arbitrarily changed the potential- 
energy formula to read simply —mgR*/r, omitting the 
“constant” term. Now the potential energy is zero at in- 
finity instead of at sea level. Show that the answers to 
parts (c), (d), and (e) are unchanged. 


NOTE: This is the more usual convention. It makes all po- 
tential energies negative for gravity—a comforting thought 
for an attractive force. 


* 15. Speed of Earth Satellites In Problem 14 you 
found that the speed for the smallest possible orbit is 7.9 
km/sec (= 18 thousand miles per hour). In part (e) you 
found that an object given a speed of 11 km/sec at sea level 
eventually escapes from the gravitational pull of the earth: 
(a) Argue that an object close to the earth having a speed 
less than 7.9 km/sec has to crash eventually. 

(b) Argue that an object close to the earth having a speed 
greater than 11 km/sec cannot be in a stable orbit around 
the earth; that is, it either has to crash or escape. 
(HiNT: Use energy bookkeeping.) 

(c) Show that the escape velocity is 2'* times the velocity 
in the smallest orbit. 

(d) What minimum kinetic energy (in joules) does each 
kilogram of satellite have to have to go into orbit? Express 
also in kilowatt hours. 


Note: At the present cost of energy, that is less than 50 
cents a pound. NASA charges more. 


* 16. Angular Momentum in an Inelastic 
Collision A playground merry-go-round is rotating at an 
angular velocity of 3.14 radians per second. 

(a) Verify that its period is 2 seconds. 

(b) Its mass (= 100 kg) may be considered as concentrated 
in a ring 1.5 m in radius. Show that its angular momentum 
is 7.1 x 10° kg m’/sec. 

(c) A 25-kg child jumps on with zero tangential velocity. 
Calculate the angular velocity after the impact. Assume 
that angular momentum is conserved and that the child 


has zero angular momentum before it lands. The child also 
may be assumed to land 1.5 m from the center. 


o> 17. Kinetic Energy of the Merry-Go-Round Refer 
to Problem 16. 
(a)Verify that the initial kinetic energy of the merry-go- 
round is 1.11 x 10° joules. (HiNT: You can just add the 
kinetic energies of the individual parts of the merry-go- 
round. Note that they are all moving at (3.14 radians/sec 
x 1.5 m) = 4.7 m/sec.) 
(b) Calculate the kinetic energy of merry-go-round plus 
child after the impact. Don’t be surprised that kinetic en- 
ergy was lost in an inelastic impact. You should be wor 
ried about energy bookkeeping: The lost kinetic ener 
goes into heating up the material in the vicinity of the im- 
pact. Remember how it used to smart after you jumped 
on? 


Æ 18. More about the Mass on a String 
(a) Calculate the tension in a 2-meter string with a 1-kg 
mass whirling at 1 period per second. (That is an angular 
velocity of 27 radians per second.) Remember the centri- 
petal acceleration v*/r. You can neglect gravity at this 
speed, that is, assume the string is almost horizontal and 
set F = ma. 

(b) Suppose that you shorten the string slowly. You 
actually do this by pulling it through a smooth tube you 
hold in your hand. The angular velocity increases. Sho 
that this is required by the conservation of angular mi 
mentum mrw. 

(c) Show that a 1% decrease in r results in a 2% increase 
in o. 

(d) By how many percent has the speed v increased? 

(e) By how many percent has the kinetic energy increased 
(f) Show that this kinetic energy increase is equal to the 
work done in pulling on the string; that is, energy book 
keeping works. (HINT: Has the string tension increased 
or decreased? To calculate the work done (= force x dis- 
tance), you will have to take an average over the 2 cm by 
which the string was shortened.) 


> 19. Stone Whirling on a String 
This time we do some vector addition to show that gravity does 
not matter. 

You are going to prove that the tension (F) in the string 
is independent of the acceleration of gravity g. Here is 
how. The stone has weight mg. The string of length! 
makes an angle @ with the horizontal. So the stone moves 
in a horizontal circle of radius r cos @. According to the 
v/R formula, its centripetal acceleration is wr cos U 
This means that the horizontal component of the force on 
the stone is mw*r cos 0. The vertical component is mg: 


PROBLEMS 


(a) Use Pythagoras’s theorem to prove that F = (mg)? + 
(marr cos 0}. 

(b) Draw a sketch and use it to show that sin 0 = mg/F. 
(c) Now do the algebra needed to prove that F = mw*r, 
independent of g. 


** 20. Banked Curves—More Vector Addition The 
angle of banking should be such that there is no tendency 
of the car to skid toward the outside of the curve. This 
means the net force of the road on the car should be nor- 
mal to the road surface (see the figure). The vertical com- 
ponent of this force is mg, the weight of the car. The hor- 
izontal component of this force is the centripetal force my?/ 
r, where r is the radius of the curve. 

(a) Prove that the ratio of the horizontal to the vertical 
components of this force gives the tangent of the angle 
that force makes with the vertical. 

(b) Prove that making tan 0 = v'/gr satisfies the no-skid 
condition. Be sure to make a labeled sketch showing the 
various forces. 


Cars going around a well-banked curve. 


* 21. Banked Curves What angle should the road 
Surface make with the horizontal so that there is no ten- 
dency to skid on a curve with a 100-meter radius negoti- 
ated at 20 m/sec (= 44 mph)? Have you ever seen a high- 
way banked that hard? Now you know why mountain 
roads have more conservative speed limits on the tight 
curves. (HINT: See Problem 20.) 


* 22. Bicycle Wheel The mass is mostly in the tire 
and rim, so it is easy to calculate the moment of inertia. 
(a) Calculate it for a mass of 1.5 kg and a radius of 0.68 m. 
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(b) What is its angular momentum if it is spinning at 3 
revolutions per second? 

(c) A student prepares to demonstrate conservation of an- 
gular momentum by standing on a platform arranged to 
rotate freely on good bearings. Her mass may be taken as 
70 kg; her moment of inertia about the axis of spin might 
be about 3 kg m*. She is handed the spinning bicycle 
wheel, axle vertical, and holds it carefully by the bearings. 
Nothing happens. Then she touches the tire and stops its 
spinning. Immediately she and her platform start to rotate 
in the sense in which the wheel was spinning. Calculate 
her angular velocity. Tell what approximations you are 
making. (See photo in Sec. 5.1.) 


%** 23. Whirling on the Bar Stool Actually, a rotating 
platform is better if you have one. You are holding 5 kilo- 
grams in each hand. When your arms are extended (say 
0.8 m from your centerline), those weights contribute 6.4 
kg m° to your moment of inertia. 

(a) Verify. 

(b) When your arms are at your sides, say 0.3 m from your 
centerline, show that the weights contribute only 0.9 kg 
mê. So, in extending your arms, you are increasing your 
moment of inertia by more than 5.5 kg m?. 

(c) Suppose that the moment of inertia hands-at-your- 
sides is 3 kg m*; hands-extended it is 8.5 kg m°, Hands-at- 
your-sides, you are rotating at an angular velocity of 6.3 
tadians/sec. What will be your angular velocity when you 
bring those weights all the way out? 

(d) Notice that it is easier to raise the weights when you 
are rotating than when you are at rest. Of course, the cen- 
trifugal force helps. Does that mean that the total kinetic 
energy is less with the weights far out than close in? 

(e) If you pull your arms in again, you really have to pull. 
Argue that the work you do goes into kinetic energy of 
rotation. 


NOTE: The important point here is that energy bookkeep- 
ing is not the same as angular-momentum bookkeeping. 
You can lose both energy and angular momentum due to 
friction in the bearings, of course. 


Æ 24. Torque and Angular Acceleration A certain 
flywheel has virtually all its mass m concentrated at its 
outer radius R. So its moment of inertia I is mR?. A tan- 
gential force F is almost instantaneously transmitted to all 
parts of the wheel; that is, all parts of the wheel share 
equally in it, and it is everywhere tangential. If it is 
mounted on frictionless bearings, it will change its rate of 
rotation in accord with the law of motion. Each mass point 
will accelerate tangentially with acceleration a = F/m. So 
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the angular velocity œ = v/R will show a time rate of 
change a = a/R. If we substitute a = F/m, this becomes 


F 
ee 
mR 
The torque 7 is defined as the product of the force times its 
moment arm: t = FR. In terms of the angular acceleration 
this can be written 


7 = mRa = la 


The formula + = Ia looks a lot like F = ma and may be 
called its rotational analogue. In the numerical work that 
follows, the important thing is to keep the units straight! 
(a) Take R = 0.5 mand m = 10 kg. Calculate 1. 

(b) Let F = 44.5 newtons (i.e., 10 pounds). Calculate the 
torque. 

(c) Calculate the angular acceleration a. (HINT: It comes 
out in radians per second per second.) 

(d) How long until the wheel, starting from rest, is rotat- 
ing at two revolutions per second? (HiNT: That is 12.56 
radians per second.) 


ok 25. Kinetic Energy Argue that the kinetic energy 
of rotation of a rigid object can be expressed as Ho”. 
(HiNT: Each mass point m; has kinetic energy = Imo? 
and v; = wr;.) 


* 26. Centrifuge To make liquid suspensions settle 
rapidly, a simulated gravitational field is produced by 
rapid spinning. 

(a) Calculate the angular velocity (radians per second) of a 
10,000-rpm (revolutions per minute) centrifuge. 

(b) A test tube 10 cm from the center experiences a gravi- 
tational field (an acceleration) of newtons per kil- 
ogram. 

(c) Argue that the force the liquid exerts on the tube is 
about ten thousand times as great while it is spinning as 
it is at rest. Would you use thin-walled glass tubes? 


* 27. The Hammer Throw The “hammer” is a 
track-and-field event in which a 3-kg ball is whirled 
around the body in a circle of 1.8-meter radius. Before it is 
released, it may be moving at 20 m/sec. Calculate the force 
on the athlete’s hands at this moment. 


> 28. Quantization of Angular Momentum—Bohr 
Theory of the Hydrogen Atom In Chapter 18 we shall 
meet the “quantum” of angular momentum, A = 1.05 x 
10°>* joule sec. According to the Bohr theory, the usual 
orbit of the electron around the proton has exactly this 
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Problem 27 


much angular momentum. We now calculate the speed ? 
and radius r of this circular orbit. The electrostatic inverse 
square-law attraction of electron to proton (Chapter 13) i$ 
given by 2.3 x 107% newton m?/r?. Set this force equal t0 
mass times acceleration mv*/r, where m = 0.911 X 10° 
kg is the mass of the electron. 

(a) Set mur = h, and eliminate r between the two eque 
tions to solve for v. 


Note: The proton is so much more massive than the elec: 
tron that it is treated as if it remains at rest. 


(b) Now solve for r. [Answer: r = 0.53 x 10°"? m] This 
gives a good estimate of the size of a hydrogen atom. 


PROBLEMS 


* 29. Why Don’t We Fly Off Our Rotating 
Earth? Because gravity holds us down. In fact, the earth 
pulls you toward its center with a force of 9.8 newtons on 
every kilogram in your body. But how about the centrifu- 
gal force? If you were standing at the equator, every mass 
m in your body would also feel a fictitious force mw?R act- 
ing upward. What fraction is that of the 9.8 newtons/kg 
acting downward? Remember, w = 27/24 hours, and R = 
6.4 x 10° m. Another way to ask the question is, by how 
many percent will your bathroom-scale weight reading in- 
crease if you move to the north pole? 


*+*> 30. Coriolis Force In the movie “Frames of Refer- 
ence,” the two physics professors are getting on a plat- 
form rotating counterclockwise. They are playing with one 
of those well-machined dry-ice pucks on a polished table. 
One starts the puck moving toward the other but finds it 


coming back into his own hand as the platform completes 
half a turn. In the rotating frame of reference, the puck 
has gone in a closed loop: clockwise / counterclock- 


wise? Argue cogently. 


4 31. Coriclis Force Drives the Weather The earth 
rotates around a north-south axis, counterclockwise when 
viewed from the north. A north wind blows southward. 


Problem 31 Satellite weather photograph showing coun- 
terclockwise wind pattern around a pressure “low’ in the 
dwest. See also photo on p. 115. 
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In the northern hemisphere, the further south the air gets, 
the faster the earth moves underneath it. In the earth’s 
frame of reference, the moving air experiences a westward 
force, that is, a force to the right. In the same way, air 
moving northward in the northern hemisphere experi- 
ences an eastward force, again a force to the right. 
(a) Argue that air rushing into a low-pressure region in the 
northern hemisphere find itself moving in clockwise / 
counterclockwise circles around the low. 
(b) Look at a national weather map in the newspaper. Lo- 
cate a low-pressure area, and confirm that the winds turn 
around it as you predicted in part (a). 
(c) Would you expect hurricanes in the southern hemi- 
sphere to twist in the sense opposite that of hurricanes in 
the northern hemisphere? 


%*K 32. A Pulsar Is a Rotating Neutron Star An “old” 
star, having used up its fuel for nuclear fusion, can un- 
dergo gravitational collapse and become a neutron star. 
Suppose that a star with mass M = 3 x 10” kg (= 1.5 
solar masses) and radius 8 x 10° m has a rotation period 
of 30 days. It collapses to an average density of 4 x 10" 
g/cm’. 

(a) Verify that its radius is now 1.2 x 10‘ m. 

(b) The moment of inertia is given by a formula | = fMR?, 
where f is a numerical constant close to 0.3. 


NOTE: For a uniform sphere, f would be 0.4. What is the 
ratio of the old to the new moment of inertia, I,j@/Tnow? 


(c) Calculate the new rotation period, assuming that an- 
gular momentum is conserved. 


NOTE: A neutron star has two visible beacons, like rotat- 
ing search lights, at each magnetic pole, so we can observe 
the flashes. The pulsar in the Crab Nebula blinks 30 times 
per second, corresponding to a rotation frequency of 15 
Hz. 


** 33. Rotational Spectrum of H, The moment of in- 
ertia of a diatomic molecule about its center of mass is I = 
Emr? = 2m(R/2)*. For Hz, m is the proton mass and R is 
the equilibrium proton-proton separation in the molecule 
(= 0.074 nm). 

(a) Calculate I. 

(b) If angular momentum is quantized in units of A = 1.05 
x 107% joule sec, calculate the longest rotational period 
possible for this molecule. 


NOTE: The longest period in the observed rotational spec- 
trum of molecular hydrogen is 2.72 x 107" sec. 
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* 34, Angular Momentum of the Rotating Earth 

(a) The angular velocity of the earth is œ = 2 m radians/24 
hours = radians/sec. 

(b) Its mass is 6 x 10” kg; its radius is 6.4 x 10° m; and 
its moment of inertia is 1.0 x 10 kg m°. Verify that this 
moment of inertia agrees with the formula 0.4 MR’. 

(c) A 1-metric-ton (= 1000 kg) car starts to drive west on 
a road near the equator (see the figure). Argue that this 
means it acquires some angular momentum opposite to 
that of the earth. Conservation of angular momentum im- 
plies that the earth has to speed up a bit. 

(d) Estimate the fraction by which the angular velocity of 
the earth is increased by bringing that car up to 20 m/sec. 
Express in the form “ parts in 10°.” 

> (e) The work done to bring the car up to that speed 
is 2 x 10° joules. Verify and argue why you neglect the 
work done in speeding up the earth. (HINT: Remember, 
the car is being carried along at 465 m/sec before it starts.) 
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PROBLEM 34. If you drive west, the earth has to speed up 
a bit to conserve angular momentum. 


PRESSURE 
OF AIR 
AND WATER 
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PRESSURE OF AIR AND WATER 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 


Bone and muscle are more dense than water. Why is the average density 
of the human body a bit less dense than water? 

What is Archimedes’ Principle? 

Ships are made of steel. Steel is much more dense than water. How can 
ships float? 

If a certain kind of wood has specific gravity 0.5, its density is half that 
of water. A piece of this wood will float with more than half / 
half / less than half of its volume sticking out above the water 
level. 


The buoyant force exerted by the water on the bottom surface of that 
piece of wood is equal to / less than / greater than its 
weight. 


Explain the meaning of the phrase “760 millimeters of mercury is equal 
to 1029 centimeters of water.” 


Why does the nurse’s blood-pressure gauge contain mercury—a highly 
toxic liquid? 


When the weather report says “barometic pressure 29.5 inches,” what is 
it talking about? 


The density of the air is directly proportional to its pressure / 
temperature. This is a statement of =e M E = s Law. 


The momentum transmitted per second by each molecule of an ideal gas 
to one wall of the container is proportional to: the average speed / 
the mean square speed 


Explain how it is that a scuba diver coming up too fast could get “the 
bends.” 


About how far up is the oxygen content of the air only half of what it is 
down here? 


6.1 DENSITY AND SPECIFIC GRAVITY 


The founders of the metric system devised the weights and measures in 
such a way that one liter of water has a mass of one kilogram. Another way 
to say that is that the density of water is 1 kilogram per liter. Still another 
way is to say its specific gravity is 1. Of course, to be precise one has to 
specify the pressure and temperature, since water is somewhat compressible 
and does expand on being warmed from room temperature. The 1-liter, 1- 


6.2 ARCHIMEDES’ PRINCIPLE? 


kilogram equivalence is exact for water at a pressure of 1 atmosphere and a 
temperature of 4°C (for Celsius). At higher Pressures, the same kilogram of 
water has a somewhat larger volume. But the compressibility of water is so 
small that each additional atmosphere of pressure only increases the density 
by 0.005%, and thermal expansion reduces the density only 0.001% per de- 
gree C. This insensitivity of density to changes of pressure and temperature 
is characteristic of most liquids and solids and quite different from the be- 
havior of gases. Air, for example, is 20,000 times more compressible than 
water, and has a 400-fold greater thermal expansion coefficient. 

Since the human body is constituted largely of water, it is not surprising 
that our density is very close to 1 kg/liter. That is the same as 1 gram/cm’, 
good’ to 3 parts in 10°. Bone is somewhat more dense (between 1.7 and 2 
grams/cm’), and so is muscle. Fat is somewhat less dense (around 0.9 gm/ 
cm’). That the average body density usually comes so close to that of water 
must have to do with our having air-filled cavities—like the lungs. Indeed, 
most of us will float in water when our lungs are full, and sink when we 
have exhaled completely: By exhaling, we decrease the total volume of the 
body enough to bring the average density from just below that of water to 
just above. For example, we might be talking about changing the specific 
gravity from 0.97 to 1.01. 

When such small changes are important, you might argue that it would 
be harder to stay afloat in warm water. It is less dense than cold water, and, 
of course, our body temperature is regulated to stay very constant, close to 
37°C, regardless of the environment. It turns out that the density differences 
associated with a few degrees of temperature change are too small to notice. 
On the other hand, things dissolved in water can make noticeable density 
changes. Seawater, for example, has only 30 parts per thousand of salt, but 
anyone who has swum in the ocean knows how much easier you float in 
salt water than in the swimming pool: The density of seawater is 2.5% 
greater than that of fresh water. 


6.2 ARCHIMEDES’ PRINCIPLE? 


Who knows, maybe it was while noticing his own buoyancy change as he 
inhaled and exhaled in the bath that Archimedes hit on the idea: The buoyant 
force exerted by the water is equal to the weight of water displaced. The next section 
Presents a “proof,” but here we just want to admire: What a beautiful intu- 


‘I ml = 1.000027 cm’, 

Archimedes, Greek mathematician, scientist, and inventor, lived in 287-212 B.C. in Syracuse, 
Sicily. The Story is told that he was asked by King Hieron to figure out a way of testing if the 
King’s crown was indeed made of pure gold or was alloyed with a cheaper metal like silver. 
Archimedes’ solution was to immerse it in water and compare the rise in the water level with 
that caused by an equal weight of gold, that is, to compare densities. Upon hitting on this 
Solution while bathing, the story continues, he ran naked out of the bath house to his home 
Shouting “pnka” (pronounced Eureka), “I have found it.” 
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itive generalization it is! If an object sinks, it is because it is more dense than 
water. So the weight of water it displaces—the buoyant force on it—is less 
than its own weight and therefore not enough to hold it up. An object less 
dense than water only submerges so far that the weight of water displaced 
by the submerged volume—the buoyant force—is equal to the object's 
weight, and the two forces are in equilibrium. 

Here is a specific example: 


EXERCISE 1 Oak has a specific gravity of 0.7. What fraction of a block of oak 
is submerged when it floats, and what fraction sticks out above the water? 


SOLUTION Suppose that the block of wood has a volume of 1000 cm’. Since 
we know its density, we know it weighs as much as 0.7 kilo- 
grams, that is, 0.7 kg  g.° When it floats, the water has to buoy 
it up with a force of 0.7 kg x g. According to Archimedes, it 
displaces a volume of water having a weight of 0.7 kg x g, or 
700 cm’. 


The answer, that a block having a specific gravity of 0.7 floats with 70% 
of its volume submerged is, of course, independent of its size. We only gave 
our block a volume of 1000 cm? to aid the intuition. 


Pressure and Buoyant Force 


We now look more closely at how that buoyant force comes about. Our 
block might be, for example, a cube 10 centimeters on a side. That would 
give each face an area of 100 cm? (= 10 cm x 10 cm). If the top surface of 
the cube were held submerged 1 cm below the surface, the water above it, 
that is, a volume of 100 cm? x 1 cm = 100 cm’, would weigh 100 grams Xx 
g. This has to be borne by the 100 cm? surface. Each square centimeter of 
surface has to support 1 gram of water. If you think about the water mole- 
cules adjacent to the cube face, they are being compressed, and the com- 
pressive stress is the same in all directions. This means that if the block were 
only dipped so that its lower surface were 1 cm below the water level, the 
upward force on the lower surface would amount to that same 100 grams 
x g: 1 gram weight for each cm? of surface. What we are saying is that 1 
cm below the water level, the water exerts the same pressure up as down. 


*This is pronounced “0,7 kilogram weight.” How convenient not to convert to newtons here! 
The medical literature is full of kilograms used as a unit of force rather than mass. See Sec. 1.5. 
‘It exerts the same pressure sideways too: The water molecules down there have no preferred 
directions; all directions in space are the same to them. This isotropy of compressive stress is à 
property of liquids and gases, and is called Pascal's Principle. Some solids also possess this 
symmetry property. Anisotropic crystals do not, nor do cellular materials like wood or bone. 
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if 1 cm of water will push on that surface with a force of 100 grams x g, 
then at a depth of 7 cm, the force would be 700 grams X g, just enough to 
buoy up the 700-gram block. Now you see how Archimedes’ Principle 
comes about: The block sinks just low enough so that the water pressure at 
the bottom surface gives an upward force equal to the weight of the block 
(see Fig. 6.1). 


Pressure and “Head” 


If we focus attention on 1 square centimeter of water surface, then 1 cm 
down below the surface there is 1 cubic centimeter of water above that 1 
cm’, That much water weighs 1 gram x 8. Seven centimeters down we have 
a column of water weighing 7 grams x g, and so on. If we focus on an area 
A of surface and follow it down to a depth h, that defines a column of water 
having a volume kA. (The volume of a cylinder is height times cross-sec- 
tional area.) You know the density of water, but for generality call the den- 
sity p (Greek rho). Then the mass of that vertical cylinder of water is phA, 
and its weight (= mass X g) is pghA. Now focus on the horizontal area A 
that supports that much weight. The stress (= force per unit area) on that 
area A is the weight divided by the area. 


pghA 
tress = “2 — 
stress m 
or pgh. When compressive stress is isotropic, it is just called pressure. So the 
pressure at depth h is given by the formula 


pressure = pgh 

a Eee ee 

SE 

EXERCISE 2 An oak dowel rod 1 cm? in cross-sectional area and 10 cm long 

is dropped into a graduated cylinder full of water. The walls constrain it to 

be almost vertical. 

(a) How many centimeters of its length are submerged when it is in equilib- 
rium? (HINT: Remember, in equilibrium its weight (= 7 grams x g) has 
to be equal to the buoyant force of the water on the 1 cm? area of the 
bottom of the rod.) 

(b) If the rod is pushed down so that it is completely submerged, what is 
the buoyant upward force exerted on it by the water? Argue that this 
force does not depend on how far it is pushed, even though the force 
on the bottom surface does. 


TE eel 
E 


Proof of Archimedes’ Principle 


By now you may have guessed how the proof goes. Before oe wood block 
Was lowered into the water, there was water in those 700 cm*. The weight 


100m, 


FIGURE 6.1 The 7 centimeters of 
the oak block that are under water 
displace 700 grams of water. The 
whole block weighs as much as 
the displaced water. 
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of that water was supported by the water underneath it. It was in equilib- 
rium. In other words, water pressure exerted an upward force equal to the 
weight of that 700 cm? of water. When that 700 cm” of water is replaced by 
700 cm? of wood, the buoyant force on that volume does not change. There- 
fore, it is equal to the weight of the water displaced. 

That proof is perfectly general and does not depend on the shape of the 
floating object, or the material of which the object is made, or the nature of 
the fluid. The only assumption is the implicit one that the force exerted by 
the surrounding fluid on the surface of the submerged object is the same as 
the force exerted across the same surface if the object is replaced by some- 
thing else. The something else could be more of the same fluid. That makes 
the “surface” imaginary, to be sure. 


Se SS NEPON PEE A E E aT o 
EXERCISE 3 22.4 liters of air weighs 29 gram-weight. The same volume of 
helium gas weighs 4 gram-weight. What is the buoyant force of the air on a 
22.4-liter balloon? [Answer: 29 grams X g] What is the most the rubber and 
string can weigh for the helium-filled balloon to fly? Argue that the answer 
is 25 grams X g. 


*6.3 THE UNITS OF PRESSURE (SPHYGMOMANOMETER) 


In the example of the oak block, it was convenient to measure force in grams 
x g or kilograms x g. Remember, at a depth of 7 cm, the pressure is just 
enough to lift the 100 cm? area of the bottom of the block with a buoyant 
force of 700 grams x g. You will recall that that was the weight of the block 
in our example. Rather than saying that 7 centimeters below the water level 
the pressure is 7 gram weight per square centimeter, the medical literature 
often just says “7 cm of water,” or 7 cm HO. Using cm H,0 as a unit of 
pressure is particularly convenient when dealing with water or with blood, 
which has about the same density. Thus we would say that the blood pres- 
sure in the large vein leaving the brain is about 40 cm H,O lower than the 
pressure in the right atrium of the heart. There is a “pressure head” of about 
40 cm, the height of the brain above the heart. When you lie down, that 
pressure difference virtually disappears. Note that the corresponding, pres- 
sure difference on the arterial side of the brain goes away at the same time. 

Your physics professor may well be horrified at the thought that you will 
emerge from this course quoting pressures in “cm H,O” instead of some 
good physicist’s units. If pressure is force per unit area, then the modern 
unit of pressure should be the newton per square meter, officially called the 


pascal. For our oak block, the pressure on that lower surface 7 cm down 
should then be written 


“This section is optional and can be omitted without loss of continuity. 


6.3 THE UNITS OF PRESSURE (SPHYGMOMANOMETER) 


pressure = pgh 


kg newtons 
= (100 s) x (0s nevem) x (0.07 m) 


686 newtons/m?, or 686 pascals 


Since the bottom of the block has an area of (0.1 m)? = 0.01 m2, the buoyant 
force is 


( newtons 


men apr Mor 2 
pga = (686 5 ) x (0.01 mô 


= 6.86 newtons 


which is indeed the weight of a block having a volume of (0.1 m)? and a 
specific gravity of 0.7. Verify: 
weight = mass X g 
=p X volume x g 


= (700 s) x (0.001 m°) x (>s newtors) 
m kg 


=? 


It may seem awkward to give the density as 700 kg/m’ instead of as 0.7 gm/ 
cm’, but that is what we have to do if we insist on staying strictly in “MKS” 
units (MKS is meter-kilogram-second). 


ee OO O o EEA 


EXERCISE 4 Of course, you could write 0.7 kg/liter for the density of oak 
and 1 liter for the volume of the block. You have set the liter equal to the 
cubic decimeter, an approximation good to three parts in a hundred thou- 
sand: 


1 liter = (107m)? = 107°? m? 


But then, if you want to find pressure using the formula “pressure = pgh,” 
it comes out in newton m/liter. Unfamiliar? Write 1 newton m/liter = 1 new- 
ton m/(10~'m)°. Try it: 


Pressure = pgh 
E (1 kg) (og newtons) (0.07 m) 
liter kg 


newtons 
seha 


m 


Did you get the same answer as before? 


a 
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Vacuum 


Air Pressure 


FIGURE 6.2 Mercury barometer— 
To measure the air pressure that 
holds up the mercury column, 
measure the level difference 
between the surface of the 
mercury in the container and the 
top of the mercury column in the 
glass tube. 
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Much of the biomedical literature uses CGS (= centimeter-gram-second) 
units rather than MKS. In CGS units, the acceleration of gravity g is written 
980 cm/sec? or 980 dynes/gm. (You may recall that, if you write F = ma in 
CGS units, the unit of force is 1 dyne = 1 gm cm/sec”, which translates to 
107 newtons.) In these units the pressure 7 cm below the water level is 


written 


I 


pressure = pgh 

(: =) x (o0 222) x 7 cm) 
cm gm 

dynes 

cm? 


Il 


= 6860 


[Compare with 686 newtons/m? above.] Evidently, the dyne/cm? is a smaller 
unit than the newton/m?: 


newton dynes 
1 s— = 10 7 
m cm 


Repeat: The newton is 10° dynes; the m? is 10* cm’. 

Now you might think that three or four metric units for pressure would 
be enough, especially after remembering that American engineers have a 
preference for the pound per square inch for hydraulics and the ton per 
square foot for buildings and roads. Alas, there are more. The blood-pres- 
sure gauge (sphygmomanometer) in common use has mercury as its mea- 
suring liquid, so it reads pressure directly in millimeters of mercury, called 
torr or “mm Hg.” The pressure in an artery of the arm might typically peak 
at 120 mm Hg above ambient, that is, above the air pressure in the room. 
To translate into our earlier units, we need to know that the specific gravity 
of mercury is 13.546 so that 1 mm Hg = 1.35 cm H3O. That “systolic” blood 
pressure of 120 mm Hg, translated into centimeters of water,’ would be 


13.546 x 12.0 cm = 162.6 cm H,O 


Now you know why the nurse uses mercury instead of water in her sphyg- 
momanometer (pressure cuff). It would be a very bulky instrument indeed 
if it used a less dense measuring liquid. 

The same goes for the scientific barometer, which is a tube filled with 
mercury, closed at the upper end, dipping into a mercury trough at the 
lower end. The pressure of the air acting on the mercury surface supports 
the mercury against gravity so that it appears to hang from the “vacuum” at 
the top of the tube.° See Fig 6.2. On an average day, the air pressure is close 


*To avoid confusion, the medical literature consistently uses millimeters for pressure head of 
mercury and centimeters for head of water. 

6 p . 

Of course, the so-called Torricellian vacuum actually contains mercury vapor. Since the vapor 
pressure of mercury at room temperature is only 0.0012 mm Hg, the length of the mercury 


column does not require much correction to be used as a measurement of the atmospheric 
pressure. 


6.3 THE UNITS OF PRESSURE (SPHYGMOMANOMETER) 


Measuring blood pressure. The pressure cuff is wrapped 
around the patient’s arm and inflated. As the air pressure 
is slowly released, blood starts to flow through the par- 
tially pinched-off artery during an increasing fraction of 
the cardiac cycle. The sounds of that turbulent flow are 
heard through the stethoscope. The gauge in the photo- 
graph uses a calibrated spring instead of a mercury col- 
umn. 


to 760 mm Hg, and this has been defined to be the standard atmosphere. 
Another pressure unit! 
If 


1 atmosphere = 760 mm Hg = 760 torr 


by definition, what is the atmosphere in our other units? First, how much 
head of water corresponds to 760 mm of mercury? Answer: 


13.546 x 76 cm = 1029.4 cm of water 


Now you know that a water barometer would require a room with a very 
high ceiling! 

You may hear it said that “a head of 10 meters of water is an atmosphere.” 
Such a statement we now see to be 3% off, close enough for many purposes. 
If someone asks you how deep under water you have to swim before the 
Pressure on your ear drums becomes twice the usual, the answer is 10 me- 
ters down. 

Sick of units? Then skip this exercise, which is here mostly for handy 
reference, 
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FIGURE 6.3 Water barometer. 
Now you know why they use 
mercury. 
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exercise 5 A column of water 1029 cm high exerts a pressure of (1.029 kg/ 
cm’) g; that’s 1 atmosphere (see Fig. 6.3). Converting further, we get 


wton 
1 atmosphere = 1.008 x a 


= 1,008 x ins 


Verify these conversions by recalling that 
l kg x g = 9.8 newtons 
and 
lgm x g = 980 dynes 
Again, you may hear people say that a million dynes per square centimeter 
is an atmosphere. Show that they are less than 1% off. 


maa 


6.4 GAS LAWS 


In Sec. 6.5 on deep-sea diving we shall be concerned with the way the vol- 

ume of air in the lung changes with ambient pressure. You could probably 

guess it: Air density is directly proportional to air pressure, provided that 

the temperature remains constant. That simple proportionality is called 

Boyle’s Law. For a constant mass of air, doubling the pressure means halv- 

ing the volume: The volume is inversely proportional to the pressure. 
Repeat: Boyle’s Law says 


p = pressure 
pV = constant V = volume 


The implication is that the “constant” is a function of temperature and, of 
course, proportional to the amount of air. 

It turns out that Boyle’s Law is an excellent approximation for all gases as 
long as they are not near their condensation points, that is, near the tem- 


uids and solids are nowhere near as compressible as gases, so we have to 
expect the law to fail as a gas becomes closer to becoming a liquid or solid. 
Even if you have never had a chemistry course, you are able to give a 


64 GAS LAWS 


other. We are going to make that picture into a theoretical model for “ex- 
plaining” Boyle's Law, called the ideal gas. That model neglects the molec- 
ular interactions completely. When a gas condenses into a liquid, it does so 
because of the attraction between the molecules—they like to stick together. 
When a liquid evaporates and becomes a gas, it is thermal motion of the 
molecules that breaks those bonds. You might think that the transitions 
from liquid to gas (evaporation) and from solid to gas (sublimation) as the 
temperature is raised should be a natural part of our picture. The ideal gas 
model pretends they don’t exist! 


Ideal Gas 


We now derive the “ideal gas law.” That is the relation between pressure 
and volume for a gas of noninteracting “point” molecules each of mass m. 
Please don’t be put off by the notion of something having mass but no size. 
Remember, it is an idealization. It just says that the molecules are very 
small. For simplicity we shall assume that their collisions with the walls of 
the container are elastic. That assumption is not actually necessary, but it is 
convenient. If we measure pressure against a flat wall perpendicular to the 
x-direction, the elastic-collision assumption allows us to forget about the y 
and z components of a molecule’s velocity. Those two components are un- 
changed by colliding with the wall, while the x-component of the velocity v, 
is reversed in sign. An elastic collision with a massive wall just results in a 
“mirror reflection” of the velocity (see Fig. 6.4). 

Suppose that two such parallel walls are separated a distance L. Then the 
time the molecule spends traveling from one wall to the other is L/v,. It 
returns to the first wall after a timé 2L/vy. Each time the molecule collides 
with that wall it transmits a momentum 2mo, to the wall. That is because it 
comes in with a momentum component +mv, and leaves with — mu, as a 
consequence of our convenient elastic-collision assumption. The average 
force the molecule exerts on the wall is the momentum imparted per unit 
time, 
momentum _ 2 mv, _ mo, 

time —- 2L/, L 
for each molecule. The pressure p on the wall is the force per unit area A of 


wall due to all the molecules (N of them) in the container having the same 
v: 


force = 


force moe 

p=N = yes. 
Ara” TA 

lf we make our container a straight cylinder, its volume is LA, its length 

times the area of the flat wall on the end. That gives us a relation between 


pressure p and volume V: 


moe 


Pressure p = 
re p N: V 
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Wall-to-wall 
trip takes time 
La 


be----L----44 
| TT 
_———— a 


Return trip takes 
time L/w 


FIGURE 6.4 Kinetic-theory 
derivation of the gas laws, It takes 
the molecule a time 21v to make a 
round trip, bouncing off opposite 
walls, 
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that the pressure due to that “species” of molecule 

Pini ica 57 to the volume of the container. Or we could say, the 
pressure is directly proportional to N/V, the number of molecules of tha 
species per unit volume, That is the kind of statement we were after! 
Of course, not all the molecules of a gas are going to have the same x 
component of velocity v, Here recall that the kinetic energy of the molecul 
is 4m’. At this point we do bring in the y- and z-components of the velocity 
because 


vette 


That's Pythagoras! Now we introduce a statistical notion. We assume tha 
the velocities have random directions so that the average value of vz is 
same as the average value of v? and of v2. With this isotropy assump 
we can interpret our formula in terms of the average kinetic energy 
of a molecule, The v? is one-third of v*, on the average. So our “law” be 
comes 


pe Mie = 3 x 4 (average kinetic energy per molecule) 


Our model has given us more than a “derivation” of Boyle’s Law, that gas 
pressure is inversely proportional to volume. It also allows us to interp 
the proportionality constant, For the ideal gas, the pV product is a mei 
of the kinetic energy of the gas. Since the pV product is so nearly consti 
for real gases at constant temperature, the ideal gas model leads us to 
ciate temperature with average kinetic energy per molecule for real gas 
too. 
A temperature scale based on the ideal gas law defines absolute temper- 
ature T to be proportional to the average kinetic energy per molecule, It 
conventional to write } 


NkT 
ee (Eq -1 


so that 
AT = į (average kinetic energy per molecule) 


The constant & is called Boltzmann’s constant, and it really is a universal 
constant. It is the same for all gases, Its numerical value depends on th 

choice of units for energy (joules?) and the choice of units for temperat 
(Kelvin?). The convention is to choose the size of the degree such that 
are 100 degrees between the freezing and boiling points of water. That 
vention gives the Kelvin (K) scale of absolute temperature. On the 


scale, the freezing point of water is 273 K, the boili int is 373 K. 1 
choice makes Boltzmann's constant ha 


k = 1.3807 x 10° joules per Kelvin per molecule 
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In older books this was written “joules per degree Kelvin.” Nowadays it is 
fashionable to omit the word degree and treat Kelvins as just another energy 
unit, just like joules or ergs. 

Since absolute temperature is a measure of average kinetic energy, abso- 
jute zero temperature would seem to imply the absence of all molecular 
motion. It should be pointed out that while there is no limit on how close 
to absolute zero things can be cooled, the fact that absolute zero can never 
actually be reached is called the Third Law of Thermodynamics. 


Avogadro's Law 


Our ideal-gas model tells us that the volume occupied by a certain number 
of molecules at a given pressure and temperature does not depend on the 
mass of the molecules. That is, it is the same for all gases. That prediction 
is known as Avogadro's Law. The number of molecules whose weight in 
grams is equal to the particular gas’s molecular weight (carbon = 12, etc.) 
is, of course, the same for all substances, That number is called Avogadro’s 
Number. It is 


Navogadro = 6.02 x 10% 


the number of molecules in a mole. The volume occupied by one mole of 
ideal gas at 0° C (= 273 K) and 1 atmosphere pressure is 22.4 liters. 

Near the beginning of this chapter there is the statement that air is 20,000 
times more compressible than water. You are now in a position to check 
that. To increase the density of water by 5 parts in 100,000 requires 1 atmo- 
sphere of added pressure. To increase the density of air—essentially an ideal 
gas at a pressure of 1 atmosphere—by 5 parts in 100,000 requires only 5/ 
100,000 of an atmosphere additional, since density and pressure are propor- 
tional. The ratio of compressibilities is indeed 1/0,00005 = ———_____. 


EXERCISE 6 How much (i.e., by what percentage) does the density of air 
decrease when its temperature is raised from 27°C to 28°C (i.e., from 300 K 
to 301 K)? 


The chemists like to write the ideal gas law in terms of the number of 
moles of gas, n, rather than the number of molecules of gas, N. The ratio is, 
of course, Avogadro’s Number: 


n N Avogadro 


Then they give a special name to the product of Avogadro's Number times 
tzmann’s constant: 


Navopadro k =R 
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Ris called the ideal gas constant, and the law can be rewritten 


nRT (Eq. 2) 


EXERCISE 7 Calculate the ideal gas constant R using the fact, which you 
already know, that a gas at a pressure of 1 atmosphere and a temperature 
of 273 K (that is called S.T.P., or Standard Temperature and Pressure) has a 
volume of 22.4 liters. Your result will come out in liter atmospheres per mole 
per Kelvin. Then convert it to more familiar units: joules per mole per 
Kelvin. You will need the conversion factor 1 atm = 10° N/m’. 


Mixture of Gases 


In the derivation of the ideal gas law using “kinetic theory,” we talked 
about a “species” of molecule having a certain mass m and a certain x-com- 
ponent of velocity, v,. Later we averaged over all possible values of v, and 
gave a physical interpretation to the statistical average of the kinetic energy 
per molecule $mv*. If we have a mixture of gases, we have different values 
of the mass m. Suppose that there are two or more gases in the same vol- 
ume. Again using kinetic theory, it can be shown that the average molecular 
kinetic energy is the same for all the gases in equilibrium. This just says that 
all the gases come to the same temperature. Their pressures are additive: 
Each species of molecule hits the wall independently of the other species. 
In air, for example, 78% of the pressure is due to nitrogen. That is because 
78 out of every 100 molecules of air are N, molecules. When the total pres- 
sure is 1 atmosphere, the partial pressure of nitrogen is 0.78 atm. Another 
21% of the molecules are oxygen. So oxygen contributes a partial pressure 
of 0.21 atm. All other gases make up the remaining 1%. 

In Sec. 6.6, the Law of Atmospheres, we learn that the relative concentra- 
tions of nitrogen and oxygen change as you go up into the upper atmo- 
sphere. That is because of the different masses of N> (molecular weight 28) 
and O, (molecular weight 32). Oxygen, being heavier, tends to stay lower 
down. The higher you go, the smaller the fraction of oxygen. The partial 
pressure of oxygen falls off faster with increased altitude than the partial 
pressure of nitrogen. 

In Sec. 6.5, Deep-Sea Diving, we find essentially the opposite effect. Ata 
depth of 50 meters, the air we breathe is at 6 atmospheres. So it occupies 
only one-sixth the volume it did at the surface, according to Boyle’s Law. If 
your scuba tank used ordinary compressed air, the partial pressure of oxy- 
gen 50 meters down will be 6 times as great as the pressure the lungs re- 
quire to oxygenate the blood. As a consequence, you will have an enormous 


excess of oxygen in your breathing air. Most of the oxygen you inhale down 
there you end up exhaling again. 


6.5 DEEP-SEA DIVING 


g 6.5 SPECIAL TOPIC: Deep-Sea Diving 


You have probably tried swimming under water. If you had a cold or a 
stopped-up nose, you may have felt the pressure on your ear drums: As 
you go down, the weight of the water above you exerts pressure, which 
your skin and soft tissue transmit all through your insides. Indeed, your 
body is full of liquids and not very compressible, so you don’t feel yourself 
getting smaller. Air, on the other hand, is very compressible. If no addi- 
tional air gets into the middle ear as you go deeper, the added pressure 
makes the ear drum bulge inward. That can hurt. One of the first things a 
skin-diving teacher talks about is the importance of keeping the Eustachian 
tubes unclogged (see Fig. 6.5). They are the air Passages between the phar- 
ynx and the ears. With these tubes open, as the air pressure in your respi- 
ratory system rises, more air can get into the middle ear. In this way the 
pressure on both sides of the ear drum is equalized without stressing it. (See 
Problem 60, Popping the Ears) 

In skin diving, the total mass of air in the respiratory system remains 
constant as you go deep into the water. That air obeys Boyle's Law. If you 
double the pressure by going 10 meters down’ holding your breath, you 
halve the volume of the lungs. Twenty meters down, the head of water 
gives 2 atmospheres of additional pressure, so the lungs are down to one- 
third their usual volume; 30 meters down, one-quarter, and so on. In some 
parts of the world, pearl divers work at 50-meter depths without breathing 
apparatus. With a head of water giving 5 atmospheres, the ambient pressure 
down there is 6 atmospheres, so the lungs have one-sixth the volume they 
have at the surface. 

The additional pressure above atmospheric is called the gauge pressure. 
The absolute pressure is the gauge pressure plus the pressure of the open 
air. When a tire gauge says that your automobile tire is at 29.4 psi (pounds 
Per square inch), you would translate that as 2 atmospheres: 


latm = 14.7 psi 


Scuba divers. 


% 
See Sec, 6.2: Every 10.3 meters of depth is one additional atmosphere. 
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Ear canal ear bones 


Middle-ear 

Tympanic cavity Buea 
membrane 

FIGURE 6.5 If the Eustachian 

tubes are clogged as you dive 

deeper, no air can get from your 

respiratory system into the middle 

ear, and your ear drum will bulge 

inward. 
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FIGURE 6.6 Scuba regulator— 
Supplies the right pressure for 
breathing at every depth. The 
sensing diaphragm separating the 
middle (air) compartment from the 
lower (water) compartment moves 
up if the water pressure increases, 
The lever arrangement amplifies 
this motion to open the small 
valve on the left. This allows air 
from the small “buffer” chamber 
above it to bleed into the large air 
compartment until its pressure 
equals the water pressure, The 
“buffer” pressure acts through the 
coil spring in the center to close 
the big valve from the high- 
pressure tank at the top. The 
diver inhales through a tube 
attached to the air compartment at 
the right-hand side, removing air 
from this compartment. Breathing 
is capable of reducing the pressure 
there by 5 or 10 cm of water, 
enough to open the small valve 
again. 
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That is gauge pressure. The absolute pressure in the tire is then 3 atmo- 
spheres. In diving, the head of water above you tells you the gauge pressure 
in your lungs: Each 10.3 meters (=34 feet) down is one more atmosphere, 
The pressure that Boyle’s Law talks about is, of course, absolute pressure, 

We need that terminology in connection with scuba diving. As you de- 
scend with scuba, you keep inhaling air supplied from the tank and exhaling 
air into the mask, bubbling it out into the water through a valve (see Fig, 
6.6). This air is at the ambient pressure at your depth, so your lungs remain 
roughly at their usual volume. When you are 10 meters down, your tank is 
supplying air at 1 atmosphere gauge pressure or 2 atmospheres absolute 
pressure—twice the pressure at the surface. In order to keep you breathing 
all the way down, the air pressure in the tank has to be greater than the 
water pressure at the lowest depth to which you intend to dive. Each time 
you expand your lungs to inhale, the air pressure in your mouth falls just a 
bit below the ambient pressure at your depth. A pressure-sensing dia- 
phragm allows that small pressure difference to open the valve that lets air 
come from the tank through the air hose into your mouth. The air in the 
tank may have a gauge pressure of 2250 psi (= 153 atmospheres)! Many 
scuba tanks are designed to be filled to such high pressures. But the regu- 
lator mechanism keeps the air you inhale exactly at the pressure of the water 
outside the tank. (See Problem 61.) 


Some Dangers of Breathing High-Pressure Air 


If you are planning to go scuba diving, be sure to get expert instruction. 
This section uses scuba diving in order to teach physics, not vice versa. 
Many dangers associated with life under water will not even be touched on 
here. For example, we are not going to discuss the danger of drowning! 


“Self-contained underwater breathing apparatus, 
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The painful ear drum is one example of a class of troubles called 
“squeeze.” Although middle-ear squeeze can be a problem in either scuba 
or skin diving, the so-called thoracic squeeze is peculiar to skin diving. We 
talked about the way lung volume decreases in a breath-hold dive as you go 
deep down: It obeys Boyle’s Law. But there is a volume below which the 
supporting structures start to resist further compression of the lungs. This 
volume is just a bit less than what you have left after you exhale all you can 
at atmospheric pressure. If you were to go down to a depth where the pres- 
sure tends to compress the lungs to a volume smaller than this minimum 
volume, the air in the lungs would be at a lower pressure than the sur- 
rounding tissue, and would essentially suck in the blood vessels that line 
the lung. At sufficient depth these could rupture. That phenomenon is 
called thoracic squeeze. 

Although “squeeze” is a danger you could encounter on descending, 
there are other dangers encountered in coming up, especially in coming up 
too fast. If you have been breathing with a scuba at depth and come up 
without exhaling, then the pressure in your lungs will be greater than the 
ambient pressure. This is the direct opposite of squeeze. Here the lungs are 
being blown up like a balloon, and like a balloon, a lung could burst. Or 
you might develop an air embolism, an air bubble that forms in a blood vessel 
in the lung and travels from there to the heart and into the arterial system. 
When it gets into a small artery, it is likely to get stuck and plug up that 
artery. This is most serious if that happens to be an artery feeding the brain, 
the heart, or the lung. The formation of such an air bubble can be under- 
stood in terms of the design of the alveoli, the tiny structures that form the 
mass of the lung. The normal function of these membranes is to allow gases 
to diffuse easily into and out of the blood stream: oxygen in, carbon dioxide 
out. The equilibrium concentration of each gas dissolved in the blood is pro- 
portional to the partial pressure of that gas. That is called Henry’s Law, and 
is somewhat analogous to the ideal gas law. With a pressure gradient across 
the membrane, the net rate of diffusion of air through the alveoli is en- 
hanced, but it might not all go into solution inside. When the pressure is 
low on the bloodstream side, tiny bubbles form, as they do in a newly 
opened bottle of soda pop. They coalesce into larger bubbles. That is how 
an air embolism could occur if you don’t exhale as you come up. 

There is another danger associated with coming up too fast, called de- 
Compression sickness, or “the bends.” This is connected with the nitrogen, 
Which, according to Henry’s Law, dissolves in the blood while the nitrogen 
Pressure is great, that is, while you are at depth. If you stay down long 
enough, much more nitrogen dissolves in the blood than at atmospheric 
Pressure. If you come up slowly, that is, decompress gradually enough, the 
Soncentration of dissolved nitrogen will be “supersaturated,” diffusive trans- 
Port of nitrogen out through the alveoli will be enhanced, and the concen- 
tration of dissolved nitrogen will slowly return to its surface value without 
harm, But if you decompress too fast, then transport through the alveoli 
“an't keep up and nitrogen will go out of solution in blood vessels in various 
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parts of the body. There are many and quite frightening symptoms of this 
decompression sickness, one of them being pain, especially in the joints, 
The treatment, of course, is to recompress immediately. The characteristic 
time for the concentration of dissolved nitrogen to come to equilibrium with 
the air in the lungs is of the order of 36 hours. The nitrogen takes a long 
time to come back out into the lungs. That says: After a long dive, take a 
long time to decompress. 

What physics have we learned in this essentially qualitative description of 
three of the many dangers incurred in deep-sea diving? We learned that the 
walls of a container in which pressure inside is less than the pressure out- 
side may break. (When that happens suddenly, it is called implosion.) We 
learned that when the pressure inside is greater than the pressure outside, 
the container can explode. In retrospect, that all seems pretty obvious stuff. 
We learned Henry's Law for gases in solution, and that a decrease in pres- 
sure can result in supersaturation. We talked about nucleation of the gas- 
eous phase out of the liquid phase as the pressure falls further. Also, we 
mentioned diffusive transport across membranes in the presence of a pres- 
sure gradient. Quite possibly, these phenomena are not new to you, but it 
may have been useful to meet them in the somewhat unfamiliar surround- 
ings of Jacques Cousteau’s “Silent World.” E 


m 6.6 SPECIAL TOPIC: The Law of Atmospheres 


In this space age, we all know that our atmosphere extends less than a 
hundred kilometers up. Air pollution has become a fashionable worry, and 
we are becoming increasingly conscious of how thin that layer of air really 
is. Nothing keeps the air from escaping into outer space except its own 
weight, so its density gets progressively less the higher up you go. Moun- 
tain climbers have always known this; it gets harder to breathe at high alti- 
tudes. Our jet airplanes, cruising at altitudes around 10,000 meters, have 
pressurized cabins, so that the passengers are not aware how thin the air is 
up there. But at the beginning of every commercial flight the stewardess 
gives her demonstration lecture on the oxygen masks to use “in case the 
cabin pressure should drop.” How low is the air pressure at such altitudes? 
The ideal gas law can give us an estimate, 

It will be a rough estimate, because the temperature is not uniform all the 
way up. Variations in air temperature of 10 to 20 percent on the absolute 
temperature scale are normal. Because the pressure drops by a much greater 
fraction, it is a good “first-order” approximation to neglect the temperature 
variation, that is, to assume that the temperature is independent of the alti- 
tude. The value of the acceleration of gravity g may also be considered con- 
stant throughout the atmosphere. This means that air pressure is propor 
tional to air density all the way up—according to Boyle. 
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Pressure Decreases Exponentially with Increasing Altitude 


The pressure at the bottom of the atmosphere—at sea level—is a measure 
of the weight of all the air above it. Indeed, the pressure at any altitude 
measures the weight of all the air above that altitude. So the altitude at 
which the air pressure is just half of what it is at sea level is the altitude at 
which half of the total air mass is above and half below. Let us call that 
height h/2- According to Boyle’s Law, the air density at hı» is half of what 
it is at sea level. If we consider the next layer of air of the same thickness 
hp extending from altitude hı» to 2hy, that layer weighs only half as much 
as the lower layer of the same thickness. So the pressure at altitude 2h, will 
be half of what it is at altitude hy, or one-quarter of the sea-level pressure. 
Each time we go up another hı» in altitude, the pressure drops by half. 

A graph will help visualize that altitude dependence (Fig. 6.7). Here it is 
in a chart: 


Altitude 
expressed in 
units of h2 


Pressure 
expressed in units 
of its sea-level value 


1 4 

2 G? 
3 a? 
q Gy 


The number q measures the altitude in units of hın so that 
altitude z = q h2 
and the pressure p(z) at altitude z can be written in units of p(0): 
plz) = (472 pO) (Eq. 1) 


This is sometimes called the Law of Atmospheres. Since the altitude is in 
the exponent, we say that the pressure falls exponentially with altitude. 

Now we can fill in the curve between the points in the graph. Evidently, 
the pressure gradually approaches zero with increasing height. You might 
ask, does it ever really get to zero? Well, 


at Ahr» it is 15 of p(0) 
at Shyp it is sh of p(0) 
at 6h it is & of p(0) 
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FIGURE 6.7 Exponential fall-off of 
pressure with altitude: Law of 
atmospheres, 
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Fill in the blanks: 


at 7hyp it is _______of p(0) 
at 8hy2 

at 9h. 

at 10hi2 


at 20h» —____of p(0) 


Now we are down to less than one-millionth of sea-level pressure. Really 
zero? No, regardless of how high you go, there will be some stray air mol- 
ecules up there. So it is hard to say where the atmosphere really “ends,” 
One might say that it ends roughly where the density of air molecules is 
equal to the average interplanetary gas density. 

But what determines that characteristic half-value layer thickness h? In- 
tuitively, we know it has to be something about the weight of air. An air 
molecule of mass m has weight mg. How much does a cubic centimeter of 
air weigh? 

number of molecules 


weight of 1 cm? = (somber of potecute) x (mg) 


The number of molecules per cubic centimeter depends on the temperature 
and pressure. According to the Ideal Gas Law (Eq. 6.4-1), 

number p 

volume kT 


with weight mg, 
weight Tp: 
ae (E) (mg) 


volume 


The weight of a thin layer, 


weight = (soe 


volume 


= i mg X area X thickness 


) x (area) x (thickness) 


tells how much that layer contributes to the pressure underneath it: 


weight _ Pp ? 
RESTENE ir mg X thickness (Eq. 2) 


Repeat: The change in pressure through the layer is Proportional to the pres- 
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sure in the layer and to the layer thickness. Over a thickness h, the pressure 
changes by a fraction 


change in pressure 
re prbsa mE 


m 
= fraction = —9) 
pressure we k i (Eq. 3) 


The quantity kT/mg has dimensions of length. Therefore, it will give us a 
rough idea of the scale of height over which appreciable changes in pressure 
occur. Since we are interested in breathing, let’s concentrate on the oxygen. 
Put in the molecular weight of oxygen, 


M = Navogadro ™ = 32 grams per mole, 

the value of the ideal-gas constant 
R = Navogadro K = 8.3 joules per mole per Kelvin, 

a reasonable value for the average temperature of the atmosphere 
T = 273K, 


and 
newtons 
= 9.8 r 
8 kg 
The characteristic height comes out 
kT T 
TOM 7.2 x 10° m = 7.2 kilometers 
mg Mg 


EXERCISE 8 Verify. This is good practice in keeping units straight. (HINT: 
You will need to convert the 32 grams to 0.032 kg in order to work in MKS 
units.) 


TE 


In the next section this characteristic height for oxygen gas on earth is 
related to the quantity A12, which is the altitude change over which the pres- 
ip drops by half. If you prefer to skip all that mathematics, the result is in 

q. 7. 


Evaluation? of h,» 
Ifit takes layers of thickness d to decrease the pressure by one-half, then 
hn = nd oa 
IE the pressure decreases by the fraction f in each such d-layer, then each d- 


“This Section is a bit mathematical. In particular, it uses logarithms and a limiting process using 
Successive approximations. 
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layer has a pressure that is a fraction 1— f of the pressure in the di 
below it. So the relation between the numbers f and n is 


a-p =b i 
What that equation says is, you have to multiply the pressure times | 
every time you go up a height d. You have to do that n times to get fn 
sea level up to the half-value altitude. Remember, both fandn depend 
the layer thickness d that you chose. If you take d thin enough, the frac 
fis proportional to d, while is inversely proportional to d: 


f= Tea from Eq. 3 


n= m2 definition of n, from Eq. 4 


To be sure, you have to take a layer thickness d small enough so that 
pressure changes very little in each d-layer. Equation 2 does not have a we 
defined meaning if the pressure changes appreciably within the d-laye 
That means the fractional change f in each d-layer has to be small and th 
number (= n) of d-layers that it takes to make up a half-value layer is larg 
If you look at the pressure-altitude curve, small layer-thickness d means th 
the curve can be approximated by a straight line over the layer thickness{ 

Our technique will be to choose a reasonably small value of d and find th 
corresponding fraction f using Eq. 6. For the value of f we then solve Eq 
for n. Equation 4 then gives us Iya. What may be unfamiliar to you is solvi 
an equation in which the unknown is an exponent. 

Here are the steps. Use Eq. 6 to substitute for f and n in Eq. 5. 


ps mg hild di 
(: kT a) =3 


Take the logarithm of both sides, 
d fn (: = er = fn}, 


and choose a sufficiently small value of d. For example, you might try taking 
mgd/kT = 0.001 and look up the logarithm to Dee 10 of 1-0.001 = 0. 

using a log table or a fancy calculator. You get — 0.000434, good to six ded 
mal places, which is three significant figures. Log } is — 0.301, good to thie 
figures. Solve for Myo, noting that d = 0.001 kT/mg: 


a ( 0.301 | | 
0.000434 


F — x (0.001 £2 
0.000434 0 ng (Eq 
kT 


= 0.693 — 
mg 


6.4 GAS LAWS 


= 
EXERCISE 9 Repeat this arithmetic for a different value of d and see that you 
get almost the same result. The smaller you take d, the more accurate your 
answer becomes. If you can’t decide, try d = 0,0001 kT/mg first, then a still 
smaller value. 


E 


In the Appendix, our result (Eq. 7) is derived by “solving” a differential 
equation. That is just a shortcut for students who are familiar with exponen- 
tial functions and don’t need the practice with the numerical approach. 

For oxygen gas, we had the result kT/mg = 7.2 km for the characteristic 
length scale. That gives a half-value layer thickness 


hi2 = (0.693)(7.2 km) = 5.0 x 10°m 


for oxygen. We now have the answer to our question about the pressure at 
10,000-meter altitude. For oxygen, 10,000 meters is twice hip, so the oxygen 
pressure is down to 25% of its sea-level value. No wonder you need an 
oxygen mask to breathe up there. Incidentally, Mount Everest, the highest 
mountain on earth, is just short of 9000 meters. a 


m 6.7 ESSAY: Mountain Climbing* 


If you have ever hiked in mountains above 3000 meters, you may have felt 
short of breath for the first day or two. Many people, when they spend their 
first night at high altitudes, experience nausea and have trouble falling 
asleep. But 3000 meters is only three-fifths of the half-pressure altitude hy) 
for oxygen. So the oxygen pressure should be 


(1)°° = 0.66 


of its sea-level value, down only 34%. Wouldn't your respiratory system 
simply adjust to this slight lack of oxygen by faster breathing? Indeed it 
does; but it takes a matter of hours, not just minutes. You might wonder 
why the body is built that way. It responds slowly to changes in oxygen 
level, rapidly to changes in carbon dioxide level. 

When we exercise, we need more oxygen, and as we get “out of breath,” 
We find ourselves panting—breathing rapidly. The receptors that govern the 
breathing rate sense the concentration of carbon dioxide in the blood. The 
more CO3, the faster we breathe. Since the burning of carbohydrates makes 
CO; as a waste product, that is a fine regulatory mechanism for us to have. 
But at high altitudes the carbon dioxide pressure is down by a larger per- 
centage than the oxygen pressure, resulting in lower blood levels of CO,, 
especially during rest. Here is the calculation: 


“This section is optional and can be omitted without loss of continuity. 
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The molecular weight of CO; is 44 (= 12 + 2 x 16). This makes the half- 
value altitude for carbon dioxide 


hn = 0.693 =- = 3.65 kilometers 


| 


EXERCISE 10 Verify! 


At an altitude of 3000 meters, or 0.83 hız, the partial pressure of carbon 
dioxide is 
@°* = 0:57 


of its sea-level value—down 43%. 

If you experience nausea during a high-altitude hike, a good trick is to 
breathe into a bag. It sounds quite backward, since there is even less oxygen 
pressure inside the bag than in the outside air, once you have exhaled into 
it. But your exhaling enhances the carbon dioxide pressure inside. In just a 
few seconds, incipient nausea will disappear and your breathing rate will 
pick up. WARNING: Above 4000 meters you will probably need an oxygen 
tank. 


Earache 


Driving on mountain roads, it can happen that you lose altitude rapidly. 
Within the space of a few minutes, the ambient pressure around you can 
increase markedly. Suppose that you don’t keep open the air passages into 
your ears, the Eustachian tubes, during your descent. Then you may feel 
the excess outside pressure bending your ear drums inward. It can be very 
painful. Tricks for preventing it include yawning or frequent swallowing, to 
let air in through your Eustachian tubes. You can also learn to “pop” your 
ears. Now you know why some people—especially people with colds—com- 
plain of earache in an airplane coming in for landing. 


EXERCISE 11. Calculate the pressure difference between the middle ear and 
the outside if the middle ear is still at the 1500-meter pressure and the out- 
side is at sea-level pressure. Assume a molecular weight of 29 for air. 


NOTE: The cabin is pressurized in commercial aircraft. The usual practice is 
to pump it up to the pressure at 1500 meters altitude while the craft is at 
higher altitudes. 


APPENDIX 


ENDIX TO CHAPTER 6: ALTERNATE DERIVATION 
iW OF ATMOSPHERES. OF THE 


Solution of a Differential Equation 
Equation 2 says that a rise in altitude of Az corresponds to a change in pres- 


sure of 


Ap = rd mg Az 


Letting Az go to zero gives an equation for the derivative of pressure with 
respect to altitude z: 
d -mg 
k > er © (Eq. A.1) 
By scaling the units of z to make them dimensionless, 
=, 
fer 


this differential equation can be put in the form 
ip = =p (Eq. A.2) 


Its solution is conventionally written 

pe) = pQ)en® (Eq. A.3) 
where e is the base of the natural logarithms 2.718. Saying it in words in- 
stead of algebraic symbols, this says that the pressure falls exponentially 


with increasing altitude, decreasing to 1/e (= 0.368) of its value in a height 
kTimg. 

Suppose that you wanted to plot the graph of Fig. 6.7 so that it became a 
straight line. You would plot the logarithm of the pressure versus the alti- 
tude; that is called a semilogarithmic plot. To see how that works, take the 
log of both sides of the equation: 


fn p(é) = £n p(0) — & 
or 


The log, changes by unity when the altitude z changes by kT/mg. Perhaps 
logarithms to base 10 are more familiar: 


23 log p(z) = 2.3 log p(0) — ss 
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where 
1 
m0 - 723 


is the ratio of the natural to the common logarithm, 

You will recall the feature of the logarithmic scale, that a given interval on 
the log scale corresponds to a given ratio of the arguments. For example, if 
the common logarithms of two numbers differ by 1, the numbers are in a 
ratio 10:1. How much do the logarithms of two numbers differ if their ratio 
is 2:1? [Answer: log 2 = log 1 = 0.301) So if the pressure is to fall by one- 
half, the quantity mg2/kT has to increase by 

(0.301)(2.3) = 0.693 


Repeat: The altitude change in which the pressure falls to half is 0.693 KT 
mg. That is the height we have called hy». 


SUMMARY 

One liter of water weighs 1 kilogram, 

Water is not very compressible; air is. 

Water does not expand very much when heated; air does. 

The density of the human body is roughly that of water. 

Archimedes’ Principle asserts that the buoyant force exerted on an object by 
a fluid is equal to the weight of fluid the object displaces, 

The fraction of a floating object that is submerged is equal to its specific 


The pressure at the bottom of a column of fluid is proportional to its “head.” 
So it is conventional to measure pressure in units like “centimeters of wa 
ter” or “millimeters of mercury.” 

One atmosphere is defined as 760 mm of mercury (also pronounced 70 
torr). This comes to 1029 cm of water, or 1,009 x 10° newtons/m’. New- 
tons per square meter are also called pascals, 

Some: ay 4 agar ne aeon diving are squeeze, over-pre* 

Henry's Law states that the equilibrium concentration of a dissolved gas i$ 
proportional to the partial pressure of that gas above the liquid. 

a eee a Sils of oponi 


The half-pressure altitude for each constituent of the air is inversely propor 
tional to its molecular weight. 4 


Breathing rate is regulated by the carbon-dioxide level in the blood. 


Yawning or swallowing help keep your Eustachian tubes unblocked while 
ambient pressure is rising, and can prevent earache. 


KEY TERMS 


Density Mass per unit volume, Sometimes the term mass density is used, to prevent 
confusing it with number density, The density of water is 1 gram per cubic centi- 
meter. 


Number density Number of molecules per unit volume, At 1 atmosphere and 
YIK, the number density is 2.7 x 10"/em?. 


Specific gravity Density relative to that of water. A dimensionless measure of den- 
sity. The specific gravity of water is 1, by definition. Objects whose specific gravity 
is greater than 1 do not float in water. 

Compressibility Fractional decrease in volume per unit increase in pressure, The 
compressibility of air is 0.00001 per pascal. The compressibility of water is 5 x 
10°” per pascal 

Thermal expansion coefficient Also called the volume coefficient of thermal expan- 
sion. The fractional increase in volume per unit increase in temperature. The ther- 
mal expansion coefficient of air is 0.004 per degree C. 


Archimedes’ Principle The buoyant force on an object placed in a fluid is equal to 
the weight of fluid it displaces. 

Pascal's Principle The pressure exerted by a fluid is the same in all directions. 

Pressure Compressive stress on the walls of the container, Force per unit area ex- 
erted normal to the wall. The SI unit of pressure is the pascal, 

Pascal Newton per square meter. Unit of pressure, 


Atmosphere Unit of pressure, 1 atmosphere = 1.009 x 10° pascals = 760 mm of 
mercury, 


Gram weight (ait of force equal $9 i erm GEA menace. k £ The 
acceleration of gravity g is, of course, not the same in all places. Here on earth, set 
$ * 9.8 newtons per kilogram, 

Centimeters of water Unit of pressure. 1 cm of water = 980 dynes per cm’ = 98 
newtons per m°, 

Torr Millimeter of mercury, 760 torr = 1 atmosphere. 1 torr = 1328 pascals. 

Sphygmomanometer Pressure cuff. Device for measuring blood pressure, The cuff 
B pumped up with air until blood flow is cut off in the being measured. As 
the air is let out, the sound of turbulent flow is first heard for part of the cardiac 
cycle at the systolic pressure, then for all of the cycle at the diastolic pressure. 

is read is the head of mercury. 

Barometer Device for measuring the ambient air pressure. The standard laboratory 
instrument is the mercury barometer. 

n vacuum The empty space in the glass tube above the column of mer- 
Gury in the barometer. 

Moyles Law The density of a gas is directly proportional to the pressure, other 

being equal (temperature, chemical composition). For a constant amount of 

FAs, this is simply written pV = constant. 

Bas A gas obeying Boyle’s Law. A model of a gas in which the size of the 

Molecules and all intermolecular forces are ý 

gas law pV = NKT. Here p = pressure, V = volume, N = number mole- 
Cules, k = Boltzmann's constant, and T = absolute temperature. 
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Boltzmann’s constant k = 1.38 x 10°” joules per Kelvin. Used to convert temper- 
ature units to energy units. 

Absolute temperature Also called ideal-gas temperature. A measure of the average 
kinetic energy per molecule of ideal gas. When temperature difference is measured 
in degrees Celsius, the unit of absolute temperature is the Kelvin. Conversion: 
0° C = 273.15 K. 


Absolute zero The lowest possible temperature. The temperature at which the ki- 
netic energy of the molecules would extrapolate to zero. 


Third Law of Thermodynamics Absolute zero temperature can not be attained ina 
finite number of cooling steps. For the First and Second Laws see Chapters 8 and 
9. 

Avogadro’s Law Equal volumes of gas contain the same number of molecules at 
given temperature and pressure, regardless of the chemical composition. 

Avogadro's Number 6.02 x 10° = the number of molecules in a mole. 


Mole Gram molecular weight. Amount of a substance whose mass in grams is nu- 
merically equal to its molecular weight. A mole of oxygen is 32 grams of oxygen. 
Ideal gas constant Commonly called R, equal to 8.314 joules per Kelvin per mole. 

The ideal gas law for one mole of gas may be written pV/T = constant = R. 
Kinetic theory A mathematical model in which the laws of mechanics are applied 
to idealized “molecules” in order to derive approximate laws for the behavior of 
gases and liquids. 
Fluid Gas or liquid. 


Isotropic The same in all directions. Gases and liquids are usually isotropic; crys- 
talline solids often are not. 


Skin diving Going several meters down in the water without any breathing appa- 
ratus. 


Scuba Self-contained underwater breathing apparatus. Includes an air tank, a reg- 
ulator, and a breathing tube. 


Eustachian tube Air passage connecting the middle ear with the throat. 


Gauge pressure Pressure above atmospheric pressure. This is the pressure read on 
a tire gauge, for example. When the gauge pressure is 2 atmospheres, the absolute 
pressure is 3 atmospheres. 

Squeeze If a body cavity (middle ear, lung) is at a pressure below the ambient 
pressure, the walls of that cavity tend to collapse inward. 


Ambient “Of the surroundings.” 

Henry's Law The equilibrium concentration of a gas dissolved in a liquid is propor- 
tional to the partial pressure of that gas above the liquid. 

Bends Decompression sickness. 

Decompression sickness A pathology brought on by coming up too fast after a 


deep or long dive. Nitrogen dissolved in the blood comes out of solution as the 
Pressure is lowered and forms bubbles in the blood vessels. 


Supersaturated A solution in which the concentration of solvent is greater than the 
equilibrium concentration at that pressure and temperature. Supersaturation is an 
unstable state. A supersaturated solution of a gas tends to nucleate bubbles. 


REVIEW QUESTIONS 


Nucleation Birth of a droplet or bubble from a “nucleus” of just a few molecules 
sticking together. 

Implosion Sudden caving in of the walls of a container in which the pressure is 
much less than outside. The opposite of an explosion. 


Exponential decay Equal intervals on the abscissa correspond to the same percent- 
age drop of the ordinate. 

Law of Atmospheres Atmospheric pressure decays exponentially as you go up. 

Half-value layer The thickness of atmosphere in which the pressure drops by half. 


REVIEW QUESTIONS 


* The text says that 1 liter of water has a mass of 1 kg. That is true at 1 atm ambient 
pressure and 4°C. How many percent off is it at 20°C, given that the thermal 
expansion coefficient of water is 0.001% per degree C.? 


* If your specific gravity is 1.01 and your mass is 65 kg, what is your volume? If 
you increase your volume by 2 liters by taking a deep breath, what does your 
specific gravity become? 


A 


* Use Archimedes’ Principle to prove that the fraction of a floating object that sticks 
up above the water is the same if the object is turned upside down. 


* In the formula p = pgh, what value would you put in for p (Greek rho) to find 
the pressure at the bottom of a swimming pool? 


* Ifthe swimming pool is 4 meters deep, would it be correct to say that the gauge 
pressure at the bottom is 400 cm of water? Why is the absolute pressure at the 
bottom more like 1430 cm of water? 


* Describe how to convert from centimeters of water to millimeters of mercury. 
Why are both of these pressure units in use in hospital surroundings? 


Boyle’s Law may be stated, “pressure is proportional to density,” or else “pres- 
Sure is inversely proportional to volume.” Explain why those two statements are 
equivalent. 


The kinetic-theory derivation of the ideal-gas law assumes that molecular size is 
negligible. Explain how such an obviously nonsensical assumption leads to such 
a quantitatively accurate law. 


In what pressure and temperature ranges does the ideal gas law break down? 
Which of the assumptions of the kinetic-theory model are badly violated there? 


Review the argument that the pressure due to one molecule is proportional to 
that molecule’s kinetic energy. Did you need an isotropy assumption to complete 
the argument? 


Review the argument that the total pressure is proportional to the number of 
molecules in the container. 


Where in the derivation of the ideal gas law did we use the assumption that the 
molecules make collisions only with the walls, not with each other? As you know, 
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this assumption is grossly violated at all but the lowest gas densities. How can 
such a bad assumption turn out to result in useful predictions? 


Explain why the value of Boltzmann’s constant depends on our convention that 
there are 100 degrees between the freezing and boiling points of water. 


Acetone is a large molecule. Large molecules occupy more space than small mol- 
ecules. Yet Avogadro’s Law says that a mole of acetone vapor occupies the same 
volume as a mole of helium. Explain this apparent paradox. 


If you pump a gram of nitrogen into a container containing a gram of oxygen, the 
pressure in the container more than doubles. If you pump a gram of nitrogen into 
a container containing a gram of helium, the pressure increases by less than 15%. 
Explain quantitatively. 


If you are breathing with a scuba tank at a depth of 20 meters, the gauge pressure 
in the tank has to be at least 2 atmospheres. Argue that in order to go to twice 
that depth, the gauge pressure in the tank has to be at least double that. 


In swimming deep under water, beginners may experience middle-ear squeeze, 
Explain why it hurts and how to avoid it. 


Explain why it is important to come up slowly, especially from a very deep dive. 


When you take the cap off a bottle of soda pop, you can tell that the concentration 
of dissolved carbon dioxide inside is supersaturated. What evidence do you see? 
Why was it not supersaturated before you took the cap off? 


The weight of the air in a vertical column 1 square inch in cross section is about 
14.7 pounds. The lowest 3 miles of that column weigh close to half that. Yet you 
know that the atmosphere extends a lot more than 6 miles up. Explain. 


In deriving the Law of Atmospheres we said that the fractional change in pressure 
in climbing through a layer of air of given thickness is inversely proportional to 
the absolute temperature. Review that argument. 


The half-pressure altitude came out 0.693 kT/mg. Where does that 0.693 come 
from? 


—————————— 
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PROBLEMS 


* 1. Density of Water The text states that 1 liter of 
water has a mass of 1 kg. 

(a) What is the mass of a volume of water contained inside 
a cube 1 meter on a side? 

(b) How many cubic meters of water have a mass of 10° 
kg? 

(c) One mole of water is 18 grams of water. How many 
liters of water is that? 


(d) One mole represents 6.02 x 10% H,O molecules. What 
is the volume per molecule? 


(e) What is the side of a cube having that molecular vol- 
ume? 


NOTE: That gives a rough idea of the distance between 
oxygen atoms. 
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* 2 Density of Concrete Concrete is about three 
times as dense as water. Jargon: The specific gravity of 
concrete is 3.0. 

(a) What is the mass of 1000 cm? of concrete? 

(b) How much volume does 1 kg of concrete occupy? 

(c) If a 1000-cm’ container is half-filled with concrete, then 
up to the top with water, what is the total mass of the 
contents? 


x 3. Specific Gravity The specific gravity of seawa- 

ter is about 1.025. That means its density is 1.025 grams/ 
3 

cm’. 

(a) How much does 1 liter of seawater weigh? 

(b) How many liters of seawater weigh 1 kg.? 


+ Accuracy of Specific-Gravity Measurement As- 
sume that the difference in density between seawater and 
pure water is proportional to the salinity (concentration of 
salt). How accurately would you have to measure the spe- 
cific gravity to measure the salinity correct to three signif- 
icant figures? Answer in the form “correct to 

parts per million.” 


40k 5. Hieron’s Crown A pure gold coin weighing 30 
grams displaces 1554 cubic millimeters of water. A pure 
silver coin weighing 25 grams displaces 2381 mm° of wa- 
ter. „The crown weighs 523 grams and displaces 29150 
mm’. 

(a) Argue that the crown cannot possibly be pure gold. 

(b) Assuming that it is a Au-Ag alloy, what fraction of its 
mass is silver? 

(c) What fraction of its volume is silver? 


* 6. Lung Volume On inhaling, you might take in 
3 liters of air. If your specific gravity is 1.01 before you 
inhale, what is it after you inhale? Assume a body mass of 
75 kg. Repeat the calculation putting in your own weight. 


* 7. Compressibility The text states that the com- 
Pressibility of water is 0.005% per atmosphere. This says 
that when the pressure increases by 1 atmosphere, the 
density of the water increases by 5 parts in 100,000. 

(@) When the pressure is changed from 1 atm to 1000 atm, 
what does the density of water become? Express in kg/liter 
or grams/cm’. (Hint: Notice that you can hardly tell the 
eo between a pressure change of 999 atm and 1000 
atm, 

(b) If the initial volume of water had been 1 cm’, what 
would be the final volume? 

© Argue that we might just as well have said that a pres- 
Sure increase of 1 atm. corresponds to a volume decrease 
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by 5 parts in 100,000. (HINT: How accurate is the state- 
ment that 1/(1 — 0.00005) = 1 + 0.00005?) 

(d) In the argument of part (c) you assumed that squeez- 
ing on the water decreases its volume but leaves its mass 
unchanged. How do you know that assumption is correct? 


* 8. Compressibility of Air and Water Increasing 
the pressure of air by one-hundredth of an atmosphere 
increases its density by 1%. 

(a) By what percentage is the density of water increased 
when its pressure is increased by 0.01 atm? 

(b) How many atmospheres does it take to increase the 
density of water by 1%? 


* 9. Archimedes’ Principle Balsa wood has a spe- 
cific gravity of 0.15. 

(a) What fraction of a block of balsa wood is submerged 
when it floats? 

(b) A 10 cm x 10 cm x 10 cm block is floating upright. 
How deep down is the bottom surface? 

(c) What is the buoyant force on the bottom surface? Ex- 
press in kilogram-weight, that is, units of kilograms x g. 


NOTE: Those old-fashioned units have the advantage 
here that you don’t have to keep multiplying by 9.8 new- 
tons/kilogram (= 8). 


(d) How heavy a piece of lead would have to be placed on 
top of this block before it will sink? Again answer in kilo- 


grams X g. 


* 10. Archimedes’ Principle A hollow cylindrical 
float made of sheet steel has a total volume of 1 m° and 
weighs 25 kg x g. You might think of one of those oil 
drums they use to make rafts. 

(a) What fraction of its volume is submerged? 

(b) What volume of water is displaced by the submerged 
fraction? 

(c) How much does that much water weigh? 


> 11. Archimedes’ Principle An oak slab (specific 
gravity 0.7) has sides 20 cm x 20 cm x 2.5 cm. You can 
intuit that the stable equilibrium position for floating 
would be with the large face horizontal. 

(a) How deep down in the water is the bottom surface? 
(b) What is the total buoyant force on the 20 cm Xx 20 cm 
face at that depth? 

(c) What is the force per square centimeter? 

(d) If this block is placed in a container of water that was 
previously full to the brim, what minimum volume of wa- 
ter spilled over as the block was carefully floated? Does 
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this answer depend on the shape of the piece of wood? 
Explain. 


12. Live and Dead Fish—Archimedes’ Princi- 
ple Some species of fish can change body volume with 
the aid of a swim bladder. The fish can compress the gas- 
filled bladder by muscle contraction in order to sink, 

(a) Assume that a certain fish has a specific gravity of 
unity when its swim bladder occupies 10% of the body 
volume. By what fraction must the volume of gas in the 
swim bladder be decreased in order to give the fish a spe- 
cific gravity of 1.02? 


NOTE: When its specific gravity is unity, its density is the 
same as that of water, so the buoyant force is just equal to 
its weight. With specific gravity less than unity, the fish 
will tend to float upward; with specific gravity greater 
than unity it will tend to sink. 


(b) Live fish appear to be in static equilibrium at any 
depth, that is, they have the same average density as the 
water they inhabit. Dead fish float to the surface as decay 
sets in, releasing gas bubbles inside the body of the fish. 
By what percentage has the body volume been inflated by 
gas if the specific gravity is 0.985? 


* 13. Weighing Under Water The specific gravity of 
silver is 10.3. This means that a given volume of silver has 
a mass 10.3 times that of the same mass of water. If you 
weigh a silver ring under water, what fraction of its “true 
weight” will the scale register? What happened to the rest 
of its weight? 


Æ 14. The Buoyancy of Air If you weigh an object 
in a vacuum instead of in air, the scale reading should be 
slightly higher. The weight of 1 liter of water would be 
increased ____%. 


** 15. Weighing a Bag of Water If you weigh a plas- 
tic bag containing 1 liter of water, the scale registers 1 kg. 
Evidently, the plastic bag is very light. What will the scale 
register if you perform the weighing under water? 


** 16. Force to Hold You Under Water Assume a 
specific gravity of 0.97 and a body mass of 75 kg. How 
much downward force does it take to hold your body to- 
tally submerged? Answer either in kg x g or in newtons. 


QUESTION FOR FURTHER THOUGHT: When you swim under 
water, part of the force of your stroke goes into keeping 
you from floating to the surface. The deeper down you 
are, the more / less force it takes to keep you 
from floating up. 
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xÆ 17. Hydrometer This instrument is.a glass tube 
containing colored balls of various densities (see the fig- 
ure). The heaviest one floating gives a good reading on the 
density of the liquid being tested. A hydrometer is used 
to tell how much antifreeze (ethylene glycol) has been 
added to the water in your car's radiator. The specific 
gravity of ethylene glycol is 1.12. What would be the spe- 
cific gravity of a mixture of 1 quart antifreeze and 1 quart 
water if the volume of the mixture were exactly 2 quarts? 
In fact, the specific gravity turns out to be 1.068. This is 
evidence that the volume of the mixture is about 0.7% less 
than the sum of the mixing volumes. Verify. 


Rubber 
bulb 
for filling 


Some balls float 


PROBLEM 17. Hydrometer— 
Color of the last ball that floats 
tells the specific gravity of the 
liquid. 


© 


OG Some balls sink 


Æ 18. Icebergs The metaphor says that there is 9 
times as much iceberg under the water as above water (see 
figure). If the specific gravity of seawater is 1.025, what is 
the specific gravity of the ice? 


NOTE: Specific gravity of a substance is the ratio of its 
density to the density of pure water at 4°C. Your answer 
comes out a bit higher than the textbook specific gravity 
of ice (0.9168) because the metaphor exaggerates a bit. 


Most of it 
is submerged 


A 


PROBLEM 18. 
Iceberg—Less than 
one-ninth of its 
volume is visible 
above the surface of 
the sea. 
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* 19. Finger in the Dike There is a hole 1 meter be- 
low the water level! So the water pressure at the level of 
the hole is 9.8 x 10° newtons per square meter (= 0.98 
newtons/cm’). If the area of the hole is 1 cm?, the little boy 
can keep the sea out by putting his finger against the hole 
(see figure). How hard does he have to push? Answer in 
newtons. 


Note: The pressure given is gauge pressure. 


PROBLEM 19. His 
finger in the dike 
saves the country. 


WORNTARRC OVEN Tada NE Oo 


* 20. Units of Pressure A 0.5-liter graduated cylin- 
der is 25 cm high. This means that its cross-sectional area 
is 20 cm? (Verify: 25 cm x 20 cm? = cm*.) When 
the graduate is full, the water inside weighs 0.5 kg x g 
(5 4.9 newtons). Verify that the pressure on the bottom 
is 2450 newtons/m®. It may be expressed simply as “25 cm 
of water.” 


** 21. Sloping Sides A 0.5-liter German beer glass 
25 cm high has sloping sides; that is, it is conical, with a 
harrow (5 cm’) base (see figure). When full, the pressure 
on the bottom is “25 cm of water” or 2450 newtons/m’. 
That Tepresents a force of 1.225 newtons, which is only 
one-quarter the weight of the beer. 
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lin. PROBLEM 21. German beer glass. 


(a) Check that. 

(b) The rest of the weight of the 4-liter of beer is evidently 
borne by the sloping walls. Argue that the walls can exert 
a net upward force even though the stress on the liquid is 
everywhere normal to the glass surface. 


* 22. Toothpaste Tube 

(a) A force of 1 newton applied by 2 cm? of thumb to the 
side of the toothpaste tube raises the pressure of the 
toothpaste by ——— newtons/m’. 

(b) Express in centimeters of water. 

(c) Express in atmospheres. 


* 23. Bottle Corking A corking machine is capable 
of pushing down with a force of 200 newtons to force the 
cork into the bottle. 

(a) If the cork has a cross-sectional area of 2.5 cm?, to what 
gauge pressure can its insertion raise the liquid inside the 
bottle? Express in atmospheres. (HINT: 1 atm = 1.013 x 
10° newtons per square meter. Don’t forget the cm? to m? 
conversion: (1 cm)* = (10~*m)? = 10~‘m’.) 

(b) If the bottom of the bottle has an area of 100 cm’, how 
much force must it withstand? Express in tons. (1 ton = 
2000 pounds; 1 pound = 4.445 newtons.) 

(c) Examine the bottom of a French wine bottle to see how 
its design allows the glass to withstand such large forces. 


Æ% 24. Stepping on the Garden Hose 

(a) How much can that raise the pressure inside? Assume 
an area of contact of 20 cm’ of shoe sole on a 75-kg gar- 
dener. Express in atmospheres. 

(b) The hose is attached to the water tap by a threaded 
fitting 2 cm in diameter. How much additional force does 
stepping on the hose apply to that fitting? (HINT: Cross- 
sectional area of the hose?) 


** 25. Weight of Air on the Roof A small house 
might cover an area of 700 square feet. If atmospheric 
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pressure is 15 pounds per square inch, each square foot of 
the roof has more than a ton of air above it. 

(a) Verify. 

(b) Why does the architect not have to take that 700-ton 
load into account in the design of the roof beams? 


Æ 26. Can the Vacuum Hose Pull Your Skin 
Off? Remember that 1 atmosphere is 1.013 x 10° new- 
tons/m*. The rubber hose used for vacuum lines has thick 
walls, to keep it from collapsing. If you put your finger 
over the end, you can feel your skin being sucked in. The 
inside diameter of the hose is 6 millimeters. How much 
force is on the skin of your finger? (HINT: Of course, the 
air pressure in the vacuum line is not zero. But even a 
very primitive vacuum pump can pump down to less than 
0.01 atm. The difference between the outside and inside 
pressures is what the skin feels.) 


> 27. Cartesian Diver The partially filled upside- 
down jar (the diver) in the diagram is just light enough to 
float. But when the pressure inside is raised by pressing 
on the flexible top of the graduated cylinder, the jar be- 
comes heavy enough to sink. Argue that the buoyant force 
on the jar is roughly proportional to the volume of the air 
inside it. Why does this decrease when the rubber cover 
is depressed? 


PROBLEM 27. 
Cartesian diver— 
when you press on 
the rubber sheet, 
the diver descends. 


Upside-down 


Water eae jar 


žk 28. Tire Pressure A certain car weighs 2400 
pounds, This means that each tire supports 600 pounds. 
(a) If the gauge pressure in each tire is 30 psi (pounds per 
square inch), how many square inches of each tire have to 
be in contact with the road? 

(b) If the gauge pressure drops to 15 psi, the contact area 
doubles. Can you tell by looking at the tire? About how 
much is the tire deformed? This is intended to be a simple 
challenge to your physical intuition and an exercise in ex- 
pressing something quantitative in your own words. How 
might you measure “deformation”? Obviously, there is 
more than one answer! 
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PROBLEM 28. One 
tire is down to 15 
psi. It has twice the 
contact area of the 
tire at 30 psi. 


(c) In solving part (a), you assumed that the rigidity of the 
rubber contributed negligibly to holding up the car. Give 
some evidence for this assumption. 

(d) Optional (for the mathematically minded). Make rea- 
sonable assumptions for the radius and width of the tire, 
and use the “sagitta formula” y = $s*/R (Sec. 3.2) to cal- 
culate how much lower the center of the tire is with the 
car's weight than without. Repeat for the lower pressure. 
The axle comes about half an inch lower. All that air 
makes less than half an inch of difference to how high the 
car is off the ground (see figure). That is why you can use 
a bicycle pump to lift a car! (Remember the discussion of 
mechanical advantage in Problem 4.2.) 
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%** 29. How Do They Pump Tap Water to the Top 
Floor? Tall office buildings need to have elaborate 
plumbing. Imagine trying to supply the whole building 
using a pump in the basement! 
(a) A 50-story building might be 150 meters high. A 150- 
meter head of water has a gauge pressure of ______ at 
mospheres. Not only would conventional plumbing burst 
or leak water under such pressures, but the water would 
come out of a ground-floor tap at a speed of 55 meters per 
second! 
(b) Verify. Remember, such a jet, if pointed straight up, 
would shoot 150 meters high. 
(c) QUESTION FOR FURTHER THOUGHT: If you wanted to have q 
the same water pressure in all the bathrooms, every floor 
would have to have its own water pump. If each pump is 
designed to lift water just about 3 meters (i.e., one floor), 
what happens to the bathroom on the top floor if any one 
of the lower pumps fails? That design of a pumping sys- 
tem would be called a “series connection.” 
(d) In a system with “parallel connection” the failure of 
one pump would not affect the floors above. Why would 


you expect such a system to be more expensive than the 
series type? 


* 30. Blood Pressure 
(a) Argue that when you are standing up, the blood pres 
Sure in your toes is about one-fifth of an atmosphere 
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greater than in your brain. (HINT: What value do you use 
for the specific gravity of blood?) 

(b) Argue that it is the other way around while you are 
standing on your head. 

44k (C) QUESTION FOR FURTHER THOUGHT: In a blood-pres- 
sure measurement using a sphygmomanometer (pressure 
cuff), does it matter whether your arm is raised or low- 
ered? 


4 31. Blood Pressure in the Swimming Pool Blood 
pressure is conventionally expressed as two numbers, 
“Normal” might be “120 over 80.” The 120 is called systolic; 
the 80 is called diastolic. The two values correspond 
roughly to the maximum and minimum values during the 
cardiac cycle. The units are millimeters of mercury. 

(a) Express 80 mm Hg in “centimeters of water.” 

(b) An argument is proposed that some of your smaller 
blood vessels might collapse while you are swimming. 
Your leg might be more than a meter below the surface, 
being squeezed by the surrounding water. But your face 
is above the surface so that the pressure in your circula- 
tory system cannot be higher than usual. The water pres- 
sure outside your leg can easily be greater than the quoted 
“80 mm Hg.” If the pressure outside the blood vessel is 
greater than the pressure inside, it will tend to collapse. 
What is the logical flaw in the arument? (HiNT: The ar- 
gument is fallacious. There is absolutely no danger of 
blood-vessel collapse due to immersion in water.) 


** 32. Inverted Bottle Here is a parlor trick best 
done in the kitchen. Put a card or piece of wax paper over 
the mouth of a full bottle. Then carefully turn the bottle 
upside down. Because the pressure of the air in the room 
's greater than the pressure of the water in the bottle, the 
water stays in! Do the computation to prove the inequality 
for an ordinary-size bottle. 


NOTE: Surface tension does contribute to make this trick 
work. 


*k 33. Warm-Water Heating In small houses, heat- 
ing Systems used to be built that used gravity to circulate 
Warm water from the furnace through the radiators. Sup- 
Pose that the highest radiator is 10 meters above the fur- 
nace. The average temperature on the warmer side (pipes 
leading from furnace to radiator) is 10°C higher than on 
the colder side (pipes leading from radiator to furnace). 

Ow much pressure difference is sustaining the flow of 


Water? (HiNT: How much less dense is warm water than 
cold water?) 
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NOTE: To get fast enough flow with such a small pressure 
difference requires large pipes. 


*%* 34. Siphon To rinse laboratory glassware repeat- 
edly, a syphon arrangement is often used. Water flows 
continuously into the rinsing bucket from the tap. When 
the level rises above the bend in the tube, the entire tube 
fills with water. The pressure difference between the two 
ends of the tube now sustains a flow in the tube, which 
finally empties the bucket. Then the cycle starts over. Ex- 
plain how the period of the cycle (the repetition time) can 
be adjusted by regulating the flow from the tap. 


PROBLEM 34. Syphon. 


*%* 35. Capillary Rise Surface tension will keep a liq- 
uid from running out the bottom of a narrow tube. The 
water “likes” to wet the glass. The force with which the 
glass pulls on the water is proportional to the length of 
the water-to-glass-to-air interface. 

Call the surface tension force per unit length of contact 
T. That curve of contact has a length 27r. If the water sur- 
face makes an angle ð with the glass, then the force sup- 
porting the weight of the column of water is 27T cos 0. In 
equilibrium, a column of height } can be supported: 


2urT cos 0 = pg mh 


(a) In a glass capillary 0.6 mm in diameter the water rises 
to a height of 4 cm. How high will water rise in a 0.3 
—mm capillary? 

(b) Under what conditions can the equation 


T = 4pgrh 


be used to determine the surface tension of a liquid by 
measuring its capillary rise? 


> 36. Soap Bubble The excess pressure (gauge 
pressure) inside a soap bubble of radius r is given by the 
formula p = 4T/r, where the surface tension of soap solu- 
tion is T = 0.025 newtons per meter. 

(a) What is the gauge pressure inside a soap bubble 6 cm 
in diameter? 
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(b) What is the biggest soap bubble you ever blew? 
(c) Was its size limited by your ability to blow hard or by 
the instability of the skin? 


Æ 37. Soap Bubble, Derivation of p = 4T/r Think of 
the pressure as tending to make the bubble come apart, 
say at its equator. Each hemisphere experiences a net push 
of p x mr. The skin pulls back with a force equal to T 
times twice the length of the equator, T xX 4&nr. 

(a) In equilibrium, those forces add to zero. Solve for p. 
(b) Why did we take the area to be mr’, the area of a circle, 
instead of 277°, the area of a hemisphere? (Hint: The 
pressure gives rise to force perpendicular to the surface.) 
(c) The inside of the bubble contributes a surface-tension 
force equal to T times the length of the “inside equator’; 
the outside of the bubble contributes a force equal to T 
times the length of the “outside equator.” Why are we jus- 
tified in setting those equal and simply saying “twice the 
length of the equator’? 


** 38. Two Connected Soap Bubbles Use the equi- 
librium formula p = 4T/R to show that the larger bubble 
in the figure will grow at the expense of the smaller one 
(see figure). 


PROBLEM 38. Two 
Tube connected soap bubbles. 


* 39, Boyle's Law Doubling the pressure means 
halving the volume. 

(a) Does this imply that halving the pressure doubles the 
volume? 

(b) Suppose that you have air at 1 atmosphere and it oc- 
cupies a volume of 1 liter, How much pressure do you 
have to apply to squeeze it into a volume of 0.25 liter? 

(c) If it were allowed to expand into a 4-liter volume, what 
would be the pressure? 


%*%* 40. Boyle’s Law and Balloons A helium balloon is 
filled at ground level, so the pressure inside is roughly 1 
atm. It is released and gains altitude. A few kilometers up, 
the air pressure is only half an atmosphere. So the pres- 
sure of the helium is also roughly 0.5 atm. 

(a) What happens to the volume of the balloon? 

(b) How would you design a balloon to take account of 
na volume changes? What would happen to a toy bal- 
loon? 

(c) We kept saying that the pressure inside is “roughly” 
the same as the pressure outside. That means we ne- 
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glected the tension of the balloon material. Estimate th 
excess pressure that tension can provide in a toy ba 
and express it as a fraction of an atmosphere. Be guide 
by the fact that 1 atm = 14 pounds per square inch, Bad 
up your estimate with a sentence or two about how stron 
that thin rubber sheet might be. 

(d) Our calculation has assumed that the temperature way 
up there is the same as down near the ground. Actually 
it is likely to be colder. What effect would this have on th 
answer to part (a)? 


Æ 41. Boyle's Law When you are skin diving at. 
depth of 2 meters, the volume of your lungs is % 
less than at the surface. Assume that you have not exhaled 
on the way down. (HINT: The answer is not 20%. What is 
1 divided by 1.2?) 


** 42. Boyle’s Beer Boyle's father was a brewer. 
story is that the young Boyle arrived at his discovery by 
watching the bubbles grow as they rose to the surface in 
the large beer vats. We now ask the question, how much 
bigger did the bubbles actually get in Boyle's father’s beer 
vats? Suppose that the vat is 2 meters deep. A difference 
in head of 2 meters is a pressure difference of one-fifth of 
an atmosphere. (Approximate 10 meters = 1 atm, beer 
having roughly the density of water.) So the pressure 
down at the bottom is 1.2 atm. 

(a) If a bubble forms at the bottom and starts to float 
when it has a diameter of 1 millimeter, what would be its 
diameter when it gets to the top? Remember, the volume 
of a sphere is (fr. 


PROBLEM 42. 
Boyle’s beer—of 
course, the cartoon 
exaggerates the 
growth of the 
bubbles. To double 
in volume, they 
would have to rise 
through 30 feet, 
according to Boyle's 
law. But maybe 
some small bubbles 
coalesce into big 
ones. 
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(b) Even in a tall glass, the bubbles do seem to grow visi- 
bly as they rise to the top (see figure). Someone suggests 
that what may be happening is that gas (CO,) goes out of 
solution most easily at a surface, for example, the surface 
of a bubble. Explain how that phenomenon would explain 
the growth of the rising bubbles. 

(c) Attempt to explain why an open bottle of beer goes 
flat, while a capped one remains carbonated. 


note: Don’t just say the gas can get out of the open bot- 
tle...» 


* 43. Boyle’s Law 

(a) By increasing the pressure by 1%, you decrease the 
volume by —%. (HINT: Increasing pressure by 1% 
means multiplying it times 1.01.) 

(b) By decreasing the pressure by 1%, you increase the 
volume by %. (HINT: Decreasing pressure by 1% 
means multiplying it times 0.99.) 

(c) By increasing the pressure by 0.1%, you decrease the 
volume by — hy 

(d) By increasing the pressure by 2%, you decrease the 
volume by —— — %. 

(e) By increasing the pressure by 50%, you decrease the 
volume by mar y 

(f) By decreasing the pressure by 50% (i.e., cutting it in 
half), you increase the volume by _____%. 

(g) By increasing the pressure by 100% (i.e., doubling it), 
you decrease the volume by _____%. 

(h) By increasing the pressure by 25%, you decrease the 
volume by ___%,. 

(i) By decreasing the pressure by 25%, you increase the 
volume by 


ae ly 


* 44. Ideal Gas Law A bicycle tire might have a to- 
tal volume of 2 liters. So the mass of air inside can be 
calculated, assuming the molecular weight of air to be 29. 
(a) Verify that the answer is 2.59 grams at 1-atm pressure. 
You needed to remember that 1 mole of gas occupies 22.4 
liters at S.T.P, 

(b) What is the mass of air inside when the tire is pumped 
UP so the pressure is 4 atm? Note that this means 3 atm 
above “atmospheric,” or 3-atm “gauge pressure.” The tire 
Bauge reads zero at atmospheric pressure, of course. 

(©) Can you tell that the inflated tire is heavier by lifting 


a bicycle? Support your answer by one convincing sen- 
ence, 


7 45. Why the Ideal Gas Law Is So Good The den- 
sity of liquid helium is 0.15 grams per cubic centimeter. 
€ are going to use that number to estimate what fraction 
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of the volume of helium gas is empty space, what fraction 
is “occupied.” Assume that the atoms in the liquid are 
packed tightly together. That is surely an extreme assump- 
tion but will serve for an estimate. Suppose that the atoms 
are spheres and calculate what fraction of the volume of 
helium gas is actually occupied by the atoms at S.T.P. 
(Hint: That is a density of 4 grams/22.4 liters. If you don’t 
like spheres, make the atoms cubes. The arithmetic is eas- 
ier that way. The answer is different, but it still makes the 
point that the occupied fraction is very small. That is why 
the “ideal gas” assumption, that the atoms are “points,” is 
so good.) 


* 46. Put It Away Hot? Fresh from the dishwasher, 
the jar is at 67°C (= 340 K). So is the air inside. You put 
on an air-tight cover. Then it cools to 300 K. 

(a) At what pressure is the air inside after it has cooled? 
Express as a fraction of an atmosphere, 

(b) Assume atmospheric pressure = 10° N/m’, If the jar lid 
has a top area of 100 cm’, how much force is needed to 
pry it off? (Hint: The air above is pushing down with a 
force of 10° N/m? x 10°? m? = 10° N. The air inside is 
pushing up with a force = —_.) 


* 47. Ideal Gas Law Prove that the density of an 
ideal gas (grams per cm’) at a given pressure and temper- 
ature is directly proportional to the molecular weight. 


*%* 48. Ideal Gas Law 

(a) Prove that the number density of an ideal gas (number 
of molecules per cm’) at a given pressure and temperature 
is independent of molecular weight. 

(b) Is this also true for a mixture of gases? Yes or No? 
Defend your answer cogently. 


** 49. Perfume Atomizer in the Airplane Lug- 
gage Explain why the atomizer might leak if your suit- 
case is put in the baggage hold but not if you carry it 
aboard and keep it with you in the cabin, 


Perfume atomizer, 
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> 50. Slow Burning of Hydrogen The burning of 
hydrogen to form water, 2 H, + O, > 2 H,O, need not 
occur explosively. By adsorbing the gases on certain metal 
surfaces it can occur isothermally, that is, at constant tem- 
perature. What happens to the pressure of a 2:1 mixture 
of hydrogen and oxygen as it is converted to water vapor? 
Answer in the form “It is reduced / increased 
bye ee 


* 51. Steam Engine By what percentage is the pres- 
sure of an ideal gas (water vapor) increased in being 
heated from 293 to 373 K, that is, from room temperature 
to the boiling point? 


ok 52. Density of the Air On a hot day, the air tem- 
perature might go from 293 up to 303 K. Assume that the 
air pressure remains constant. By what percentage does 
the density of the air increase? / decrease? 


* 53. Humid Air Ordinary air is about four-fifths 
nitrogen and one-fifth oxygen. That means 1 molecule in 
5 is oxygen. By doing a weighted average of the respective 
molecular weights 28 and 32, we obtain an effective mo- 
lecular weight of 29 for air. 

(a) Verify. 

(b) On a wet day, the air might have as much as 1 part in 
50 of water vapor (molecular weight 18). Comparing at the 
same temperature and pressure, how much more/less 
dense is wet air than dry air? Answer in percent. 


> 54. Helium Balloons Helium (M = 4) is used in 
balloons for taking scientific apparatus into the upper at- 
mosphere. 

(a) How many kilograms of helium are needed in a balloon 
to lift 1 tonne (1000 kg) of apparatus? Neglect the weight 
of the plastic skin. Assume S.T.P. (T = 273 K, p = 1 atm), 
Mair = 29. 

(b) Argue that on a hot day you would need 
less / the same amount 
occupy 


more / 
of helium, but that it would 
more / less / the same volume. 


> 55. Kinetic Theory The speed of sound in air is 
330 m/sec at S.T.P. (Standard Temperature and Pressure 
means 273 K and 1 atmosphere). Since the size of a mole- 
cule is so much smaller than the average distance between 
molecules, that number gives us an order-of-magnitude 
estimate of average molecular speed. Consider a 1-meter 
cube of air and concentrate on an N, molecule traveling in 
se x-direction at 330 m/sec. Its mass is 28 grams/6.02 x 


(a) Calculate the momentum it imparts to the wall when it 
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collides elastically. Why is this twice the momentum it car- 
ries? 

(b) How long does it take to make its 2-meter round trip 
between collisions on the same wall? Note that we are ne- 
glecting collisions between molecules (ideal gas). 

(c) What is the average force that one molecule exerts on 
that one wall? 

(d) Knowing that 6.02 x 10° molecules of N, (that’s 28 
grams) occupy 22.4 liters at S.T.P., how many molecules 
are there in 1 m°? 

(e) Suppose that one-third of all the molecules contribute, 
on the average, to the force on the wall perpendicular to 
the x-direction. Calculate the pressure (= force/1 m’) on 
that wall. 


NOTE: You expected to get a pressure of 1 atm. (= 10° N/ 
m’). Your calculation gave you a smaller pressure than 
that. This is because the speed of sound underestimates 
the effective molecular speed by a factor (1.4/3)'?. 


Ææ 56. More Kinetic Theory We now turn the pre- 
ceding problem around. You will use your knowledge 
that, at S.T.P., 1 mole of ideal gas occupies 22.4 liters. You 
apply this to N3 gas to calculate the mean kinetic energy 
of a molecule. Then you set that average kinetic energy 
equal to mv? to find the so-called r.m.s. (root mean 
square) speed. Not surprisingly, this will turn out to bea 
bit faster than the speed of sound. 

(a) Using kinetic theory, we proved that pV = (A)Ninv’. 
For N = Avogadro's Number, set p = 10° newtons/m’, 
V = 22.4 x 10° m?, and Nm = 28 x 10°* kg, and solve 
for v. 

(b) Where did the 4 in that formula come from? 

(c) Why would you expect the speed of sound to be slower 
than the r.m.s. speed you calculated in part (a)? 
(Hint: Do not try to justify the factor (1.4/3)'*. That ar- 
gument requires knowledge beyond the scope of this 
course.) 


** 57. Guessing the Speed of Sound Knowing the 
speed of sound in air (330 m/sec, average molecular 
weight = 29), estimate the speed of sound in helium gas 
(molecular weight = 4). What assumptions do you make? 


>> 58. Brownian Motion Molecules are too small to 
see, even with a microscope. So we only know about their 
random thermal motion by inference. Tiny dust particles, 
however, consisting of billions of molecules, are big 
enough to see under a low-power microscope. Yet they 
are light enough so that the statistical fluctuations result- 
ing from collisions with gas molecules are observable. The 
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unpredictable shivering motion is called Brownian motion. 
(a) Assume that a Brownian particle of mass 107 kg is in 
thermal equilibrium with the air in which it is suspended. 
This means that the average kinetic energy of its random 
motion is the same as that of the air molecules. Calculate 
its “r.m.s. speed” at 300 K. (HINT: Set 4MV? of the dust 
particle equal to łmv of a typical air molecule. Use the 
kinetic-theory result 3kT = 4mv* and put in the mass:of a 
nitrogen molecule.) 

(b) About how big is a 10~"'-kg dust particle? Get an order 
of magnitude only. “Dust” might have a density some- 
where between 1 and 5 gm/cm?. Assume a spherical shape 
for simplicity, so its volume is {7r°, and calculate the di- 
ameter 2r. Does this seem about right for a particle of cig- 
arette smoke? 

(c) What does cigarette smoke look like under the micro- 
scope? (HINT: You won't find the answer in the text.) 


* 59. Deep Down the Water Is Denser Deep-sea 
work may be done as much as 1 kilometer below the sur- 
face. 

(a) What is the pressure (in atmospheres) at that depth? 


NoTE; The excess pressure over surface atmospheric 
pressure is called gauge pressure. This is the pressure the 
filling-station attendant talks about for automobile tires. 
He usually expresses it in pounds per square inch (14.7 
psi = 1 atm). What you want to know is how much more 
Pressure than atmospheric your tire has. The true pressure 
inside is 1 atmosphere greater than the gauge pressure. 


(b) The compressibility of water is 5 x 107° per atmo- 
sphere. Repeat: When the pressure is increased by 1 at- 
mosphere, the volume of the water decreases by 1 part in 
20,000. (Verify that.) By what percentage has the density 
of water increased at a depth of 1 km? 

(©) In the text it is stated that the pressure increases by 
atm when you go 1034 cm deeper down in the water. How 
should that figure ke modified 1 km down? 


PK 60. Popping the Ears If your Eustachian tubes are 
clogged with mucus, they can sometimes be unclogged by 
increasing the pressure in the respiratory system. You 
hold your nose and “push.” The volume of your mouth 
+ throat + bronchi + lungs can be changed by muscular 
Control. The volume of your middle ear is changed only 
z the rather painful deformation of the ear drum. Argue 
at your ability to prevent middle-ear squeeze as you 
ckn-dive depends on the respiratory system having such 
arge volume compared to the middle ear. 
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** 61l. Scuba Regulator Valve The design of such a 
regulator involves quite an impressive bit of engineering. 
On the one hand, the opening at the valve has to be large 
enough to allow an adequate flow of air for an active 
diver. To appreciate this requirement, just try jogging 
while inhaling through a soda straw! On the other hand, 
the force on the valve due to air pressure in the cylinder 
is proportional to the area of the opening. Suppose that 
the opening is 0.01 square inch in cross-sectional area (di- 
ameter just over one-tenth of an inch) and the air in the 
tank is at 2250 psi. 

(a) Calculate the force of the air in the tank on the valve. 
See Fig. 6.6. 

(b) When you start to inhale, an equal and opposite force 
is needed to open the valve. Yet the sensing diaphragm 
moves in response to the small pressure difference you 
create on expanding your lungs to start inhaling. You 
don’t want that pressure difference to be more than 15 or 
20 centimeters of water, around one-quarter psi. Other- 
wise breathing takes too much effort. For 0.25 pounds per 
square inch of pressure to push with a force of 22.5 
pounds, the sensing diaphragm of the regulator would 
have to have a surface area of 90 square inches” (= 22.5 
pounds/0.25 psi). Such a diaphragm would be impracti- 
cally large. So the mechanical coupling between the dia- 
phragm and the valve is designed to have considerable 
leverage, that is, mechanical advantage. A large displace- 
ment of the center of the diaphragm causes a much 


PROBLEM 61. Try 
breathing through a 
straw. You don’t 
need the swimming 
pool... . 


"Why this mixing of English and metric units? We chose 
pounds per square inch (psi) here, because that is what is 
stamped on the scuba tanks and read on pressure gauges 
sold in the United States. But we also wanted to make 
contact with the medical literature on the respiratory sys- 
tem, which talks about pressure in cm H,O. 
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smaller motion at the valve. On the other hand, the mo- 
tion at the valve must not be too small, otherwise there is 
not enough of an opening and the air cannot get through 
fast enough for comfortable breathing. Try breathing 
through a straw (see figure). By what fraction can you 
pinch it off before breathing becomes difficult? Repeat 
while exercising! 


kk 62. Breathing Through a Snorkel Itis fun to look 

down into the water with goggles while breathing through 

a J-shaped tube whose end sticks up into the air (see fig- 

ure). Explain why you could not breathe air at atmo- 

spheric pressure if you were several meters below the sur- 

face. Which of the following might happen? 

1. The breathing tube would collapse. 

2. Your diaphragm would not be strong enough to ex- 
pand your chest cavity. 

3. The blood vessels that line the lung would rupture. 
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PROBLEM 62. Breathing through a snorkel. 


*>* 63. Law of Atmospheres: Practice in 
Arithmetic A layer of air has thickness d such that the 
pressure just above it is 0.05% less than the pressure just 
below it. 

(a) How many such “d-layers” would you have to climb 
through to experience a 1% drop in pressure? (HINT: (1 
— 0.0005)" = 0.99.) 

(b) A 10% drop in pressure? (HINT: (1 — 0.0005)" = 0.9.) 
(c) A 50% drop in pressure? (HINT: The answer is not 50 
times the answer to part (a).) 


kÆ 64. Law of Atmospheres: Composition At sea 
level, the air is about 21% oxygen (M = 32) and 79% ni- 
trogen (M = 28). What would you expect the relative per- 
centages to be at an altitude of 10,000 meters? 


Æ 65. Half-Value Layer 

(a) By what fraction does the pressure of the atmosphere 
decrease as you go up 1 meter? (HINT: Use 6.6 Eq. 3.) 

(b) Show that this equation would give nonsense if you 
put in a height difference h = 7.2 kilometers. 
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(c) Remember that 6.6 Eq. 2 makes sense only for a thin 
layer, since the pressure p has only a vague meaning if it 
changes appreciably within the layer. Show that a layer is 
“thin” if its thickness is much less than kT/mg 

(d) Try using 6.6 Eq. 3, 4, and 5 with a d-layer thickness 
of 5 kilometers to calculate hız. Again, you get a pretty 
bad answer for the half-value layer. Now try 1 km; your 
answer gets closer to the right answer. 

(e) Argue that the more accuracy you want in your an- 
swer, the thinner you need to take your d-layer. 


* 66. Evaluation of h2 

(a) Use 6.6 Eq. 7 to calculate the half-value altitude for 
nitrogen gas (molecular weight = 28). Stay with T = 273 
K for comparison with oxygen (M = 32). 

(b) By what percentage is hız increased on a warm day, 
with an average atmospheric temperature of 293 K? 


** 67. Ozone Ozone is O;, triatomic oxygen. You 
can sometimes smell it near electrical machinery that has 
been making sparks. You may know that ultraviolet light 
absorbed in air can produce ozone from atmopheric oxy- 
gen. 

(a) Calculate hy for ozone (M = 48). 

(b) On the basis of your calculation, would you expect to 
find more ozone high up in the atmosphere or low down 
near the earth? 

(c) The “ozone layer” is near the top of the atmosphere. 
Explain this fact, using your knowledge that (1) there is 
ultraviolet (UV) in the sun’s radiation and (2) ultraviolet is 
strongly absorbed by air. 


> 68. About the Number e In the Appendix the 
number e, the base of the natural logarithms, is used with- 
out being defined. Here is a numerical procedure for cal- 
culating that number, which may be considered a defini- 
tion: If the fraction f by which the pressure decreases in a 
thin layer is 1/n, then the fraction (1 — f)" by which the 
pressure decreases over n layers is 1/e. As in the text, the 
number 1 of thin layers has to be large for the meaning of 
this prescription to become precise, that is, the fractional 
decrease 1/n per layer has to be very small. Repeat: 1/e = 
(1 — n™')" becomes a more and more exact definition of ¢ 
the larger the number becomes. 

(a) Try to compute e using n = 10. 

(b) Repeat using n = 20, 

(c) If your calculator is sufficiently versatile, try really large 
values of n, like 100 or 1000. The larger n becomes, the 
smaller the deviations in the result. The mathematical ja! 
gon for this sort of successive-approximation procedure is 
to talk about the limit as n goes to infinity. 


QUESTIONS FOR FURTHER THOUGHT 


xk 69. Powers of 2 or Powers of e? Equation 6.6-1 may 
be written p(z) = p(0)2-*”". In the Appendix following Sec. 
6.7, it was written p(z) = p(0) e *", where the char- 
acteristic height h (= kT/mg) turned out to be related to I> 
according to hi2 = 0.693 h. Show that this should properly 
be written h2 = ((n2) h; that is the number 0.693 is writ- 
ten as a shortcut for the natural logarithm of 2. 


4 70. Exponential Decay A property tax charges 
your bank account one-twentieth of a percent per month. 


179 E 


(a) If you neither deposit nor withdraw and the bank pays 
no interest, in how many years will half of your money be 
gone? (HINT: (1 — 0.0005)" = 3, where n = number of 
months. 

(b) Argue that your balance can be expressed in the form 
Bt) = B(O) (aye, 

(c) Show that this is equivalent to B(t) = B(0) e700% "yea 
The banker would say your tax rate is six-tenths of a per- 
cent per year compounded monthly. 


O QUESTIONS FOR FURTHER THOUGHT 


œ Density of Muscle and Fat After short-term weight loss the density of the hu- 
man body is imperceptibly changed. After long-term weight loss the density is 
generally increased. Explain. (HINT: Short-term weight changes are usually due 
to changes in the water content of the body. When you drink a glass of water, 
what happens to your weight? To your volume? To your density?) 

p. Archimedes’ Principle and Surface Tension The proof of Archimedes’ Princi- 
ple used the implicit assumption that the submerged object experiences the 
same forces on its surface as did the volume of fluid it displaced. This means 
that the molecules of the fluid act the same way whether their neighbors are 
molecules of fluid or molecules of something else (the submerged object). Sur- 
face-tension forces are intermolecular forces that violate that assumption: They 
are species-dependent. For a floating solid, surface tension acts where the liq- 
uid-solid interface meets the air. Surface-tension forces are proportional to the 
length of the solid-liquid-gas interface. Pressure forces, on the other hand, are 
proportional to the area of the solid-liquid interface. For very small objects, then, 
surface tension will become comparable to buoyant force. Argue that for such 
small objects, Archimedes’ Principle becomes only approximate. Which way do 


surface-tension forces pull? Answer by giving examples. 


Y- How to Weigh a Ship Instead of saying “This ship weighs 10,000 tons,” it is 
conventional to say “This ship displaces 10,000 tons.” Invent a way to “weigh” 


a ship, 


ð. Liquids in a Spacecraft Of course, you can’t pour water, but you could 
Squeeze it out of a plastic bag or bottle. If you squeeze hard, a jet of water will 
come out. If you squeeze very gently, the water will bead into drops, because 
of its surface tension. What shape will the drops assume? If a drop hits a wall, 
do you think it will bounce off, break up in a splash, or adhere? 

&. Water Drops on the Car After you have polished the car, water stands on the 
shiny surface in small drops. When the surface is dull, water can form a film on 


it. How does surface tension account for this observation? 


$ Surface Tension and “Wetting” In a narrow capillary tube you can observe the 
upper surface of a column of water. It is concave upward. In other words, it 


meets the glass in an acute angle. A column of mercury has a convex upper 
Surface, that is, it meets the glass in an obtuse angle (see figure). Does this tell 
you anything about the surface tension of mercury? Do your observations of 
drops of mercury rolling on a flat surface confirm that conclusion? 


Wafer Mercury 
FIGURE 6.8 Surface tension and 
wetting—water versus mercury. 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 


Argue that the force with which a gram of water from the shower hits 
your shoulder is proportional to the speed of the water. 


Argue that the force you feel on your shoulder in the shower is propor- 
tional to the square of the speed of the water. 


What is Bernoulli’s Principle? Use it to explain that in order to double 
the speed at which water flows from your tap you have to quadruple 
the height of your water tower. 


What is a coefficient of viscosity? 


How does the speed of the water in a pipe depend on the pipe diame- 
ter? 


Out in the open sea, why do long waves travel faster than short waves? 


What is a semipermeable membrane? What is its role in osmosis? 


74 SHOWER 


Taking a shower is a good way to get clean. When you wash in running 
water, the motion of the water helps get the dirt off. Is it the momentum of 
the water that matters, or the kinetic energy? You probably want to say it's 
the force. 

We are not actually going to answer the question. Be we are going to talk 
about the momentum and the kinetic energy carried by a fluid stream, and 
the force it can exert. Those three concepts are familiar to you from earlier 
chapters. In this chapter, they will be used in dealing with such diverse 
subjects as blood flow and ocean waves. Chapter 6 (Pressure of Air and 
Water) used only one of those concepts: force. That chapter could have been 
called hydrostatics, because it is about stationary fluids. Then this one would 
be called hydrodynamics, because it is about fluids in motion. 

The shower offers us a familiar situation for thinking about the momen- 
tum of a fluid. Water comes out of the shower head at high speed. After it 
hits your shoulder it runs off rather slowly. In the first exercise, we look at 
the momentum transfer. Notice the technique: We focus on a cubic centi- 
meter of water. 
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EXERCISE 1 

(a) Each jet of a shower might have a cross section of 1 mm7. If the water 
moves at 10 m/sec, how much water comes out through each jet per 
second? Argue that the answer is 10 cm/sec. 

(b) Each cubic centimeter of that water has a mass of 1 gram ( = 107° kg), 
hence a momentum of kg m/sec. The rate at which each jet 
transmits momentum is therefore _____ kg m/sec*. One way to see 
that is to realize that it takes one-tenth of a second for each gram (each 
cm’) of water to come out. 


(c) When the jet hits my shoulder, almost all of its forward momentum is 
lost, that is, transmitted to me. The rate of momentum transfer per unit 
time is the force felt by my shoulder. That is _ kg m/sec? or ___ 
newtons for each jet." 

(d) A shower head might have 50 such jets. Would my shoulder feel that as 
a heavy weight? Is it more than a pound? 


EXERCISE 2 

(a) A fire-hose nozzle has a cross section of 2 cm? and a water velocity of 30 
m/sec. How much force would its jet exert if it hit you broadside? Is that 
more than your own weight? (HINT: Go through steps (a), (b), and (c) 
of Exercise !. Note that 6 kg of water comes out each second!) 

(b) If the cross section of the jet is doubled, keeping its speed constant, 
its force on impact is doubled. But if the speed is doubled keeping the 
cross section constant, not only does that double the number of cm? per 
second of water coming out, but it also doubles the momentum of each 
cm’. So the momentum transfer per unit time is multiplied times 

. The force of the jet is quadrupled. 

(c) Repeat the argument for any fluid, using the symbols 


A = cross-sectional area 

v = speed of fluid 

p = density of fluid 

Q = volume of fluid transported per unit time 
= momentum transported per unit time 


First, the geometry: 
Q= Av 
To see that, think about the volume of a cylinder of fluid emitted in time 
t It has a base of area A and a length vt. Next, the dynamics: 
momentum of unit volume of fluid = pv 
Unit volume has mass p. Finally, the momentum transport: 


momentum per unit time =momentum per unit volume 
x volume per unit time 


F = pQ = Apo 
Now check your answer to part (a) using that formula. Why can’t you 
take a drink from a fire hose? 
EXERCISE 3 
Now ask how much kinetic energy the water transports 


(a) Consider the shower jet of Exercise 1. It puts gud 10 cm? of water per 
Second, moving at 10 meters per second. Each cm of water has a mass 


N 

Our old friend F = ma can be read: Force equals time rate of change of momentum. To make 
that obvious, remember that acceleration is time rate of change of velocity, and momentum is 
mass times velocity. 
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of 1 gram and a kinetic energy of 
Imo? = (107? kg) x Zy = joules. 


But with 10 cc coming out each second, the transport of kinetic energy 
is 0.5 joules/sec. How was the result obtained? 

(b) The 50 jets of the shower are pouring energy at my shoulder at the rate 
of 25 joules per second, or 25 watts. What would happen to that number 
if the speed of the water were doubled? Please don’t say it would dou- 
ble! Remember, the number of cm? per second would double, and the 
kinetic energy of each cm? would be multiplied times . So the 
kinetic energy transported per second would be multiplied times 


Let u = kinetic energy per unit volume 
= hp? 


(c 


Then 


P = kinetic energy per unit time 

= kinetic energy per unit volume x volume per unit time 
uQ 
ipv Q = ipu7Av = $Apv 


Check to see that this formula agrees with your answer to part (b). 

(d) The symbol was chosen because kinetic energy transferred per unit 
time is equal to the power it takes to pump all that water, Calculate that 
power for the fire hose of Exercise 2. 
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The force goes as the square of the velocity. The power goes as the cube 
of the velocity. Both are powerful results and have intrinsic interest. For 
you, their prime importance may well lie in the confidence they give you in 
your ability to apply the methods of classical mechanics in new situations. 

Let's review what these three exercises have done for us. They have 
shown us that the concepts of force, momentum, and kinetic energy are 
easily applied to a continuous medium. Concepts developed by talking 
about that abstraction, the single particle—or “mass point’—such concepts 
turn out to be easily adaptable to as shapeless and deformable a thing as â 
liquid or a gas. We solved two problems: 


1. Finding the force exerted by a liquid jet on an object with which it 
collides inelastically. 


2. Finding the power required to pump a liquid jet. 


We did not need any principles we did not know before. To do Exercise |, 
we used F = ma. For Exercise 3 we used the work-energy theorem. 


7.2 BERNOULLI'S PRINCIPLE 


7.2 BERNOULLI’S PRINCIPLE 


When you wanted to shoot your water pistol a long way, you squeezed hard 
on the plunger (Fig. 7.1). More pressure inside means faster stream velocity 
outside. That can be made quantitive using the concept of potential energy. 
When the plunger is pushed in on one end, the water comes out of the hole 
on the other end. The work done by the plunger goes into the kinetic energy 
of the fluid forced out. Here is some arithmetic: 

You are squeezing on the plunger, applying a pressure of 10* newtons per 
m°. That means 10° N/m? above atmospheric pressure. If the plunger has a 
cross-sectional area of 1 cm? (= 1074 m°) you are exerting a force of 1 new- 
ton on the water in the cylinder. Push the plunger in 1 cm, and you have 
done an amount of work given by 


force x distance = 1 newton x 107? m = 10°? joules 


You have forced 1 cm? of water out through the tiny hole at the end, and 
the work you did had to go into the kinetic energy of that cm? of water: 


kinetic energy = }mv* = 107° joules 


Now solve for the velocity of the water jet! The mass of 1 cm? of water is 1 
gram: 


\(10~° kg) v? =10~? joules 


v=? 


Did you get 4.47 m/sec? 

How much harder would you have to squeeze in order to double the 
velocity of the emerging jet? Twice as hard? If you squeeze twice as hard, 
then you do twice as much work on each cm? of water. According to the 
Work-energy theorem, twice the work gives twice the kinetic energy. But 
twice the kinetic energy (mv) does not give twice the velocity. So the con- 
jecture about “twice as hard” was wrong. If you want to double the velocity, 
you quadruple the kinetic energy. That means you have to quadruple the 
work done on each cm*. So four times the pressure is needed on the 
plunger. That is the essence of Bernoulli’s Principle: Doubling the velocity 
of the stream outside requires quadrupling the pressure difference between 
inside and outside. 

Here it is in symbols, for generality: Call the inside-outside pressure dif- 
ference Ap. Call the cross-sectional area of the plunger A. In displacing the 
plunger by a distance x, the force ApA does work ApAx. But Ax is the vol- 
ume V of fluid displaced. So ApV is the work done on that volume. That 
has to be set equal to the kinetic energy it gains by virtue of that work: 


Aimy? = Apv 


The mass m on the left and the volume V on the right are proportional: 


: n t 
Mass per unit volume = — = p = density 


i 
Vv 


Tiny hole 


FIGURE 7.1 Water pistol. If you 
know the force pushing in on the 
plunger, you can calculate the 
speed of the emerging stream. 
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If the fluid is water, which is rather incompressible, taking the density p as 
constant is a good approximation here. We get 


A ipv = Ap Bernoulli's Principle 


In words: The increase in kinetic energy per unit volume of fluid (= 4p 
occurs at the expense of a decrease in potential energy per unit volume, p, 
The interpretation of the pressure, which is force per unit area, as an energy 
per unit volume, is a fringe benefit of the argument. You may feel more 
comfortable putting in a minus sign. After all, a pressure drop gives a veloc- 
ity increase. 

That argument was for a water pistol. Having the jet outside at atmo- 
spheric pressure helped make it simple. Also, the hole is very small com- 
pared with the cylinder, so the fluid in the cylinder is essentially at rest. 
Now make the same reasoning apply to a more general situation, where the 
fluid is enclosed in a tube of variable cross section. You may want to think 
about the aorta, the large and rather elastic artery that carries oxygenated 
blood from the heart. Or you may be interested in pathological situations 
like constrictions in blood vessels, or stenotic heart valves. Since all the 
blood that enters a blood vessel at one end has to leave it at the other end, 
the speed of flow has to be faster at a constriction. What Bernoulli’s Princi- 
ple tells us is that the pressure is less where the speed is greater. 


SSS TERM i l 


EXERCISE 4 In the aorta of a certain dog, the top speed of the blood in the 
ascending aorta is 100 cm/sec. In the descending thoracic aorta, it is only 50 
cm/sec. Find the difference in pressure between the two locations, assuming 
that they are at the same height. (HINT: Making the speed and pressure 
measurements at the same altitude avoids having to worry about gravita- 
tional potential energy. Take p = 1 gram/cm’, roughly the same for blood 
as for water.) [Answer: The pressure in the descending aorta is higher by 
375 newtons/m?.] 


EXERCISE 5 If the animal is turned so that this part of the descending aorta 
is 20 cm lower than the ascending aorta, show that the pressure difference 
is increased by 1960 N/m’. (HINT: This is a Chapter 5 review exercise. It is 
included here for practical reasons: Changing the dog’s position can dra- 
matically change the pressure readings. A mercury manometer is easily read 
to + 1 mm Hg, that is, +133 N/m’. Verify this conversion of units, bearing 
in mind that the density of mercury is 13.59 gm/cm*.) 
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This exercise reminds you that the gravitational potential energy per unit 
volume of fluid at height h is given by pgh. (See Chapter 5.) We can now 
state Bernoulli’s Principle more generally and take account of possible height 
differences. A concise statement is that the quantity 


łpv? + p + pgh = (kinetic energy + potential energy) per unit volume 
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is a constant throughout the volume of the moving fluid. Repeat: The pres- 
sure is lower in the faster places and in the higher places. 

Now let’s go over the energy bookkeeping that led to this result. First, we 
should justify it. Then, we should criticise it. The statement that the work 
done on an object goes into increasing its kinetic energy is called the work- 
energy theorem. It is a consequence of the law of motion, F = ma. If the 
force F acts through a distance Ax, it does work F Ax: 


F Ax = ma Ax 

Let Ax be small. Then the average velocity is 4(v, + v) and we can write 
Ax = 4(v2 + v,)t 

as well as 


v — Vy 


a= by definition of acceleration 


Multiply those together to obtain 


a dx = 403 — 403 


You may remember that result from Chapter 1, Kinematics. For the dynam- 
ics, all we need to do is to multiply through times the mass m: 


work = F Ax = ma Ax = miż — imo 


This is the work-energy theorem. 


EXERCISE 6 The water level in a water tower is 40 meters above the ground. 

(a) How fast would water come out of a tap at its base? [Answer: 28 m/sec] 

(b) Show that a jet of water that fast, aimed vertically upward, would shoot 
up to a height of 40 meters. Neglect friction. 

(0) What is the water pressure at the base of the water tower? Give the 
gauge pressure, that is, the excess over atmospheric pressure. [Answer: 
40 meters of water, or ——— N/m] 


Now the critique. We used this theorem to say that all the work done 
by the pressure goes into kinetic energy of the fluid’s motion. That is true, 
Provided that there are no other forces around. But work done by pressure 
could, for example, go into stored elastic energy. Or it could go into break- 
'ng chemical bonds. Or it could go into kinetic energy of random motion, 
which we call heat. The work-energy theorem is still true, but the bookkeep- 
ing becomes more complicated. It has to take account of the work done 
against elastic forces or cohesive forces or viscous forces. The presence of 
viscosity, in particular, implies that it takes a force just to maintain the mo- 
tion of a fluid, without any acceleration, without any change of potential 
“nergy. The pressure drops along a horizontal line of flow even though the 
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(a) (b) (e) 
FIGURE 7.2 Manometer tubes 
sticking into a blood vessel. 
Pressure reading in (a) is lower 
than in (b) and (c). 


faster layer 
4 HILLLLLLLLII I | speed = v+ 4v 


Fk slower layer 


AIII] —> speed = v 
FIGURE 7.3 The faster layer pulls 
the slower layer to the right with 


A 
a force Te for every square meter 


of layer area. The Greek symbol 
eta (m) is the coefficient of 
viscosity. It is measured in 
newton seconds per square meter. 


FLUID FLOW | 
speed of the flow is unchanged. In other words, it takes a pressure differ- 
ence just to keep the fluid flowing. Viscous forces will be the subject of the 
next section. 
e, 
SS ë ë ë ë 
EXERCISE 7 One way to measure pressure inside a blood vessel is with a 
manometer (see Fig. 7.2). The manometer tube can stick right into the blood 
vessel. Bernoulli's Principle tells us that it makes a difference which way the 
opening of the tube faces. The height of the mercury column in (a) will be 
less than in (b) and (c), where the opening is at a stagnation point of the 
flow pattern, if the opening is small enough. It doesn’t matter whether the 
opening faces upstream or downstream. The pressure is the same in (b) and 
in (c). Being normal to the flow, the open end sees a region with zero flow 
velocity. If the midstream speed of the blood is 120 cm/sec, how much 
higher are the mercury columns in (b) and (c) than in (a)? A tube having two 
openings, one at a stagnation point and one at a high-velocity point, can be 
used to measure the high velocity by reading the pressure difference be- 
tween the two openings. This is called a Pitot tube (pronounced pea-toe). 
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7.3 VISCOSITY AND POISEUILLE’S LAW 


To keep water flowing through a long, narrow tube requires pumping. To 
keep a thick sugar syrup flowing through such a tube requires harder pump- 
ing. Syrup is more viscous than water. All fluids—liquids and gases—have 
some viscosity. You can see why if you think about the atoms and molecules 
rubbing against each other. It takes negligible force to start two adjacent 
layers of fluid slipping relative to each other. That is what distinguishes a 
fluid from a solid. But once the layers start slipping, there is a force resisting 
the slipping that is proportional to the rate of slip. The force needed to keep 
deforming the fluid is proportional to the rate of deformation. To come back 
to the long tube, doubling the flow requires doubling the pressure drop 
between the ends. 

If you look up the coefficient of viscosity of water at room temperature, 
it is given as 1.0 centipoise, or 1.0 x 107° newton per square meter per 
second. This is what that means: If two layers of water whose centers are 1 
millimeter apart flowed relative to each other at 1 millimeter per second, the 
faster layer would be pulling on the slower one with a shearing force of 10° 
newton for every square meter of layer (see Fig 7.3). The viscosity of glucose 
is 10% times greater than that of water at room temperature, but only 20,000 
times greater at the temperature of boiling water. The viscosities of some 
other liquids are listed in Table 7.1. All except the liquid hydrogen are room 
temperature values. 

In reading that explanation of coefficient of viscosity, you may have no 
ticed that the “1 millimeter between layers” and the “1 millimeter” per sec 
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TABLE 7.4 
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Coefficient of Viscosity 


Water 1.0 x 107° N sec/m? 
Methanol (methyl alcohol) 0.6 x 107-3 

Acetone 0.3 x 107° 

Liquid hydrogen (— 253°C) 0.01 x 107° 
Ethylene glycol (permanent antifreeze) 20 x 1073 

Castor oil 1000 x 107° 


ond relative speed canceled out. We could have written “thousandth of an 
inch” or any other distance unit. In Fig. 7.3 it is called Ax, The point is that 
the coefficient has units of momentum per unit area. Repeat: N sec/m?. We 
need that for the argument in the next paragraph, a so-called dimensional 
argument. 

Question: How does the pressure gradient needed to maintain a certain 
flow in a tube depend on the diameter of the tube? The answer to the ques- 
tion is called Poiseuille’s Law. Our proof is entirely dimensional, so it will 
not tell the whole story, But it is simple. First, convince yourself that dou- 
bling the length of the tube would require doubling the pressure difference 
to keep up a given flow. The pressure drop between the ends is propor- 
tional to the length of the tube. For a tube of constant cross section, the 
pressure gradient is constant too. That is, there is the same pressure drop 
per inch of tube anywhere along the tube. If the coefficient of viscosity is to 
be a constant, this implies that the pressure gradient is proportional to the 
flows, 


Pressure difference between the ends 
length 
= (constant) x volume of fluid flowing per unit time 


The constant is called the hydraulic resistance per unit length of tube. We 
already know that it is proportional to the coefficient of viscosity. We want 
to know how it depends on the diameter of the tube, supposed circular in 
‘toss section. Assume that the dependence is some power law: 


resistance per unit length r n 
= (some number) x (coefficient of viscosity) X (diameter) 


Our job is to find the exponent n. Write down all the units (dimensions): 


Pressure difference per unit length = newtons/m* per meter 
= newtons meters 

flow = volume per unit time = meters? seconds! 

pressure difference per unit length 

flow 
= newton seconds meters ~ 
coefficient of viscosity = newton seconds meters? 
ameter of tube = meters 


resistance per unit length 
6 
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Repeat the “power-law” assumption, keeping only the units: 
newton seconds meters ° = newton seconds meters 7 x meters” 
The only possible value for the exponent n is 
n= -4 


Stated completely, Poiseuille’s Law is 


pressure drop per unit length = = (coefficient of viscosity) a F 
Our dimensional argument cannot give us that factor of 128/7. A proper 
theory does, and the law agrees well with experiment as long as the speed 
of flow is slow enough. Slow enough means that there is no turbulence: All 
the fluid moves parallel to the walls of the tube, not in whirls or loops. The 
transition to turbulent flow is treated in Problem 27. 


Í MOA E e 
EXERCISE 8 Calculate the pressure drop between the ends of a 12-meter- 
long garden hose of inside diameter 1.5 cm, carrying a water flow of 0.2 


liters per second. What fraction is this of the pressure head of a 10-meter- 
high water tower? 


EXERCISE 9 Rewrite Poiseuille’s Law in terms of the tube radius instead of 
the diameter. (HINT: The 128/7 is replaced by 8/7.) 


EXERCISE 10 Remember the definition of hydraulic resistance. We could re- 
write it, 


volume of fluid per unit time 
= (constant) x pressure drop per unit length 


The “constant” this time is not the hydraulic resistance. 

(a) How is it related to the hydraulic resistance? 

(b) That constant, called the hydraulic conductance, is proportional to the 
fourth power of the tube radius r. (O.K.?) The cross-sectional area is T. 
So the hydraulic conductance goes as the _ (what power?) of the 
cross-sectional area. 
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Is Poiseuille’s Law surprising? It says that for a given pressure gradient, 
the flow is proportional to the square of the cross-sectional area of the tube. 
In a thinner tube, not only does less fluid get through, but its average speed 
is slower too. You know that intuitively if you have tried drinking a milk 
shake through a cocktail straw. 
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7.4 OSMOSIS 


If dried raisins are soaked in water, they puff up and look a lot like the 
grapes they used to be. The transport process by which the water flows in 
through the grape skin is called osmosis. This is also the process responsible 
for the functioning of the kidney, and for getting nutrients and waste prod- 
ucts into and out of your capillaries. Osmosis is not the same as diffusion. 
The essential feature in osmosis is a membrane that lets the water molecules 
through easily and presents a barrier to bigger molecules. 

The inside of the raisin has a high concentration of sugar. The large sugar 
molecules can’t go through the pores of the membrane (the skin). You know 
that water molecules can get through, since the membrane stays intact dur- 
ing the drying process. When the raisins are soaked, the concentration 
(number of molecules per unit volume) of water outside the membrane is 
greater than the concentration of water inside. Because of their thermal mo- 
tion, the water molecules carry momentum. Inside they are scarcer, so there 
is a momentum deficiency inside. Water will flow in through the pores of 
the membrane to relieve this momentum deficiency. In other words, water 
outside experiences an osmotic pressure tending to make it flow in through 
the pore. This osmotic flow will continue until the hydrostatic pressure in- 
side exceeds the hydrostatic pressure outside by the amount of the osmotic 
pressure difference. As a matter of fact, the osmotic pressure can be defined 
by an equilibrium measurement of the hydrostatic pressure difference. In 
other words, the osmotic pressure “of the sugar” is the hydrostatic pressure 
that has to be applied to the inside to keep water from flowing in through 
the membrane. 

Before this equilibrium is reached, the rate of flow is proportional to the 
difference between the hydrostatic and osmotic pressure differences. This dif- 
ference of differences has been appropriately called the driving pressure for 
Osmotic flow. As the raisin swells up with water, the sugar concentration 
inside decreases. The osmotic pressure is roughly proportional to this solute 
concentration. So as the raisin swells and the sugar is diluted, the osmotic 
pressure decreases. At the same time the hydrostatic pressure inside in- 
creases as the membrane is stretched. Both of these changes decrease the 
driving pressure, which goes to zero at equilibrium. 

What characterizes osmosis is a membrane permeable to a solvent and 
relatively impermeable to a solute. The technical term is semipermeable mem- 
brane. Other solutes to which the membrane is permeable may also change 
the concentration of water molecules, but they don’t result in any momen- 
tum deficiency. To the membrane, they look just like solvent molecules. 
During osmotic flow they will get swept through the pores along with the 
Solvent. 

Figure 7.4 may help make the mechanism more intuitive. All the mole- 
cules are in random thermal motion. Water molecules incident on the open- 
ng of the pore from the left push other water molecules in the pore to the 
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FIGURE 7.4 Mechanism of 
osmosis. The water will tend to 
flow in the pore from outside to 
inside until the hydrostatic 
pressure inside is higher than that 
outside by the difference in 
osmotic pressure. 
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right. But more will be incident from the left than from the right, because 
the large solute molecules on the right get in the way. The osmotic pressure 
is the result of this asymmetry. 

That it is a “real” pressure is shown by experiments in which hydrostatic 
pressure is applied on the left without any solute on the right. The rate of 
water flow through the membrane is the same whether caused by hydro- 
static pressure or by osmotic pressure. The visible difference is that with 
hydrostatic pressure, the membrane deforms. With osmotic pressure it 
doesn’t. To understand that, remember that the thermal motion of the so- 
lute molecules does contribute to the hydrostatic pressure on the right! 

Many textbooks confuse osmosis and diffusion. The confusion is tempting, 
Whenever a concentration gradient exists, there is diffusive transport down 
the gradient. The rate of diffuse transport is proportional to the gradient. It 
all sounds very much like osmosis. Dissolved sugar at the bottom of the 
lemonade glass will, in time, distribute throughout the lemonade even if 
you don’t stir. But it takes months. Diffusion is terribly slow. It is a purely 
statistical process. The individual molecules move randomly, independent 
of each other. In osmosis there is a membrane with a pore that has a pres- 
sure gradient along it. The molecules all move together, pulling each other 
along as they flow through the pore. 


es 

EXERCISE 11. According to the ideal gas law, p = NKT/V, different mole- 

cules in a gas contribute their partial pressures in proportion to their concen- 

tration (Sec. 6.4). 

(a) Approximately one in every five air molecules is oxygen. So the partial 
pressure of oxygen in air is one-fifth of an atmosphere. Calculate the 
concentration of O, in moles per liter. (HINT: Molar volume at 1 atm 
and O°C is 22.4 liters.) 

(b) The same law turns out to hold for the osmotic pressure of solutes in a 
liquid. There it is called the van't Hoff Law. Calculate the osmotic pres- 
sure of sugar inside a raisin if for every milligram of water there is a 
milligram of sugar (see Fig. 7.4). Assume that water does not change its 
volume when sugar is dissolved in it. Take the molecular weight of 
sugar as 180. Note that NavogadokT = 22.4 liter atm per mole. 
(HINT: First calculate the sugar concentration (= 5.55 moles per liter).) 
[Answer: 124.4 atm] Isn't that impressive? That is a head of water higher 
than the Empire State Building tending to inflate that raisin. 
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In later chapters, this book talks a lot about waves: sound waves, light 
waves, even matter waves. But when we hear the word waves, most of us 
think first of water waves—waves in the Ocean, in the bathtub, in the coffee 
cup. The ocean waves travel in a well-defined direction, so we call them 
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traveling waves or running waves. The waves in the coffee cup just go back 
and forth, so we call them standing waves. (More about that in Chapter 10.) 
Whether the waves are running or standing, it makes sense to talk about 
their speed. 

Those long, rolling waves out in midocean look like they might be doing 
close to 20 miles an hour. The ripples in the coffee cup or in the roadside 
puddle are going less than one-tenth that fast. Even in the ocean some 
waves seem to overtake others. For the faster ones the distance between 
successive crests is longer. The crest-to-crest distance is called the wave- 
length. Our experience in boats tells us that waves with longer wavelength 
travel faster. 

It is precisely those long, regular, deep-water waves that are most easily 
treated in a textbook. A snapshot of the water surface would look much like 
the textbook sine curve (Fig. 7.52). If all you saw was one snapshot you 
couldn’t tell which way the wave is traveling. Two successive snapshots or 
a movie would show you that the sine curve travels essentially without 
change of shape. That invariance of shape is actually the essence of what 
the mathematician means by the word wave. 

If you observe a piece of paper floating on the surface, you find that it 
executes uniform circular motion. At the crest of the wave it moves forward; 
then it starts to move down. At the trough it moves backward; then it starts 
to move up (Fig. 7.5). Since each bit of water executes these vertical circles, 
the wave does not transport any water in a whole period. But it is easy to 
convince yourself that it transports momentum. Since the higher parts of 
the wave are moving forward, and the average pressure under higher parts 
is greater, more momentum is carried forward under the crest than is carried 
backward under the trough. A similar argument shows that the wave carries 
kinetic energy, even though the average displacement of the water over time 
is zero. 

It is surely obvious to you that the important force responsible for the 
wave motion is the weight of the water—gravity. What we are going to 
show is that the speed of the wave is proportional to its period. That is not 
so obvious. The proof uses only our old friend F = ma and the observed 
fact that the particles of water go round in circles at a constant rate. The 
Proof is going to focus on a small volume of water near the surface, in a 
Part of the wave where the surface slopes downhill. There the average pres- 
Sure pushing that water forward exceeds the average pressure pushing it 
backward. The excess forward force is responsible for the transport of mo- 
mentum. 

Each little volume of water near the surface goes round in a circle of ra- 
dius R; call its angular velocity w. Just so you don’t have to leaf back to 
Chapter 5, we remind you that the time to go around the circle once, the 
period T, is 27/w. The speed of the motion around the circle is œR, the 
centripetal acceleration is wR. Focus attention on the part of the wave 
Where the downward slope of the surface is maximum. At that point the 
Velocity vector of the water is directed vertically up (Fig 7.52), and the accel- 
eration vector is directed forward. Take a small volume Ax Ay Az near the 
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FIGURE 7.5 (a) Circular path of 
floating object for wave traveling 
to the right. Arrows show velocity 
vector at four places, that is, four 
times, one-quarter period apart. 
At wave crest, velocity is forward; 
one-quarter period later, velocity 
is downward, and so on. 
Acceleration vector is always 
directed toward the center of the 
circle. (b) Wave traveling to the 
right. At the crest of the wave, the 
water is moving forward, while its 
acceleration is downward. A 
quarter-wavelength to the right 
(earlier in phase), the water is 
moving upward, while its 
acceleration is forward, and so on. 
Velocity = wR; acceleration = 
wR. 
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surface. The pressure on the left-hand face exceeds the pressure on the 
right-hand face because the surface is higher on the left than on the right by 
(slope) - Ax. That maximum slope is wR/v, where v is the speed of the wave, 
(See Problem 41.) So the pressure force to the right on the left-hand face 
exceeds the pressure force to the left on the right-hand face by 


oR 
pg Ay Az-(slope)-Ax = pg Ax Ay Az = 


This force we set equal to the product of the mass pAxAyAz and the forward 
acceleration wR: 


pg Ax Ay Az SÈ = p Ax Ay Az o?R 


Just watch things cancel out as we solve for v: 


That the volume Ax Ay Az cancels out is no surprise. That the density p 
of the water cancels out you also expect if you think of the wave as falling 
because of its weight. You remember that the light things and heavy things 
fall at the same rate. That the wave amplitude R cancels out might be a 
surprise. That cancellation says that high waves travel at the same speed as 
low waves. This property is called linearity. It depends crucially on the par- 
ticle path being circular. 

The formula for the wave speed that we have derived, 

il 


v=% = 
w 2m 


looks so simple that you might ask yourself, couldn’t we have guessed it? 
Problem 39 shows by dimensional analysis that if you guess that the accel- 
eration of gravity g and the period T are involved, the product gT is the only 
combination that has the dimensions of a speed. Of course, you can’t get 
the 2m just by dimensional reasoning. 

If you want to know how the wave speed v depends on the wavelength 
à, one more step is needed. The wavelength is the distance the wave travels 
in one period: 

A = 0T 
Putting this into our formula, we have 
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In agreement with observation, this says that the long waves travel faster 


than the short ones. Where you see waves of different wavelengths, you 
can see the long ones overtaking the short ones, 


— ee eee ee ee eS 
a 
EXERCISE 12 20 miles an hour is about 9 m/sec. What is the wavelength of 


a wave having that speed? What is its frequency? Why are you unlikely to 
observe such waves in a pond? 


NOTE: In shallow water the path of the surface particles is elliptical, not 
circular. 


See 
TT 

When we turn our attention to the ripples in the coffee cup, we might 
guess that surface tension is going to be the important restoring force, and 


gravity less important. Problem 47 shows that there the longer waves are 
slower than the shorter ones. 


SUMMARY 


Flow = volume per unit time = average velocity x cross-sectional area 
Force of moving water = momentum transported per unit time 
= density x speed x flow 
Kinetic energy transported per unit time 
= kinetic energy per unit volume x flow « (speed)? 

Bernoulli's Principle says that the pressure is higher where the speed is 
slower. For horizontal flow, p + 4pv? = constant. For up-and-down flows, 
the pressure is higher lower down: p + 4pv” + pgh = constant. 

The energy-conservation argument used in deriving Bernoulli’s Principle has 
to be modified to take account of viscosity: Even with uniform flow, the 
pressure drops along the flow direction because of fluid friction. Double 
the flow — double the pressure gradient. 

Viscous forces are shearing forces proportional to the rate of slip. 

The coefficient of viscosity is shear stress divided by the velocity gradient. 
Its dimensions are momentum per unit area. 

Castor oil is about a thousand times as viscous as water. 

Poiseuille’s Law says that the flow in a tube for a given pressure gradient is 
Proportional to the fourth power of the tube radius. The hydraulic resis- 
tance of a tube is proportional to its length and inversely proportional to 
the square of its cross-sectional area. 

Gravity waves have longer wavelengths than surface-tension ripples. They 
also travel faster. Their speed is proportional to the square root of their 
wavelength. 

In osmosis, solvent flows through the membrane toward the side having the 
higher osmotic pressure of solute. 


Ripples in a coffee cup. 
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KEY TERMS 


Hydrodynamics The science of fluids in motion. 

Hydrostatics The science of fluids at rest. 

Aerodynamics Hydrodynamics of gases. Describes the forces associated with the 
motion of objects of various shapes through air or other gases. 

Bernoulli's Principle Along the path of flow of an incompressible fluid, any de- 
crease in fluid pressure is equal to the increase in kinetic energy per unit volume 
plus any increase in gravitational potential energy. 

Aorta The large artery leading out from the left ventricle of the heart. 

Pitot tube Instruments used to measure flow velocity in terms of the pressure dif- 
ference between an opening tangent to the stream and an opening perpendicular 
to the stream. The former (higher) pressure is called the static pressure, the latter 
(lower) pressure the dynamic pressure. 

Venturi tube Measures the speed of flow of a fluid by monitoring the pressure 
drop at a constriction. 

Viscosity Fluid friction. Resistance to a velocity gradient. Appears as a dissipative 
resistance to flow. 

Coefficient of viscosity Ratio of shearing force per unit area to the velocity gradient 
giving rise to that shearing stress. 

Kinematic viscosity Absolute viscosity (coefficient of) divided by density. The MKS 
units are m’/sec. 

Newtonian fluid A fluid for which the resistance to shear deformation is propor- 
tional to the rate of deformation. A fluid for which a coefficient of viscosity can be 
usefully defined. Blood, being a suspension of very elliptical corpuscles, is some- 
what non-Newtonian. 

Poiseuille’s Law Relates the flow through a tube to the pressure gradient. The quo- 
tient of fluid flow through a round tube divided by the pressure difference be- 
tween its ends is a constant equal to mr“/8nL. Here r = tube radius, L = length, 
and y = coefficient of viscosity. 

Gradient Measure of how rapidly a certain quantity changes in space. The pressure 
gradient in resting water is one atmosphere for every 10 meters you go down, oF 
0.1 atm/m. In vector analysis, the gradient vector points in the direction in which 
the changing quantity increases most rapidly. 

Flow Volume of fluid transported per unit time. 

Flux Volume of fluid transported per unit time per unit area. 


Poise The cgs unit of viscosity = 1 gram/cm sec. The viscosity of water at 20°C is 
1.0019 centipoise = 1.0019 x 10~? dyne sec/em?. 


Work-energy theorem The increase in kinetic energy of an object is equal to the 
work done on it. 


Hydraulic conductance The ratio of the flow through a tube to the pressure differ- 
Enee between its ends. The hydraulic conductance of a garden hose might be 107 
m’/newton second. The reciprocal of hydraulic conductance is hydraulic resistance. 


ae The half of the cardiac cycle in which the heart contracts and blood flows 
out of it. j 


KEY TERMS 


Diastole The half of the cardiac cycle in which the heart expands and blood flows 
into it. 

Magnus effect The sideward Bernoulli force on an object spinning in air. This is 
what makes a curve ball. 

Laminar flow Also streamline flow, or low-Reynolds-number flow, or nonturbulent 
flow. The flowing fluid may be described as composed of layers of constant veloc- 
ity. 

Turbulent flow Also high-Reynolds-number flow. Flow with an irregular velocity 
field having vortices distributed randomly throughout. 

Reynolds number For flow in a tube of diameter d at velocity v of a fluid of density 
p and viscosity n, it is the dimensionless ratio pdv. At a critical Reynolds number 
(around 3000), laminar flow goes over into turbulent flow. 

Ideal fluid Nonviscous fluid; a fluid without viscosity. Helium at temperatures be- 
low 2.2 K behaves like an ideal fluid. 

Stokes’ Law The resistance to motion at speed v of a sphere of radius R through a 
fluid of viscosity y is 6m7yRv. 

Vortex A region of fluid in which any volume element moves in circles and rotates 
as it travels. Plural: vortices, 

Vorticity The measure of the strength of a vortex. Also, the existence of vortices. 

Traveling wave A pattern that moves without essential change of shape 

Standing wave Superposition of two or more periodic travelling waves going in 
different directions, so that no energy or information is transmitted. Characterized 
by nodes, places where the wave amplitude vanishes at all times. 

Period The shortest time in which a pattern repeats. 

Wavelength ‘The shortest distance in which a wave pattern repeats. The distance a 
wave travels in one period. 

Ripple A short-wavelength wave on the surface of a liquid. Surface tension is the 
force responsible for ripples, as distinguished from gravity waves. 

Attenuate To diminish in amplitude. Waves are attenutated by viscous damping. 

Osmosis The flow of a fluid (call it the solvent) through a membrane from the side 
of lower solute concentration toward the side of greater solute concentration. This 
transport mechanism is responsible for the sap rising in trees, also for the func- 
tioning of the kidney. 

Osmotic pressure (of a solute) The hydrostatic pressure that must be applied to 
that side of the membrane containing the higher solute concentration in order to 
Just prevent inflow of solvent. 

Driving Pressure The difference between hydrostatic pressure difference and os- 
Motic pressure difference. When the flow of solvent through the membrane stops, 
the driving pressure is zero. 

Permeability (1) The ability of a membrane (or other barrier) to let a certain fluid 
(solvent) flow through. (2) The ratio of the transmembrane flux of a certain fluid 
(solvent) to the driving pressure. 

Petmeable/Impermeable Able / not able to let molecules pass through. A mem- 
brane, by definition, is semipermeable; that is, it is more permeable to some mol- 
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ecules than to others. In the case of the raisin swelling up in water, the skin ig 
permeable to water, impermeable to sugar. 


Solvent When one atomic, ionic or molecular species is dissolved in a fluid, that 
fluid is called the solvent. The dissolved species is called the solute. In the raisin, 
the water is the solvent; the sugar is the solute. 


REVIEW QUESTIONS 


* Two shower jets transmit twice as much momentum as one. But if the speed of 
the water in each jet is doubled, keeping the cross section constant, the force 
exerted by each jet is multiplied times 


* If one jet puts out 100 grams of water every 10 seconds and has a 1-mm? cross 
section, how much force can that jet exert on my shoulder? (HINT: How fast is 
the water moving before it hits?) 


* The rate at which momentum is transferred from the water to my shoulder is 
called the _______ on my shoulder. 


* If the number of grams of water per second is doubled without changing the cross 
section of the jet, the kinetic energy transported per unit time is multiplied times 


* If the pressure on the plunger of a water gun is doubled, the speed of the jet is 
multiplied times 


* To double the speed of the jet, the pressure on the plunger must be multiplied 
times ` 


* If the kinetic energy per unit volume of water in a pipe is greater by 0.01 joules 
per cm? at a constriction than in the uniform part of the pipe, how much 
greater / less isthe water pressure there? _____ newtons per m’. 


* A pressure “head” of 10.29 meters of water is 1 atmosphere. How fast would that 
make the water come out of the faucet? 


* Fluids have no rsistance against compressive / shearing forces. 


* The ___________ force between layers of a fluid is proportional to 
their rate of relative slip. 


* The coefficient of viscosity of most liquids is an increasing / decreasing 
function of temperature. 


When fluid flows in a long tube, doubling the pressure difference between the 
ends implies multiplying the rate of flow times 


Doubling the diameter of the tube while keeping constant the pressure drop be 
tween its ends implies multiplying the rate of flow times 


* State Poiseuille’s Law. 


In what units can a coefficient of viscosity be expressed? 


PROBLEMS 


* Explain how osmosis works. 


It is known that a concentration gradient can persist in an unstirred solution for 
a long time. In other words, diffusion of solute through a solution is a very slow 
process. But if a membrane impermeable to the solute but permeable to water 
separates the regions having different solute concentrations, the difference dis- 
appears quickly: Water flows through the membrane into the region of lower so- 
lute concentration. You might think a membrane would impede the flow of water. 
Instead, it acts to speed it up. Explain. 


* The speed of long ocean waves isan increasing / decreasing function of 
wavelength. In order to double the speed, the wavelength must be multiplied 
times 


PROBLEMS 


* 1. Bathtub Water comes out of the spigot at 1 me- 
ter per second. The stream has a cross-sectional area of 4 
cm’, 

(a) How much water comes out per second? Answer in 
cm’, 

(b) How long does it take for a liter of water to come out? 
(Hint: 1 liter = 10° cm? for our purposes.) 

(c) The water surface in the tub has an area of 0.6 m*. How 
long does it take to make the surface rise by 10 cm? How 
does this compare with bathtubs you have known? 

(d) How much water do you like to use for a tub bath? 
Answer in cm? or m° or liters. Compare with the volume 


y water used in 5 minutes by the 50-jet shower in Exercise 


* 2 Garden Hose The water jet has a cross-sec- 
tional area of 2.5 cm? and emerges at a speed of 3.2 m/sec. 
(a) What volume of water comes out every second? 

(b) What is the mass of that much water? 

(€) What is the momentum of that water? 

(d) If it hits a vertical surface and runs down it (inelastic 
collision), what force (momentum transfer per unit time) 
does the water transmit to the object it hits? 


* _ 3. Water Cannon The water jet is 10 cm? in cross 
Section and moves at 20 m/sec (see figure). 
(a) What volume of water is pumped in 1 second? 
(b) What mass of water is pumped per second? 
a What is the momentum of that water? 
) Suppose that the water hits a man horizontally in the 


PROBLEM 3. Water cannon. 


chest and runs down his clothes. What is the horizontal 
force the water exerts on the man? 

(e) Express that force in pounds. (HINT: 4.5 newtons = 1 
pound. Do you think that would knock a man down?) 


* 4. Jet Boat You fill your mouth with water (say 40 
cm’) and blow it out forcefully (say at 4 m/sec). (See fig- 
ure.) 

(a) How much momentum does this impart to the water? 

(b) Suppose that you and your little boat have a total mass 
of 160 kg. How many mouthfuls does it take before you 
and your boat are moving backward at 1 meter per sec- 
ond? Neglect all frictional and viscous effects. 

(c) Did you ever think your boat would move forward 
faster if you helped by blowing across the stern? What do 
you think of that idea now? 


PROBLEM 4. “Jet boat”—the boat is propelled forward by 
your blowing water out of your mouth over the stern, 
How many mouthfuls before you get the boat going at 2 
miles an hour? 


** 5. Momentum and Energy When the water jet of 
the shower hits your shoulder, its downward momentum 
is almost all given up to your body. But your body doesn’t 
sink into the floor under this pressure. 

(a) Where does the momentum go? 

(b) Could you prove your answer to part (a) by standing 
on a bathroom scale in the shower? 

(c) We know from Chapter 2 that momentum has to be 
exactly conserved, What happens to the kinetic energy of 
the water jet when it hits your shoulder? 

(d) Assume that the “collision” with your shoulder is com- 
pletely inelastic, that is, the water does not bounce off. 
Calculate the rate at which kinetic energy is lost in each 
jet of the shower in Exercise 1, 


** 6. Warm-Air Ducts A forced-air heating system is 
designed to move the warm air through pipes 20 cm in 
diameter at an average speed of 3 m/sec. 

(a) What is the volume of air in 3 meters of pipe? 

(b) What volume of air flows through the duct per second? 
(c) There is a constriction in the duct where the pipe di- 
ameter is only 10 cm. How fast does the air move there? 
(d) You solved part (c) by assuming that the same volume 
of air has to move past any point of the Pipe per unit time, 
that is, the number of air molecules per unit volume is not 
appreciably less at the constriction than in the rest of the 
duct. You neglected the compressibility of the air. Now 
use Bernoulli's Principle to show that the pressure drop at 
the constriction connected with the increased air velocity 
there causes an error in the result of part (c) that is less 
than one part in a thousand. (HiNT: You will need the 
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density of the air. Approximate it as 1 kg/m”. Use the pres. 
sure drop from part (c) to estimate the density of air at the 
constriction.) 


** 7, Flow ina Pipe with a Constriction Water flows 
in a pipe 2 cm’ in cross-sectional area at an average speed 
of 1,5 m/sec (see figure). 

(a) What volume of water is transported by the pipe per 
second? (HiNT: Be careful about the mixed units: some 
MKS, some cgs.) 

(b) The pipe has a constriction where the cross section nap 
rows to 1 cm’. What is the average speed in the constriè 
tion? m/sec. 

(c) The kinetic energy per cm’ of water is times 
greater in the constriction than in the bulk of the pipe. 
(d) At 1.5 m/sec, the kinetic energy of 1 cm? of water is — 
joules. We can write the kinetic energy per unit volume of 
water as joules/m? = ergs/cm’. 

(e) Pressure is a measure of potential energy per unit vok 
ume. According to the work-energy theorem, the potential 
energy per unit volume plus the kinetic energy per unit 
volume should be constant in the absence of frictional 
losses. The pressure in the constriction should be 
newtons/m” greater / less than in the bulk of the pipe. 
(iNT; 1 joule/m* = 1 newton/m?.) 
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** 8. The Heart as a Pump The heart pumps about 5 
liters of blood per minute. 

(a) Express in cubic centimeters per second. For a pulse 
rate of 60 per minute, this gives you the volume pumped 
per heart beat, 

(b) The aorta has a cross-sectional area of 5 cm’. What is 
the average speed of the blood in the aorta? 

(c) During part of the cardiac cycle, the blood in the aorta 
actually flows at twice the average speed. Calculate the 
kinetic energy of 1 cm’ of this fast-moving blood. 

(d) During another part of the cardiac cycle, the arterial 
blood flows hardly at all. A cm! of slow-moving 
must be under greater Pressure than the cm’ of fast-mov 
ing blood. That is, it must have as much potential energ 
as the fast-moving cm? has kinetic energy. Recall that the 
product of pressure times volume represents potential c 
ergy, and calculate how much more pressure the slow’ 
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moving cm’ is under than the fast-moving em’, Approxi- 
mate the speed of the slow-moving blood as zero. 


xomi: This problem provided an Opportunity to reiterate 
the argument presented in the derivation of Bernoulli’s 


Principle. 


+*+ 9. Aspirator In a water pipe the speed of flow is 
2 meters per second and the water pressure is 10' newtons 
per square meter (approximately 0.1 atm) above atmo- 
spheric. At a constriction the speed is quadrupled to 8 
msec (see figure), What is the water pressure there? Don’t 
be troubled by getting a negative answer! Indeed, the 
pressure is below atmospheric, and a hose attached at the 
constriction will develop suction. 
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Vacuum hose 
attaches here 


where the water moves 
faster, according to 
Bernoulli's Principle, 


Aspirator 


++% 10, Distensibility of the Arteries The walls of the 
aorta, although thick and tough, are quite elastic. During 
systole, the part of the cardiac cycle during which the 

is discharged from the heart into the aorta, the 
blood pressure in the aorta rises. Because of its elasticity, 
the aorta increases in volume during this ejection phase, 
Later in the cycle (diastole), the pressure falls and the vol- 
ume decreases, Evidently, this “capacitance” of the aorta 
and other arteries smooths the flow of blood further along 
În the circulatory system: The “beat” is strong in the arter- 
kes, quite weak in the veins. We say that the arterial sys- 
lem serves as a hydraulic filter to steady the flow of blood 
in the capillaries. If the arterial walls were rigid, flow in 

pillaries would stop during diastole. 

At the beginning of the ejection phase, the pressure in 
the left ventricle of the heart slightly exceeds that in the 
+ and blood flowing in the aorta is accelerated. As the 

expand, this pressure gradient is reversed, and 
flowing in the aorta slows down. 

t happens to the kinetic energy of the blood that 


slows down? iunt: It goes into potential energy, Where 
is it stored? 
(b) What happens to this energy during diastole? 


** Garden Hose If you point the garden hose 
straight up, the jet of water reaches a height of 8 meters. 
(a) Calculate the velocity of the water leaving the nozzle 
(mwt: Neglect air friction.) If you have forgotten “How 
high can I jump?,” you might turn back to Chapter 4. 
(b)What is the water pressure behind the nozzle? Express 
in meters of water. 

(c) Why does the size of the opening affect the velocity of 
the jet? Don't just answer, “The pressure is greater behind 
a smaller nozzle.” Explain in terms of viscosity and speed 
of flow in the hose, 


** 12. Garden Hose The water escapes from the 
nozzle at 12.5 m/sec. 

(a) If 200 cm’ of water comes out per second, what is the 
size of the opening? Assume that all the water has the 
same speed of 12.5 m/sec. Give the area in cm? and the 
diameter in cm, 

(b) The hose has an inside diameter of 1.43 cm, What is 
the average speed of the water in the hose? (Hint; How 
long is a cylinder of water 200 cm’ in volume and 1,6 cm? 
in cross-sectional area?) 

(c) How much lower is the pressure in the hose than in 
the water mains that feed it? Use Bernoulli's Principle and 
neglect viscosity, (unt: You don’t have to know the 
cross section of the water main. It is enough to know that 
not all the neighbors are watering their lawns at the same 
time; that is, the mains are so large that the speed of the 
water in them is negligible.) 


** 13. Tennis, Ping-Pong, and Baseball Because of 
the viscosity of the air, the layer of air immediately in con- 
tact with the ball must share its velocity, We talk about a 
boundary layer of air, which essentially adheres to the ball. 
The air adjacent to this boundary layer is also somewhat 
pulled along by it. The faster it moves, the lower the pres- 
sure, 

(a) Show why with top-spin, this velocity is faster below 
the ball than above it. According to Bernoulli's Principle, 
the pressure will therefore be lower below and the ball will 
drop faster. 

(b) Why does a ball with back-spin tend to “loft,” that is, 
to drop slower than a nonrotating ball? 

(c) If you want a pitch to curve to the left, which way 
should the ball rotate? Answer in the form "clockwise (or 
counterclockwise) as seen from the top.” Explain. 
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Æ 14. Soccer A good corner kick curves toward the 
goal. Which way should the ball be spinning for a kick 
coming from the left corner as seen by the attacking team? 
Clockwise?/counterclockwise? 


Problem 7.14 Corner kick. 


>>> 15. More on the Curve Ball [Difficult] The trans- 
verse force on a spinning ball (called the Magnus effect) is 
due to the velocity of the boundary layer. It may be in- 
structive to describe the force in the reference frame of the 
still air. This is an inertial frame, and usually the frame of 
the observer. 

A nonspinning ball moving to the right sets up flow 
lines in the surrounding air as shown in a in the figure. 
The arrows are velocity vectors for the air moving to the 
left to get out of the way of the ball traveling to the right. 
But if the ball spins clockwise, as shown in b, the velocity 
of the boundary layer adds to the streaming velocity below 
the ball and subtracts from it above the ball (see figure). 
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PROBLEM 15. Magnus effect. Why top spin makes the ball 

curve down. 


NOTE: Itis tempting to get this effect backward. Remem- 
ber, the nonspinning ball has equal forces due to the mov- 
ing air, pulling up on the top, down on the bottom. Argue 
that the Magnus force should be proportional to the an- 
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gular velocity of the ball and to its radius. (HINT: The air 
velocity below is V + Ro; the air velocity above is y — 
Rw. The “Bernoulli pressure” is proportional to the square 
of the velocity.) 

Aerodynamicists would talk about a clockwise circula- 
tion of the air around the ball. They would ascribe the 
transverse force to this circulation and say that the ball 
sheds vortices downstream. 


** 16. What Keeps an Airplane Up? Airplane wings 
have a cross section something like the figure shown here, 
Moving through still air, the relative speed of the air will 
be greater above the wing than below. According to Ber- 
noulli’s Principle, the pressure should therefore be greater 
below the wing than above, so the wing experiences lift. 
(a) Argue that for a given cross section, the lifting force 
should be proportional to the wing spread. 

(b) Why should the lift be greater in cold air than in warm? 
(c) Why should the lift be smaller higher up in the atmo- 
sphere? Can you see how this might limit the height to 
which airplanes can fly? 
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PROBLEM 16. Air foil. Typical cross section of an airplane 
wing. 


xÆ 17. Blowing What pressure difference is needed 
between the mouth and the outside to blow air out at 1 
m/sec? Explain how you use Bernoulli's Principle to an- 
swer this. (HINT: The density of air can be obtained using 


the Ideal Gas Law, assuming an average molecular weight 
of 29.) 


* 18. Viscosity Units The poise is the CGS unit of 
viscosity, the dyne sec/cm’, so that 1 centipoise = 10° 
gram sec’ cm !. Show that this is equal to 107° MKS 
units. 


NOTE: The SI unit is called the pascal second. (1 pascal = 
1 newton per square meter.) 


** 19. Poiseuille’s Law If water flows at an average 
speed of 10 cm/sec in a tube whose bore has a 1-cm’ cross 
section, then 10 cm? of water flows past every second: 


flow = (cross-sectional area) x (average speed) 


This really defines what we mean by average speed. The 
water close to the walls moves hardly at all. The water 
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near the middle of the tube moves faster than the aver- 
age—twice as fast, to be exact. Use Poiseuille's Law to 
show that the average speed of flow is proportional to the 
cross-sectional area, for given pressure gradient. 


x 20. Viscosity of Air and Breathing The trachea is 
about 15 cm long and 2 cm in diameter. 

(a) Calculate its hydraulic resistance (= difference in air 
pressure between the mouth and the lung divided by the 
air flow) from Poiseuille’s Law. Use 1.8 x 107° N sec/m? 
for the viscosity of air at body temperature. 

(b) A physiology textbook asserts that a pressure differ- 
ence of less than 1 mm of mercury can move air out of the 
lung at 250 cm/sec. Can the book be right? 


* 21. Work to Breathe Use the pressure difference 
calculated in Problem 20 and an airflow of 0.25 liters per 
second to calculate the rate at which work is done in 
breathing. Express in watts. (HINT: Convince yourself 
that the product of a pressure times a volume is an en- 
ergy.) The answer you get is surprisingly small. Of course, 
it has neglected the mechanical losses in moving the dia- 
phragm and all the heat generated in the muscles in- 
volved. 


x% 22. Flow of Blood in the Capillaries The capillar- 
ies are very thin blood vessels, but there are so many of 
them that their total cross-sectional area is around 5000 
cm’—much greater than that of the aorta, which is about 
5cm. All the capillaries are in parallel, which means that 
blood flowing through one capillary returns to the heart 
before going through another, 

(a) If the average blood flow in the aorta is 80 cm/sec, 
What is the average speed of flow (cm/sec) in the aorta? 
(b) What is the average speed of flow in a capillary? 

(©) A typical capillary has a diameter of 8 107° mm (= 
8 microns). How many capillaries are there? 

(d) Use Poiseuille’s Law to calculate the pressure drop in 
a capillary 1 millimeter long. The viscosity of blood is 
around 3 x 107° N sec/m?. 


Nore: Most of the pressure drop (= 100 mm Hg) be- 
tween the large arteries and the large veins occurs in the 
arterioles, the small blood vessels leading to the even 
smaller capillaries. 


** 23. Work to Pump the Blood The heart pumps 
about 5 liters of blood per minute. The average pressure 
lifference between the intake (venous) and outflow (arte- 
Nal) sides of the heart is around 100 mm Hg. 

(a) At what rate does the heart do work on the blood? 
(tov: Convince yourself that the work done in moving 
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1 cm? with a pressure of 1 dyne/cm’ is 1 dyne cm (= 1 erg 
= 10°” joule).) 

(b) Where does the energy go? Don’t just say “into over- 
coming viscous forces,” or “into heat.” What gets 
warmed? 


> 24. Motion of a Sphere There is an elegant theo- 
rem in hydrodynamics for the motion of a sphere in an 
ideal (nonviscous) fluid. Because the fluid is ideal, uniform 
motion requires no force. But acceleration a requires a 
force F = (m + m*)a, where m is the mass of the sphere 
and m* is half the mass of the fluid displaced by the 
sphere. A lot of water has to move out of the way in order 
for the sphere to move. Calculate the downward accelera- 
tion under gravity of a diving bell 1 meter in diameter 
weighing 6000 newtons. Don’t forget the buoyancy of the 
water! 


kÆ 25. Stokes’ Law The force needed to move a 
sphere through a viscous fluid at speed v is 6mRv, where 
R is the radius of the sphere and n is the viscosity of the 
fluid. 

(a) Show that a small sphere of mass m dropped in air 
reaches a terminal velocity given by mg/6m9R. 

(b) Calculate the terminal velocity for a rain drop 1 mm in 


diameter. The viscosity of air is 1.8 x 10°° kg m7! sec™'. 


Æ% 26. Settling of Suspensions A bit of shaking is all 
it takes to suspend a finely divided powder in a liquid. 
Calculate the terminal velocity of a spherical particle one 
micron (= 1 micrometer = 107° mm) in radius sinking in 
water. Take the particle density twice that of water. 


Æ>% 27. Reynolds Number and Anemia The units of 
the coefficient of viscosity 1 are newton sec/m’. The liter- 
ature sometimes quotes a related quantity, the kinematic 
viscosity v = 1/p, which is the viscosity y divided by the 
density p of the fluid. 

(a) In what units is it measured? Note that force and mass 
units (newtons and kilograms) have disappeared. That is 
why v is called kinematic; it involves only space and time 
dimensions. 

(b) Combine the average speed v of flow and the tube di- 
ameter d into an algebraic expression having the same 
units as the kinematic viscosity. 

The dimensionless ratio Nz = pdv/y is called the Rey- 
nolds number. When speeds are high enough so that this 
number goes much over 3000, smooth flow is unstable and 
tends to break into turbulent flow. 

(c) An aorta has a diameter of 25 mm and carries a peak 
flow of 200 cm’ of blood per second. What is the speed of 
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flow, averaged over the cross section? What is the Rey- 
nolds number? Assume the viscosity of blood to be three 
times that of water. You know its density. In severe ane- 
mia the viscosity of blood is drastically low. This condition 
can be detected with a stethoscope as a functional cardiac 
murmur: The turbulence makes a noise. 


ÆÆ 28. Turbulent Breathing The diameter of a nostril 
is roughly 5 millimeters. In rapid breathing, 500 cm’ of air 
may be inspired (breathed in) or expired (breathed out) in 
about 1 second. The viscosity of air is 1.8 x 107° 
N sec/m?. Calculate the Reynolds number for a flow of 
500 cm/sec. Assume that the other nostril is clogged. Why 
do you think heavy breathing makes a noise? Why is 
breathing through the mouth less noisy? 


> 29. Fire Hose In Exercise 2, that fire hose with the 
2-cm* nozzle cross section and the 30-m/sec water jet put 
out 6 kg of water per second, having a momentum of 180 
N sec. 

(a) Verify. Argue that the fireman holding the nozzle 
would feel it recoiling with a force of 180 newtons. 

(b) On the other hand, the viscous drag of the water 
against the walls of the hose exerts a forward force on the 
hose. Suppose that the viscous friction of the water 
against the hose results in a pressure drop of 4 x 10° 
N/m? over a 10-meter length of hose having a 20-cm? cross 


Problem 7.29 Firemen leaning forward against the recoil 
of the fire hose. The acceleration of water occurs at the 
nozzle and at the bend in the hose. 
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section. Which force is more important to the fireman 
holding the nozzle, the recoil from the nozzle or the for- 
ward drag of the water against the sides of the hose? 

(c) Explain why, even though the pressure is greater at the 
hydrant than at the nozzle, the water does not accelerate 
in the hose. 

(d) The water does accelerate as it passes th rough the noz- 
zle. What is the difference in average speed behind and in 
front of the nozzle? 


%*>* 30. Fire Hose 

(a) What is the kinetic energy of each kilogram of water in 
the jet above? 

(b) Since 6 kg come out per second, at what rate does the 
pump have to do work? Answer in watts. Neglect the vis- 
cous loss for this calculation. 

(c) How much more power does the pump have to put 
out to compensate for the viscous drag in 10 meters of 
hose? 


**%* 31. Washing This chapter began by asking 
whether it is the momentum of the water or its kinetic 
energy that matters for getting clean in the shower. Since 
you can also get clean in a tub bath, the question was ob- 
viously not well stated. Washing involves dissolving some 
of the dirt, lowering the surface tension that causes some 
things to stick and physically rubbing off others. That rub- 
bing can be done by a scrub brush or by the motion of the 
water. With moving water it is the viscosity of the water 
that gives rise to the “cleaning” force. Accordingly, one 
would answer that it is just the speed of the water jet that 
matters. Even a small jet will remove a piece of stubborn 
dirt if the water moves fast enough. 

How much “cleaning force” (force parallel to the walls) 
does the water exert on the walls of a uniform water pipe 
2 cm in diameter and 17 meters long if the water pressure 
drops 10° N/m? (about one-hundredth of an atmosphere) 
between the ends? Why don’t you have to know the vis- 
cosity of water to solve this problem? (Hint: The speed 
of the water is the same at both ends of the pipe. See also 
Problem 10.45, Ultrasonic Cleaner.) 


4% 32. Osmotic Regulation of the Interstitial 
Fluid The hydrostatic pressure in a human capillary 
might typically drop from 25 torr (above atmospheric) on 
the arterial end to 10 torr on the venous end. This is just 
due to viscous loss. After all, the capillaries are very nat 
row. (Recall that 1 torr = 1 mm Hg = 133.3 newtons/m’) 
The hydrostatic Pressure in the interstitial fluid surround- 
ing the capillaries is actually less than atmospheric, pet 
haps —6 torr gauge pressure. If there were no solutes it 


PROBLEMS 


the blood to which the capillary wall is impermeable, os- 
motic flow of fluid would be inward throughout the length 
of the capillary. But protein molecules in the blood give an 
osmotic pressure of 28 torr. Protein molecules in the inter- 
stitial fluid give an osmotic pressure of 5 torr. 

(a) Argue that on the arterial end of the capillary, there is 
a driving pressure of 8 torr tending to pump fluid into the 
interstitial space. 

(b) Argue that on the venous end of the capillary, there is 
a driving pressure of 7 torr pumping fluid into the capil- 
lary. 

out the pressure drop along the capillary is linear, argue 
that you would expect more fluid to leave the capillary 
than enters it. A graph of driving pressure versus position 
along the capillary would present a convincing argument. 
Such an excess of outward flow is actually observed. The 
lost fluid gets back into the blood via the lymphatic sys- 
tem. 


x% 33. Edema In right heart failure the blood from 
the veins is not pumped fast enough, so the pressure on 
the venous sides of the capillaries is increased. According 
to the previous problem, such an increase slows down the 
flow from the interstitial fluid into the capillaries. Intersti- 
tial fluid builds up and causes swelling (edema) in the 
lower part of the body. In left heart failure the venous 
pressure rises in the blood vessels of the lung. Explain 
how “pulmonary edema” (collection of fluid in the lungs) 
can result in the patient essentially drowning in his own 
body fluids. 


HK 34. Permeability of Membrane In membranes 

with large pores the hydrodynamics of viscous flow 

ioe give a good value for the permeability. Poiseuille’s 
w is 


m (diameter)* 
128 viscosity 


flow = x pressure drop per unit length 


where “flow” means the volume of fluid per unit time 


through one pore. So the hydraulic conductance L, of one 
pore is 


L, = flow/pressure difference 


= (7/128) (diameter)*/(viscosity) (length) 

Se is a measure of how readily the pore allows flow. 
ermeability w is defined as the flow per unit area per unit 

Panda drop. But it is usually measured in moles per unit 
me per unit area of membrane divided by the force per 

ah area, or moles per newton per second. Accordingly, 
€ relation between the permeability and the hydraulic 
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conductance per pore is 


w = (number of pores per unit area) (moles of water per 
unit volume) L, 


Take the following values for a cellophane membrane: 


permeability œ = 2 x 107° moles/N sec 

pore diameter = 10 nm 

membrane thickness = pore length = 0.5 mm 
viscosity of water = 0.7 x 10°* N sec/m? at body tem- 
perature (37°C) 

density of water = 1 gram/cm’, molecular weight = 18, 
giving molar volume = 55.6 moles per liter. (Verify!) 


(a) Calculate the number of pores per unit area of mem- 
brane. 

(b) Knowing that each pore has a cross-sectional area m? 
= 8 x 10°” m’, what fraction of the membrane is open- 
pore area? The answer is less than half a percent. 


*#%* 35. Hemolysis Red blood cells have a sodium 
chloride concentration of about 0.15 M. This means that 
the Na* concentration is 0.15 moles per liter and the Cl 
concentration is 0.15 moles per liter, giving a total ion con- 
centration of 0.3 M. If the cells are placed in pure water, 
the osmotic pressure difference tending to force water in- 
side corresponds to that of 0.3 moles of solute per liter. 
The red cells swell up with water and their cell mem- 
branes become leaky, allowing hemoglobin to escape. 
Such a loss is called osmotic hemolysis. 

When drugs are injected into the body, they are usually 
dissolved in “isotonic saline,” sodium chloride solution 
having an ion concentration equal to that of the blood. 

(a) What would happen to the red cells if you injected a 
hypotonic solution, a solution whose ion concentration is 
less than that of the blood? 

(b) Now use your imagination: How about a hypertonic so- 
lution, one whose ion concentration is greater than that of 
the blood? 


* 36. Speed of Ocean Waves To double the wave 
speed, the wavelength has to be doubled / quadrupled 


* 37. Speed of Ocean Waves When the wavelength 
is doubled, the wave speed is multiplied by 1.41 / 
by2 / by4 

When the wavelength is increased by 1%, the wave 
speed is increased by 1% / by0.5% / by2% 


ok 38. Wavelength and Period Those long ocean 
waves with 156 meters between crests travel at 15.6 m/sec. 
(a) How long is the time between crests? 
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(b) What is the relation between the period T of a wave, 
its wavelength à, and the wave speed v? Rewrite the re- 
lation in terms of the frequency v = 1/T. (HINT: The fre- 
quency of these long waves is 0.1 Hz.) 

(c) How well does the 15.6 m/sec satisfy the formula V = 
(gA/2m)"?? 


> 39. Wave Speed by Dimensional Analysis 
Suppose you intuit that the parameters on which the wave 
speed can depend are the acceleration of gravity g and the 
period T. 

(a) Postulate an expression of the form 


v = (constant) g*T” 


Using the dimensions of v, g, and T, show that exponents 

x and y can only take on the values x = 1 and y = 1. 

(b) Suppose you suspected that the density p of the water 

also enters the formula. Postulate an expression 
v = (constant) g*T"p* 


and show that z = 0 is the only possibility; that is, your 
suspicion was wrong. 

(c) Repeat the dimensional argument with the variables g 
and à (= wavelength), and show that the exponents both 
have to be 4. 


xÆ 40. Maximum Speed Without Planing Sailors 
know that big sailboats can go faster than little sailboats. 
This has nothing to do with the sails or the wind. The 
fastest speed a boat can attain without planing depends 
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almost entirely on its length. The force of the water resist. 
ing the boat’s motion increases dramatically above a criti. 
cal speed v related to the boat's length L by the formula 


(a) Show that a 20-foot boat is thus limited to speeds be- 
low 6 knots (= 10 ft/sec). 

(b) How about an 80-foot boat? 

(c) Show that the critical speed v is the speed of a deep- 
water wave having a wavelength equal to the length of the 
boat. 


Note: We surmise that the bow wave created by the 
boat's motion has the speed of waves whose wavelength 
is equal to the boat's length. To exceed that speed, thatis, 
to overtake its own bow wave, requires great power. 
When a motor boat “breaks the wave barrier,” its bow 
rises out of the water, and it is said to “plane.” 

(d) When an airplane “breaks the sound barrier,” its speed 
exceeds the speed of the sound waves its motion gener- 
ates. Argue that the “sonic boom” is analogous to the bow 
wave of a motor boat. (See Problem 36 in Chapter 10 on 
Sound and Hearing.) 


> 41. Maximum Slope of the Wave A particle in 
uniform circular motion has speed wR. In a short time Al 
it moves a distance wR At. At the place where the water 
wave slopes downhill steepest, the motion of the water is 
vertically up. 


Problem 7.40 At slow speed, a motorboat sits in the water. When its speed exceeds 
the speed of its own bow wave, the bow rises out of the water: it planes. 


PROBLEMS 


PROBLEM 41. Wave moving to the right. For a sinusoidal 
wave, the point of maximum slope (point of inflection) is 
halfway between crest and trough. 


note: The wave moves forward; the water moves up 
(see figure). 

How far back along the wave (Ax) is the level of the water 
surface higher by Ay = wR At? [Answer: Ax = v At, where 
v is the speed of the wave.] Convince your- 


self that the maximum slope is ($) = oRv. 


xk 42. Dispersion A medium in which waves of dif- 
ferent frequencies travel at different speeds is said to be 
dispersive, For light waves in glass, for example, the speed 
of violet light is about 1% less than that of red, corre- 
sponding to not quite doubling the frequency. How much 
does doubling the frequency change the speed of gravity 
waves? Is it also a decrease? 


FÆ 43. Waves in Shallow Water [Difficult] For grav- 
ity waves in deep water the wave speed is given by the 
formula (gA/27)'”. But in shallow water of depth d much 
less than the wavelength, the formula becomes (gd)"?. For 
depths d comparable to the wavelength À, the speed is 
He by that (gA/27)'* multiplied by a function of the ratio 
(a) Is this a monotone increasing or decreasing function? 
Support your answer with an intuitive argument. 

(b) That function is continuous. Show that for small values 
of diN, a 1% increase in d/d corresponds to a 0.5% increase 
in the value of the function. 

(©) For large values of d/à, the function approaches the 
asymptotic value . A more detailed analysis 
shows the function is the square root of the hyperbolic 
tangent of 2nd/\. 


** 44. Dimensional Analysis 

(a) For gravity waves in shallow water, it is reasonable to 
Suppose that the acceleration of gravity g and depth d are 
the only parameters that determine the wave speed. Show 
that the speed has to be proportional to g’? d’®. 

(b) For Surface-tension ripples on the surface of a liquid of 
density p having surface tension T, it is reasonable to sup- 
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pose that T, p and the wavelength A are the only parame- 
ters determining the speed. Show how they can be com- 
bined into a formula having dimensions of m/sec. 
(HINT: T is in newtons per meter.) 


45. (Experimental) Make some crude measure- 
ments of the speed of traveling waves in a bathtub or 
swimming pool. You can generate periodic waves by mov- 
ing a hand or a foot. 

(a) If you double the frequency, by how many percent is 
the wave speed increased? Decreased? 

(b) Show that your measurements are consistent or incon- 
sistent with the formula (gd/27)'*. Problem 43 shows why 
they might be consistent in the swimming pool and incon- 
sistent in the bathtub. 

(c) In the bathtub, it is easier to measure standing waves 
than running waves. The “fundamental” sloshing mode 
(lowest-frequency resonance) is easily generated by 
rhythmically sliding back and forth. Convince yourself 
that its wavelength is twice the length of the bathtub. 
Sketch! 


*>%* 46. A Conversation with the Swimming Coach 
Do surface-tension forces matter in winning races? The 
question is whether it is important for the feet to break the 
water surface. 

First let's calculate (estimate) how much force a fast 
swimmer is exerting in the backward direction to propel 
herself forward. A good athlete might put out as much as 
800 watts of power for several minutes. 

(a) If she is moving through the water at 2 meters per sec- 
ond, the water is pushing her forward with a net force of 
newtons. That assumes 100% efficiency, of 
course. It neglects any energy she puts into up-and-down 
motion or splashing. That force is a ball-park figure, prob- 
ably about twice too big. But it permits comparison with 
surface-tension forces. 
(b) The surface tension of water is 0.073 newtons per me- 
ter. The perimeter of a human foot touching the surface is 
at most 0.5 meter, so the maximum surface-tension force 
available is newtons. If surface tension is of any 
help in propelling the swimmer forward, it can at best 
contribute % of the force. 


2 47. Surface-Tension Ripples [Hard] The formula 
for the speed of propagation of surface-tension ripples in- 
volves the surface tension of water, T = 0.073 newtons 
per meter, as well as its density p = 1.0 x 10° kg/m? and 
the wavelength A. It is V= V27T/pd. This formula is good 
only for very short wavelengths, so short that gravity is 
not important. 
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(a) If à is doubled, what happens to the speed? 
(b) For longer wavelengths, the formula has to be replaced 
by 


ym Pg BE 
2a pr 


Show that this goes over into the formula for the speed of 
gravity waves quoted in the text. How many percent off is 
the approximate formula for ripples of 2-mm wavelength? 
(c) Assume that the speed V of the wind on the pond is 
the same as the speed of the surface waves it generates. 
Show that waves of two different wavelengths can travel 
together. Note that finding the two wavelengths for a 
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given value of V involves solving a quadratic equation in 
à. The smaller solution corresponds to the waves we call 
ripples. 

(d) Solving the quadratic equation gives 


aV? 4Tg 
n= his | 


Evidently, there is a minimum value of V for getting any 
waves at all, since you can’t take the square root of a neg- 
ative number. Find Vininimum from the data given. On days 
with little wind, you will notice glassy areas on a pond, 
separated from the more normal ripply ones. As the wind 
picks up, the boundary moves and eventually disappears, 


QUESTIONS FOR FURTHER THOUGHT 


Watching the Waves from the Shore The waves seem to slow down as they 
get into shallower water. Indeed, this is what Problem 43 predicts. If the wave 
speed is slowed down by 30%, what has happened to the wavelength? What 
about the frequency? Can you be sure the frequency is unchanged? 

Real versus Ideal Fluids A fluid with no viscosity at all is called an ideal fluid. 

There is a theorem that it is impossible to set an ideal fluid in rotation starting 

from rest. Just try setting those floating ice cubes in rotation by turning the glass! 

What is the role of the viscosity of air in making possible the flight of birds and 

airplanes? HINT: Remember the boundary layers. 

When you turn the faucet on more, the water comes out faster. Yet the water 

pressure is the same in the city water supply, the length of pipe is unchanged, 

and so is the cross section of the opening. Explain how a constriction (the valve) 
controls the rate of flow. Would you say that Bernoulli's Principle is violated? 

Momentum and Energy of a Wave How does a speck floating on the water 

surface move as a wave goes by? It looks as though its path is nearly circular. 

As the crest of the wave approaches, the speck rises and moves forward. As the 

trough of the wave follows, the speck moves backward and falls. 

(a) Argue that the momentum of any volume element of water is zero if aver- 
aged over a whole period of the wave. 

(b) en that the wave nevertheless transports momentum in the direction of 
travel. 

(c) If the wave hits a rigid wall, the average force on the wall will be zero when 
the time average is taken over a whole period. Argue that a wave hitting â 
soft or yielding wall exerts an average force on it in the direction of travel. 
The point is that the rigid wall reflects the wave completely; the yielding 
ieam does not. Think about the water running down off a rock covered with 

gae. 

(d) Argue that the wave transports kinetic energy. What happens to that kinetic 
energy in the seaweeds? 

Sphygmomanometer You recall how blood pressure is usually measured by 

the physician or nurse: The Pressure cuff is inflated until the brachial artery i§ 


QUESTIONS FOR FURTHER THOUGHT 


we 


pinched off. Then the pressure is slowly released and the level (systolic) re- 
corded at which the sounds of turbulent blood flow in the artery can first be 
heard in the stethoscope applied to the skin next to the artery. As the pressure 
is further reduced, blood flows in the artery for an increasing fraction of the 
cardiac cycle, but the periodic surging still results in the “Korotkoff sounds.” 
The sounds stop when the pressure reaches the level (diastolic) where the artery 
is open for the entire cardiac cycle. 

When the pressure in the cuff is just below diastolic, the artery, although open 

for the entire cardiac cycle, is slightly constricted. Of course, the speed of blood 
flow at the constriction is faster than in the rest of the artery. According to 
Bernoulli’s Principle, the pressure at the constriction is therefore lower than the 
true arterial pressure. Why does this not result in too low a reading for the 
diastolic pressure? 
Getting Clean in the Shower How should the shower head be constructed to 
get you clean fast? Is it better to have a lot of water at lower speed or less water 
at higher speed? There is some evidence that the tangential velocity of the water 
across the skin governs the rate at which sticky dirt is washed off. Argue that 
we probably prefer a shower that delivers the water at a speed slower than the 
best speed for getting clean. Argue that cost rather than optimal performance 
determines the design of residential showers. 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 

What is thermal conductivity? 

Why are there no warm-blooded animals much smaller than mice? 
Explain how the rate of melting of an ice cube depends on its size, 


About how much does drinking a cup of hot coffee raise your body 
temperature? 


What does the First Law of Thermodynamics say about perpetual-mo- 
tion machines? 


Argue that the volume coefficient of thermal expansion of a substance 
should be 3 times its linear coefficient of thermal expansion. 


Name two advantages of the ideal-gas temperature scale over traditional 
scales like Celsius and Fahrenheit. 


What is a triple point? 


8.1 RATE OF COOLING 
Warming the Body, Cooling the Coffee 


If we want to be warmer, we put on more clothes. That works because the 
body is a source of heat. Individual muscle fibers are constantly contracting 
and relaxing, doing work while various sugars are being metabolized, bro- 
ken down into lower-energy waste products. Most of that work is immedi- 
ately converted into heat. The body has a sensitive thermostat, which keeps 
the blood’s temperature very close to 37°C (= 98.6°F).! Except on the very 
hottest days, that is well above the temperature of the air around us. If the 
skin loses heat too fast, we feel cold. We respond with more muscular activ- 
ity (e.g., shivering) and with contraction of capillaries close to the skin. 

The rate at which we lose heat seems to depend on the amount of skin 
area exposed to air currents. Also, it certainly increases in a high wind. And 
the colder the air, the faster the heat loss. What clothes do for us is to slow 
down the air currents close to the skin. Air that has a chance to stay close 
to the skin for a while is warmed, and we lose heat more slowly. That is 
why we are advised to wear a number of thin layers of wool or cotton cloth- 
pe for warmth. These fibers are highly kinked, providing tiny pockets of 
still air. 

How fast does hot coffee cool off? A big pot cools slower than a small 
cup. A metal cup cools faster than a styrofoam cup. Here we are talking 
about something without a source of heat inside. The rate of heat loss is 
measured by the rate of temperature drop. But two cups side-by-side cool 


"The conversion formula between Celsius and Fahrenheit degrees is given in Sec. 8.4. 
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just as fast as one. Again, they cool faster if you blow on the surface, still 
faster if you stir. Here are two generalizations: 


1. The rate of heat loss is proportional to the surface area exposed to the 
colder surroundings. 


2. The rate of heat loss is proportional to the temperature difference be- 
tween the hot object and the colder surroundings, 


a a 

EXERCISE 1 

(a) How does blowing on the coffee increase the temperature difference be- 
tween the hot surface and the air in contact with it? 

(b) What about stirring? 
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You have probably learned somewhere that heat transfer occurs by con- 
duction, by convection, and by radiation. Our two generalizations do not 
seem to distinguish between mechanisms. In any particular situation, all 
three mechanisms are involved at the same time. In the case of the hot 
coffee, convection is by far the most important mechanism, both in the air 
and in the liquid. The distinction between conduction and radiation can be 
fuzzy. Only when heat transfer is across empty space can we be sure that 
only radiation is involved. The reason for wanting to distinguish is that we 
characterize some materials as good thermal insulators, some as good con- 
ductors. That is the difference between the styrofoam and the aluminum 
cup. 


Conduction 


To make that difference quantitative, we shall define thermal conductivity. 
Every substance has one. Aluminum has a large one; styrofoam has a small 
One (see Table 8.1). But before becoming quantitative, some words of warn- 
ing are in order. The two generalizations above, that rate of heat transfer is 
Proportional to (1) area and (2) temperature difference, are rigorously true 
for conduction. They are reasonably good approximations when convection 
and radiation are involved. In an experiment designed to measure heat con- 
duction, it is almost impossible to eliminate convection and radiation. Still, 
to define a conductivity, we assume that they have somehow been elimi- 
nated, 

We assume that there is a hot reservoir and a cold reservoir, separated by 
a flat layer of the “conducting” material. Make the layer 1 millimeter thick 
and 1 square meter in area. If the temperature difference across the layer is 
1C, we say the temperature gradient is 1 degree per millimeter. If the con- 
ducting material is aluminum, 50 x 10° calories of heat would be conducted 
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TABLE 84 Thermal Conductivities, in Calories per Second per Meter per °C 


-J  cal/sec m? 


E VT °C/m 
Air 0.0055 
Fiberglass 0.01 
Sawdust 0.01 
Wool 0.01 
Asbestos 0.02 
Soil 0.03 
Wood 0.03 to 0.06 
Snow 0.05 
Brick 0.15 
Glass 0.2 
Granite 0.5 to 1.0 
Aluminum 50 
Copper 92 


would flow per second: The rate of heat transfer is proportional to the tem- 
perature gradient (see Fig. 8.1). Our original temperature gradient was 1 


across that 1-millimeter layer every second. But if the layer of aluminum 
between the same reservoirs were only half a millimeter thick, the temper- 
E ature gradient would be 2 degrees per millimeter, and twice as much heat 


Cold degree/mm, or 10° degrees/m. That gave a heat flow of 50 x 10° calories per 
a second per square meter of layer. Accordingly we say that the thermal con- 
ductivity is 50 thermal conductivity units (= 50 x 10°/10°). In those same 
units, styrofoam has thermal conductivity around 0.01. We now work out 
the right units for the thermal conductivity. 
| i osmom | The heat flow J was expressed in calories/sec m*. The temperature gra- 
Cold dient VT was given in degrees/m. The law of heat conduction is that the two 


(b) 
FIGURE 8.1 (a) Heat conduction— 
Hear flows through the aluminum J] «VT (Fourier’s law) 
sheet from the “hot” surface to 
the “cold” surface. The heat flow The thermal conductivity x is the proportionality constant: 
per unit area of sheet is J = -« VT 
proportional to the temperature 
gradient. (b) Through a sheet half Accordingly, the units of x are 
as thick, heat flows twice as fast, : 2 - 
because for given temperature calories/sec mÍ _ __calories 
difference the temperature degrees/m sec m degree 
gradient is double. 


are proportional: 


Don’t be surprised that very few reference works use those particular units. 
A SA of them measure J to BTU per square foot per hour, and VT in °F per 
inch! 


NOTE: 1 BTU = 0.2525 kcal. The — sign in the definition of x just $ay5 
that the heat flows down the temperature gradient. 
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EXERCISE 2 For aluminum, x = 50 cal/sec m degree = 0.50 cal/sec cm de- 

gree = 209 watts/m degree. For copper, k = 92 cal/sec m degree. 

a) Convert to the two other units. 

b) How much heat would a layer of copper 1 m? in area and 1 mm thick 
conduct per second if the temperature difference were 1°C? 

(c) 2°C? 


EXERCISE 3 If the layer thickness is doubled and the temperature difference 

is doubled, the temperature gradient VT stays the same. 

a) What happens to the heat flow J? 

b) If the layer thickness is doubled and the temperature difference is 
halved, what happens to the heat flow J? 


EXERCISE 4 The hot coffee is at 80°C. The styrofoam cup is 1 mm thick, and 
the outside is pleasant to touch, perhaps 50°C (see Fig. 8.2). If k for styro- 
foam is 0.01 cal/sec m °C, what is the heat flow J across the surface, in 
calories per second per m?? 
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Size of Warm-Blooded Animals 


The rate at which an animal can generate heat to keep warm depends on 
how much muscle it has. It is reasonable to guess that for different animals, 
the amount of muscle is roughly proportional to the body weight or volume. 
The rate at which the animal loses heat is proportional to its surface area. 
Right away you know why there are no warm-blooded snakes! The snake 
has a large surface-to-volume ratio. Warm-blooded animals tend to be built 
More compactly, just to save energy. But you also know why there are no 
warm-blooded animals much smaller than a mouse. A small animal just 
loses heat very fast. The smaller the animal, the greater its surface-to-vol- 
ume ratio. 

To see how that goes, suppose that the mouse were a cube 2 centimeters 
on a side. Of course, there are no cubical mice. This silly assumption is a 
physicist’s way of making the arithmetic easy. A 2-cm cube has a volume of 
8 cm? (= 2cm x 2cm x 2 cm), and a surface area of 24 cm? (= six faces, 
each 2 cm x 2 cm). What happens if all the dimensions are halved? A 1-cm 
cube has a volume of 1 cm? and a surface area of 6 cm?. You did this kind 
of arithmetic in Chapter 3, in “Digression on Scaling.” There we worried 
about being strong enough to support our own weight. Here we are con- 
cerned with keeping warm. If the metabolic rate is proportional to body 
Volume, then the 1-cm° mouse produces heat at one-eighth the rate of the 
8m? mouse. But it loses heat at one-fourth the rate of the larger mouse. 
Evidently, the smaller mouse could not sustain much of a temperature dif- 
ference between itself and its environment. 
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1mm 


FIGURE 8.2 Styrofoam coffee cup. 
Thickness = 1 millimeter. 


The kangaroo mouse is one of the 
smallest species of mammals. A 
warm-blooded animal much 
smaller than this just could not eat 
fast enough to keep warm. 
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A premature baby in an incubator kept at body temperature. The surface- 
to-volume ratio of a baby weighing less than about 2 kilogram-weight is 
too large for the baby to sustain its body temperature in an environment 
15° C colder. 


The ratio of surface to volume has units of cm? divided by cm’, For the 1- 
cm cube, it is 

surface _ 6 cm? 

volume 1 cm® 


= 6 cm7 
For the 2-cm cube, it is 


surface _ 24 cm? Fi 


volume 8em> —9°™ 
Evidently, the surface-to-volume ratio is inversely proportional to the lineat 
dimensions. Repeat: The smaller the animal, the greater its surface-to-vol- 
ume ratio. 

Now you know why babies are kept well wrapped in the winter and why 
premature babies have to be kept in an incubator. Small birds have to spend 
most of the day feeding. To keep warm, they have to consume several times 
their body weight in food per day. Contrast that with man, who eats less 
than 3% of his body weight per day. An animal much smaller than a mouse 
could not eat fast enough to keep its body temperature more than a few 
degrees above the temperature of its surroundings. (See Questions for Fur- 
ther Thought at the end of this chapter.) 
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EXERCISE 5 A cube of side a has volume a’ and area 6a?. Its surface-to- 

volume ratio is 6/a. A sphere of radius r has volume $r and area 4rr?, 

(a) Calculate its surface-to-volume ratio. 

(b) Find the surface-to-volume ratio of a sphere of volume 0.075 m°. That is 
roughly the volume of an adult human. 


EXERCISE 6 

(a) Calculate the surface-to-volume ratio of a cube of volume V. 

(b) Calculate the surface-to-volume ratio of a sphere of volume V. 

(c) Compare the rate of heat loss of a warm sphere and a warm cube of the 
same volume. 
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8.2 HEAT CAPACITY AND SPECIFIC HEAT 


Are you annoyed because terms like calorie and degree have been used in the 
foregoing pages without being defined? If you resorted to the Key Terms at 
the end of the chapter, you got a definition but little explanation. Indeed, 
for more about temperature scales you have to wait until Section 3. This 
chapter has been written with the conviction that you are no stranger to the 
thermometer. So much for °C and °F. Either Celsius degrees or Fahrenheit 
degrees are familiar to you. Physicists prefer °C because they are more in- 
ternational. You are likely to find them in use at the hospital, and certainly 
in the biology lab. But the calorie? That is familiar to you from diet charts. 
It has to do with food. What is its connection with heat? Actually, when 
they say that a glass of milk contains 100 Calories, they mean that in being 
metabolized, it gives up 100 thousand calories of heat. In other words, the 
nutritionist’s Calorie is the physicist’s kilocalorie (kcal). 

But this chapter has also assumed that you accept the idea that heat is a 
form of energy. It has used the conversion formula 


1 calorie = 4.18 joules 


without making a fuss over it. That was big news in the eighteenth century, 
and it was called the Mechanical Equivalent of Heat. For you, the idea that 
Work can be converted into heat is old hat. We showed back in Chapter 4 
how doing work on an object gives it kinetic energy: 

Work = A(dmv?) 
If we do work on a bunch of atoms, the fact that it all goes into increasing 
their total energy, 

Work = AX imo? X, = sum over all the atoms 


contains no new mystery. So you may wonder why an independent defini- 
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Waterfall. As the water loses 
altitude, its potential energy is 
converted into kinetic energy. 
When the water hits an obstacle, 
its motion becomes less organized, 
more random. We say that the 
kinetic energy appears as heat. 
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tion of the calorie as a unit of heat is necessary or even desirable. Neverthe. 
less, here it is: 


The calorie is the amount of heat needed to heat 1 gram of water by 1°C, 
More precisely, it is the heat needed to raise 1 gram of water from 14.5 


to 15.5°C.” 


To get from that definition to the conversion formula, 1 calorie = 4.18 
joules, required measurement. The work that needed to be done on the 
water to raise its temperature by one degree had to be measured. (See Ex- 
ercise 7.) Not surprisingly, it turns out that it doesn’t matter how the work 
is done. Stirring, or pumping, or throwing the water, or hitting it, all have 
the same effect. A given amount of work gives the same temperature rise, 
Again, not surprisingly, it takes twice as much work to heat 2 grams by one 
degree as to heat 1 gram. 


EXERCISE 7 A stirrer agitates 1 liter (= 1 kg) of water. Moving at 360 rpm 

(= 6 revolutions per second) in a circle of radius 5 cm, it meets a resistance 

of 0.1 newton 

(a) How much work does it do in an hour? 

(b) How much does the water temperature rise? Assume that no heat is lost 
to the surroundings. [Answer: 0.162°C] 


EXERCISE 8 A 10-gram bullet is brought to rest in 1 liter (= 1 kg) of water. 

It entered moving at 300 m/sec. 

(a) Calculate the initial kinetic energy 4mv* of the bullet. 

(b) How many °C is the water warmed? Neglect the heat capacity of the 
bullet and any heat loss to the surroundings. [Answer: 0.1°C] 


EXERCISE 9 How much warmer is the water at the bottom of a 100-metet 
waterfall than at the top? 


CES E 
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Logically, we did not need the calorie as a separate energy unit for heat 
energy. The joule is a perfectly satisfactory unit. Is the calorie then just a 
historical vestige? Perhaps. But what it does for us is to give us a standard 
for heat capacity. The heat capacity of 1 gram of water is 1 calorie per degree 
C. That just means it takes 1 calorie to raise its temperature by one degree. 
We get that straight from the definition of the calorie. The heat capacity o 
2 grams of water is 2 cal/°C. Since the heat capacity is proportional to the 
amount of water, it makes sense to talk about heat capacity per gram. That 
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Another unit, the average calorie, is 1/100 the amount of heat needed to raise the temperatur 
of 1 gram of water from 0 to 100°C. That one is 4.186 joules. It is also called the Internationa 
calorie. Then there is the thermochemical calorie, defined as 4.184 joules. If you need the fou 


significant figure to interpret a measurement, you have to know which international conference 
the experimenter honored. 


8.2 HEAT CAPACITY AND SPECIFIC HEAT 


is called specific heat. Thus we say that the specific heat of water is 1 calorie 
per gram per i 


T 
EXERCISE 10 Coffee is mostly water. Its specific heat is very close to 1 
cal/gm °C. How many calories does one cup (= 225 cm? or 225 gm) of coffee 
have to lose to cool from coffee-pot temperature, 95°C, to drinking temper- 
ature, 45°C? 


EXERCISE 11 The human body is said to be 80% water. Its average specific 
heat turns out to be about 0.83 cal/gm °C. How many calories are required 
to raise the temperature of a 75-kg adult by 1°C, as in a moderate fever? 


EXERCISE 12 In being drunk, the cup of 45-degree coffee is cooled to 37°C. 
How much does it raise the body temperature of a 75-kg man? (HINT: The 
increase in mass of the man is negligible.) Can a clinical thermometer mea- 
sure that small a temperature rise? 


CE 


Water has a higher specific heat than most substances. That is one reason 
why water is used so widely as a coolant. Just for comparison, Table 8.2 lists 
the room-temperature specific heat of various other substances. 


TABLE 8.2 Specific Heat at Room Temperature 


(Calories/gm °C) 

Ethyl alcohol 0.56 
Rubber 0.45 
Wood 0.42 
Air 0.25 
Glass 0.2 

Sand 0.19 
Steel 0.11 


oe eee sl eee 
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EXERCISE 13 The specific heat of iron is 0.11 cal/gm °C. How much will 1 
calorie raise the temperature of 1 gram of iron? 


EXERCISE 14 The heat capacity of monatomic gases is very close to 3 cal/ 
mole °C. This refers to the noble gases, such as helium, neon, and argon, 
and to metallic vapors. The number comes from theory: According to the 
Equipartition Theorem, each degree of freedom has average energy 3kT, 
Where k is Boltzmann’s constant and T is the absolute temperature. Each 
atom of the gas has 3 degrees of freedom, corresponding to translational 
Motion in the three dimensions of space. Accordingly, N atoms at tempera- 
ture T have kinetic energy 3NkKT. The heat capacity is the energy per degree, 
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or $Nk. If N = Avogadro's number, then Nk = R = 1.98 cal/mole K, the 
ideal gas constant. 

(a) Verify that 1.98, using the data of Chapter 6. 

(b) Show how the 3 cal/mole K is obtained. , ; 

(c) Calculate the specific heat of neon gas (atomic weight = 20). 


EXERCISE 15 The heat capacity of diatomic gases, like O and N,, is given 

as 3k per molecule or $R per mole. The theory is that in addition to the three 

translational degrees of freedom, there are two rotational degrees of free- 

dom for each molecule. 

(a) Show that this heat capacity comes to 5 cal/mole K. 

(b) Calculate the specific heat of air (average molecular weight = 29). Com- 
pare with the value given in Table 8.1. 

(c) How many calories does it take to raise the temperature of the air ina 
classroom 10 m x 10m x 3 m by 1°C? 


Are you ready for a definition? Try this one: 


The heat capacity of an object is the heat needed to raise its temperature bya 
small amount AT divided by that temperature increment AT’ 


That kind of definition applies also to an object whose heat capacity changes 
with temperature. The reason for writing “AT” instead of simply “1°C” is 
that the heat capacity can change measurably even over a fraction of a de- 
gree. Also, heat capacity still has meaning near a boiling or freezing point. 
For example, the specific heat of water at 99.5°C—just half a degree below 
the boiling point—is 1.0067 cal/gm °C. But adding 1.0067 calories to a gram 
of water at that temperature will not raise its temperature by one degree. It 
boils at 100°C, and some of it changes to vapor. Right at the phase transi- 
tion, heat capacity loses its meaning, since adding a small amount of heat 
does not raise the temperature. Another way to put that is to say the heat 
capacity is infinite there. 


EXERCISE 16 How much heat is needed to raise the temperature of 1 gram 
of water from 99.5 to 99.6°C? 


Latent Heat 


8.3 FIRST LAW OF THERMODYNAMICS 


The situation is similar at the freezing point. You might prefer to call it 
the melting point. Just below the melting point of ice there is a meaningful 
heat capacity. As soon as ice starts to melt at 0°C, additional heat just makes 
more ice melt. Not until all the ice is melted can additional heat cause a 
temperature rise. When ice and water are in equilibrium at a pressure of 1 
atm, the temperature is 0°C. It takes 80 calories to melt 1 gram of ice. You 
can see why the sea is such a good thermostat: In the winter, it can give up 
large quantities of heat to the colder air above it without getting any colder. 
A little bit of it freezes. In the spring, as that ice melts, the water cools the 
air in contact with it without itself warming up. 

The heat energy needed for the phase transition is called a latent heat. 
The 80 cal/gm at the ice point is the latent heat of fusion. The 540 cal/gm at 
the steam point is called the latent heat of vaporization. They can be under- 
stood in terms of the breaking of chemical bonds. The H2O molecules are 
held in tighter in ice than in liquid water. They form a crystal lattice. Heat 
added to ice goes into lattice vibrations of increasing amplitude. At the melt- 
ing point, the vibrations are large enough to break the lattice structure, 
which gives way to the less-ordered structure of the liquid. At the boiling 
point, all bonds between H,O molecules break. In evaporating, the average 
distance between H,O molecules increases more than tenfold! 


eee 
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EXERCISE 17 How much heat is needed to transform 1 gram of ice at 0°C 
into 1 gram of steam at 100°C? 
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A phase transition with such a large volume change invites practical exploi- 
tation. One kilogram of water occupies a volume of 1 liter. One kilogram of 
steam at 100°C occupies 1700 liters. In a steam engine that huge expansion 
'S used to convert heat into work. The steam pushes a piston or turns a 
turbine, cooling as it does work. You are more familiar with internal-com- 
bustion engines, like the gasoline engines used in cars or the Diesel engines 
used in trucks. These are also heat engines. Fuel is burned to heat up a gas, 
Which expands. The hot gas pushes against a piston or a rotating vane and 
does work as it cools. We can define a heat engine as any device for con- 
Verting heat into work. 

In Sec. 8.2 we talked about converting work into heat. We paraded the 
old “work-energy theorem,” that the work done on an object goes into in- 
“teasing its kinetic energy mv”. The reverse process decreases the kinetic 
energy of the molecules of a gas in order to make them do work. That may 
€a little harder to analyze in detail. But you probably have enough faith in 
Our ability to do “energy bookkeeping” so that you don’t especially care 
about the mechanism of the energy conversion from one form to another. 
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That article of faith is called the First Law of Thermodynamics. The law just 
says that the heat that disappears reappears as work, and vice versa. 


Perpetual Motion Machines 


The popular statement of the First Law is that “You can’t make a machine 
do work without feeding it.” We did not have to wait for a chapter on heat 
to make’ that announcement. It might be regarded as another form of the 
work-energy theorem. But in a large sense, it is an article of faith. It says, if 
energy seems to appear out of nowhere, we just haven't looked hard 
enough for its source. The history of invention is full of perpetual-motion 
machines that looked fine on the drawing board. In fact, either they didn't 
work, or else they were fraudulent. The electric plug was hidden, or energy 
came in by radiation, or fuel was supplied in secret. Energy bookkeeping is 
always possible. In the history of physics, that faith has been so strong that 
physicists keep inventing new “forms of energy” to make the books balance. 


C] QUESTION FOR FURTHER THOUGHT The Rake’s Progress 


In a fairy tale, the devil offers a machine that turns stones into bread (see 

Fig. 8.3). 

(a) Present an argument that such a device does or does not violate the First 
Law. (HINT: Both points of view can be defended.) 

(b) A nuclear breeder reactor extracts energy from uranium and “breeds” 
plutonium, another nuclear fuel. Why is there no flaw in the energy 
bookkeeping? (See Chapter 19) 


FIGURE 8.3 Turning 
stones into bread. Is 
the First Law of 
Thermodynamics 
violated? 


8.4 TEMPERATURE SCALES 


Fahrenheit to Celsius 


If you grew up reading a Fahrenheit thermometer, changing to Celsius isa 
little bit like learning a new language. Figure 8.4 is the dictionary that allows 
quick translation (conversion). Here is how to memorize it: 

The Celsius (centrigrade) scale has 100 degrees between the freezing point 
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and the boiling point of water, 0°C and 100°C. The Fahrenheit scale has 180 
degrees between those points, 32°F to 212°F. That is all you have to know. 
Everything else follows by proportions. 


a ————EEE ee 
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exercise 18 Show that the formula 

y= fx + 32 


for converting Celsius to Fahrenheit degrees gives the right freezing and 
boiling points. Which is which? 


EXERCISE 19 Prove the formula 
x= iy — 32). 
EXERCISE 20 Prove the formula 
x + 40 = Sy + 40) 
EXERCISE 21 Tin melts at 231.9°C. Convert to °F. 
EXERCISE 22 Hydrogen boils at —253°C. Convert to °F. 
EXERCISE 23 Room temperature is often taken as 68°F. Convert to °C. 


. 
EXERCISE 24 Is there any temperature at which the Celsius and Fahrenheit 
teadings are the same? 


Me 


Mercury Thermometer 


The thermometers you have read are probably mercury thermometers. 
There is a glass bulb at the bottom, containing the liquid metal mercury. 
Extending up from the bulb is a uniform capillary tube. Along the side of 
the tube are printed the numbers. Many household thermometers contain 
Colored alcohol instead of mercury. In either case, you notice that the scale 
Of degrees is uniform. The separation between the 30° and the 40° marks is 
the same as between the 40° and the 50° marks, and so forth, all along the 
tube. That may not seem remarkable to you, but here is what it means: It 
Means that the volume of liquid is presumed to increase as much for a one- 
temperature rise at the bottom of the scale as at the top. Nature does 

Not Work quite that way. It is more accurate to say that the coefficient of 
Mermal expansion of mercury is approximately constant over the tempera- 
ture range of the instrument. That coefficient is 0.0001816/°C at room tem- 
Perature. If the thermometer contains 0.1 cm? of mercury at room tempera- 
€ a rise of 1 degree C increases that volume by 0.00001816 cm”. You see 

that the capillary tube has to be very thin to register such a small volume 


Boiling 


212°F 


Blood 98.6°F 


Freezing 32°F 


Absolute 
zero 


FIGURE 8.4 


40°F 


~ 460°F 
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100°C 


~273°C 
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EXERCISE 25 If the capillary has a diameter of 0.2 mm, how much does the 
top of the column move for 1 degree C? (HiNT: Volume of a cylinder = 
height x ar.) [Answer: 0.58 mm] 


Ten degrees above that, the volume of liquid is 0.10018 cm*. OK? Another 
1-degree rise gives a volume increase of 


0.10018 cm? x 0.0001816 = 0.00001819 cm? 


That is not exactly the same volume change as before, but the difference is 
in the fourth significant figure. If we really need great accuracy, that may 
matter. It may also matter that the volume coefficient of thermal expansion 
of mercury increases by almost one-tenth of 1% over 10 degrees. But we are 
again talking about that fourth significant figure in the volume change. 
The next paragraph makes a big fuss over the ideal-gas scale of tempera- 
ture. The volume coefficient of thermal expansion of an ideal gas is known 
from theory. The reason for parading the arithmetic for a mercury thermom- 
eter here is to show you that such an instrument is quite adequate for most 
purposes, even without fancy corrections. When better than four-digit ac- 
curacy is required, we need to be more careful in defining our temperature 


A 
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EXERCISE 26 For small temperature changes At, the volume expansion is 
given by the formula V = Vinitia(1 + B Af). For alcohol at 20°C, the volume 
coefficient of thermal expansion $ is 0.00112/°C. How much does the volume 
of 0.1 cm? of alcohol increase between 20°C and 21°C? 


Ideal-Gas Temperature Scale 


The zero on the Celsius scale is a completely arbitrary point, chosen by con- 
vention. The same goes for the zero on the Fahrenheit scale. Neither of 
these scales announces to the user that there really is such a thing as 4 
lowest temperature, an absolute zero. But you know all about — 273°C. 

Absolute temperature is defined in such a way that it is a measure of the 
average kinetic energy of random motion of the molecules. Chapter 6 pre 
sented the kinetic theory of the ideal gas. In that connection, it was pointed 
out that a reasonable unit of temperature would be the joule per molecule. 
But historically, thermometers and degrees were invented before kinetic 
theory. That is why degrees are still with us as a temperature unit. Here is 
how the ideal-gas scale evolved: 

It was considered desirable to have 100 degrees between the freezing 
point and the boiling point of water. Once that is accepted, the size of the 
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degree is defined. The temperature values to be assigned to these points is 
then a matter of measurement. Measurement on an ideal gas? Well, it can 
be approached by using real gases at low pressures. But you see the prob- 
lem. At the temperature of the freezing point of water, the volume coeffi- 
cient of thermal expansion of an ideal gas turns out to be 1 part in 273.15 
per degree. In order to have an ideal-gas law of the form 


pveT 


that temperature has to be called 273.15. The unit is called the Kelvin, and 
we write 273.15 K. Some people say 273.15 degrees absolute. Nowadays the 
° sign is no longer fashionable. After all, the Kelvin is an energy unit. The 
absolute zero of temperature corresponds to zero energy of random motion. 
Note that the size of the Kelvin is the same as the size of the degree C. 


*Triple Point 


To make very accurate temperature comparisons possible between different 
laboratories, it is necessary to be able to reproduce some standard tempera- 
ture. The freezing point of water varies sensitively with atmospheric pres- 
sure. To get that 273.15 number, the pressure was specified to be exactly 1 
atmosphere. So an accurate measurement of pressure is needed in order to 
teproduce that temperature. The situation is worse at the boiling point. 
There is a way around this: Look for a triple point. 

At any given temperature, liquid is in equilibrium with vapor only at one 
pressure. We talk about the vapor pressure of the liquid. For example, the 
vapor pressure of water at 20° C is 0.023 atm. If there is less vapor than that 
above the liquid, it will evaporate. If there is more, then vapor will condense 
into the liquid. The vapor pressure of water at 100° C is 1 atm. That is why 
we call that the boiling point. Similarly, there is a vapor pressure above the 
solid. For example, the vapor pressure of ice at — 10°C is 0.0026 atm. There 
is one temperature at which the vapor pressure of water and of ice are the 
same. At that point, all three phases—ice, water, and water vapor—are in 
equilibrium. Note that this triple point defines a unique temperature and a 
unique pressure. It is 273.16 K and 0.006026 atm. (= 4.58 mm Hg). Please 
don’t try to memorize those numbers. They appear here just to convince 
you that there is such a thing as a triple point and that it can be achieved 
without an expensive vacuum pump. Modern thermometry uses a triple- 
Point temperature of 273.16 K as a definition of the Kelvin as a unit of tem- 
perature. 


O QUESTION FOR FURTHER THOUGHT The Triple Point of Carbon 
Dioxide (CO,) is 216.55 K and 5.112 Atm. 

At atmospheric pressure we see dry ice (solid CO3) subliming, that is, going 

directly from solid to vapor without melting. What would you do in order 

to see dry ice melt? 


"Thi. i 
his Section can be omitted on first reading. 
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SUMMARY 


Heat loss from the body prevented by clothes 

Heat loss rate proportional to (1) area exposed and (2) temperature differ- 
ence 

Conduction, convection, and radiation 

Definition of thermal conductivity 

Law of heat conduction: heat flow « temperature gradient 

Small warm-blooded animals have to eat often 

Surface-to-volume ratio is inversely proportional to linear dimensions 

Specific heat of water is 1 calorie per gram per degree 

Nutritionist’s Calorie = kilocalorie 

Mechanical equivalent of heat 

Infinite heat capacity at freezing and boiling points 

Latent heat 

First Law: Heat that disappears reappears as work 

Fahrenheit-Celsius conversion: 32°F = 0°C; 212°F = 100°C 

Thermal expansion coefficients are around 10~° per degree, or less, for liq- 
uids 

Thermal expansion coefficients for gases = 1/T. That is the ideal-gas scale 

Triple point defines a unique temperature and pressure 


KEY TERMS 


Celsius, or °C Temperature scale used in most countries; also called Centigrade, 
because there are 100 degrees between the freezing and boiling points of water, 
called 0°C and 100°C, respectively. 


Fahrenheit, or °F Temperature scale still in popular use in some English-speaking 
countries. The freezing point of water is 32°F; the boiling point is 212°F. That dif- 
ference is 180 degrees, so the size of the degree Fahrenheit is }%3 = § of the size of 
the degree Celsius. 


Kelvin, or K Also called the absolute temperature scale. The size of this unit of 


temperature is defined to be the same as the degree Celsius, but a temperature of 
zero K is the absolute zero of temperature, —273.15°C. 


Temperature The measure of how hot something is, usually measured in degrees. 
The measuring device is called a thermometer. More precisely, temperature is a 
measure of the average energy of random motion. 


Absolute zero The lowest possible temperature, the temperature at which one 
would extrapolate that all random motion would cease. A gas thermometer can be 
used to extrapolate to this unattainable state of total order. 


Thermostat A device for regulating temperature. This is often a servomechanis™ 
that turns a heater on or off as the temperature gets cooler or warmer than desired: 


KEY TERMS 


In animals, on the other hand, thermostatic regulation is-usually accomplished by 
varying the rate of heat loss. A thermostat can, of course, be simply a surround- 
ing, a “bath” with a large heat capacity. This is the sense in which a frozen lake is 
a good thermostat for 0°C. 


Thermal gradient Or Temperature gradient. A region with one cold side and one 
hot side. In technical use: The vector pointing in the direction in which the tem- 
perature increases most rapidly. Its magnitude is equal to the rate of increase, 
measured, say, in degrees per millimeter. Written VT, pronounced grad T. Don’t 
confuse the symbol V with the symbol A. The expression AT, pronounced delta T, 
just means temperature difference. 


Metabolism The process by which living things break down nutrients for growth 
and energy supply. 

Conduction Heat transfer via sound waves. The thermal motion of one atom is 
communicated to its neighbors via interatomic forces. 


Radiation Heat transfer via electromagnetic waves. 


Convection Heat transfer via mass transfer. In practice this often means air cur- 
rents. Of the three heat transfer mechanisms, convection is the dominant one for 
heat loss from the human body and from the furnace. Radiation is the mechanism 
by which we get our energy from the sun. Conduction is what tells us the stove 
is hot after we touch it. 


Insulator A material that does not let heat through easily. A material with low 
thermal conductivity. In technical use one often says thermal insulator, to avoid 
confusion with electrical insulator. But good thermal insulators are usually good 
electrical insulators too. 


Styrofoam A very lightweight construction material made of polystyrene with tiny 
air cells throughout. You know this excellent insulator through the disposable hot- 
drink cups. 

Thermal conductivity The characteristic property of a material that measures its 
ability to conduct heat. The quotient of heat flow divided by temperature gradient. 
Its reciprocal is called the thermal resistivity. 


R-Value Measure of the effectiveness of a sheet of thermal insulation. Quotient of 
temperature difference across the sheet divided by heat flow through it, in units 
of degrees Fahrenheit divided by BTU per hour per square foot. With attention to 
units, this is equal to thickness divided by thermal conductivity. 

Heat In popular usage, heat is what is transported from a warm place to a cool 
place. In the eighteenth century, when it was discovered that heat is not a “sub- 
stance” that is conserved, a new definition had to be found. Now heat is defined 
as the kinetic energy of random molecular motion. This definition makes it appar- 
ent that mechanical energy can be transformed into heat energy. 


B.T.U. British thermal unit. The quantity of heat needed to raise the temperature 
of one pound of water by one degree Fahrenheit. 1 B.T.U. = 0.252 kilocalorie. 

Calorie The quantity of heat needed to raise the temperature of one gram of water 
by one degree Celsius. If four-place accuracy is desired, distinguish between the 
15°-calorie (= 4.184 joules) and the international calorie, defined to be 4.186 joules. 


Kilocalorie, or Nutritionist’s Calorie 1000 calories. 
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Warm-blooded animals Mammals and birds. The technical term is homoiothermic, 
because the temperature is the same regardless of the surroundings. Distinguish 
from the poikolothermic or cold-blooded animals, which assume the temperature 
of their surroundings. 

Mechanical equivalent of heat 4.18 joules = 1 calorie. 

Heat capacity The amount of heat needed to raise the temperature of an object by 
one degree. 

Specific heat Heat capacity per gram or heat capacity per cm*®. For compressible 
materials, especially gases, distinguish between specific heat at constant pressure 
and specific heat at constant volume: c, > C». 


Monatomic Having one atom per molecule. The noble gases are monatomic; He, 
Ne, Ar, Xe, and Kr. So are the vapors of most metals. 


Diatomic Having two atoms per molecule. For example, nitrogen (N3), oxygen 
(O2), hydrogen (H3), and chlorine (Cl,) are diatomic gases. 


Translational degrees of freedom A point particle or a monatomic gas moves in 
three dimensions, so it has three translational degrees of freedom. Its energy can 
be written mv; + dmv; + dmv?, as the sum of three quadratic terms. A molecule 
with more than one atom may have rotational degrees of freedom as well, quad- 
ratic energy terms involving the angular velocity, also vibrational degrees of free- 
dom. 


Avogadro’s number The number of molecules in 1 mole = 6.02 x 10”. 


Mole One gram molecular weight. For example, 1 mole of water (H,O) is 18 grams 
of water, since hydrogen has atomic weight 1 and oxygen has atomic weight 16. 


Latent heat The heat necessary to change (one gram of) a substance from one phase 
to another. The latent heat of melting (fusion) of water is 80 calories per gram. 


Internal combustion engine Gasoline or diesel engine. A heat engine in which the 
fuel burns in the expansion chamber. Distinguished from a steam engine (external 
combustion engine), in which there is an external boiler. 


First Law of Thermodynamics When mechanical work is transformed into heat or 
heat into work, the amount of work is always equivalent to the amount of heat. 


Law of Dulong and Petit The specific heat of a solid is 6 calories per degree C per 
gram atomic weight. This has its theoretical basis in the Law of Equipartition of 


Energy. A good approximation for some substances, it predicts too large a value 
for many others. 


Phase transition Usually a change from solid to liquid (melting), from liquid to gas 
(vaporization), or vice versa (freezing, condensation). There can also be different 
solid phases, with a density change at the transition. In liquid helium there is a 
“second-order” phase transition at 2.2 K with no density discontinuity and no 
latent heat but a discontinuity in the specific heat, 


Capillary Means “thin as a hair.” A thin glass capillary tube is used to make à 


mercury thermometer in order to get sizable change in length of the mercury c0} 
umn for small temperature changes. 


Coefficient of thermal expansion The relative change in dimension per degree of 
temperature change. For example, dental amalgam expands in length by 25 parts 
per million per degree C. Don’t confuse linear expansion coefficient « with volume 


expansion coefficient B. Note that B = 3a. (See Chapter 3, Size, Strength, and 
Scaling.) i 
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Ideal gas A gas obeying the ideal-gas law, that the product of pressure times vol- 
ume is constant at constant temperature. Most real gases approach ideal-gas be- 
havior at low pressures and high temperatures. 


Triple point The temperature and pressure at which the solid, liquid, and gas 
phases of a single substance coexist. The point at which the vapor-pressure curve 
and the melting curve meet. The triple point of water, 273.16 K and 0.006026 atm, 
is used as a standard fixed point for the definition of the Kelvin temperature scale, 


Third Law of Thermodynamics Absolute zero can never be attained. This “you- 
can’t-get-there-from-here’-principle is more precisely stated, “Absolute zero can- 
not be attained in a finite number of steps.” 


Nore: There is no limit to how close we can get. 


REVIEW QUESTIONS 
* Why does shivering help keep us warm? 
* Warm clothes tend to be porous. Why? 


* A big pot of coffee loses heat faster than a little pot, yet its temperature drops 
more slowly. Explain. 


* Why does the aluminum cup cool faster than the styrofoam cup? 
* Why does the stirred cup cool faster than the one left alone? 

* Define the heat flow J. What are suitable units? 

* What are suitable units for the temperature gradient VT? 

* What are suitable units for the thermal conductivity? 


* If the layer thickness is doubled and the temperature difference is halved, the 
temperature gradient is multiplied times —____? 


* If the diameter of a sphere is doubled, its volume is multiplied times 
* If the volume of a sphere is doubled, its diameter is multiplied times 
* If the diameter of a sphere is doubled, its area is multiplied times 

If the volume of a sphere is doubled, its area is multiplied times 


* If the diameter of a sphere is doubled, its surface-to-volume ratio is multiplied 
times 


What is the heat capacity of 1 liter of water? 

Which is more, a calorie or a joule? 

Which has the larger specific heat, iron or water? 

Why can we not heat water above 100°C in an open pot? 

Which requires more heat, heating water from 99° to 100°C or boiling it off? 


Estimate the ratio of the volumes of the capillary and bulb of a fever thermometer. 
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* Where does the ideal gas expand more, in going from 273 to 274 K, or in going 


from 373 to 374K? 


* How much does helium gas expand in warming from 5 to 6K at 1 atm? Answer 


in percent. 


* Historically, two fixed points (freezing and boiling) were needed to define a tem- 
perature scale. Now only one point is needed? Explain. 


SO  — hv—vh 


PROBLEMS 


> Working in Cold Water Air at 18°C is comfortable, 
18-degree water seems cold. 

(a) Why do we lose heat faster in water than in air? 
(HiNT: Compare heat capacities per unit volume.) 

(b) A “wet suit” is a rubber garment worn for working 
under water. It clings closely to the skin. As its name im- 
plies, it does not keep you dry. Why does it keep you 
warm, even though the water is touching your skin? 


Problem 8.1 A diver in a wet suit. 


* 2. Automobile Radiator The car manufacturer 
chooses a metal with a high thermal conductivity: copper, 
k = 92 cal/sec m °C. Suppose the thickness of the metal to 
be 0.5 mm, the area 0.5 m?, and the rate at which the 
radiator has to get rid of heat to be 10* calories per second. 


The water temperature inside is 80°C. Calculate the tem- 
perature of the outside surface. 


* 3. Igloo How thick a brick wall would the Eskimo 
have to build to have the same amount of heat flow as 
through a 30-centimeter-thick wall of snow? Use the table 
of thermal conductivities (Table 8.1). 


** 4. Igloo 

The wall is 30 cm thick and 20 m° in area. (See figure.) 
(a) Calculate the heat flow through the wall of snow if the 
temperature difference between inside and outside is 
30°C. 

(b) Why should the inside temperature not be above 0°C? 
(c) Could one person’s heat output supply the heat con- 
ducted through the wall? Show your calculation, Do you 
base it on daily caloric intake? 


PROBLEM 4 Igloo. 

** 5. Home Insulation Wooden houses are usually 
built with about 10 cm (= 4 inches) of air space between 
the outside wall and the inside wall. Although air has à 
low thermal conductivity (k = 0.0055 cal/sec m °C), it sets 
up circulating flow patterns, so there is considerable heat 
transfer through the wall by convection. The various fir 
brous materials placed in the air space as insulation to Te 
duce the heat transfer actually have much larger thermal 


PROBLEMS ‘ 


conductivities than air. Explain why the insulation should 
not be packed in tightly. Why is there an optimum density 
of packing? 


* 6. Home Insulation Roof insulation can be 
bought in sheets. Usually, the manufacturer quotes an R- 
value to indicate how effective it is. If a 1-in-thick sheet 
has R-3, then a 2-inch sheet has R-6. Assume that the tem- 
perature difference across the sheet is given. The quotient 
of that temperature difference divided by the heat flow J 
across the sheet is its R-value. 

(a) Show that it is equal to the thickness of the sheet di- 
vided by x, in suitable units. 

(b) Show that the R-value of a sandwich of two sheets is 
the sum of the two individual R-values. 


x% 7. Home Insulation One house has a wall made 
of 6 inches of brick, 2 inches of saw-dust insulation, plus 
plasterboard on the inside. Another house has half-inch 
wooden siding, 4 inches of sawdust insulation, and plas- 
terboard inside. Which house loses heat faster through the 
wall, the brick or the wood? Why did you not have to 
know anything about the plasterboard? Can you guess 
why the brick house might be cooler in the summer? 


** 8. Stegosaurus The stegosaurus was a dinosaur 
with a sawtooth profile (see photo). For decades, paleon- 
tologists wondered about the function of those triangular 
protuberances on its back. A fashionable hypothesis is that 
they were to keep the animal cool during muscular exer- 
tion, much like the vanes of a radiator. 

(a) Argue that this might imply that the animal was warm- 
blooded, 


Stegosaurus, as the paleontologists have reconstructed him 
tom fossil evidence. Current theory is that those crenel- 


lations helped him cool off. 
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(NOTE: Warm-blooded really means the animal has an in- 
ternal mechanism to keep its temperature constant regard- 
less of the temperature of its surroundings.) 


(b) Argue that a large animal would have greater need for 
such a temperature-control mechanism than a much 
smaller animal. Your argument might use the term surface- 
to-volume ratio. 

(c) Do you think he lived among ice and snow? Argue. 


**Æ 9. Surface-to-Volume Ratio. Marsupials Like the 
kangaroo, the female oppossum keeps her young in a 
pouch for a few weeks after birth. 

(a) If the surface-to-volume ratio of a mature (5-kg) oppos- 
sum is 0.3/cm, estimate the surface-to-volume ratio of the 
newborn. It weighs about 0.5 grams. 

(b) Estimate the surface-to-volume ratio of an adult hu- 
man. 

(c) Estimate the surface-to-volume ratio of a baby. 


NOTE: An incubator for premature babies is kept at 37° C. 
So is a marsupial’s pouch. 


An opposum with her young in pouch. 


> 10. Metabolism Here are some estimates of daily 
metabolism for various species. (From D’Arcy Thompson, 
On Growth and Form.) 


kcal per kg of Body 


Body Weight (kg) Weight per Day 


Guinea pig 0.7 223 
Rabbit 2 58 
Man 70 33 
Horse 600 22 
Elephant 4000 13 
Whale 1.5 x 10° 1.7 
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Estimate the ratio of daily food intake (kg) to body 
weight for each species. It is about 1:50 for man, Assume 
they eat more or less the same food. 


HINTS: Metabolism means the rate of burning of nu- 
trients, essentially “power in.” The right-hand column 
gives power divided by body weight. “Same food” means 
the calories per ounce of food are the same for the various 
species, 


** 11. Jogging Running burns up a lot of energy. 
With every step we raise the body about 5 cm and let it 
fall back, to bounce again. But there is no steel spring in 
the ankle joint. The work we do is gaining those 5 cm is 
all converted into heat. 

(a) Calculate the work to raise a 75-kg jogger up 0.05 m. 
(b) A jogging pace might be three steps per second. Cal- 
culate the average power going into heat through the up- 
and-down motion, Note that this is only a fraction of the 
energy burned in jogging. Suppose that it is roughly one- 
third and use that to calculate how long it takes to jog 
away a 100-Calorie (= 10°-calorie) candy bar. 


Æ 12. Radiation The Stefan—Boltzmann Law gives 
the rate at which energy is radiated from a surface at ab- 
solute temperature T; 


po diated 
ower radia A eaT* 


area = 


The universal constant a = 5.67 x 10° watts/m? K* is 
called the Stefan—Boltzmann constant. The parameter e is 
called the emissivity and varies between 0 and 1 for differ- 
ent materials and different wavelengths. For the surface of 
human skin, it is 0.97 for infrared radiation. 

(a) Calculate the rate of heat loss per cm? from the naked 
body, Assume that the skin is at 28°C (= 301 K), that is, 
just a few degrees below the blood temperature of 37°C. 
The skin is a good thermal insulator! 

(b) When you are out in the hot sun, are you getting more 
heat by radiation from the sun or losing more by radiation 
from the skin? The solar constant is given as 2.0 calories/ 
cm? per minute here on earth. Suppose that you are lying 
down at the beach, 

(c) Why is it different standing up? 


* 13 Mixtures 

(a) 1 kg of water at 40°C is mixed with 1 kg of water at 
20°C. What is the temperature of the mixture? What as- 
sumptions did you make? 

(b) 2 kg of water of 40°C is mixed with 1 kg of water at 
20°C. What is the temperature of the mixture? 


Š HEAT AND TEMPERATURE 


(c) 1 kg of sand at 20°C is mixed with 1 kg of water at 40, 
What is the temperature of the mixture (HINT: Use Table 
8.2.) 

(d) 2 kg of sand at 20°C is mixed with 1 kg of water at 
40°C. What is the temperature of the mixture? 


4% 14. Ice Water 100 grams of ice at 0°C is put in 1 
kg of water at 20°C. 

(a) Does all the ice melt? 

(b) What is the equilibrium temperature? 

(c) Same problem with 300 grams of ice. 


* 15. Mountain Climbing The energy efficiency of 
the human body as a machine for climbing mountains 
might be as high as 50%. This means that for each joule 
of work done to raise the body against gravity, one joule 
of heat is generated in the body. In mountain climbing, an 
average altitude gain of 300 meters per hour can be kept 
up all day. At what rate must the body lose heat at this 
rate of climb? Answer in watts. Use either your own 
weight or 75 kg. 


* 16. Low-Calorie Diet Much more of the energy 
we take in as food goes into warming us up than into ex 
ternal work. A low-calorie diet restricts daily food intake 
to 1500 Calories (= 1500 kilocalories). 

(a) Calculate the average rate of heat loss (in watts) on the 
assumption that external work can be completely ne- 
glected. 

(b) Contrast your results with the power needed by the 
heart to pump blood (Problem 7.23). Remember, all that 
ends up as heat too. 


* 17. Perspiration Sweating is the way the body 
can still lose heat when the ambient temperature is close 
to body temperature. The heat of vaporization of water is 
580 cal/gm at body temperature. 

(a) How many calories does the body lose by evaporating 
200 grams (a cupful) of perspiration? 

(b) How many degrees would this cool a 75-kg body? 
(Hint: Heat capacity?) 

(c) The body regulates its temperature to better than 0.1°C. 
Why does an athlete put on warm clothing immediately 
after strenuous exertion? 


* 18. Heat Loss Due to Breathing If you are oul 
doors in freezing temperatures, you might wonder 
whether the heat you put into the air you exhale is an 
appreciable part of the energy you spend keeping, warm: 
Suppose that you take in 10 breaths per minute at half a 
liter per breath. That averages to 3.7 x 10~° moles of ait 
per second. 


PROBLEMS 


(a) Verify. Br. 
(b) If the specific heat of air is 5 calories per degree per 
mole, warming that air by 37°C from freezing to body tem- 
ture requires about 0.02 calories per second, Our rest- 
ing metabolism (see Problem 16, “Low-Calorie Diet’) is 
about 1500 kilocalories per 24-hour day, or — calo- 
ries per second. What percentage of the body's energy 
s into warming the air you breathe? 
w The air we exhale is very moist. Assume that you lose 
about 50 grams of water per hour when you are out in the 
cold. Knowing that the heat of vaporization of water is 580 
calories per gram at 37°C, calculate how much heat goes 
into evaporating that water. Answer in calories per second 
and in watts. Note that this is close to half your metabolic 
rate! If you want to measure that water loss, weigh your- 
self accurately before going to sleep and again after you 


get up. 


** 19. Law of Dulong and Petit This law states that 
the heat capacity of solids is 6 cal/°C per gram atom. It 
turns out to be a good approximation for many solids. 

(a) Verify that the specific heat of iron (atomic weight = 
56) should be 0.11 cal/gm°C. 

(b) What does the law predict for the specific heat of gold 
{atomic weight = 197)? 

(c) How about ice? The measured value just below the 
melting point of ice is 0.50 cal/gm°C. The theoretical basis 
for the law is that each atom has three vibrational degrees 
of freedom in the solid. Each of these degrees of freedom 
has an average energy kT, according to the Equipartition 
Theorem. That is twice as much as a translational degree 
of freedom, because the vibrational degrees of freedom 
have both kinetic and potential energy. The reason the 
Specific heat of ice is actually less than the theoretical (Du- 
long-Petit) value is that not all the internal vibrations of 
the H2O molecule can be excited. That “freezing, in” of in- 
degrees of freedom is explained by the quantum 


theory, 


* 20. Primitive Air Conditioner In hot, dry cli- 
Mates, room air is cooled by blowing it through a wet fil- 
ter, Explain how this works. 


g: 21. How Reptiles Keep Cool It is reported that 
Some reptiles can maintain their body temperature 10 de- 
Brees below the air temperature by panting. Explain. 


Ek 22. Cooling by Pumping The specific heat of liq- 
Mid helium is 1.0 cal/gm K just below its boiling point, 
ARK, Its latent heat of vaporization is 4.95 cal/gm. 

©) How much can the temperature of 1 liter (= 178 grams) 
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of liquid helium be lowered by pumping off one-tenth of 
it? 

(b) Is there a contradiction in being able to cool below the 
“boiling point” even while it is boiling? Explain. 
(Hint: Pumping means lowering the pressure.) 


* 23. Ideal Gas Law Calculate the volume of 1 kg 
of water vapor at 373 K and 1 atm. (HINT: 1 mole of ideal 
gas at 273 K and 1 atmosphere occupies 22.4 liters.) 


* 24. Perpetual-Motion Machine An “invention” 
proposes to use steam to drive a turbine. The turbine is to 
turn the wheels of a car. Friction in the mechanism heats 
the boiler and makes more steam, so the car needs no fuel. 
What is wrong? 


* 25. Fever Thermometer A clinical thermometer 
reads the highest temperature reached. It differs from a 
laboratory thermometer in having a small constriction at 
the bottom of the capillary tube (see figure). When the 
thermometer cools, the mercury column breaks at the con- 
striction. Its surface tension is not sufficient to overcome 
friction against the sides of the capillary. The thermometer 
has to be shaken down before reusing. 

(a) The time for a fever thermometer to come to thermal 
equilibrium in the mouth is about 3 minutes. If it is re- 
moved for reading and reinserted, is there reason to ex- 
pect equilibrium to be reached more rapidly the second 
time? (HiNT: The mouth cools when it is opened.) 

(b) If the thermometer is removed and reinserted, must it 
be shaken down before reinsertion? 


Calibrated > p 


capillary tube PROBLEM 25, Fever 


thermometer, showing 
constriction where the mercury 
column breaks on cooling so 
that the reading does not 
change. 


Constriction ————> 


Mercury 
reservoir 


** 26. Nonuniform Thermal Expansion The volume 
expansion of ethyl alcohol is given by the formula 


V = Vo (1 + Bt + yË), 


where V, is the volume at 0°C, ¢ is temperature in °C, B 
= 1.01 x 107°C, and y = 2.2 x 10°%/(°C/). 
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(a) How much does the volume of 0.1 cm? of alcohol in- 
crease between 20°C and 21°C? 

(b) At 0°C, the parameter B is the coefficient of thermal 
expansion. How much does the coefficient change in 20 
degrees? Answer in percent. 


%*%* 27. Linear Expansion Almost all solids expand on 
heating. Over a sufficiently narrow range of temperatures, 
the increase in length of a solid object on heating is pro- 
portional to the temperature rise: 


Al = a AT 


For aluminum, the linear coefficient of thermal expansion 
a is 24 x 10°°/°C. This means that an aluminum rod 1 
meter long at 20°C will be 1.000024 m long at 21°C. 

(a) Suppose that the aluminum rod has a diameter of 1 cm 
at 20°C. What is its diameter at 21°C? 

(b) Express this increase in percent. 

(c) Calculate its cross-sectional area at 20°C and 21°C. Ex- 
press this increase in percent. 

(d) Calculate the rod’s volume at 20° and 21°C. Express 
this increase in percent. Note the ratios of the percentage 
increases of linear dimensions, area, and volume. 

(e)If the length is represented by the formula 


€= (1 + a AT) 


argue that the radius is given by r = r, (1 + aT) 

(f) The volume V = ar¢ is given by V = V, (1 + B AT). 
What is the relation between a and B? 

(g) Why were you able to neglect terms in (AT)? and (AT) 
in arriving at the answer B = 3a? 

(h) In a mercury thermometer, why does the length of the 
mercury column in the capillary increase with the volume 
expansion coefficient B rather than the linear expansion 
coefficient a? 


* 28. Thermal Expansion of the Glass Ina mercury 
thermometer, the thermal expansion of the mercury in the 
bulb makes the mercury column rise in the capillary. 
However, the glass bulb also expands with an increase in 
temperature. 

(a) Argue from your experience with mercury thermome- 
ters that the thermal expansion coefficient of glass is less 
than that of mercury. 

(b) The volume coefficient of thermal expansion of glass is 
around 3 x 1075C. In Exercise 25, in which you calcu- 
lated the rise in the mercury column for a 1-degree tem- 
perature rise, how much error (%) did you make by ne- 
glecting the expansion of the glass? (REMINDER: The inner 
diameter of the bulb increases in proportion to its length.) 
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> 29. Mercury Thermometer A clinical thermometer 
has a scale 5 cm long reading from 34°C to 42°C i 
(a) Find the ratio of the volume of the bulb to the volume 
of the capillary. 

(b) If the capillary has a diameter of 0.1 mm, how much 
mercury is in the bulb? 


*%* 30. Linear Expansion of the Thermometer 
Scale The volume coefficient of thermal expansion of 
glass is given as 3 x 10° °/°C. 

(a) Show that in a one-degree temperature rise, the length 
of the thermometer would increase only one part in 10°, 
(HINT: See Problem 27, Linear Expansion.) 

(b) For the clinical thermometer of Problem 29 (5-cm scale 
for 8 degrees), show that the linear expansion of the scale 
could not be observed by the naked eye. 


* 31. Pressure Cooker In a pressure cooker, water 
boils at temperatures well above 100°C. The vapor-pres- 
sure curve (P vs T) of water has a positive/negative slope. 
Explain. 


> 32. Newton’s Law of Cooling [Hard] One of the 
“generalizations” of Sec. 8.1 is that the rate of heat loss is 
proportional to the temperature difference. If the heat ca- 
pacity does not change with the temperature, this implies 
that an object without a source of heat would cool ata rate 
proportional to the temperature difference. 

(a) Prove. 

(b) Call AT the temperature difference between the object 
and its surroundings. Then the equation reads 


rate of cooling = constant x AT 


What are the dimensions of the “constant”? Do not con- 
fuse temperature difference AT with temperature gradient 
AT. 

(c) The ambient temperature is 21°C. The object cools from 
31°C to 30°C in 5 minutes, How long will it take to cool 1o 
29°C? Please do not settle for the answer “5 minutes. 
Keep more accuracy! 

(d) How long to cool to 28°C? 

(e) To 27°C? 

(f) To 26°C? That is halfway. Prove that it will take just 2 
long to cool from 26°C to 23.5°C, 

(g) How long will it take to cool from 23.5°C to 22.25 
(HNT: Newton's law of cooling is described as a decaying 
exponential, that is, it is characterized by a half-life.) 


(h) Plot temperature T versus time t for the first W0 
hours. 


QUESTIONS FOR FURTHER THOUGHT 


0k 33 Inverse-Square Law [Hard] A 100-watt heat 
source (light bulb?) is imbedded in a homogeneous mate- 
rial of thermal conductivity x = 2.0 watts/m degree. The 
bulb is a sphere of radius 0.02 m. The outside surface of 
the conducting (insulating) material is a sphere of radius 
0.2 m. It is kept at room temperature = 21°C. 

(a) Remembering that 100 watts of heat power flows out 
through that outside surface, verify that the heat flow 
there is 199 watts/m*. (HINT: Area of a sphere = 4rr°.) 
(b) Verify that the heat flow 1 millimeter below that sur- 
face is 200.95 W/m?. That is, when the radius r is de- 
creased by 0.5%, the heat flow J is increased by 1%. The 
heat flow obeys an inverse-square law: J(r) * 1/7. 

(c) Calculate the heat flow J at the bulb, r = 0.02 m. It is 
times as great as at r = 0.2 m, the outside sur- 


face. 
(d) Using the heat-conduction equation, J(r) = -x VT(r), 
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find the temperature gradient VT just below the surface, r 
= 0.2 m. Express in degrees per meter. 

(e) According to part (d), the temperature at r = 0.199 m 
should be 21.1°C. But the temperature gradient there is 
1% greater than at the surface. So the temperature rise in 
the second millimeter below the surface will be 1% greater 
than in the first millimeter. What is the temperature 2 mil- 
limeters below the surface? 

(f) In part (e) we describe the beginning of a numerical 
integration. An analytical integration yields the formula 


temperature _ 4) , 3.98 m( ae ) 
g r 0.2m 
Use the formula to find the temperature at the bulb, r = 
0.02 m. 
(g) How much does the temperature drop in the first mil- 
limeter beyond the bulb? 


O QUESTIONS FOR FURTHER THOUGHT 


a 


ô. 


Regulating Body Temperature One of the tricks our body’s thermostat uses for 
keeping the blood warm when the air is cold is to shrink blood vessels near the 
surface of the skin. This makes the skin even colder, of course. 

(a) Using what you know about heat conduction, argue that the blood now 
loses heat more slowly. 

(b) Argue that this mechanism makes us ready victims of frostbite in fingers and 
toes but may save our lives in prolonged exposure. 

Goose pimples When we get cold, the skin may develop small projections 

some people call goose bumps. This may well be a vestigial response, useful for 

a long-haired mammal whose fur would stick out at the bumps. Argue how this 

response would lower the animal's rate of heat loss. 

Bergmann’s Law (1847) The Arctic regions are the home of large birds (pen- 

guins) and large mammals (polar bears). The smallest dolphins live in warm 

seas. There are no small sea mammals at all. 

(a) Explain in terms of surface-to-volume ratio and heat loss. 

(b) The “law” is hardly universal. Small weasels and lemmings live in the Arctic, 
and elephants in the tropics. What specific physiological features adapt the 
large land animals well to warm climate? 

Metabolic Rate and Body Size eee 

(a) Criticize the following argument: Mammals of various sizes living in the 
same climate have roughly the same body temperatures. Hence their rate of 
heat loss is proportional to their surface area. Since they have the same den- 
sity and comparable shapes, surface area is proportional to the § power of 
the weight W. Hence the rate of heat loss for various species should go as 
W. But heat loss has to be roughly equal to the metabolic rate R (calories 
per day): 


R x ws 


Penguins, polar bears 
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(b) In Problem 10, Metabolism, is given a table of R/W versus W, that is kcal per 
kg per day versus body weight. According to the argument above, we 
should find R/W ~ W~™®, that is, the kcalories per kg of body weight per 
day should go as the inverse one-third power of the weight. Plot the data- 
on a log-log scale to check how well this is verified. Do not expect a textbook 
straight line! 

Alcohol has a thermal expansion coefficient more than 5 times greater than mer- 

cury. Why do you think anyone bothers making mercury thermometers? 

(HINT: There may be more than one good answer.) 


Data: Surface tension at 20°C— mercury 484 dynes/cem 
ethyl alcohol 23 dynes/em 
Vapor pressure at 20°C— mercury 0.0024 mm Hg 
ethyl alcohol 41.0 mm Hg 
Boiling point— mercury 357°C 


ethyl alcohol 79°C 


| 
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INFORMATION 
AND ENTROPY! 


In. R 
P chapter is somewhat different in style from those that precede and follow it. 
t is more mathematical and is intended to be a bit provocative. 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 


Why is the number of letters in a message a reasonable measure of j 
information content? 


Amount of information is often expressed in bits. What is a bit? 


Boltzmann’s constant has units of joules per Kelvin. Why? Is that 
appropriate entropy unit? 


When a mole of ideal gas doubles its volume irreversibly, argue thai 
entropy increases by Nk log, 2. 


Argue that the air conditioner removes less heat from the room than 
pumps into the outside air. 7 


If the air conditioner were a Carnot engine, would the entropy it re- 
moves from the room be equal to the entropy it pumps into the outside 
air? 


How much heat could an ideal (Carnot) refrigerator pump per hour fro 
273 K (the ice cream) to 293 K (the room) with a lossless 100-watt motor! 
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Suppose you were asked to define what you mean by the amount of i 
mation contained in a message. You would probably say that a long 
sage has more information than a short one. You might feel that the leng 
of the message is an appropriate measure of its information content. So yoi 


first try at a definition of information content might be the number of letters 
in the message. ] 


Some Examples That Argue in Favor of This Definition 


1. Telephone book. Two pages of the telephone book contain twice 4 
much information as one page. 


2. Class list. Suppose that you want to know the sex of everybody in 
class. Next to every student’s name on the class list there is either a 
or a &. If you double the length of the list (the number of stude! 
you double the amount of information. 

3. Location of the molecules, left and right. A closed container has in 
100 labeled (i.e., different) molecules. The left (L) half and the right 
half of the container are separated by a valve. Next to the name of each 
molecule is written the letter L or R, telling which half that molecule 
in. So the message is a list 100 letters long. If there were 200 moleculé 


the list would be twice as long'and would contain twice as much info 
mation. 
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Critique of the Definition 


Then you might get critical. How about redundancy? Does the message 
“HELP, HELP” convey twice as much information as just plain “HELP”? 
Actually, even that brief message is somewhat redundant (see Fig. 9.1). The 
message “H_LP” with the second letter unspecified is almost unambiguous 
if you know that it is an English word. 


exercise 1 What if the first letter were left unspecified? Is “_ELP” unam- 
biguous? 


But redundancy is useful. A language needs some redundancy in order to 
be easily understood. There is always some noise that introduces ambiguity. 
The word noise is used in a very general sense here. For example, a mis- 
shapen letter in a written message can be considered noise. So can a spelling 
error. If you saw the word HULP, you would know there was a mistake, 
and chances are, you would interpret the U as an E. Computer languages 
are designed with redundancy in order to catch mistakes. This is done not 
only for word messages (instructions) but also for numbers (data). 


EXERCISE 2 One way to error-proof a number message is to write all the 
numbers twice. A more economical but less safe way is to put an extra digit 
at the end that is the sum of the previous digits. Thus 51 would be written 
51 6, and 104 would be written 104 5. Why would 76 be written 76 3? 


EXERCISE 3 If you know that only one digit can have a mistake in it, is the 
error-proofing method of the previous exercise 100% foolproof? Argue. 


If you accept the usefulness of redundancy, you may be satisfied with our 
first measure of information: Call the number of letters (digits? symbols?) in 
the Message a measure of its information content. You will criticize this def- 
inition as unsophisticated, because there are more and less economical ways 
of being redundant. There are efficient languages and wasteful languages. 
But let’s stick with our definition for the purposes of this chapter. 


The Unit of Information Content: The Bit 


We still have to define the unit. If we are allowed a choice of 26 letters, A 
through Z, then each symbol conveys a lot more information than if we are 
allowed a choice of only 10 digits, 0 through 9. A particularly simple unit is 
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defined in a language that has only two symbols. You might call the sym. 
bols + and —, or YES and NO, or ¢ and | . In an electronic computer, it 
is convenient to call them “open” and “shut.” Conventionally, they are 
called 1 and 0. Actually, a two-symbol (binary) alphabet is just as expressive, 
just as rich as a longer one. It only takes more letters to say things in it, 
Clearly, it is the shortest possible alphabet. Each time you write down a 
symbol you make a binary choice. The length of the message is the number 
of such choices. We say that a three-letter message contains three binary 
digits, or three bits of information. 


Binary Arithmetic 


In an electronic computer, each binary digit is a switch (a diode), which is 
either open or shut. One way to read a computer register is via a bank of 
lights. Represent “light on” with the symbol 7, and “light off” with the 
symbol |. The number one can be written |. Zero is written | . Two is f}. 
That is | + {. Of course! Each light only has two states, on or off, so we 
have to carry to the next digit to the left, to the next light: 


Two a shen hat 
It works just like the addition you learned with 10 symbols. Let's go on. 
Three is two + one = ff. All we had to do that time was add the f to 
the | in the “ones” digit. When we get to four (= three + one), we have 
to carry again: 


Four= ft | J 


And so forth: 


Five= f1} ft 
Six= 1f t J 
Seven = Î fî f 


You have probably seen this binary notation before, with } written 1 and 
} written 0. That notation is conventional. With three bits we are able to 
write eight numbers: 


PRE ROSCOS 
BRPOOHRHGOS 
RPOROKOCHO 
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EXERCISE 4 Practice addition in “binary.” 
(a)1 0 0+0 0 1=1 0 1 is pronounced 

four + one = five. 

101+0 0 1 = 


Is it easier if you write it vertically? 
0 1 
01 
1 0 
(b) How about four + two? 
1 0 0 
+ 0 1.0 
El 
(c) Pronounce: 1 0 0+0 1 1=1 1 1 
(d) Why does1 1 1+0 0 1 require four bits? 
EXERCISE 5 With three decimal digits we talk about the ones digit, the tens 
digit, and the hundreds digit. 
(a) Show that with three decimal digits you can write a thousand different 


numbers. 
(b) The number three can be written 


three = 1 x two + 1 x one 
Similarly, 


four = 1 x four + 0 twos + 0 ones 
five = 1 four +0twos + 1one 


six = 1 four + 1two + 0 ones 
Notice that 

one = 2” 

two = 2! 

four = 2? 


How many different numbers can you write with four binary digits? 
(©) With five? 


Bese O OOOO o ES EEA 
SS EE eee 


You may find it strange to talk about a two-symbol alphabet, when all we 
have written is numbers, But it only takes a little imagination to invent a 
code for translating any written language into “binary.” Whatever the code 
might be, it is nothing but a set of conventions. Once two people agree on 
a code, they can use it to communicate. This interchangeability of numbers 
and words is at the heart of computer design. A given memory location in 
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DNA CODING—A FOUR-LETTER 
ALPHABET 


Genetic information is what a living cell uses in 
order to reproduce. Such information is stored 
in complicated molecules called DNA. Problem 
14 concerns the genetic code. This code has 
four letters. In order to learn how to measure 
information content in bits when the alphabet 
has more than two symbols, we shall use a 
four-letter alphabet for practice. 

How many bits of information does each 
digit of a four-symbol language convey? Try to 
make a translator's dictionary from a four-sym- 
bol (quaternary) to a two-symbol (binary) code. 
It can just be done with two binary digits: 


O 8. Dy SEG ek 


A three-letter word written in a four-symbol 
language would require a six-letter word in bi- 
nary. 


INFORMATION AND ENTROPY 


ee a ee 


EXERCISE 6 Call the four letters fT, >, <—, |. 

(a) How many bits of information are con- 
tained in the “message” — | <? 

(b) In the message t t |—? 

(c) Make a dictionary, and write these two 
messages in a binary code. Obviously, you 
have a lot of choice in how to make the dic- 
tionary. 

(d) Show that you could make 24 different dic- 
tionaries. [Hard] 


EXERCISE 7 

(a) Show that with an eight-symbol alphabet 
each letter conveys three bits. 

(b) How many binary digits are required to 

write a three-letter word of an eight-symbol 

language? 


a computer can be used either to store numerical data or to store an instruc- 
tion, a part of the computer program. 


Practice in Measuring Information. Logarithms 


The exercises in the box “DNA coding” may convince you how quickly 
the arithmetic can get difficult. Let’s continue in binary: How many different 
words can we write with three bits? Eight. With 4 bits we can write 16 dif 
ferent words. 


CE SS Eee 
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EXERCISE 8 

(a) With five bits we can write 
(b) With six bits we can write 
(c) With seven bits we can write 
(d) With eight bits we can write 
(e) With nine bits we can write different words. 

(f) With ten bits we can write different words. 

Repeat: A thousand-word language can be encompassed in ten bits. 


different words. 
different words. 
different words. 
different words. 
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EXERICSE 9 Show that an eleven-bit message allows a choice of more than 
two-thousand different alternatives. 


me ee 


If you can’t do this last exercise, go back and try the one before. 
(int: With five bits we can write thirty-two different messages.) Now fill 
in the table: 


4 -5 a eo aT} 


Number of bits 0 
1 512 1024 


1 
Number of messages 2 
That is not higher mathematics, to be sure. Nevertheless, a lot of people 
have trouble formalizing it. If you say that two bits gives you a choice of 2° 
= 4 different messages, nobody is going to argue with you. If you say that 
three bits gives you a choice of 2° = 8 messages, that still sounds pretty 
trivial. The moment you say that p bits gives you a choice of 2” messages, 
somebody will shout “Prove it!” 


EXERCISE 10 Prove it. 


Your proof may have gone something like this. The information content 
of the message is p bits. That means there are p slots to put symbols in. But 
you are only allowed a choice of two different symbols in each slot. Call N 
the number of different messages you can write this way. Repeat: p is the 
number of bits in the message; N is the number of possible messages. Con- 
sider the function N, (pronounced N of p). If you close your eyes to the 
symbol in the first bit, there are N,_; possible messages spelled out by the 
other p—1 bits. The first bit has two possibilities, so 

N, = 2Ny~1 
You also know that N; = 2, that is, with one bit, there are two possible 
Messages. You might recognize this as a “proof by induction.” There is only 
one way to solve this. The solution is N, = 2’. Look back at the table and 
notice how quickly N gets large. An exponential function is a very rapidly 
varying function. 

Now, how to turn that formula around? Given N as a function of p, how 
do you find p as a function of N? If we write the table 


p 012 igi aii 
N=2) 1 2 4 8 16 32 64 128 256 512 1024 


and ask you to fill in the blanks, you have no difficulty. What do you call 
What you did? If N is a function of p written N(p) = 2”, what do you call the 
Mverse function p(N)? [Answer: It is called a logarithm. It is written 


p = log»N 
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In words: The logarithm of N to the base 2 is the power to which 2 is raised 
to get N] 

Somewhere in your schooling you may have learned about logarithms to 
the base 10. You probably knew that the logarithm of 10 to the base 10 is 1; 
One decimal digit gives 10 different messages. The logi of 100 is 2: Two 
decimal digits are enough for a hundred different messages. Now we do the 
same thing with binary digits, that is, with base 2. 


EXERCISE 11 
log, 8 = 3 
log: 32 = 5 
log2(8 x 32) = 
Repeat: To multiply two numbers, add their logarithms. This looks easier 
done in base 10: 
logio 10° = 5; logy 10° = 3; logy 10° = 8 
Five + three = eight 


EXERCISE 12 


logs 1024 = 
logs 128 = _____ 


iog, ( 1924) _ 

INGE ieee 
Repeat: To divide two numbers, subtract their logarithms. Thus 2'"/2” = 
pag 


(HINT: Use the table.) 


All these exercises are intended to make the language of exponents and 
logarithms more familiar. If you ask a question whose answer is a choice 
between two alternatives (a yes/no question), the answer gives you one bit 
(binary digit) of information. For a question whose answer is a choice be- 
tween 8 different alternatives, the answer contains 3 bits: logs 8 = 3. If there 
are a million possible answers to your question, then the answer contains â 
little less than 20 bits of information. You may know how to calculate 
log» 10° and get 19.9. But you may have trouble interpreting a fractional bit 
of information. What is nine-tenths of a digit? To learn about a pitfall, see 
the box. 

With these words of warning in the box, you will not misuse the formula 
for the information content of a message, when the number of possible mes- 
sages is N: 


information content = log, N 


Choosing 2 for the base of the logarithms gives the information content in 
bits. Evidently, a different base for the logarithms just changes the units in 
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CHANGE OF BASE: FRACTIONAL BITS 


EXERCISE 13 This kind of discussion is neces- we just said. Six decimal digits means a million 
sary any time you convert from one size alpha- different words. Suppose instead of using that 
bet to another. How many bits in a decimal 3.32 we had rounded upward and said, it takes 


digit? More than three but less than four. four bits to write one decimal digit. True. Then 
Again, the answer 3.32 (= log, 10) is not very we might have been tempted to say it takes 24 
satisfying. But it is useful if the next question bits to write six decimal digits. False. That is 4 
is “How many bits in six decimal digits?” [An- bits too high. 

swer: 6 X 3.32 = 19.9] Oh, yes, that is what 


which information content is measured. If you choose base 10 instead and 
write the formula logig N, then the information content is measured in “dec- 
imal digits.” This is a larger unit, so the answer comes out a smaller num- 
ber. The ratio of the units is 1 to 3.32. 


EXERCISE 14 Log,10 = 3.32. What is logio 2? How are those two numbers 
related? 


For historical and practical reasons, a base is often used that is not even 
an integer: 


e = 2.7183 


The number e is called the base of the natural logarithms. To change a log- 
arithm from base 2 to base e, just multiply it times 0.693. 


EXERCISE 15 
(a) log.2 = 0.693. Which of the following is correct, 


log.N = 0.693 log, N 
or 

logs N = 0.693 log, N? 
(b) What is log, e? 


EXERCISE 16 
(a) log. 10 = 2.3026. What is logio €? 
(©) logo 1,000,000 = 6. What is log, 1,000,000? 
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FIGURE 9.2 How much 
information is lost if the stopcock 
is opened between the cylinders? 
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In section 9.4, Work Needed to Create Order, the number 0.693 = log, 2 
will come up in the definition of entropy. You will know where it came 
from. It just has to do with the choice of units for measuring information. 


9.2 MIXTURE OF TWO GASES. SECOND LAW 
OF THERMODYNAMICS 


One mole of neon and one mole of argon are each stored in its own cylin- 
der. How much information is lost if the two cylinders are connected and 
the gases are allowed to mix? (See Fig. 9.2.) 

From Chapter 6 you remember that if the two cylinders have the same 
volume and are at the same temperature, they have the same pressure of 
gas and contain the same number of molecules. In this case the molecules 
are atoms, since neon and argon are noble gases. At room temperature, they 
don’t even stick to others of their own species. They are chemically quite 
inert. There are 6 x 10” neon atoms and 6 x 10” argon atoms. (Remember 
Avogadro's Number?) 

Before you open the stopcock in the connecting tube, you have a lot of 
information. You know that all 6 x 10” of the neon atoms are in the Ne 
cylinder, and all 6 x 10” argon atoms are in the Ar cylinder. All that infor- 
mation is lost when the stopcock is opened. A short time later, the proba- 
bility of any particular neon atom being in the Ne cylinder is only 50%. The 
distribution of the two gases in the two cylinders becomes random. The 
amount of information lost is 6 x 10” bits for the neon and 6 x 10” bits 
for the argon, or 12 x 10” bits. 


EXERCISE 17 If all the atoms had shirts with numbers, like ball players, 
there would be 2° * 1%” ways of distributing the neon atoms and an equal 
number of ways of distributing the argon atoms. Show that this makes for 
a total of 2°? * 1” different possible configurations, that is, ways of distrib- 
uting the atoms between the two cylinders. (HINT: The neon atoms don't 
care where the argon atoms are, and vice versa.) 


NOTE: The shirts-with-numbers business is just a way of saying the atoms 
are distinguishable. According to the quantum theory, the atoms are, in fact, 


indistinguishable so that our “classical” counting of configurations gave too 
large an answer. 


ie 


When the probability of finding a particular atom in a particular cylinder 
changes from 100% to 50%, we say that one bit of information about that 
atom has been lost. The knowledge that atom number so-and-so is in the 
left-hand cylinder rather than the right-hand cylinder constitutes one bit of 
information. It is the answer to a question with only two possible answers— 
right or left—a binary choice. When the stopcock is opened, that one bit is 


9.3 IRREVERSIBILITY. IS THERE A PARADOX? 


lost. There is something arbitrary in that statement, even though you ac- 
cepted it readily. Suppose that the Ne cylinder had been three times as big 
as the Ar cylinder. Then opening the stopcock would have changed the 
probability of finding a particular argon atom in the Ar cylinder from 100% 
to 25%. You might want to say you lose more information about that partic- 
ular atom then. Two bits (= log, 4)? And that you lose less information 
about a particular neon atom. Its probability of being in the Ne cylinder is 
reduced from 100% to 75% by opening the stopcock. Is the information loss 
logs(100/75)? We are not going to go into these problems. But it may be 
useful for you to know that the problems exist. 

We now make a statement you will not find surprising: If you close the 
stopcock again and measure how many atoms of each gas are in each cyl- 
inder, even though you repeat this experiment many times, the original or- 
dered state is not restored. The atoms won't go back home into their original 
cylinders by themselves. The old order will not be restored spontaneously. 

Why don’t you find the statement surprising? Because you have had ex- 
perience in allowing things to get mixed up, and they never got straightened 
out without a lot of effort. That empirical law has the imposing title “Second 
Law of Thermodynamics.” For our example the proof is simple: Only one 
observation out of 2° * would give the original ordered configuration. 
That is so improbable that we might as well say it is impossible. 


Statistical Laws 


So far in your physics course all the laws were stated as completely certain.” 
There was no “maybe” in the predictions. The Second Law of Thermody- 
namics is different. It is a statistical law, whose validity depends on the large 
number of particles in the systems we study. It is the large size of Avogad- 
to's Number, that 6 x 10”, that makes statistical predictions so accurate. 
With only three or four particles, statistical laws have much greater uncer- 
tainties. Fluctuation phenomena are more evident with small systems than 
with large ones. But even things we think of as microscopic really consist of 
many particles. A bacterium has billions of atoms. Even for a microbe, the 
law that order is not spontaneously created out of chaos can be stated with 
ahigh degree of certainty. 


9.3 IRREVERSIBILITY. IS THERE A PARADOX? 


A collision between two atoms is a reversible event. If you were to take a 
Movie of a collision and play it backward, it would look perfectly natural. 
Certainly, the backward version would violate no laws. The laws of mechan- 
Ks are reversible. Making time run backward, that is, changing the sign of 
the time variable in all the equations, is an allowed symmetry operation. 


. + ` 
There was one exception: In Sec. 6.4 Gas Laws, we stated that the average translational kinetic 
energy per molecule is ł kT. With a gas of few molecules that average also would show statis- 
tical fluctuations. 


247 E 


E 248 


INFORMATION AND ENIR 


The physicist would say, “The laws of mechanics are time-reversal invar- 
iant.” 

Now comes the apparent paradox: If each individual event in the history 
of those atoms is reversible, why isn’t the history of the entire gas reverg. 
ble? What is wrong with taking a movie of the mixing of the two gases and 
playing it backward? It would look unnatural. How do we explain the irrey- 
ersibility? 

You know the answer: Seeing the entire movie played backward indeed 
violates no law of mechanics. Unmixing the gases is like unscrambling the 
scrambled eggs. It is just very, very unlikely. There is no paradox. Out of 
the huge number of different distributions of the gas molecules, only one 
corresponds to the original segregated state. 

Mixing different species of atoms is only one example of an irreversible 
process. Mixing hot and cold is another. Whenever a hot object cools down, — 
there is irreversible heat flow. The word irreversible does not mean that the 
reverse process cannot happen. It just means that it won’t happen by itself, 
All processes involving friction are irreversible. Work is done in friction and 
all that energy is converted to heat, which flows away. Energy previously 
stored in an orderly fashion ends up randomly distributed, This goes for 
any viscous flow, as well as for all electrical conduction. If you look around 
you, there is friction in just about all the natural processes you see. They all 
degrade energy from an available form to a less available form. We talk 
about dissipating energy. Of course the energy does not disappear; still it 
is lost. It becomes unavailable for doing work. 

We started to do energy bookkeeping back in Chapter 4. When we intro- 
duced the concept of potential energy, you were warned that not all work 
that is done results in energy being stored. Energy becomes unavailable 
whenever a system goes from order to disorder, from an improbable to a 
more probable state. In the next section we do a new kind of bookkeeping, 
We shall ask how much energy is needed to restore order. How much does 
it cost to reverse an irreversible process? 


9.4 WORK NEEDED TO CREATE ORDER 


How much work would it take to get all the neon atoms back into the Ne 
cylinder and all the argon atoms back into the Ar cylinder? We learned how 
to do that kind of calculation in Chapter 6. Since the two gases don’t inter 
act, it is just the work to compress each gas back to its original volume. The 
work to unmix is the work to recompress. We won’t worry about fine points 
here, like how to invent a piston that compresses one gas while allowing 
the other to pass through unobstructed—a semipermeable membrane. Or 
how to do the work isothermally, that is, slowly enough so that the tem- 
perature remains constant. 

The neon pressure was originally 1 atmosphere. After the mixing, it is 05 
atm. The volume of neon was originally 22.4 liters. That is the volume of 1 
mole of ideal gas at standard temperature and pressure. After the mixing; 
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the neon volume is 44.8 liters. The recompression is begun at 0.5 atm and 
finished back at 1 atm. You can say right away that the work done on the 
neon will be less than 22.4 liter atmospheres (= 22.4 liters x 1 atm), but 
more than 11.2 liter atm (= 22.4 liters x 0.5 atm). Problem 27 describes 
how to do the averaging. How much less than 22.4 liter atm.? The factor 
turns out to be 0.693 (= log,2): 


work to recompress 1 mole of neon = 0.693 x 22.4 liter atm 
Similarly for the argon, 
work to recompress 1 mole of argon = 0,693 x 22.4 liter atm 


So the work to reestablish the well-ordered initial state, to get both gases 
back into their original cylinders, is 0.693 x 44.8 liter atmospheres. 

Don’t worry about the unfamiliar energy units. The numbers are not what 
is of interest here. The purpose of the exercise is to relate the difference in 
information content between the initial and final states to the work needed 
to get from the less ordered to the more ordered one. Using an ideal gas for 
the calculation makes it easy. The result will turn out to be general. To com- 
press an ideal gas from pressure p and volume V to pressure 2p and volume 
4V requires an amount of work pV log.2. The assumption is that the work is 
done reversibly, meaning without friction or turbulence. Also the tempera- 
ture is assumed to be constant. If you remember the ideal gas law 


pV = NKT 


you see that this work is proportional to the absolute temperature T. 

Where does the work go that is done in compressing the gas? What hap- 
pens to the energy? It must go into heat! Since the work is done isother- 
mally, there is no irreversible heat flow. It has to be in good “thermal con- 
tact” with something really big that is all at the same temperature, 
something like a big piece of copper. To stay at the same temperature, the 
gas gives up to its surroundings an amount of heat equal to the work done. 
This amount of heat has been shown to be proportional to the absolute tem- 
perature: 


amount of heat AQ given up during compression = NKT log.2 


We now proceed to interpret the proportionality constant, the Nk log,.2. Of 
Course, there is nothing special about doubling the volume. A more general 
case—increasing the volume by a small fraction—is treated in Problem 13. 


Entropy 

The Proportionality constant has a name: 
A 3 
£ = difference in entropy between the initial and the final state 


Il 


AS = Nklog,2 
= klog,2" 
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You have no trouble recognizing 2" as the number of possible distributions 
of those N atoms in the two containers. The number log 2” is the amount 
of information lost in the expression to double volume. Or you might say 
that it is the information regained in the recompression back to the original 
volume. 

Equation 1 for the entropy of mixing is for the special case of equal initial 
volumes and equal numbers of the two different gas atoms. That is how the — 
“2” got into the formula; the volume doubles in the mixing. The argument 
would be similar for less symmetrical situations. The result is that the en- 
tropy change is Boltzmann’s k times the information lost. 

Let's try to get a feeling for what an entropy increase means. An entropy 
increase is an increase in disorder, or a decrease in order. Before the free _ 
mixing, we had the neon and argon atoms in their labeled compartments, — 
Afterwards, that order was destroyed. The entropy increase is a measure of i 
the information lost in the mixing. Similarly, when a warm fluid is mixed — 
with a cold fluid, order is destroyed and the total entropy is increased. The f 
entropy increase is associated with the irreversibility. When we recompress { 
our gas reversibly, entropy is removed from the gas, but that same entropy 
is added to the surroundings (the big piece of copper. . .). Remember, work 
was done on the gas and heat was removed from the gas in order for the 
gas to remain at the same temperature. In a reversible process, no net en- 
tropy is produced. In an irreversible process, there is net production of en- 
tropy. One of the ways to state the Second Law of Thermodynamics is to 
say that the total entropy of a closed system never decreases (see Section 5). 


Entropy Units 


What is the base of the logarithm in Eq. 1? Does it matter? Yes, it matters in 
defining the size of the units of entropy. That logarithm is a logarithm to 
base e. When we first defined a unit of information content, we chose the 
bit. That meant that in the formula 


information = log 2 


the logarithm was to base 2. Choosing the base e means a change in the size 
of the units by a factor 0.693 (= log. 2). But the entropy defined in Eq. 1 
also has a factor k. In Chapter 6, k was called Boltzmann's constant. Its units 
depend on the units of T, the absolute temperature. If T is measured in 
Kelvins, then k can be measured in joules per Kelvin. That is the conven 
tional unit for entropy: 


k = 1.3805 x 10-3 L 
K 
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EXERCISE 18 


(a) Calculate the change in entropy of 1 mole of neon at T = 273 K in being 
compressed from 44.8 to 22.4 liters. Express in joules per Kelvin. soU- 
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tion: We already know that work done in the isothermal expansion is 
22.4 liter atmospheres x 0.693. Therefore, that is the heat given off. The 
entropy difference is Q/T = . To convert units, remember that 1 
liter = 107° m° and 1 atm = 1.013 x 10° newtons/m:. 

(b) Why does this entropy come out a reasonable size, while k is so small? 
(HINT: Avogadro's number.) 


ee 
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Work Needed to Runa Refrigerator 


It is tempting to summarize the results of this section using our new termi- 
nology: The work needed to get from a disordered to an ordered state is the 
entropy difference between the two states multiplied by the absolute tem- 
perature. 


work needed = T AS (Eq. 1’) 


That is almost right. But we should be more careful. We should say that the 
minimum amount of work needed is T AS. If the work is not done reversibly, 
it costs more. Setting the work done equal to the heat given off, we can be 
more accurate by writing an inequality: 


AQ = heat given off = T AS (Eq. 1”) 


The = sign holds when there is no friction and the temperature is uniform. 

The purpose of a refrigerator is to take heat out of a cold object and dis- 
charge it into a warmer reservoir, usually the room. That is quite the oppo- 
site of a natural process. In a spontaneous process, heat flows “downhill,” 
from hot to cold. The refrigerator is a device for pumping energy “uphill,” 
from cold to hot. This is the reverse of the natural (irreversible) process. Of 
course, the refrigerator must do work in order to do that. That is why you 
have to plug it in. 

How much work? Again, our rule relating the entropy change to the work 
needed gives us only an inequality. It tells us only the minimum amount of 
work needed. But that is a useful thing to know. We now calculate it for a 
typical household refrigerator. Don’t expect your real refrigerator to be quite 
as efficient as our ideal one. Our calculation will assume that there are no 
itreversible steps, no places in the mechanism where entropy can increase. 
Note that the action of the refrigerator is to decrease the entropy of the 
object being refrigerated. 

Suppose that our ideal refrigerator is pumping heat from 278 to 294 K. 


a S O 
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EXERCISE 19 Is your home refrigerator colder or hotter than 278 K? Is your 


tchen colder or hotter than 294 K? Express the respective temperatures in 
Celsius or Fahrenheit degrees, whichever your body intuits more readily. 


ŘE 
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Suppose we happen to know that the “coils” outside the refrigerator are 
putting 100 joules of heat into the room per second, on the average. How 
much electric power does it take to run the refrigerator? Assume that heat 
leaks keep its “cold” compartment at 278 K. 

The entropy being pumped into the room by those heat-exchanger coils jg 


100 joules at 294 K 
AS R E 


If our refrigerator is to be ideal, that is also the amount of entropy being 
removed from the cold object. Remember, no friction, no irreversible heat 
flows. So we can calculate the heat removed from the cold object per sec- 
ond, by simple proportions: 


AShot = AScoia 
100 joules _ heat removed at 278 K 
294K 278 K 
Solve: 


heat removed at 278 K = 100 joules x (=) 
94.6 joules 


Where do the extra 5.4 joules come from (= 100 J — 94.6 J)? That is work 
done by the refrigerator. That is what we are trying to calculate. 


work needed to pump 100 J from 278 to 294 K = 5.4 J 


To pump 100 joules per second into the room requires an expenditure of 5.4 
joules per second. The motor has to use 5.4 watts of power on the average 
to pump 100 watts of heat. Are you surprised that so little power is required 
to pump so much heat? 

Let's go over those numbers again, just to keep the concepts straight. 
Every second, 94.6 joules of heat are removed from the food stored in the 
refrigerator. Assume that there is a lot of it, so it stays at 278 K. Every 
second, 100 joules of heat are pumped from inside to warm the coils outside 
the refrigerator, which are in contact with the room air. The difference, the 
5.4 joules per second, is work done by the motor. The fact that the motor 


may get warm too is neglected here; the motor is assumed lossless, 100% 
efficient. 


EXERCISE 20 How much power is required to pump 100 joules of heat into 
the room per second from 286 to 294 K? 


The kind of reasoning we have been going through is called thermody- 
namics. Note that the only principle we needed for our thermodynamics 
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calculation was the equation 


AS = -y (Eq. 1) 


We set AS.oia, the entropy removed from the cold object, equal to AS;, the 
entropy pumped into the warm room: 


AQcota = AQhot 
Teo Thot 


Having done the bookkeeping on entropy, we turned to bookkeeping on 
energy. We knew how to account for the difference between the heat taken 
from the cold object and the heat pumped into the warm room: 


AQhot = AQooia + work done (Eq. 2) 
Then we solved for the work done to pump all that heat: 
work done = AQhot — AQcora 


Teo 
= AQhot {1 — 
ot 
Thot — Too 
= AGa ( r Th = u) (Eq. 3) 


S A E O oL L 
w 
EXERCISE 21 Do the algebra. Take Eq. 1 and substitute it into Eq. 2. 


EXERCISE 22 If the temperature difference is halved while Thot is kept fixed, 
what happens to the ratio work done/AQho.? Does this exercise look familiar? 


———_— 


Carnot Formula 
That ratio 


Thot 


Sa good formula to memorize. You may object. A memorized formula, you 
May say, is a shortcut to thought. Granted. Here we use the shortcut for 
Some quick conclusions: 
1. If the temperature difference is small, a lot of heat can be pumped with 
little work. 
2. For a given temperature difference, the hotter the hot reservoir, the 
less work it takes to pump a given amount of heat into it. 
3. For a given temperature of the hot reservoir, the colder the cold object, 
the less heat is pumped out of it per unit of work done. 
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This gives a useful interpretation to the absolute zero of temperature, Ap 
Taoa = 0, no heat can be pumped out of the cold object. You may have 
expected that result. If affirms that the absolute zero is really the lowes 
temperature that can ever be reached. It also helps us to see why absolute 
zero is so difficult to even approach. The closer you get, the more work it 
takes to get even a tiny fraction closer. 

The science of thermodynamics is not restricted to ideal refrigerators, It iş 
used in all branches of chemistry and biology. Historically, it was the brain- 
child of nineteenth century engineers. They were not thinking about pump- 
ing heat uphill. They were concerned with the reverse process: getting work 
out of a device that takes energy in hot and discharges it cold. A heat engine 
is a heat pump run backward. Using our ideal reversible heat pump as an 
engine, we can apply all the same reasoning. Now AQ), is the heat taken — 
in at temperature Tho A smaller amount of heat AQ..js is discharged at 
temperature T.,i4, smaller by the amount of work the device has performed, — 
Again ) 


work performed by the engine —  AQhot — AQcoia 
heat taken in at Thot AQhot 


Thot 


The ratio of work out to heat in is called the efficiency of the engine. The 
efficiency 
Thot = Teo To Ar 
Sr es =1- i = Carnot efficiency 
is the highest efficiency any heat engine can have operating, between given 
temperatures Tho and Toia- Such an ideal reversible engine is called a 
Carnot? engine. A real engine, having friction and irreversible heat flows, 
will have a lower efficiency. Some of the heat taken in will be wasted right 
in the machine. The Carnot formula gives an upper limit on the efficiency 
of any heat engine. Steam engines, gasoline engines, diesel engines, all have 
this ceiling on the efficiency they can possibly attain. Notice that 100% effi- 
ciency is effectively prohibited by the Carnot formula. It would require that 
all the heat energy taken in be converted into work. That would be possible 
only by having T.oig = 0, so no heat would be discharged at the cold tem 
perature—absolute zero. We don’t have any zero-temperature reservoirs sit- 
ting around waiting for a heat engine to discharge zero heat into them Te 
versibly. 

For practical engines, Teia is usually room temperature or whatever out 
door temperature the weather might bring. Thot is limited by materials. The 
engine parts must not melt. The lubricating oil should not burn up- ins 


3 u AR 
Pronounced “car no.” Sadi Carnot, a French engineer, was interested in how much work i 
be got out of a steam engine. 


96 ENERGY CRISIS. A DIGRESSION ON ECONOMICS 


steam engine, T.oia is usually 100°C (= 373 K), the boiling point of water. If 
Thot is 200°C (= 473 K), the Carnot efficiency is only 
Trot — Teota _ 473 — 373 
E e 473 
Internal combustion engines can have Carnot efficiencies over 60%. Still, the 


fuel efficiency of automobile engines is usually around 22%. Most of the 
energy liberated by burning gasoline goes out the exhaust pipe. 


= 21% 


9.5 VARIOUS STATEMENTS OF THE SECOND LAW 


The Second Law of Thermodynamics is stated in Sec. 9.2: “A system con- 
taining many particles will not go spontaneously from a disordered to an 
ordered state.” Section 9.4 makes a number of statements that were derived 
from this rather bland formulation. It may be interesting to point out that 
some of these statements are logically equivalent. Each statement turns out 
to be a necessary and sufficient condition for another statement that looks 
quite different. No proofs are to be presented here. In reading the literature 
in modern biology, however, you will come across the term “Second Law of 
Thermodynamics” referring to various alternative formulations. Here are a 
few: 


1. “Heat does not flow uphill.” More carefully stated: There exists no de- 
vice that does nothing to its surroundings except to take energy out of 
a colder object and put it into a hotter object. Popular statement: Re- 
frigeration costs. 

. “No heat engine is 100% efficient.” More careful statement: Define a 
cyclic engine as one that does work and returns to its original state. 
Then the statement is that no cyclic engine can take in heat and convert 
it entirely into work. It also has to discharge some heat. 

. “AS = AQ/T.” More careful statement: The work one must do on a 
system to get from one state to another is not uniquely specified. The 
heat one must add to a system to get from the one state to the other is 
not uniquely specified. But the entropy difference between the states is 
uniquely specified. 

- “The entropy of a closed system can never decrease.” Consequence: 
Thermal equilibrium is the state of maximum entropy. 


N 


wo 
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9.6 ENERGY CRISIS. A DIGRESSION ON ECONOMICS 


Everybody talks about the energy crisis. We are told that we are using up 
the earth’s energy resources. Actually, the total energy of the earth is not 
decreasing. Furthermore, the heat energy of the air, the oceans, and the 
earth's hot core is enormously greater than the energy of all the fuel burned 
'n the history of mankind. The worry is over energy easily available for 
turning wheels and heating houses. 
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Here are some figures in order to give an idea of the orders of magnitude 
involved. An electric clothes drier uses about 3 kilowatts of electric power, 
The electric generating capacity of the United States is about a hundred mil- 
lion times that—about 3 x 10’! watts. The entire population of the earth 
“consumes” energy at the rate of about 10° watts. This refers to the rate at 
which energy is made unavailable for doing work. It comes to about 3 x 
10” joules per year. 

The world’s oceans are an enormous energy reservoir. Let us focus ona 
small part of it. The Gulf Stream is about 20°C warmer than the surrounding 
water. In principle, each cubic meter of Gulf Stream water could deliver 20 
x 10° kilocalories of energy. 


EXERCISE 23 Convert that to joules. 1 kcal = 4.18 x 10° J. 


Its rate of flow is 2.5 x 10’ m*/sec. The power that could be extracted from 
the Gulf Stream by running a heat engine between it and the surrounding 
colder water is thus around 
3 
2.5 x 10 ™ x 20 x 10° l x 4.18 x 10° 
sec m kcal 
= 2 x 10” watts 


Why is there an energy crisis, with all that power available just off the coast 
of Florida? 

You know the answer. But it has little to do with physics. The problem is 
economic. The capital cost of building large marine installations to tap tem- 
perature differences in the ocean is simply too great. At the current price of 
electric power, people are not even designing pilot plants. The Gulf Stream 
idea is just one of a large number of impractical schemes for tapping the 
enormous energy resources of the earth. As the price of energy rises, 
schemes that are unthinkable today may become more attractive to practical 
technologists. Lots of good inventions are needed to make energy conver 
sion cheaper and better. For example, the sun beams more than 107” watts 
of solar power at the earth. Perhaps one part in 10,000 of that is used in 
photosynthesis by trees and other plants. The rest of that nice, clean energy 
is wasted today. Why? Because solar collectors are expensive. They don't 
necessarily have to become cheaper before people start to use them on a 
large scale. All that has to happen is for the price of oil to rise some mor. 
Similar things can be said about any number of presently “impractical” et 


ergy sources, from nuclear and geothermal energy to the blindfolded ox 0n 
a treadmill. 
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9.7 DOES LIFE VIOLATE THE SECOND LAW? 


Living things are constantly creating order out of chaos. But isn’t that ex- 
actly what the Second Law forbids? 

In growing and reproducing, living things take in air and water and a few 
simple nutrients and build highly organized structures. Warm-blooded ani- 
mals seem to fly right in the face of the classical statement of the Second 
Law. They create and maintain a temperature difference between them- 
selves and their environment. Even on the molecular level, the Second Law 
appears to be flagrantly violated: How could as complex a structure as a 
protein molecule ever have happened spontaneously? 

Let's sort out the rhetoric from the physics here. Yes, living things can 
decrease their own entropy. But they eat and they excrete. The net result is 
an increase in the entropy of the organism plus surroundings. The organism 
isnot a closed system. Its entropy can decrease without violating the Second 
Law. 

Living things are not unique in their ability to create order. There is a class 
of nonliving systems that progress in time into more and more highly orga- 
nized states. Such systems are called dissipative structures. Fluid flow offers 
some beautiful examples. One you can observe in the bathtub. With the 
drain open, stir the water so that you get a number of vertical vortices. As 
you watch, you can often see those vortices rolling up into one big vortex 
over the drain. Here is an example of a chaotic situation developing spon- 
taneously into an orderly one. Of course, there had to be a source of energy. 
The stirring was essential. 

The phenomenon of biological evolution is also a case where Nature has 
progressed into increasingly organized patterns. Evidently, the entire bios- 
phere is a dissipative structure. Again, since it is not a closed system, there 
is no violation of the Second Law. 


SUMMARY 


Definition of information content 

Redundancy to combat noise 

Binary digits and computer arithmetic 

Codes with more than two symbols 

Exponents and logarithms, base 2 

Changing base of logarithms means changing unit of information 

Information lost when two nonreacting gases mix 

They don’t unmix spontaneously: Second Law 

Why the time-reversal invariance of individual events does not contradict 
the irreversibility of large systems 
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Friction and heat flow as dissipation 

Calculate work needed to get the gases back into their own cylinders 
Definition of entropy 

The joule per Kelvin as an entropy unit; log to-base e is understood 
Relation between heat and entropy—an inequality 

Work needed to pump heat from cold to hot 

Work needed is proportional to temperature difference 

Work needed is inversely proportional to Thot 

Consequences of the Carnot formula 

Reversible heat engine has the Carnot efficiency, an upper limit 
The various ways of stating the Second Law, all logically equivalent 
What the politician means by the term “energy crisis” 

10"? watts out, 10” watts in 

Mining the Gulf Stream’s energy. Why not? 

Life > increasing organization — local decrease of entropy 
Definition of dissipative structure 


KEY TERMS 


Information content of a message Logarithm of the number of possible messages. 


Unit of information content Depends on the base of the logarithms. For base 2, 
the unit is the bit. 


Bit Binary digit. Unit of information content. If the only possible messages are Yes 
and No, the message delivers one bit of information. 

Redundancy Saying something more than once. 

Logarithm The inverse of the exponential function. If x = 10”, then y = logot. 
Logio 1 = 0; logio 10 = 1; log 100 = 2. 

e Base of the natural logarithms = 2.71828183. This base has the property that 
log.(1 + x) = x for small values of x. 

Avogadro's number 6.02 x 10”, the number of molecules in a gram mole. 

First Law of Thermodynamics The heat energy of a closed system remains constant 
unless it has a way of doing work on its environment. In that case, the heat energy 
is decreased by the amount of work the system does. This work can also be neg- 
ative, that is, the heat can be increased by the amount of work done on the system. 
(Discussed in Chapter 8.) 

Second Law of Thermodynamics Heat flows from hot to cold. To transfer heat 
from cold to hot requires work. For alternate statements, see Section 5. 

Reversible process No entropy is created. There is no diffusion, no heat conduc 


tion, no friction. Reversible work is work done slowl h the g 
c that tempera 
differences and friction are negligible. la ý 


REVIEW QUESTIONS 


Irreversible process A process in which energy is dissipated; that is, entropy is 
produced. This may involve conduction of heat or electricity, viscous flows or 
other friction, or diffusion. 

Dissipation of energy Any irreversible energy conversion. Any process in which 
entropy is produced. 

Entropy The thermodynamic measure of disorder. In any change in which infor- 
mation is lost, entropy increase = k x information loss. For a reversible transfer 
of heat AQ at absolute temperature T, the entropy transferred is AS = AQIT. 

Thermodynamics The science relating heat and work. 

Ideal gas Satisfies the ideal gas law pV = NKT. See Chapter 6. 

Atmosphere Unit of pressure = 1.013 x 10° newtons/m?, 

Liter atmosphere 1.013 x 10? joules. 

Kilocalorie 4.18 x 10° joules, the amount of heat needed to raise the temperature 
of 1 kg of water by 1°C. 

Extensive variable A variable proportional to the amount of substance that the var- 
iable characterizes. Examples: mass, volume, energy, entropy. Intensive variables, 
on the other hand, are independent of how much is present: pressure, tempera- 
ture, density. (Not discussed.) 

Isothermal At constant temperature. 

Ideal refrigerator A reversible heat pump. 

Carnot cycle A cycle of a reversible heat engine consisting of an isothermal expan- 
sion, an adiabatic expansion, an isothermal compression, and an adiabatic 
compression. More generally, a cycle of two isothermal and two adiabatic steps. 
[Not discussd in the chapter] 

Adiabatic Without gain or loss of heat. 

Carnot efficiency (Thot — Teoia)/Thor = the efficiency of a reversible heat engine op- 
erating between those two temperatures. 

Geothermal energy Energy derived from steam coming from deep in the earth, 
where ground water is heated by rock heated by radioactive decay long ago still 
deeper in the earth. 

Dissipative structure A system able to decrease its entropy, that is, to progress in 
time to a more orderly state. 


REVIEW QUESTIONS 


Define information content of a written message. 


* How many different messages can you send with N bits? 


* How much longer is a message in a binary code than in a four-symbol code? 
How much longer is a message in a binary code than in a decimal code? 


The function N(p) = 2? is called the exponential function. What is the inverse 
function p = p(N) called? 
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Define what is meant by the base of a logarithm. 
How many different ways are there of distributing N objects in two containers? 


If there are 2°" ways of distributing the neon atoms and the same number of 
ways of distributing the argon atoms, why isn’t the total number of distributions 
the sum of the two? 


Calculate the probability that all the neon and argon atoms will be back in their 
own cylinders for a particular observation. 


Whenever there is friction, there is irreversibility. Under what other circum- 
stances is energy dissipated? 


Whan a gas is compressed isothermally, where does the energy go that is used to 
do the work of compressing? 


If there are 2” configurations of an N-molecule gas, why is information content 
an extensive variable? 


If we define information content = log, 2, is the unit of information content 
bigger or smaller than the bit? How much? 


From the formula pV = NKT, what are conventional units for k? 
What else is measured in those units? 


When heat flows isothermally, how do you calculate the entropy flow from the 
heat flow? 


How does one calculate the work needed to pump a quantity of heat Q into a 
reservoir at Tho taking heat out of a reservoir at Toia? 


In doing that calculation, we set ASjo. = AScoia- Why was this justified? 


The result of the calculation was that it requires 5.4 joules to pump 100 joules into 
the room. Where do the “missing” 94.6 joules come from? Do the energy book- 
keeping. 


The Carnot formula (T, — T,)/T), is the ratio of two energies. What two energies? 
The Carnot formula represents an upper limit to something. What? 


Why can a heat engine never be 100% efficient? Answer in terms of the Carnot 
formula. (A glib answer would be, “because the Second Law forbids it.”) 


If heat flowed uphill, that is, from cold to hot, would entropy be created or de- 
stroyed? Which is forbidden by the Second Law? : 


When the sun warms up the Gulf Stream water, is the water’s entropy increased? 


Approximately one ten-thousandth of the solar energy reaching the earth is ab- 
sorbed by plants and used in photosynthesis. Compare the rate of this energy 
conversion with the world rate of energy consumption. 


When can the entropy of an object decrease without violating the Second Law? 


PROBLEMS 
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* 1. Binary Arithmetic 

(a) Write the number nine in binary. 

(b) How many different numbers can be represented with 
four binary digits? 

(c) Write in binary notation: 


nine + two = eleven 


nine + six = fifteen 


(d) Write the number one-thousand in binary. 
(e) Develop a prescription for converting numbers from 
decimal to binary. 


* 2. Cooling the Kitchen On a hot day you open 
the refrigerator and a wave of cool air greets you. Com- 
ment on the use of the refrigerator for cooling the kitchen. 


PROBLEM 2. Does 
opening the 
refrigerator cool the 
kitchen? 


* 3. Using the Environment as an Energy 
Source An inventor applies for a patent on an industrial 
Process for extracting energy from river water. The water 
is to be taken in at 20°C and discharged into the river at 
19°C. Each cubic meter of water would thus deliver 10° 
kilocalories of heat, or 4.2 x 10° joules, which is to be 
Converted into work to run a generator. With a flow- 
through of 10? m° per second, the power output of the 
Plant would be 4.2 x 10° watts, minus any frictional 
losses. If you were the patent examiner, how would you 
deal with the application? (HINT: Second Law.) 


* 4. Coin Toss A coin is tossed 10 times, and a rec- 
ord kept of the result (heads or tails). 

(a) Show that there are 1024 different possible records. 

(b) How many of those 1024 records have strict head-tail 


alternation, that is, no head-followed-by-head or tail-fol- 
lowed-by-tail? 


> 5. Labeled “Molecules” Ten balls carry numbers 
1 through 10. Each is to be placed in one of two bins, 
called fî and |. 

(a) Show that there are 1024 possible distributions. 

(b) Suppose you find out that bin 7 has exactly one ball 
in it, but you don’t know which one. How many of the 
1024 possible distributions are eliminated by this knowl- 
edge? 


Æ 6. 16-Bit Computer A computer is advertised as 
having “16-bit words.” A 16-bit register is to be used for 
storing numbers, and the first bit is used for the + sign. 
Show that the largest integer it can store is 32767. 
(HINT: Don’t forget the zero.) 


Note: Now you know why 16-bit computers use two reg- 
isters to store a six-digit number. Actually, that leaves 
some leftover bits, which can be used to insert a decimal 
point, that is, to store a “floating-point” number. 


A large mainframe computer. The central processor unit 
(CPU) of a large modern computer can store millions of 
“words” and do arithmetic operations on many of those 
words in parallel, each in a few nanoseconds. 
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* 7. Word Size How much bigger is a 32-bit word 
than a 16-bit word? Don’t just say ‘16 bits bigger.” Say, 
“Tt can store times as many numbers.” Alterna- 
tively, you might say, “It can store times as 
much information.” 


* 8. Bytes In computer jargon, 8 bits is called a 
byte. 

(a) Show that one byte of information is a choice among 
256 alternatives. 


NOTE: You might think you need only 26 alternatives for 
writing with the English alphabet. But you want capitals 
and lower case, so that makes 52. You want numbers so 
that makes 62. You want punctuation marks, and maybe 
even Greek letters. The so-called ASCII code uses almost 
half of the 256 and is now rather standard in computer 
printers. 

*(b) Suppose that one bit is redundant. It could, for ex- 
ample, say whether the sum of the other bits is even or 
odd. Argue that this would permit most hardware errors 
to be detected. 


* 9. Kilobytes and Megabytes When a computer- 
disk manufacturer talks about “kilobytes,” he really means 
1024 bytes. 

(a) Express that in bits. 

(b) When he says “megabytes,” he means (1024) bytes. 
How many bits of information can a 1-megabyte disk con- 
tain? 

(c) A book page might contain 2" bytes (letters, numbers, 
spaces, etc.). How many book pages can be stored on a 1- 
megabyte disk? 


** 10. Heat Pump A certain room has enough insu- 
lation in the walls so that a 1000-watt heater will maintain 
its temperature at 294 K (= 21°C) when the outdoor tem- 
perature is 278K (= 5°C). 

(a) At 5 cents per kilowatt-hour, what is the monthly heat- 
ing bill for electric heating? 

(b) An ideal heat pump operating between those two tem- 
peratures needs only (294 — 278)/294 joules of work for 
each joule of heat it pumps into the room. Verify that this 
is what the Carnot formula asserts. How many watts of 
electric power are needed to pump 1000 watts into the 
room? 

(c) At 5 kWh, what is the monthly electric bill? 

(d) At what rate does the heat pump cool the outdoors? 
That is, how much heat does it withdraw from the cold 
outside air? Answer in watts. 

(e) If a heat pump is so much cheaper to run than an elec- 
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tric heater, why doesn’t all home heating utilize heat 
pumps? 

*%* 11. Statistics of a Small System Suppose that 
there are only two neon atoms in one cylinder and two 
argon atoms in the other. The stopcock is opened. 

(a) What knowledge is lost? How much information is 
lost? 

(b) What is the probability that when the stopcock is 
closed a long time later, the original configuration will 
have been restored? (HINT: How many possible ways are 
there of distributing four distinguishable objects in two 
containers?) 


NOTE: In the quantum theory, all the neon atoms are as- 
sumed indistinguishable, as are all the argon atoms. The 
calculation for indistinguishable particles is different. 


** 12. Calculating Logarithms 

(a) log, 10 = 2.3026. Write down a prescription for con- 
verting logio x to log.x. 

(b) Look up the following logarithms: 


logio 1.0001 log, 1.0001 logi 0.9999 log, 0.9999 


** 13. Information Loss on Expansion 

(a) How much information is lost when 1 mole of gas ex- 

pands from 22,400 cm? to 22,500 cm*? 

SOLUTION: The ratio of the new volume to the old is 
22500 1 


—=]1 


22400 * * 204 
For N (= 6 x 10”) molecules the information loss is 


log (: + a) = N if the log is to base e. 
Verify using a calculator or a table of logarithms. 
(b) How much does the entropy increase? 
(c) Show that this is equal to the isothermal work done 
divided by the absolute temperature. (HINT: Yes, the 
pressure changes as the gas expands. No, it does not 
change very much: less than one-half percent. Approx- 
mate it as constant.) 


4 14. Genetic Code The four “letters” of the genetic 
code are the four nitrogenous bases, A = adenine, G = 
guanine, C = cytosine, and T = thymine. They are at- 
ranged in a sequence along the strand of a DNA molecule. 
Word length is not specified, nor is there a fifth symbol 
one might call a comma or a space. We speak of a com 
maless code. Yet different genes seem to require different 
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lengths of DNA. Evidently, something in the code has to 
mean “this is the end”; there has to be a terminator. 

A group of three bases is called a codon. 
(a) How many bits of information does each codon carry? 
(b) How many different three-letter codons are there? 
sixty-one of these codons code for the 20 different amino 
acids found in living things. Three of the codons are “non- 
sense,” that is, they do not code for any particular amino 
acid. They are terminators. 
(c) There are six codons for leucine. We say, the code for 
leucine is six-fold degenerate. The code is six-fold degen- 
erate for three of the amino acids, fourfold degenerate for 
five of them, two-fold degenerate for nine, and nondege- 
nerate for two. What is the degeneracy of the code for the 
remaining amino acid (isoleucine)? (HINT: You don’t have 
to know any biology or chemistry to do this problem. It is 
an exercise in reading and counting.) 
(d) Why do you think the code has degeneracies? This 
question is not intended to have a unique answer. You 
might ask yourself how else 20 amino acids could be 
coded by four symbols. 
(e) The English language also has degeneracies. What is 
the difference between HELP and AID? What functions 
can degeneracy serve in a code? 


* 15. Entropy Increase in Irreversible Heat 
Flow One joule of heat flows irreversibly from 294 to 
293K. How much does the entropy increase? 


** 16. Entropy of Irreversible Heat Flow To pump 
100 joules of heat into the room (294 K) from the outdoors 
ag a reversible heat pump has to do 0.34 joules of 
work. 

(a) Verify. 

(b) Calculate the entropy increase of the room. 

(©) Calculate the entropy decrease of the outdoor air. 
(HINT: Qoa = 100 J — 0.34 J.) 

(d) If 100 joules of heat leaked irreversibly from the room 


to the outdoors, how much would the total entropy in- 
crease? 


17, Entropy of Fusion The entropy of melting ice 
to water is 5.26 calories/mole K at 273 K (= 0°C). 

() How much heat is needed to melt 18 grams (= 1 mole) 
Of ice? 

(b) In Chapter 8 on Heat and Temperatures we say that 
the latent heat of fusion of H,O is 80 calories/gm. Does 
this agree with your answer to part (a)? 

©) Which is the more ordered state of the H,O molecules, 
the solid or the liquid? 
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(d) Where does the energy go when ice melts isother- 
mally? 


4K 18. Solar Constant and Solar Energy 

(a) The “solar constant,” 2 calories/cm? minute, is the 
mean value of the total radiation incident from the sun 
outside the earth’s atmosphere. Suppose that half of that 
energy were available for melting ice. How much ice 
would melt in one year per square centimeter of polar ice 
cap? Answer in gm/cm’ year. Use data from Problem 17. 
(b) Part (a) gives the “solar constant” as 2 cal/cm?. Section 
9.6 states that the sun beams more than 10” watts of solar 
power at the earth. Reconcile these two figures. You will 
need to know the dimensions of the earth: Its circumfer- 
ence is 4 x 10* km. 1 cal = 4.18 joules. 


*Æ 19. World Energy Balance Section 9.6, Energy 
Crisis, states that the total energy of the earth is not de- 
creasing. 

(a) Where does the energy go when you burn gas in your 
furnace and the warm air leaks out through the cracks 
around the doors and windows of your house? 

(b) With all the fossil fuels burned by our industries, why 
has the mean temperature on earth not increased mark- 
edly over the years? 

(c) Present evidence that the earth loses energy by invisi- 
ble radiation into outer space. (HINT: Energy bookkeep- 
ing.) 


* 20. Solar Power Suppose that all of the 10'” watts 
of solar power incident on the earth were absorbed by the 
ocean. At what rate would the ocean temperature rise? Ex- 
press in degrees per year. Neglect heat loss by the ocean. 


DATA: Specific heat of water = 4.18 x 10° joules/kg K 
Mass of ocean water = 107 kg 


* 21. Energy from the Hot Core The earth’s core is 
much hotter than the surface. 100 km down, the rock is 
about 2000°C hotter than at the surface. Calculate the 
amount of heat energy potentially available for doing 
work, using that 2000-degrees temperature difference. An 
estimate of the mass of the core is 5 x 10” kg, with a 
specific heat of 4 x 10° joules/kg K. 


9K 22. Solar Energy Conversion Versus Draft Animal 
A solar collector is used to boil water, which is used to 
run a steam turbine, which is used to generate electricity, 
which is used to run an electric motor, which pumps wa- 
ter for irrigation. The entropy of the earth increases in the 


process. 
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PROBLEM 22. 


(a) Explain how the ox on the treadmill pumping irrigation 
water increases the entropy of the earth (see figure). 

(b) Estimate which produces more entropy per ton of wa- 
ter pumped, the electric pump or the ox. Justify! 

(c) The ox must be fed daily; the solar-powered pump 
runs by itself. Why would anyone use an ox instead of an 
electric pump? 

(d) How is it that the sun is the ultimate energy source for 
the ox as well? 


* 23. Entropy of Mixing Write the number 2”? * 1” 


in conventional notation, that is, as a decimal number 
times 10 to an integer power. (HINT: logio 2 = ?) 


+ 24. Entropy of Dilution When N molecules of gas 
expand from volume V; to volume V}, the information loss 
is N log (V2/V,), corresponding to an entropy increase of 
Nk log (V2/V,). When a solution containing N ions is di- 
luted from concentration c, to concentration cz, the infor- 
mation loss is N log (c;/c2). 

(a) Concentration means the number of ions per unit vol- 
ume of solution. Why do we write log (V2/V;), but log (c;/ 
c)? Is one formula upside down? 

(b) When a solution containing 1 mole of ions is diluted 
with an equal quantity of water, how much does its en- 
tropy increase? 


OK 25. Active Transport The concentration of potas- 
sium ion inside a living cell is 0.15 moles per liter. Out- 
side, in the extracellular fluid, the concentration is only 
0.005 moles per liter. 

(a) Calculate the entropy change per mole of K* in being 
transported across the cell membrane. Use the reasoning 
of Problem 24. 

(b) Where does the potassium have greater entropy, inside 
or outside the cell? In the phenomenon of active transport, 
K* ions travel in across the cell membrane, going up the 
concentration gradient. This is the opposite of diffusion. 
Explain why this is not a violation of the Second Law of 
Thermodynamics. (HINT: The cell takes in nutrients.) 


INFORMATION AND ENTROPY 


OK 26, [Hard] Entropy of Mixing 

(a) Why do we say that energy is dissipated when the 
stopcock between the Ne and Ar cylinders is opened? 
(Hint: Invent a way in which the mixing of the two gases 
could be used to do work. Semipermeable membranes?) 
(b) Show that the work done by a reversible engine in the 
thought experiment of part (a) is equal to the entropy of 
mixing times the absolute temperature. 


2K 27. Work to Double the Volume Numerical Inte- 


gration 
(a) A cylinder of length 22.4 cm whose base has an area of 
1000 cm? has a volume of —— — cm’. 


(b) According to the Ideal Gas Law, it would contain 1 
mole of gas at 273 K and 1 atmosphere. How many mole- 
cules is that? 

(c) The force on the piston that closes the cylinder is 1 atm 
x 10° cm? = newtons. Remember that 1 atm = 
1.01 x 10° newtons/m’. 

(d) If the piston slowly moves 1 millimeter in response to 
this force, the gas does an amount of work, 


work = force x distance = joules 


Since the volume increase is only 100 cm’ out of an initial 
volume of 22,400 cm, the pressure does not drop very 
much during this isothermal expansion. According to the 
Ideal Gas Law, the pressure is inversely proportional to 
the volume. If the volume increases by 1 part in 224, the 
pressure decreases to 


1 
1+ 3h 


When the piston moves the next millimeter, the amount 
of work done by the gas is a little less than the work done 
in that first millimeter. Before moving the third millimeter, 
the pressure is 


atm 


1 
1 + 3% 
To find the work done in moving all the 224 mm needed 


to double the volume, sum up the work done in each suc 
cessive millimeter. 


atm 


work = 1000 emè x 1 mm x (1 + 
Lari ped 
TE easy) e 


The sum in parentheses has 224 terms. The answer will be 
a bit too large, because we did not take account of the 


PROBLEMS 


drop in pressure during each millimeter’s movement. We 
would have done better to take smaller increments. For 
example, we might have moved only 0.1 mm each time 
and had 2240 terms in the sum. The result, good to three 
significant figures, is 


work to double _ 


22400 cm? atm x 0.693 
the volume 


(e) Do the numerical integration for 10 increments of 22.4 
mm each. 


* Supplement to Problem 27. If you know calculus, 
do the same calculation using the notation of definite in- 


265 E 


tegrals. Let x = piston displacement, A = piston area, so 
volume V = Ax and force on the piston is F = pA. The 
work in moving from x = 22.4 cm to x = 44.8 cm is 


44.8 cm 44,300 cm? 
work = F(x) dx = I p(V) dV 
22.4 cm 122,400 cm? 
Now use the Ideal Gas Law, pV = p.Vo: 


44,300 
"aV 
work = PVo aay PoVo log, 2 
Substitute p, = 1 atm and V, = 22,400 cm? and look up 
log. 2. How far off was the numerical integration? 
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SOUND AND HEARING 


QUESTIONS THIS CHAPTER WILL ANSWER 

Sound waves travel in solids, liquids, and gases. Why not in vacuum? 
Does sound travel faster in water than in air? In steel? 

What kind of materials are good sound absorbers? 

What is the relation between pitch and frequency? 

What is simple-harmonic motion? 


How can sounds of the same frequency have different tone quality? 
How can tone quality be described quantitatively? 


If a temperature change causes the speed of sound in air to increase by 
1%, how does the wavelength of A-440 change? 


The interval between A-440 and A-880 is called a(n) 


What are standing waves? How are they involved in the phenomenon 
of resonance? 


Why do low-pitched sounds go around corners better than high-pitched 
sounds? 


How does having two ears help you to locate the direction of a source 
of sound? 


Two tones having almost the same frequency show beats. Why? How 
can two tones almost a fifth apart show beats? 


If the frequency of an ultrasonic cleaner is increased without changing 
the amplitude of the vibration, will it clean better? Explain. 


If the intensity of a sound wave is tenfolded, we say that the sound 
level is 10 db higher. If the amplitude of a sound wave is tenfolded, we 
say the sound level is 20 db higher. Explain. 


Outdoors, the intensity of a sound wave falls off inversely as the square 
of the distance from the source. Why? Why is this not true indoors? 


10.1 VIBRATION AND SOUND 


A tree falls in the forest. No one is there to hear it. Is there a sound? 

Most modern physicists dodge this conundrum. They don’t distinguish 
between sound and vibration; they point out that not all vibrations can be 
heard. Some vibrations are too slow, too fast, too weak, or have no way t0 
reach the ear. ; 

In general, too slow means less than 15 vibrations per second. We feel 
slower vibrations, but the sensation is different from what we call hearing- 
For a teenager, too fast means somewhere above 20,000 vibrations per sec 
ond. As we get older, we gradually lose the range above 16,000 vibrations 


40.2 PITCH AND FREQUENCY 


per second.’ What is too weak? The ear is a very sensitive instrument. Just 
how sensitive it is, you will learn in this chapter. How does sound reach the 
ear? The usual way is through the air. If you enclose a bell in a jar and start 
itringing, and then pump the air out of the jar, you won't hear the bell any 
more (Fig. 10.1). 

What do we know about sound just from everyday experience? The 
harder you strike an object, the louder the sound. The farther away you get, 
the softer the sound (usually). Hard surfaces reflect sound; soft surfaces 
absorb it. Sound goes around corners but not too well. We have an idea of 
the speed of sound from listening to echoes. Sound travels faster than most 
airplanes, but we talk about “supersonic” flight and the noise problems cre- 
ated by “sonic boom” (Problem 36). 

What do we know about pitch? Here our knowledge comes from singing, 
or playing a musical instrument. The higher tones correspond to faster vi- 
brations. The lower tones usually come out of bigger instruments. The next 
section is about the relation between pitch and frequency. 


10.2 PITCH AND FREQUENCY 


When you clap your hands, it is hard to say what the pitch of that sound 
is, Nonetheless, we talk about a high-pitched clap and a low-pitched clap. 
(A thud? A thump?) When you push a chair across the floor, that scraping 
sound also does not have a well-defined pitch. Neither does the rustle of 
leaves or the splashing of water. What is it that allows us to identify a pitch? 
What makes a sound “musical”? 

That turns out to be a tough question, with a fuzzy answer: If the vibra- 
tion pattern is repeated more or less regularly, we can discern a pitch. The 
pitch we identify corresponds to the repetition frequency. Every pitch has 
its frequency. This one-to-one relation between pitch and frequency was dis- 
covered by the ancient Greeks. They founded the science of acoustics, and 
gave music a mathematical foundation. They made a musical scale and 
named the intervals. 

Most scales go up an octave. Can you identify an octave? Sing a sustained 
tone. Have a friend try to sing the same note. If you and your friend are of 
opposite sex, chances are the notes are not really the same, but an octave 
apart. It’s just that an octave is such a consonant interval, it sounds almost 
aS good to our ears as a unison. Now try to sing two octaves apart. If you 
‘ing together, does the harmony still sound good? E 

How many octaves wide is your whole singing range? Mine is two octaves 
0n a good day. Early in the morning I can really get down low. The lowest 
lever get is the C two octaves below middle C. That has a frequency of 64 


\ s 2 z 
One vibration per second is called one Hertz and written “1 Hz.” This unit of frequency is 


‘are in honor of the German physicist Heinrich Hertz, who discovered electromagnetic ra- 
lation, 
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FIGURE 10.1 If a bell rings in a 
vacuum, you can’t hear it outside. 
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FIGURE 10.2 The index finger is on 
middle C. 


MA 


Clarinet 


Tuba 
Trumpet 


FIGURE 10.3 Waveforms of tones 
from different instruments, 
including the human voice (two 
different vowels). 
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Hz. The C one octave higher has twice the frequency, or 128 Hz. Middle Ç, 
another octave up, is 256 Hz. Going up an octave means doubling the fre- 
quency, regardless of what note you start from.“ 

Going down an octave means halving the frequency. Other musical inter- 
vals are also defined in terms of the ratios of the frequencies. For example, 
the fifth has a frequency ratio of 3:2. This means that the upper note has a 
frequency 1.5 times that of the lower note. The intervals in our songs have 
frequency ratios that are close to ratios of small integers, like 3:2 and 4:3, 
Section 10.4 on Beats suggests why these intervals are pleasant. The “Three 
Blind Mice” box names some familiar intervals and their frequency ratios, 

Most people cannot remember a pitch but can recognize an interval. The 
rare person with long-term pitch memory is said to have absolute pitch. You 
can probably sing “Three Blind Mice” starting on any note, but you may not 
know if you are singing in the same key as yesterday. What you remember 
is relative pitch; you remember the intervals. 


EXERCISE 1 The top note of the piano is five octaves above middle C. Cal- 
culate its frequency. 


NOTE: We called the frequency of middle C 256 Hz. That is actually an old- 
fashioned standard, which we used here because it divides by 2 easily. The 
modern standard gives the A above middle C a frequency of 440 Hz, making 
middle C 261.6 Hz on the so-called “equally tempered” scale. (See Problem 
13.) 


EXERCISE 2 How many octaves are there in our auditory range, from 15 to 
20,000 Hz? Don’t bother with the fraction. 


Timbre 


If you and your friend really sing the same note, really get in unison, you 
still sound different. We can recognize people’s voices, just as we can tell a 
violin from a trumpet playing the same note. The pitch just has to do with 
the repetition frequency of the vibrations. But the vibration pattern deter- 
mines the quality of the sound, also called tone color or timbre. Figure 10.3 
shows oscilloscope traces of the waveforms of various instruments playing 
the same note. 


2 ; - ” 
If you don’t recognize the octave, try singing “Somewhere over the rainbow.” “Some” t0 
“where” is an octave. 
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quency ratio 6:5 


It may seem remarkable to you that a trumpet heard from far away has 
the same trumpety quality as a trumpet heard from close up. That seems to 
say that tone quality does not depend on the intensity of the sound wave. 
You conclude that scaling the intensity up or down does not change the 
tone quality. It seems less remarkable when you turn the volume control on 
your amplifier. Indeed, you say it affects only the intensity of the sound. 
That says something about how our ears are constructed. If you see nothing 
remarkable in this linearity property, see if talking louder doesn’t affect the 
tone quality of your voice. Playing the trumpet louder certainly changes its 
tone color. You can’t just turn up the volume control. 


10.3 SOUND WAVES 


To have oscillation, there has to be restoring force. When something is dis- 
placed from an equilibrium position, it won't vibrate unless it has a ten- 
dency to return toward that equilibrium. There has to be elasticity in the 
Material. Also there has to be enough mass to overshoot the equilibrium. 
The elastic potential energy has to be converted to kinetic energy. So there 
mustn't be too much damping. To have oscillation, there must not be too 
much friction. Otherwise all the elastic energy goes into heat right away. 

But if the vibration is to be heard, there has to be some energy loss. The 
Sound has to get to the ear. Some of the energy of the oscillation has to be 
radiated, has to go into a propagating sound wave. That traveling wave is 
an oscillatory excitation of the medium in which it is propagated, so that 
medium has to fulfill the same requirements: enough elasticity and not too 
Much viscosity. Materials used for acoustic absorption, on the other hand, 
ate soft and yielding. 


THREE BLIND MICE—MUSICAL —S=—— 
INTERVALS eee 
Three blind mia three blind micen See “All” is an octave higher than “mice.” Fre- 
, ; 5 quency ratio 2:1 
major th itd Fifth “See” is a fifth higher than “mice.” Frequency 
how they run See how they run ratio 3:2 
’ A “All” is a fourth higher than “They.” Fre- 
minor third quency ratio 4:3 
They all run after the farmer's wife. . . . “Three is a major third higher than “mice.” Fre- 
$ Vv HL quency ratio 5:4 
our “See” is a minor third higher than “run.” Fre- 
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FIGURE 10.4 Wave traveling to the 
right. 
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When we think about sound waves we usually think about air. Its elastic. 
ity is due simply to its pressure—to the rapid motion of the air molecules 
bouncing, off each other and off any surface in contact with the air. Not 
surprisingly, the speed of sound in air is comparable to the average speed 
of the molecules. That is why sound travels faster in hot air than in cold, 


a _§€£§  —_§____ 
p 
EXERCISE 3 Speed of Sound in Air 

The Ideal Gas Law was derived in Sec. 6.4: Pressure is proportional to ab- 
solute temperature and to the density of the gas molecules: p = NkT/V. The 
energy kT turned out to be a measure of the average kinetic energy per 


molecule: 


3kT = (Am0 )average 

(a) Solve this equation for the root mean square (r.m.s.) speed of the mole- 
cules. 

(b) Put in values for nitrogen gas at 273 K (molecular weight = 28). 

(c) The speed of sound in a gas is given by the formula (we won't derive it) 
c, = (ykT/m)!, where the constant y has the value 1.4 for air. Plug in 
the values for nitrogen gas from part (b). How close do you come to the 
“textbook value” of 330 meters/sec? 


Waves in General 


This may be a good place to talk about the wave concept. You hear the word 
wave and you think about water. Look at a leaf floating on the surface as a 
wave goes by. You see it moving in a little circle (Fig. 10.4), ending up 
where it was before the wave passed.* Another leaf a little further on does 
the same dance, but at a somewhat later time. We say “its phase lags” be- 
hind that of the first leaf; the wave gets there later. But the pattern of the 
motion is the same. The propagation of the pattern is the essence of wave 
behavior. Notice that the speed of the wave and the speed of the leaf are 
not the same. 

What different kinds of waves have in common is that some kind of pat- 
tern propagates in space. The speed at which the pattern travels is called 
the phase velocity. Most waves also involve the transmission of energy and 
momentum. The energy velocity is not always the same as the phase veloc- 
ity. In fact, standing waves (see Sec. 10.4) don’t transmit energy at all. In 
this book you will meet elastic waves, gravity waves, surface-tension waves, 
electromagnetic waves, and even matter waves (also called probability 
waves). Sound waves are elastic waves. 


“Try standing in the shallow water on an ocean beach! You can feel the push and pull. 
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waves in a Homogeneous Medium 


The sound of a hand clap or the explosion of a firecracker is a single pres- 
sure pulse, which travels outward from the source. The wave front, the 
beginning of the region of increased pressure, is essentially spherical, since 
the pulse travels through the air at the same speed in all directions. With a 
periodic sound source, like a vibrating tuning fork, the waves of increased 
pressure, called condensations, alternate with regions of decreased pressure 
called rarefactions. (See Fig. 10.5.) As the prong moves back and forth, it 
pushes on the air going one way and sends out a condensation. When it 
pulls, going back the other way, it sends out a rarefaction. 

Ina solid or liquid, sound travels much faster, because the atoms or mol- 
ecules are “touching” all the time. They don’t have to travel from collision 
to collision. The stiffer, the less compressible the medium, the faster a pres- 
sure wave travels. Again, just as with a gas, the more massive the atoms, 
the slower the speed of sound. 


LT eT 


EXERCISE 3 Steel is less compressible than water—its bulk modulus is about 
40 times greater—but it is 8 times denser. Guess: Which propagates sound 
faster, steel or water? 


EXERCISE 4 Speed-of-Sound Formula 

In many materials the speed of sound is given by the formula c, = (B/p)'”, 

where B is the bulk modulus and p the density. The bulk modulus of stain- 

less steel is 26.4 x 10 newtons/m’; its density is 7.9 grams per cm°. (See 

Sec. 3.2 on Strength of Bone.) 

(a) Calculate the speed of sound in steel using the formula. 

(b) The speed of sound in water at 25°C is 1493 m/sec. Use the formula to 
calculate its bulk modulus. Are you surprised that water is more com- 
pressible than steel? 
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Compressional and Shear Waves 


Ifyou hit the end of a metal rod with a hammer, a wave of compression—a 
Condensation—travels down the rod toward the other end. But if you hit 
the side of rod, so it bends a little, there are two waves in the rod. In addi- 
tion to the wave of compression, a wave of bending also travels down the 
tod. The motion of the metal atoms due to compression is along the direc- 
tion of travel of the wave—longitudinal. Their motion due to the bending, 
also called the flexural or shear wave, is perpendicular to the wave direc- 
tion—transverse. A transverse wave is a vector wave: To describe a trans- 
verse wave, we have to specify a direction, or a plane or vibration. (See Fig. 
10.6.) That is called its polarization. You will meet that concept again when 
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FIGURE 10.5 Tuning fork radiating 
sound, showing compressions 
alternating with rarefactions. 


S0.0000000000 


CARD NNA QQ. QHD AN QUWI 
Z 


FIGURE 10.6 Transverse waves 
and longitudinal waves. 
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FIGURE 10.7 Sinusoid. 
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you read about light waves. In a longitudinal wave, the vibration is only in 
one dimension, back and forth along the direction of travel. For a transverse 
wave, two dimensions are needed to describe the vibration, a right-and-left 
dimension and an up-and-down dimension. Note that the idea of polariza- 
tion comes up only for transverse waves, not for longitudinal. In gases and 
liquids, only longitudinal waves can be propagated: pressure waves, Air 
does not resist bending. There is no restoring force for transverse displace- 
ments. The same is true for water. But be careful not to confuse transverse 
elastic waves with surface waves. Water cannot support transverse elastic 
waves. Surface waves due to gravity and surface tension, which are trans- 
verse waves, are seen in every pond and bathtub. 

A transverse wave in one medium can give rise to a longitudinal wave in 
another. The vibrations of the string of a guitar or violin are transverse, but 
they couple to vibrations of the body of the instrument and in turn to vibra- 
tions of the air surrounding it. That is how the sound of the instrument is 
radiated. The reciprocal effect can also be observed. Sound incident on the 
violin can set a string vibrating if its frequency is close to a “natural” fre- 
quency of the string. That is resonance, which is discussed in the next sec- 
tion. 


10.4 WAVELENGTH AND RESONANCE 


With a periodic wave, with condensations alternating with rarefactions, the 
distance from one pressure maximum to the next is the same regardless of 
how far from the sound source the wave has traveled. That distance is just 
how far the wave travels in one period of the vibration. Suppose that the 
vibration frequency is 1000 Hz, one-thousand vibrations per second. Then 
one-thousandth of a second elapses between successive maxima—or succes- 
sive minima, if you prefer. The period is 0.001 second, 1 millisecond. Ata 
sound speed c, of 330 meters per second, the distance between maxima is 


(= m 


) x (0.001 sec) = 0.330 m 
sec 


That is called the wavelength. So the wavelength A is the distance the wave 
travels in one period T: 


dX} =cT (Eq. 1) 


Obviously, the concept of wavelength has meaning only for a periodic 
wave. It doesn’t make sense to ask what is the wavelength of an explosion— 
just as you don’t ask what is its pitch. 

The wavelength in water of our 1000-Hz wave would be much longer than 
in air, because the speed of sound in water is so much faster: 1500 m/sec. In 
0.001 sec a wave going that fast will travel 1.5 meters, compared to the 0.33 
meters in air. In steel the speed of sound is about 6000 m/sec, so our 1000- 
Hz wave would have a wavelength of 6 meters. 
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exercise 5 Verify. 


Simple-Harmonic Motion: Sinusoidal Oscillation 


A tuning fork, a guitar string, a chime, a playground swing, a skyscraper 
swaying in the wind—all such “oscillators” have a favorite frequency. They 
are easy to set in oscillation at this natural frequency. Once started, they keep 
oscillating for a while. They may also be able to sustain free oscillations at 
frequencies higher than this natural frequency. For this reason, the natural 
frequency is also called the fundamental. 

That mythical oscillator, the “mass point on a massless spring”* has free 
oscillations of only a single frequency. Its motion is called simple harmonic. 
Figure 10.7 is a graph of a simple-harmonic displacement versus time. You 
may recognize it as sinusoidal, that is, the graph of a sine or cosine function. 
The box “Sinusoidal Oscillation” does the mathematics of simple-harmonic 
motion. Here we give its definition: 


A point is in simple-harmonic motion if its acceleration toward equilib- 
rium is proportional to its displacement from equilibrium. 


Evidently, a mass is in simple-harmonic motion if the restoring force is pro- 
portional to the displacement. (HiNT: F = ma) A spring that has the prop- 
erty that its tension is proportional to how far it has been stretched is called 
a linear spring, or is said to obey Hooke’s Law. (See Sect. 3.2.) Most springs 
obey Hooke’s Law well for small enough displacements from equilibrium. 
That is why simple-harmonic motion is not just a myth. In real structures, 
the small-amplitude oscillations that are easiest to excite are nearly simple 
harmonic. To see why, you have to know about standing waves. 


— tn a o” 
I 
EXERCISE 6 The spring constant K is defined by Hooke’s Law, 

force = K x displacement 


Our analysis has shown that K = mw’. (See box on next page) 

(a) Express the period T of the oscillator in terms of K, m, and A. Are you 
surprised that the formula does not contain the amplitude A? The period 
is independent of amplitude. That is the hallmark of the simple-harmonic 
oscillator. 


4 *, P P 
Have you noticed something funny about the way physicists talk? They start with an ideali- 
on: When the oversimplified model has been understood, then comes the time for the com- 
Piications that make the model more realistic. 
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FIGURE 10.8 Skyscraper swaying 
in the wind. The natural 
frequency might be a fraction of a 
hertz, on the order of a few 
vibrations per minute. 


E 276 


SINUSOIDAL OSCILLATION 


Let the displacement of a “mass point” at time 
t be given by the function 


displacement = A sin wt 


plotted in Fig. 10.7. A is called the amplitude. 
The argument wt of the sine function is an angle 
(see Appendix B for trigonometry) measured in 
radians. Recall that 27 radians is 360°, full circle; 
so in the time that wt advances by 27, the sine 
function goes through one period. Repeat: The 
period T of the oscillation is such that 


oT = 20 


or 
(Eq. 2) 


The rate (pronounced omega) at which the 
angle is swept out is called the angular fre- 
quency. If we call the frequency v (pronounced 
nu) the number of periods per unit time, then 


(Eq. 3) 


is the number of radians per unit time. For our 
1000-Hz oscillator, the period is 0.001 sec. The 
angular frequency is 


w = mv 


radians 
sec 


E on (100022288) = 6283 
sec 


You may have seen a demonstration in which 
the projection (the shadow) of a point execut- 
ing uniform circular motion is plotted versus 
time.* If you think of the light coming from the 
left and casting a shadow on a screen on the 
right as shown, the displacement of the 
shadow from the center of its motion is given 
by the function A sin wt, where A is the radius 
of the circle (Fig. 10.9). 

The velocity of the point on the circle 
changes direction all the time, of course, but its 
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FIGURE 10.9 When the point moves in uniform cir- 
cular motion, its shadow performs simple harmonic 
motion. 


speed remains constant in uniform circular mo- 
tion: 

2a A 

v = Aw = T 

The circumference of the circle is 2mA and is 
swept out in one period T. How about the ve- 
locity of the projection, the velocity of our sim- 
ple-harmonic oscillator? It is given by the pro- 
jection of the velocity vector of the point in 
uniform circular motion. That is also a periodic 
function of time, same period, but evidently 
out of phase with the displacement: When the 
oscillator is at the center of its motion (displace- 
ment = 0), it is going fastest. When it is at the 
limits of its motion (displacement = + A), it re- 
verses, so its velocity is instantaneously zero. 
Evidently, the fastest velocity is wA, the speed 
of the point in the circle. The velocity function 
ist 


(Eq. 4) 


Aw cos wt 


Now for the acceleration of our simple-har- 
monic oscillator. We can use the same argu- 
ment over again. The acceleration is the time 
rate of change of the velocity. We therefore 
want to project the tip of our velocity vector 
and ask for its velocity. The velocity vector, of 
magnitude Aw, rotates uniformly, sweeping 
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out a “circumference” 27 wA in time T. Its max- We can interpret all this in terms of our 


imum rate of change is thus “point mass on a massless spring.” Use the law 
Drea n of motion F = ma. The restoring force is given 
mx = — p= A by 
F = ma = —mw°A sin wt 


The acceleration is given by the function 
; i The displacement of the oscillator from equilib- 
acceleration = —w°A sin wt > P 
rium is 
You can see how you get the minus sign: 


i displacement = A sin wt 
When the displacement is up, the acceleration k Pi 


is down, and vice versa. The acceleration is Indeed, the restoring force is proportional to 
half a period out of phase with the displace- the displacement. The proportionality constant 
ment. Since the acceleration is proportional to (Hooke’s Law constant, spring constant) is 
the displacement, our definition of simple-har- mo. 


monic motion is satisfied! 


ccs 


*PSSC Film No. 0306, “Periodic Motion,” by J. N. P. Hume and D. G. Ivey, is excellent. 
tif you know how to differentiate the function A sin wt with respect to time t, that comes as no surprise. 


(b) Dimensional analysis: amplitude A ~ meters 
mass m ~ kilograms 
spring constant K ~ kilograms/second* 
How can you combine these three quantities to obtain a time, a quantity 
with the dimensions ~ seconds? 


EXERCISE 7 A force of 10~* newtons stretches a linear spring 1 mm. 

(a) What is the spring constant mo”? 

(b) Attached is a mass of 107°? kg, which is much more than the mass of the 
spring. Find the period for small oscillations. 


eee 


Standing Waves 


Stretch a long clothesline or wire and try to observe a wave running down 
it. That spiral “retractable” telephone cord is good. You can shake a trans- 
verse pulse into it that is slow enough to follow with your eye. An extra- 
long “slinky” toy, stretched on a smooth floor, makes a dramatic demon- 
stration of transverse waves (Fig. 10.10). You can shake quite a sharp pulse 
into one end and watch it travel down with little loss of amplitude. What 
‘appens when it gets to the clamped end? It is reflected. But a pulse with 
displacement to the right is reflected as a pulse with displacement to the 
left. A crest is reflected as a trough. The reflected wave has changed sign. FIGURE 10.10 
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SUPERPOSITION OF TWO RUNNING 
WAVES TO MAKE A STANDING WAVE 


A sinusoidal running wave on a string is de- 
scribed by a displacement 


A sin(wt + phase angle) 


of each point of the string, where the fre- 
quency v and the period T are 


and the phase angle depends on what point x 
of the string you are watching. By the way, 
that is called an “angle” just because it is mea- 
sured in radians. A snapshot of the string gives 
the displacement as a function of position x 
(Fig. 10.11): 


A sin(kx + phase angle) 
where the wavelength is 


L2 


k 


and the phase angle depends on the time t. We 
can put all this into one equation, using our 
knowledge that the displacement has to be a 
function of x — vt for waves traveling at speed 
v in the positive x-direction: 


A 


displacement = A sin(kx — wt + phase 
angle) 


The wave speed is 


à o 
p==>=—=hy 


Tose (see Eq. 1.) 


Now the phase angle just depends on the ini- 
tial conditions, and we might as well set it 
equal to zero. If, instead, you set it equal to 41, 
that is the same as writing A cos(kx — wt). For 
completeness, here is the running-wave dis- 
aamen in terms of wavelength \ and period 


; = Als Taal m, 
displacement = A sin iad T 


A running wave in the negative x-direction is 
displacement = A sin(kx + wt) 


Now to add them up. The superposition of the 
two running waves gives a standing wave: 


A sin(kx — wt) + A sin(kx + wt) 
= 2A sin kx cos wt 


EXERCISE 8 Prove this trigonometric identity, 
starting from sin(A + B) = sin A cos B + 
cos A sin B. 


If you look at the motion of one point x, 
the time dependence of the displacement is 
given by the term cos wt, and its amplitude is 
2A sin kx. This is maximum (= 2A) at the mid- 
point x = imik = 4. 

If you look at a snapshot of the whole string, 
it has a shape proportional to the term sin kx, 
with amplitude 2A cos wt. To see that this is a 
standing wave, note that the time dependence 
and the x-dependence are in separate terms. 


Antinodes 


FIGURE 10.11 Three “snapshots” of a standing wave. 
The points of no-displacement are the nodes. The 
points of maximum displacement are the antinodes. 
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If while the reflected pulse is coming back you shake in another pulse, 
you can watch the two “annihilate” each other when they meet. They seem 
to pass right through each other. At one instant they cancel each other out. 
What happens if, instead of sending down sharp pulses, you move your 
end of the rope in simple-harmonic motion? There is a natural frequency. 
That is the frequency at which the wave makes the round trip in exactly one 
period of the motion. At this frequency you no longer see one wave running 
down and a reflection coming back. You see the whole rope (or slinky) os- 
cillating in phase. Every point is moving to the right at the same time; then 
the whole thing moves to the left, and so on. We call that a standing wave. 
You know it is made up of the superposition of one running wave going 
down and another one coming back; but the superposition is such that you 
are no longer aware of anything traveling. 

Notice that standing waves are possible only if the waves running both 
ways are sinusoidal. It is instructive to see this mathematically, using the 
properties of the trigonometric functions. We take two running waves going 
in opposite directions and add them and—presto—we get a standing wave. 
This is done in the box labeled “Superposition.” 

Not surprisingly, this “standing-wave” motion is exactly the natural-fre- 
quency oscillation of the rope (or slinky). Now you can see why this mode 
of excitation builds up easily, why it is easy to excite oscillations at the fun- 
damental frequency. A wave crest going down is reflected as a trough com- 
ing back. But just as that trough gets halfway back, the next trough is half- 
way down, and the two add up to make a doubly deep trough. A trough 
going down is reflected as a crest and gets to the middle just as the next 
crest does, making a crest of double height. Crest meets crest exactly in the 
middle; trough meets trough exactly in the middle. The wave going down 
and the wave coming back are said to interfere constructively at the midpoint. 
At the two ends, they interfere destructively; there crest meets trough and 
trough meets crest and they cancel. The points on a standing wave where 
the interference is constantly destructive are called nodes. The points of con- 
stant constructive interference are antinodes. For oscillation at the funda- 
mental frequency, the nodes are at the two ends, and there is an antinode 
in the middle. 

Think about what happens at frequencies near the fundamental, say just 
below it, A crest is reflected from the end as a trough, which gets back to 
the middle just ahead of the next trough going down. Trough meets trough 
Ma different spot following each reflection. No standing wave results. If 
you are shaking waves in by moving your hand, the motion of your hand 
feeds energy into the wave one moment and takes energy out the next. 
When you were shaking in waves at the fundamental frequency, your 
hand’s motion was in phase with the standing wave and fed energy into the 
standing wave all the time. 

Oe shake in waves having a frequency twice the fundamental (Fig. 

-12). This time two complete wiggles occur in one round trip. By the time 
a crest is reflected from the end, the trough following it has got to the mid- 
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FIGURE 10.12 A sinusoidal wave 
traveling to the right and a similar 
one traveling to the left superpose 
(interfere) to form a standing 
wave. 
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FIGURE 10.13 If the cello string is 
lightly touched exactly at its 
midpoint, it vibrates at its second- 
harmonic frequency, that is, an 
octave above its fundamental. 
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point. That crest is reflected as a trough, and when that trough gets to the 
midpoint, it meets a crest. The midpoint is now a node: Trough meets crest, 
and crest meets trough. But the two points one-quarter of the way from each 
end are antinodes. There crest meets crest and trough meets trough. We 
again have a standing wave. All the points in the near half of the rope 
(slinky) are oscillating in phase; all the points in the far half are in phase, 
But the two halves are exactly out of phase: When one half is moving to the 
right, the other half is moving to the left. 

A little thought will convince you that standing waves will also result ata 
frequency 3 times the fundamental, 4 times the fundamental, and so on, 
Integer multiples of the fundamental frequency make a standing-wave pat- 
tern, and no other frequency does. If you have a long slinky, it is quite a 
spectacular demonstration to set it vibrating in its fundamental mode, then 
speed up the frequency and see the standing wave give way to chaos. When 
the frequency an octave higher (i.e., double the fundamental) is reached, 
standing waves reappear, this time with a node in the middle. Going to 
higher frequencies, that regular pattern disappears and chaos reigns until 
you get to 3 times the fundamental, where you get standing waves witha 
node one-third of the way from each end, and three antinodes. Higher and 
higher frequencies take you through standing-wave patterns with an ever- 
increasing number of nodes. You can verify that the frequency that gives 
standing waves with, say, six antinodes is exactly 6 times the fundamental 
frequency. 
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EXERCISE 9 On Harmonics of a String 

Let the lowest string of the cello (the C string) be tuned to 64 Hz. This 

means that the tension is such that the fundamental frequency is 64 Hz. If 

a finger tip is placed very lightly at its midpoint, that fundamental mode is 

suppressed. The midpoint becomes a node. The string can still oscillate in 

the mode called the second harmonic, the next-highest mode. (See Fig. 

10.13.) 

(a) What is its frequency? Is that exactly one octave above the fundamental? 
Is it called C? 

(b) If a finger tip is touched instead to a point one-third of the way from 
the bridge, the string can oscillate in three equal parts. Find the fre- 
quency of this mode. The note is called G, the G below middle C. 

(c) What is the ratio of this “third-harmonic” to the “second-harmonic” fre- 
quency of part (b)? Is the interval a fifth? Check with the “Three-Blind- 
Mice” box if in doubt. 


EXERCISE 10 On Standing Waves 

When the slinky is oscillating at its fundamental frequency, the wavelength 
à; is twice the distance L between the ends: The running wave goes down 
and back in one period. In the next-higher mode, with two antinodes, the 
wavelength àz is equal to the length L. 
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Slinky toy (triple-length) standing-wave demonstration. (a) One antinode. (b) Two 
antinodes. (c) Three antinodes. 


(a) The next standing-wave mode has three antinodes. Relate its wave- 
length \; to the length L. 

(b) For a standing wave with n antinodes, relate the wavelength \,, to the 
length L. 
The speed at which a wave crest or trough travels down a slinky de- 
pends on the tension in the slinky. The tighter the spring, the faster the 
wave. But the wave speed does not depend on the frequency. Waves of 
different frequencies travel at the same speed. We say that the medium 
is nondispersive. The description of standing waves in the text tacitly as- 
sumes this lack of dispersion when it talks about doubling the frequency 
to get from the fundamental to the next standing-wave mode. 

(©) What is the frequency of the standing wave with n antinodes? Express 
in terms of the fundamental frequency. 
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Resonance 


We can now start to understand resonance. If you are pushing a child on a 
Playground swing, you can build up the vibration amplitude fastest by 
Pushing at the natural frequency (Fig. 10.14). If your pushing frequency is 
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FIGURE 10.14 The amplitude builds 
up if the natural period of the 
swing is in resonance with the 
period of the pushing. 
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“out of tune” with the swing frequency, your pushes will be alternately in 
phase and out of phase with the swing. Energy is fed into the motion of the 
swing and then out again. How about a violin string? A trumpet? A wine 
glass? A room? A structure can absorb energy easily at its standing-wave 
frequencies. If a sound wave having one of these special frequencies is in- 
cident on the structure, the vibrational motion of the structure can stay in 
phase with the sound wave. Remember, if the force on an object is in the 
same direction as its velocity, work is done on the object. The force trans- 
mits energy to the object. If, on the other hand, the force on the object is 
antiparallel to its velocity, the work done by the force is negative; the force 
then takes energy away from the object. At incident sound frequencies well 
away from standing-wave frequencies, the pushes and pulls of the sound 
wave will sometimes be with the motion of the structure, sometimes against. 
Energy is alternately fed from the incident sound wave into the structure 
and back out into the sound wave. At the standing-wave frequencies, the 
pushes and pulls can stay with the motion of the structure. This allows 
energy to flow predominantly from the sound wave to the structure. This 
ability of a structure to select certain sound frequencies and to convert inci- 
dent sound energy into standing-wave energy is called resonance. 

If you have access to a piano, hold down a key to lift the damper, and 
sing right into the sounding board to look for resonances. After singing at a 
constant pitch, stop your voice to listen to the vibrations you have excited. 
You might even be able to feel them by touching the string gently. That kills 
them, of course. How many different harmonics can you excite in one 
string? The fundamental, of course. Twice it? Three times it? Four? Five? 
The higher ones will probably be weaker. 

How sharply tuned is the resonance? If the note you sing is a semitone 
away from (out of tune with) the note whose key you are holding down, do 
you excite any noticeable vibrations? 


Ringing and Resonance 


In describing resonance, we have quite forgotten to talk about the dissipa- 
tion of vibrational energy in our oscillating structures. We have neglected 
damping. Yet it is a simple fact of experience that some free oscillations ring 
for a long time, others damp out in a few periods. That is the difference 
between a clang and a click, between a ding and a thud. A somewhat more 
subtle generalization from experience relates this ringing time to the fre- 
quency selectivity of the oscillator: The longer its ring, the more selective the 
oscillator. An oscillator having little damping rejects incident sound if its 
frequency is slightly out of tune with its natural frequency. The more 
damped the oscillator, that is, the shorter its ringing time, the wider the 
band of frequencies over which the oscillator can absorb sound. We can talk 
about the “sharpness of the resonance,” The sharper the resonance for 
forced oscillations, the longer the ringing for free oscillations. 
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BANDWIDTH THEOREM 


The following is an intuitive argument, not a Statement: The statistical uncertainty (error) in 
mathematical proof. the frequency of a train of waves is inversely 

A sound has to start at some time, and it proportional to its duration. The proportional- 
stops at some time. So we can talk about a ity constant is of order unity. 


wave train. But a wave train doesn’t have a 


sharp beginning or end. If you try to count the The relative error Av/v in the frequency is + 


number N of wiggles in a wave train, you prob- Ivt, or 
ably can’t do much better than +1. If the wave Av il 
train passes (the sound lasts) for a time t, then A 
its frequency v is 
N j 7 . 
ais number per unit time EXAMPLE The frequency of a wave train 100 


periods long can be measured to +1%. 


Since the uncertainty* in N (call it AN) is +1, 


the uncertainty in the frequency v is 
EXAMPLE To measure a frequency to an accu- 


l racy of one part in a million, one needs a wave 


Av = + È =a A 
t train at least a million periods long. 
———— 
‘To say that the error in counting waves is +1 is surely too conservative. Actually, we never specified a precise statistical meaning for 


AN. A mathematically more supportable claim is that we can count to + 1/27, that is, to the nearest radian. Then the Bandwidth Theorem 
is written Av/v + (1/27)N. 


This generalization about physical systems is usually approached through 
a mathematical technique called Fourier analysis (or harmonic analysis). The 
theorem called the Bandwidth Theorem is presented in the box. 


Harmonic Content 


A sound wave whose vibration pattern is sinusoidal, that is, simple har- 
Monic, is called a pure tone. A low-pitched whistle through pursed lips 
comes close. So does a tuning fork, or an audio-oscillator. Among musical 
‘struments, only the flute in its middle register is reasonably “pure,” and 
only if it is played softly enough. s 
Suppose that two pure tones an octave apart are sounded together. Figure 
10.152 shows the resulting vibration pattern. The repetition frequency is that 
of the fundamental. We shall call the lower tone the fundamental, and the 
tone with twice the frequency the second harmonic. It is just as if they were 
both generated by the same uniform string or pipe- The addition of the 
second harmonic changes the shape of the vibration pattern of the funda- 
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(a) 


(b) 


(c) 
FIGURE 10.15 (a) Fundamental plus 
second harmonic; (b) fundamental 
plus third harmonic; (c) 
fundamental plus second and 
third harmonic. 
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mental but not its frequency. So the ear does not hear two pitches. It hears 
a tone having the pitch of the fundamental but a different tone quality. In- 
deed the tone quality depends on the relative intensity of the two compo- 
nents. 

Figure 10.15b shows a superposition of fundamental and third harmonic 
an interval called a twelfth. Again, the perceived pitch is that of the funda- 
mental, but the tone color is different. Figure 10.15c has a mixture of fun- 
damental, second harmonic, and third harmonic. You can imagine what it 
might be like to add fourth harmonic, fifth, and so on. The higher the har- 
monic, the spikier the pattern. Now for a mathematical theorem: 


Any repeated pattern can be represented as the superposition of a fun- 
damental and its integer harmonics, and the recipe is unique. 


Each superposition of harmonic components gives a different vibration pat- 
tern. So each vibration pattern has a unique harmonic decomposition. 

This theorem is due to the French mathematician J. B. J. Fourier. The 
harmonic decomposition is also called a Fourier series or Fourier decompo- 
sition. There are instruments called harmonic analyzers that can measure 
the relative strength of the various harmonics making up a vibration pattern, 
In recent years, harmonic synthesizers have been produced commercially and 
have been used in popular music. 

Armed with Fourier’s Theorem, you can make sense out of a statement 
like this: “The tone of the double bass is characterized by a large third-har- 
monic content. In fact, there is more third harmonic than fundamental.” 
This means that the vibrations of the string are a combination of standing 
waves. Remember, a superposition of standing waves is not a standing 
wave. You won't see the two nodes corresponding to the third harmonic 
because there is some fundamental and some second harmonic, as well as 
higher harmonics. Why can’t the double bass put out a pure sine wave? 
Why can’t the string oscillate in its fundamental mode? It can. If it is excited 
by a sinusoidal sound wave at the fundamental frequency, it will. It will 
resonate at the fundamental. But it won't sound like a double bass. Nor- 
mally, the double bass is bowed or plucked, and then the various harmonics 
are produced in the proportions that give it its characteristic double-bass 
tone color. 


Beats 


You will need your friend again, or else a musical instrument that can play 
a sustained tone while you sing. Sing the same note together. Really try for 
unison. You can hum or sing “la” or any vowel. Then, while your friend 
sustains his or her note, make yours slightly flat or sharp. Listen to the 
“harmony.” It will sound bad. If you listen carefully, you will hear the 
sound pulsate—loud, soft, loud, soft. . . . The closer your two pitches are 
to unison, the slower the beats. As you widen the interval between your 
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two pitches, the beats speed up. Gradually, they become imperceptible as 
beats. Finally, you just hear the harmony. 

Figure 10.16 shows how beats arise from the superposition of two sinu- 
soidal vibrations whose frequencies are close. The two start in phase, so 
they interfere constructively. After a while they are exactly out of phase and 
interfere destructively. Slowly, they get back in phase. The cycle repeats. 

Let's do the arithmetic. Superpose a 100-Hz signal and a 101-Hz signal of 
the same amplitude. Look at Fig. 10.16. The two signals start in phase. The 
first crest has double amplitude, the sum of the two. Half a second later, 
the 100-Hz signal is putting out its fiftieth crest, but the 101-Hz signal is on 
crest number 50} (= 101 periods/s x 0.5 s). Nonsense; that’s a trough. Crest 
meets trough, and they cancel. The superposition signal is at a minimum. 
Not until a full second has elapsed are the two sinusoidal signals back in 
phase, and the superposition signal at maximum again. What you hear is 
one beat every second. Once every second the sound gets loud. Is its fre- 
quency 100 or 101 Hz? It is hard to tell by listening to the pitch. The wob- 
bliness in intensity is perceived as an uncertainty in pitch. 

If we had superposed a 100-Hz signal and a 102-Hz signal, the beat fre- 
quency would have been 2 per second. Evidently, the beat frequency is the 
difference between the two “beating” sinusoidal frequencies. The box shows 
the algebra. 


Harmony 


Now you can appreciate why our ears are so good at pitch matching. Two 
sounds heard together will have “zero beat” if they have the same fre- 
quency. If they are out of tune, we can actually hear the beat frequency, and 
we find it unpleasant. If someone is sounding A-440 and you are playing 
the A-string of a violin that is a bit sharp—say it is tuned to 444 Hz—you 
can feel that 4-Hz beat. Is your pitch discrimination really good to 1%? It is, 
if the two tones are sounded together. 

In the air in which the sound waves travel, nothing is actually vibrating 
at this 4-Hz beat frequency. Air is a “linear” medium, and the two sinusoi- 
dal signals simply superpose. The ear is not so linear. It actually manufac- 
tures new frequency components. It generates harmonics, as well as differ- 
ence frequencies. It generates a 4-Hz vibration. à 

Now we can make good on our promise to explain why some intervals 
sound more pleasant than others. Why does A-440 sound good when 
played together with A-220, an interval of an octave? The difference fre- 
quency, the frequency: of the beats, is 220 Hz. The ear actually generates 
that difference frequency, and it has zero beat with the incident 220-Hz sig- 
nal. The ear also generates the harmonics of 220 Hz and the harmonics of 
40 Hz, and their difference frequencies. If you do the arithmetic, you'll find 


4 i, 
All alliteration allegedly accidental. 
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FIGURE 10.16 Superposition of two 
sinusoids whose frequencies differ 
by roughly 10%. 
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SUPERPOSITION OF TWO SINUSOIDS 
OF DIFFERENT FREQUENCY 
sin wt + sin wot = that is the average of the o sinusoidal fre- 
E uencies. The (slow) term cos 3(w; — w2)t gives 
2 sin( 2 + ”); cos (2 e); a “envelope.” It goes from +1 to 0 hi —1 
2 2 with a frequency that is the difference between 
To prove this, write the two sinusoidal frequencies (not half of the 
orton oo difference. See Fig. 10.15). This difference fre- 
or cor, A quency is the slow frequency, the frequency at 
which the “fast” signal is modulated. Your ear 
toy ea ee can’t tell whether the cosine is positive or neg- 
2 2 ative. That just affects the phase of the fast sig- 
and use the trigonometric identity sin(A + B) = nal. What you want to know is how fast its am- 
sin A cos B + cos A sin B. The term plitude is modulated. The difference frequency 
sin 4(@, + œ)t on the right has a fast frequency is the beat frequency. 


no slow beats! But suppose you sound 444 Hz together with the 220 Hz. 
The difference frequency generated by the ear would be 224 Hz, which beats 
with the incident 220-Hz signal at 4 beats per second. That sounds ugly. 
Also, the 444 Hz beats with the second harmonic of the 220 Hz. Again, 4 
beats per second. The second harmonic with the fourth: 888 Hz with 880 Hz 
gives 8 beats per second. You can see why we like our octaves clean. 

Try an interval of a major third. The fourth harmonic of A-220 is A-880; 
the fifth harmonic is C# —1100. The frequency ratio 1100:880 (= 5:4) isa 
major third. The difference frequency is 220 Hz. That beats with the upper 
frequency at (1100 — 220 =) 880 Hz, which matches the lower frequency: 
Zero beat. You see why the major third is pleasant. 
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EXERCISE 11 The 220 Hz also beats with the 880 Hz. Do you expect to find 
their difference frequency in the ear? (HINT: It is a harmonic of. . . .) 
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The fifth, the fourth, the minor third, all those intervals we identified in 
“Three Blind Mice” are characterized by frequency ratios that are close to 
ratios of small integers. That fact makes for no slow beats between their 
harmonics and the various difference frequencies. Traditional harmony is 
based on the consonance of those intervals. 


40.5 LOUDNESS AND INTENSITY 


40.5 LOUDNESS AND INTENSITY 


In the quiet of the night you can hear a pin drop 10 meters away. That is 
how sensitive your ears are. Let's put in numbers. We want to know how 
much sound power has to hit, say, each square millimeter of eardrum sur- 
face in order to be audible. The answer depends on frequency, of course. In 
the middle of the audible range, where the ear is most sensitive, the answer 
is about 10° ® watts. Translate that into sound power per square meter: In 
consistent units, that energy flux is 10`” watts/m?, The ear is very sensitive. 
Another measure of its sensitivity is the fraction by which the air pressure 
has to change to be perceptible. What is the pressure amplitude of a sound 
wave at the threshold of hearing? In the same frequency range, the answer 
is about 3 parts in 10 billion. 


ee 
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EXERCISE 12 Multiply that out. Atmospheric pressure is 10° newtons/m?. 


The least perceptible pressure amplitude is 3 x 10~'° of that, or 
newtons/m’. 


I ee 
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Not only is the ear sensitive; it also has an enormous dynamic range. The 
threshold of pain is a sound intensity (= power per unit area) 10! times 
greater than the threshold of hearing. A dynamic range of a trillion! Is there 
any instrument in your physics lab that can measure over a range as wide 
as that? 

Find an instrument that is good for measuring the very small as well as 
the very large. You will notice that it has a “range switch.” Usually, each 
click of that knob changes the sensitivity by a factor 10. Two clicks to the 
left, and the instrument is a hundred times more sensitive. Three clicks to 
the right, and the sensitivity is one-thousandth of what it was. The ear has 
no such knob. It has a number of mechanisms that make its response non- 
linear, that attenuate intense sounds more than weak ones. As a conse- 
quence, we measure sound level on a nonlinear scale. For historical reasons, 
we chose a logarithmic scale. 


Decibels 


The telephone engineers have given us the terminology here: A tenfold in- 
crease in intensity is called an increase of 10 decibels.° (Abbreviation: 10 db.) 
Reducing the intensity to one-tenth is called a decrease of 10 db. A hun- 
dredfold increase in intensity is called an increase of 20 db. 


‘Named in honor of Alexander Graham Bell, the inventor of the telephone. Ten decibels used 
to be called 1 bel, but no one talks that way any more. 
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EXERCISE 13 A thousandfold increase in intensity is called an increase of 


db. 
EXERCISE 14 The threshold of pain corresponds to a sound intensity that is 
10”? times that at the threshold of hearing. It is therefore —____ db higher, 


DEFINITION The difference in level of two 
sounds, measured in decibels, is 
equal to 10 times the logarithm of 
their intensity ratio. 


uae 
level difference in db = 10 logo pensi) 
intensity 


That is a definition based on measurable physical quantities. Intensity is 
energy per unit time per unit area. It is difficult to measure, but there is no 
ambiguity about what is to be measured. Loudness is quite another matter. 
That is a psychological variable. Its definition depends on asking people 
how they perceive different sounds. In the nineteenth century, scientists 
thought that the ear had logarithmic response, that the loudness scale par- 
alleled the decibel scale of sound level. That turned out to be a bad approx- 
imation. For a modern loudness scale, see Problem 25. 


EXERCISE 15 The logarithm to the base 10 of 2 is 0.301. If one sound is twice 
as intense as another, their level difference is 3 db. (Pardon the roundoff.) 
If one sound is 4 times as intense as another, their level difference is 
db. 


Inverse-Square Law 


If a sound source radiates 1 watt of sound power equally in all directions— 
we say isotropically—then 1 meter away the sound intensity is 
1 watt 1 watt 


intensity = = 
G: area of a l-meter sphere 4r (1 m)? 


Two meters away, the sound intensity is one-quarter of that. Three meters 
away, it is one-ninth of that. Ten meters away, it is one-hundredth of that. 
Why? The area through which the energy has to flow when it has gone 2 
meters is 4 times the area is passed through after 1 meter of travel. The 
wavefront is a sphere centered at the source of sound. The area of a sphere 


is proportional to the square of its radius, and that area is in the denomi- 
nator here: 
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power 


intensity = ta 


The intensity goes as the inverse square of the distance from a point source. 
We could just say: Doubling the distance reduces the sound level by 6 db. 

How good is the inverse-square law in real life? It neglects (1) reflection, 
(2) absorption, and (3) scattering. Don’t expect it to hold in a room. Reflec- 
tion from the walls accounts for most of the sound we hear indoors. When 
is the inverse-square law a reasonable guide? Answer: Outdoors, on a flat 
lawn without trees, with the sound source less than a mile away. Outdoors, 
because there are no obstacles to scatter sound; on the grass, because it does 
not reflect much sound; sound source not too distant, so that absorption by 
the air can be neglected. 


10.6 DIFFRACTION 


You hear footsteps coming down the hall long before you see the person 
appearing in the doorway. Sound goes around corners much better than 
light does. Light casts rather sharp shadows. What kind of “shadows” does 
sound cast? Obviously, they are fuzzy. To look at an object, you have to 
turn your eyes toward it. To listen to a sound, your ears can be turned in 
any direction. The sound waves can bend around the head and get to the 
ear. You may have noticed that low-frequency sound turns corners more 
readily than higher frequencies. Walk in front of a loudspeaker: The high 
pitches are beamed in the direction the speaker faces; the lows go out in all 
directions. 

Water waves bend around an obstacle. Sit on a pier and watch the waves 
as they hit the supporting piles. Or lie in the bathtub and watch the ripples 
“break” on your toes. Because we can see water waves, they are easier to 
experiment with than sound waves. If straight waves impinge on a large 
obstacle, the obstacle casts a shadow. For a smaller obstacle, the waves bend 
right around it. It is not that the smaller obstacle casts a smaller shadow. 
The word shadow does not describe the wave pattern behind the smaller 
obstacle. We say that the wave is diffracted by the obstacle. 

What determines the scale of lengths? It is the wavelength of the ripples. 
Long waves, with wavelengths longer than the obstacle is wide, bend 
around the obstacle. Short waves go more in a straight line. Shorter wave- 
length means higher frequency. This shows what we observed with the 
he waves from the loudspeaker: The higher frequencies are more direc- 

ional. 

The ripple tank (Figures 10.17-10.19) is a good device for studying waves. 
In Figure 10.17, straight waves are incident on a wide opening. We would 
call that a collimator, because it delimits the waves to a narrow beam. You 
can barely tell that the beam is spreading. The shadow of the edge is quite 
sharp - The wavelength sets the scale: The opening is several wavelengths 
Wide. In Figure 10.19 the opening is just about one wavelength wide, and 
the directionality of the waves is all but lost. Beyond the opening, the wave 
Pattern looks almost like the circular wavefronts emitted by a point source. 
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FIG. 10.17 


FIG. 10-18 


FIG. 10.19 


Ripples of three different 
wavelengths incident on the same 
opening. The longer the 
wavelength, the less directional 
the beam. 
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We shall discuss this situation more quantitatively for light waves in 
Chapter 12, under “Diffraction by a Single Slit.” The wavelengths of visible 
light are around 5 x 10~ meters. We therefore expect to notice little devia- 
tion from straight-line propagation until we start looking at very small ob- 
jects or fine details. 


Ultrasound 


In applications where we want to use sound to locate objects, the wave- 
lengths have to be small compared with the size of the objects. In echo 
location of submarines (sonar), that is not much of a limitation. But the same 
technique can be used to locate foreign bodies in the eye. If the foreign body 
is a splinter one-tenth of a millimeter in size, the wavelength of the sound 
in the medium in which it is traveling—in the vitreous humor—should be 
of the order of one-tenth of a millimeter or less. Estimating the speed of 
sound to be 1500 meters per second, as in water, we are talking about a 
frequency (Eq. 1) 


pE hya dea pe = 1.5 x 10 Hz 


That is almost a thousand times higher than the highest frequency we can 
hear. Sound of frequencies higher than the audible range is called ultra- 
sound. 

The use of ultrasonic techniques for “imaging,” for seeing through human 
tissue much as we do with X rays, is a rapidly developing technology. Other 
applications of ultrasound have become quite standard. For example, ultra- 
sonic cleaners are used to wash dirt from glassware. Here the point is just 


Ultrasonic imaging is a noninvasive and risk-free technique 
for visualizing the fetus. Unlike x rays, ultrasound is not ion- 
izing. Unlike ultrasonic cleaning, the intensities needed to 


make good pictures on the computer screen are sufficiently 
small to avoid cavitation. 


{0.6 DIFFRACTION 


to set the cleaning solution flowing rapidly back and forth past the surface 
to be cleaned (Problem 45). 


How We Know Where the Sound is Coming From 


The highest frequencies we can hear have wavelengths around 2 centime- 
ters. 


aE 
EXERCISE 16 Check that. The top of the audible range might be 20,000 Hz. 
The speed of sound in air is 330 m/sec. Wavelength = . (HINT: Eq. 


For such sound waves the human head casts a real shadow, but the ear 
funnels them right in. You can imagine how the ears could tell the direction 
of such a high-frequency sound wave: The ear facing the sound source hears 
it louder. You turn your head until the sound is equally loud in both ears. 
(See Problem 28.) 

What do our ears do with long waves? Wavelengths comparable to the 
size of the head diffract around it. Differential loudness discrimination by 
the two ears could not be the clue. Yet we are very good at turning the head 
accurately toward the direction of the sound, even for low-frequency 
sounds. How does it work? 

The ears can discriminate very small differences in the arrival times of 
sound at the two ears! It is easy to see how that would work for a bang or 
a click. How does it work for a long, steady tone? It turns out that the ears 
are sensitive to differences in the phase of the two arriving waves. Exercise 
17 shows how acute this ability to measure phase difference is. 


a IOO a L 
TO E E 
EXERCISE 17 Suppose that a source of 64-Hz sound is very far away so that 
the waves incident on the two ears come essentially from the same direc- 
tion. The head is turned 10° to the right of this direction. (HINT: sin 10° = 


0.174.) The ears are 17 cm apart. i 

(a) How much closer is the left ear to the sound source than the right? 

(b) How much later does the right ear receive a given wave crest than the 
left? 

(©) What fraction of a wave period is this? 


NOTE: Even smaller angles than this can be discriminated by the ear. 


he eee 
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SC Ossicles 


FIGURE 10.20 The three bones of 
the middle ear: hammer, anvil, 
and stirrup, showing how motion 
of the eardrum is amplified. 
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10.7 THE EAR AS A TRANSDUCER 


A device that transforms acoustic energy into electrical energy and/or vice 
versa is called a transducer. That is the generic term for microphones and 
loudspeakers. Sound energy comes into the ear and sets the eardrum (tym. 
panic membrane) vibrating. Electric impulses go from the ear to the brain 
along the auditory nerve. The coding of these electric signals—the language 
of the auditory nerve—is not yet well understood. They travel in some 
30,000 separate channels (neurons). The actual conversion from acoustic to 
electrical energy takes place in the inner ear in the cochlea, an organ some- 
what analogous to a microphone. The pathway of the vibrations from the 
eardrum to the membrane covering the entrance to the inner ear is via the 
middle ear, which is a sort of mechanical amplifier. 

Don’t misunderstand. There is not more vibrational energy entering the 
middle ear than hits the eardrum. There is much less. The middle ear is an 
attenuator, attenuating strong signals more than weak. But it is a system of 
levers, which amplifies the sound pressure as much as 60 times. The three 
little bones of the middle ear, called ossicles, are so arranged that a vibration 
of the eardrum is coupled to the hammer (malleus), then to the anvil (incus), 
and finally to the stirrup (stapes). This is attached to the membrane. The 
mechanical advantage of this lever system is about 3. So the oscillating force 
the membrane applies to the liquid in the inner ear is 3 times the oscillating 
force on the eardrum. The area of the membrane, however, is only one- 
twentieth that of the eardrum, so the oscillating pressure, force per unit 
area, is multiplied by a factor 3 x 20 = 60. These numbers are typical; they 
vary as much as a factor 2 among individuals. 

Although the sound pressure is magnified by such a large factor in the 
middle ear, the term mechanical amplifier may seem misleading. Perhaps we 
should call the middle ear a mechanical transformer. For weak sounds, it 
serves to get as much of the sound energy into the inner ear as possible. 
The organs of the inner ear are suspended in liquid. If the sound had to 
pass from air to liquid directly, most of it would be reflected. (How well do 
you hear speech with your head under water?) The middle ear “matches the 
impedances” of the air outside and the liquid inside, so less sound is re- 
flected back and more gets in. (See Fig. 10.20.) 


10.8 SOUND AND HEAT 


Heating something does not appear to make it move around. Nevertheless 
you know that its atoms are in more violent random motion than before. 
We say that its internal degrees of freedom are more highly excited. There 
is more vibration. Heat is disorganized sound. 

You will come across the term thermal noise. That refers to noise due only 
to this random motion, to the existence of a temperature. The child scream- 
ing next door, the pneumatic hammer digging up the street, they are noise 
too. Unwanted sound. It may seem disorganized to you. It is not. It is fas 
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SIGNAL-TO-NOISE RATIO 
FOR THE EAR 


Here we calculate the thermal noise power in a Je -23 joules 
band 7 Hz wide. Why 7 He? That igeg oj! K OOK x 7 Hz 
estimate of the best we can do in distinguish- = 3.5 x 10” watts 
ing frequencies around 1000 Hz, roughly in the 
middle of the auditory range. It corresponds to 


5 sa ns aah: 2 Sei ne ofa pela per square millimeter of eardrum. If the ear- 
ae i fae very rongas: te gis 2 n drum has an area of 10° mm’, that is a signal 

es better. -16 S 

: e 7 ad power of 10° ° watts. It is 35 db above the 3.5 

The formula is kT Av, with Av = 7 Hz. The x 107% watts we just calculated for the ther- 

absolute temperature of the ear is 273 + 37 = maine 

: 5 power. 
310 K. The Boltzmann constant k (Sect. 6.4) is 
1.4 x 10 ” joules/Kelvin. Multiply it out: EXERCISE 18 Verify. Then repeat the calcula- 
tion for a bandwidth of 1 Hz. 


That is the thermal noise power. In Sect. 10.5 
we gave the threshold intensity as 107"? watts 


ma 


from random. In thermal noise all frequencies are equally represented, sta- 
tistically, and so are all phases. That is why it is called white noise, by anal- 
ogy to light: White light is a mixture of all colors, all light-wave frequencies. 
White noise sounds like “sh,” a little bit like a waterfall. 


Signal-to-Noise Ratio 


To be distinctly heard, a sound signal has to be strong enough to stand out 
well above this thermal noise. Otherwise it will be drowned out and will 
not be intelligible. Let’s say that more quantitatively. A gas molecule has an 
average kinetic energy of $kT when the gas is at temperature T (Sect. 6.4). 
That is 4kT along each spatial coordinate x, y, and z. A sound signal travel- 
ing in the x-direction has to impart to the average gas molecule an additional 
kinetic energy comparable to ¿kT in order not be drowned out by thermal 
noise, 

It is more conventional to talk about the noise power in a given band of 
frequencies. The thermal noise power in a band from frequency v to v + Av 
is equal to kT Av. (This theorem is stated here without proof.) To be able to 
tell the signal from the noise, we want a signal-to-noise ratio greater than 1. 
This means that the signal power in that frequency band has to be greater 
than kT Av. The box “signal-to-noise ratio for the ear” gives a sample calcu- 
lation. It shows that our threshold of hearing is perhaps 35 db higher than 
the lower limit set by thermal noise. If our ears were much more sensitive, 
we would not hear a lot better. We would start to hear the thermal motion 


of the atoms our ears are made of. 
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SUMMARY 


What vibrations are audible 

What sounds have a pitch 

Intervals; definition of the octave 

Tone color is vibration pattern 

Conditions for oscillation 

Sound wave is a pressure wave; condensations and rarefactions 
Speed of sound 

What travels is a pattern: f(x — vt) 

Scalar and vector waves, longitudinal and transverse 
Waves in liquids and solids 

When a wave has a wavelength 

Relation between frequency and wavelength 


Definition of simple-harmonic motion, sinusoidal displacement, Hooke's 
Law 


Superposition of running waves to make a standing wave 
Fundamental and higher harmonics 

Bandwidth theorem 

Fourier decomposition 

Beats between tones whose frequencies are close 

Beats between harmonics generated in the ear 

Threshold of hearing 

Dynamic range 

Logarithmic scale of sound level: db 

Derivation of the 1/r?—law; when it fails 

Long waves bend around obstacles, spread out from openings 
Echo location requires short waves 

Binaural location for low frequencies involves phase difference 
Conversion of mechanical energy to electrical in the inner ear 
The middle ear as an impedance-matching transformer 
Thermal noise is white 

Noise-imposed limit to sensitivity of the ear 


KEY TERMS 
Hertz (abbreviation: Hz) Cycles per second, or vibrations per second. The inter- 
national unit of frequency. 


Auditory range The frequencies of sound we can hear; roughly from 15 Hz to 20 
KHz. 


KEY TERMS 


KHz Kilohertz = 10° Hz. 

MHz Megahertz = 10° Hz. 

GHz Gigahertz = 10° Hz. 

Sonic boom The shock wave generated by an object “crossing the sound barrier,” 


that is, moving faster than the speed of sound. The noise heard on the ground 
below supersonic jet airplanes. 


Pitch How “high” or “low” a musical tone sounds. Nonmusical sounds can have 
an approximate pitch. “White” noise has no pitch. Each musical pitch has a unique 
frequency. 

Pitch standard The A above middle-C has a frequency of 440 Hz, by international 
agreement. 

Octave Musical interval between two pitches whose frequencies are in the ratio 2:1. 

Fifth Interval corresponding to frequency ratio 3:2. 

Relative pitch The interval between two musical tones. Also, the ability to recog- 
nize such intervals. 

Absolute pitch The ability to recognize a pitch and name the note to which it cor- 
responds, Long-term pitch memory. 

Timbre Tone color, or tone quality. Depends on the wave shape or harmonic con- 
tent. 

Linear system The Principle of Superposition holds: If you double the amplitude of 
the input, that doubles the amplitude of the output. 

Speed of sound in air 331.45 m/sec at 0°C, increasing 0.59 m/sec for each °C tem- 
perature increase. 

Speed of sound in water 1498 m/sec at 25°C, increasing 2.4 meters per second per 
degree C temperature increase. 

Speed of sound in seawater 1531 m/sec. 

Elasticity The ability of a material to return to its original shape after a small defor- 
mation. The more a medium resists deformation, that is, the larger the elastic mod- 
uli, the faster sound travels in it. 

Wave A pattern changing in space and time in such a way that the same spatial 
pattern appears at a later time displaced in space. The displacement, as well < 
possible changes in amplitude and shape of the pattern, are continuous functions 
of the time. š 

Phase velocity The speed at which the pattern is displaced. Usually just called 
wave speed, the term phase distinguishes this speed from the group velocity and 
the energy velocity (not discussed in the chapter), which may be different in dis- 
Persive media. 

Group velocity The speed of propagation of a wave packet. Mathematical defini- 
tion: group = dw/dk, where w = 2nv and k = 2n/d. 

Energy Velocity The speed at which energy is propagated in a wave. Mathematical 
definition: Venergy = energy flux + energy density. 

Dispersive medium A material in which the speed of sound depends on the fre- 
quency, 

Condensation Region of increased density in a sound wave. 


R: i z DUSA 
arefaction Region of decreased density in a sound wave. 
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Shear wave A wave of bending or flexing, a flexural wave, a transverse elastic 
wave. 

Longitudinal wave A wave in which the displacement is parallel to the direction of 
travel of the wave. 

Transverse wave A wave in which the displacement is perpendicular to the direc- 
tion of travel of the wave. 

Wavelength The distance in which the wave pattern repeats. The distance the wave 
travels in one period. Only a periodic wave has a wavelength. 

Simple-harmonic oscillation Motion in which the acceleration toward equilibrium 
is always proportional to the displacement from equilibrium. Sinusoidal oscillation, 

Phase Two sinusoidal waves having the same frequency are said to be in phase if 
their crests and troughs coincide. If crests of one are coincident with troughs of 
the other, they are said to be 180° (= ~ radians) out of phase. 

Fundamental The lowest natural frequency at which an oscillator performs simple 
harmonic motion. 

Harmonics (also “higher harmonics”) Integer multiples of a fundamental fre- 
quency, corresponding to standing waves. 

Standing wave Superposition of sinusoidal waves traveling forward and backward, 
characterized by stationary nodes. All parts of a standing wave are in phase. Math- 
ematical definition: Solution of the wave equation (not discussed in the chapter) 
represented as a product of a function of space times a function of time. In one 
dimension, the standing-wave frequencies are integer multiples of the fundamen- 
tal. 

Node A point on a standing wave where the amplitude is zero. Distinguish the 
displacement node and pressure node. 

Antinode A point on a standing wave where the amplitude is maximum. Halfway 
between two nodes, in a homogeneous medium. 

Resonance frequency One of a set of special frequencies at which standing waves 
are possible. A frequency at which a system can absorb and store energy much 
better than at neighboring frequencies. 

Bandwidth The measure of how sharply tuned a resonance is. The range of fre- 
quencies over which a structure responds to harmonic (sinusoidal) excitation. 

Bandwidth theorem An oscillator with a sharply tuned resonance displays a long 
damping time for free oscillation at its resonance frequency. The damping time 
(length of the wave train) is roughly equal to the reciprocal of the bandwidth. 


Pure tone A sinusoidal sound wave. Approximated by the flute in its lower regis- 
ter. 


Fourier’s theorem Any periodic signal can be considered a superposition of sinu- 
soids with frequencies that are integer multiples of the fundamental frequency- 
Fourier analysis Also Fourier decomposition, or harmonic decomposition. Finding 
the recipe, the relative strength of each harmonic. 

Beat frequency The difference between the frequencies of two pure tones sounded 
together. 

Sound intensity Sound power per unit area, usually measured in watts pet square 
meter. Not to be confused with loudness, which is a subjective property ofa 
sound: Two listeners may disagree on the relative loudness of two sounds. 


REVIEW QUESTIONS 


Decibel A logarithmic measure of the relative intensity of two signals. Sound level 
(in db) = 10 log (intensity) = 20 log (sound pressure). The reference level (0 db) 
is a sound pressure amplitude of 2 x 107° newtons/m?. The popular myth is that 
1 db is the smallest discernible difference for most people's ears. 

Sone Modern unit of loudness, defined so that the loudness of two simultaneous 
sounds measured in sones are approximately additive. 

Attenuation Loss in sound intensity. This can be due to spreading or to dissipation, 
that is, absorption and scattering of sound. 

Diffraction The bending of waves around obstacles. One cause for the fuzzy edge 
of shadows. 

Binaural Using both ears. 

Transducer A device for converting electric signals into acoustic signals or vice 
versa. A loudspeaker or microphone. Also called electromechanical or electroa- 
coustic transducer. 

Malleus hammer The three bones of the middle ear, which couple the ear 

Incus anvil drum (tympanic membrane) to the cochlear window, the 

Stapes stirrup membrane covering the inner ear. 

Signal-to-noise ratio Ratio of signal sound power in a given frequency band to the 
noise power in the same band. When this ratio drops much below unity, the signal 
becomes unintelligible. 

Acoustic impedance The ratio of the pressure amplitude to the velocity amplitude 
of a sound wave. Given by the formula pc, where p is the density of the medium 
and cs is the speed of sound in it. 


REVIEW QUESTIONS 


* The text says, “Hard surfaces reflect sound; soft surfaces absorb it.” Draw on your 
own experience to defend this statement. 


* Most scales go up an octave. Define octave. Define unison. 

* “See” is a fifth higher than “mice.” “All” is a fourth higher than “See.” Therefore, 
“AIL” is (what interval?) higher than “mice.” (HINT: (È) 
x (i) = 2) 

* When you play a record or tape of a human voice, you have a volume-control 


knob on your amplifier. How can you tell whether the singer was singing loud or 
softly? 


What is meant by phase lag? 


* Water waves of long wavelength travel faster than short ones. This is not true of 
sound waves. Their speed is independent of wavelength. Give evidence for this 
last statement. 


Show that a function f(x + vt) represents a wave traveling in the negative x- 
direction at speed v. . 


Suppose a function f(x — vt) is periodic, so that when x is increased by an amount 
A, the function is unchanged. By how much must £ be changed (increased or 
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decreased) in order to arrive at the same value of the function? Give your answer 
in terms of v and à. What would you call the quantity v/\? 


What is a rarefaction? Why is it usually preceded or followed by a condensation? 


Give an example of a longitudinal running wave giving rise to (transmitting its 
energy to) a transverse standing wave. 


Define simple-harmonic motion. 


Define linear spring. Why does a mass oscillating on a linear spring execute sim- 
ple-harmonic motion? — 


If the amplitude of a simple-harmonic oscillator is doubled, the frequency is mul- 
tiplied by —.- 

To double the frequency of a simple-harmonic oscillator, the spring constant must 
be multiplied by ——. 

When a violin string has a node at its midpoint so that it vibrates in two parts, 
the frequency is ______ times the fundamental, an interval of a(n) 

above it. 


An oscillator with a very sharply tuned resonance frequency has more / 
less damping than one with a broad resonance peak. 


If you push a child on a playground swing at the natural frequency of the swing, 
you can feed energy into the oscillation, that is, increase its amplitude. Is this true 
for very weak pushes? Explain. 


There are stories of a certain note played on the violin being able to shatter a thin 
wine glass. What phenomenon are these based on? Could they be true? (See p. 267) 


An A supposedly tuned to 440 Hz sounds for only 2 seconds. How precisely can 
its frequency be measured? Give answer in Hz and in percent. 


To a tone consisting of a fundamental frequency plus second harmonic is added 
some third harmonic. This changes its: pitch / timbre. 


A flute in its middle register has a rather sinusoidal / spiky pattern, 
quite rich / lacking in higher harmonics. 


The closer two musical tones are in frequency, the faster / slower the 
beats between them. 


If one sound has twice the intensity (sound power per unit area) of another, we 
say that its levelis 3db / 6db higher. 


If one audioscillator puts out twice as much power as another at the same fre- 
quency, at what relative distances will they sound equally loud? (HINT: The an- 
swer is not 2 : 1.) 


When short waves go through a narrow hole, they spread out more | 
less than long waves. ; 


Low-frequency sounds coming from the left are heard only by the left eat / by 
both ears. we 


QUESTIONS FOR FURTHER THOUGHT 


The inner ear, which contains the cochlea, is filled with: bone / liquid / air. 


The sound pressure going into the inner ear is greater than that incident on the 
ear drum. The sound power going into it is also greater / less. 


Explain the function of the middle ear in the mechanism of hearing. 


QUESTIONS FOR FURTHER THOUGHT 


. The pressure amplitude of the heart beat is on the order of one-tenth of an 


atmosphere, or 10° newtons/m?. The clinician would talk about the differences 
between systolic and diastolic blood pressure. Why don’t we hear it? 
(Hint: There is more than one reason.) After strenuous exercise we do some- 
times hear the pulse. What is going on? When you hold a large seashell to your 
ear, you hear a faint roaring noise (Fig. 10.21). Some people naively talk about 
hearing the sound of the sea, What are you really hearing? 


. The pressure of the air on the eardrum is due to the random impacts of the air 


molecules. It therefore has statistical fluctuations. Why don’t we hear this fluc- 
tuating pressure as noise? Would we, if the ear were more sensitive? 


» An expensive electronic sound system has the properties of (1) flat response 


over a wide spectrum of frequencies and (2) linearity over a wide dynamic 
range. Discuss the consequences of too cheap a system for reproducing music 
and speech: (i) Peaks in the frequency response, with high and low frequencies 
cut off; (ii) nonlinear response, with loud sounds not as well reproduced as soft 
sounds, 

The telephone has a bandwidth of only 2000 Hz or so. How well can you distin- 
guish plosives (b's and p’s) and sibilants (s's and sh’s)? 

A certain nonsinusoidal sound wave consisting of several Fourier components 
travels in a dispersive medium: The low-frequency components travel faster 
than the highs. Discuss the difference between the emitted and received sounds. 
Distortion? 

A puncture in the eardrum (tympanic membrane) results in a higher threshold 
for low frequencies, little change in the ability to hear high frequencies. Is this 
what you would have predicted? Try an explanation. ; 

Directional microphones are usually quite large. Small microphones are nondi- 
tectional, that is, equally sensitive to sound coming from all directions. Explain. 
When would you want a directional microphone? 

When we double the frequency of a tone and then we double it again, we say 
that the two pitch intervals are the same. Each is an octave, and we feel that 
they are the same. The scale of pitches is logarithmic. It is therefore tempting to 
think that we respond to sound intensity in the same way: If we double the 
intensity of a sound, and then we double it again, does the ear judge the loud- 
Ness to have increased by the same amount both times? Psychologists used to 
think so, Can you see the “historical reason” why the decibel scale of sound 
level was adopted? 


NOTE: Recent psychoacoustic measurements show that the sound level (deci- 
bel) and loudness scales do not correspond well. (See Problem 25, Loudness.) 
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FIGURE 10.21 Does a seashell 
allow you to hear the sound of the 
sea? 
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LI FOR THE LAB: Ripple Tank 


If you don’t have one and can’t borrow one, a window will do fine—the 
larger the better. A 5-millimeter depth of water is good to start with. Later 
you will want to experiment with varying depths. What happens to the rip- 
ple speed in very shallow water? Leveling takes some skill! ; 

The patterns are confusing unless you eliminate reflections from the sides, 
Bent strips of window screen draped with cheese cloth make absorbing 
beaches. You can make ripples with a finger tip (point source), with a ruler 
(line source), or with a little motor suspended from rubber bands 

To “stop” the wave pattern, you need a stroboscope. The quick way is to 
wave your outstretched fingers back and forth in front of your eye. Investi- 
gate the relation between frequency and wavelength. Is this a good way to 
measure the speed of the ripples? 

Try barriers of various sizes for diffraction experiments. Cakes of canning 
wax have flat edges, so they stand up. They also cut easily. 

Emptying the water is harder than you think. An attempt to carry across 
the room is bound to result in a wet floor. A siphon into a pail is one way. 
If you leave tap water in overnight, some water will evaporate and hard 
water will leave a film on the glass. 


CO FOR THE LAB: Oscilloscope 


Connect a microphone to the “Vertical Input” of a cathode-ray oscillo- 
scope and watch the trace as you sing or play into the microphone. Com- 
pare different vowels sung on the same note, male and female voices, whis- 
tling, and so on. If you want the trace to stand still, you will need to adjust 
the “sweep” control until the sweep frequency matches the sound fre- 
quency, to see one vibration period. If the sweep frequency is one-half the 
sound frequency, you see two periods; if one-third, you see three, and so 
on. 
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PROBLEMS 


* 1. Frequency and Wavelength In 1 millisecond, 
sound waves travel 0.33 meters. In 1 millisecond, sound 
waves of frequency 1000 Hz travel one wavelength. Verify 
the relation between frequency and wavelength for these 
waves. 


* 2. Speed of Sound Ona hot day, the wavelength 
of a 1000-Hz sound wave is measured to be 0.350 meters. 
(a) What is the speed of sound? 

(b) Why is the wavelength longer than on a cold day? 


xÆ 3. Sound Velocity and Temperature At 273 K, the 
speed of sound in air is 331 m/sec; at 300 K, it is 347 m/ 


sec. Repeat: A 10% increase in absolute temperature gives 
a 5% increase in sound speed. 

(a) Is sound speed proportional to temperature? 

(b) What relation between sound speed and temperature 
would explain the data? Sketch a rough graph. 


* 4. Period of Sound Waves For A-440, what is the 

time between the passage of a condensation and the 1 

ceeding rarefaction? How far apart are they as they travel? 
meters 


* 5. Wavelength in... Calculate the wavelength 
of a 440-Hz sound wave 
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(a) In air 
(b) In water 
(c) In steel. Do you need to specify the temperature? 


* 6A 500-Hz tone has a period of 1/500 of a second. 

That is a consequence of the definitions of frequency and 
iod. 

fa Traveling in air at 330 m/sec, how far does the wave 

travel in one period? 

(b) Argue that this distance is the wavelength. 

(c) If the frequency were doubled, the wavelength would 

be multiplied times —____. This assumes that the speed 

of sound is independent of frequency, which is a very 

good approximation over many octaves. 


* 7. Wavelength in Air and Water 

(a) If the wavelength of a sound signal is 1 cm in air, what 
is it in water? 

(b) What is its frequency? 


* 8. Wavelength in Air and Water 

(a) If the wavelength of a sound signal is 1 cm in water, 
what is it in air? 

(b) What is its frequency? 


** 9. Trick Question If the frequency of a sound sig- 
nal is 10 kHz in air, what is it in water? 


* 10. Phonograph Record A turntable frequency of 
33} revolutions per minute is now standard for “classical” 
discs. Most of these discs are 12 inches in diameter. How 
far apart are the crests and troughs in the record groove 
for a 1000-Hz tone 

(a) At the edge of the record? 

(b) At the end of the record, only 2 inches from the center? 


**k 11. Effect of Temperature on Sound Speed Data 
on the speed of sound in seawater are given at two tem- 
peratures; 


t G 
ee 


A 1461.0 m/sec 
WC 1513.2 m/sec 


(a) Find the slope of the straight line drawn through these 
an points, and express it in meters per second per degree 
sius, 

(b) The display of an echo locator is calibrated at 20°C. 
hat it measures is the time between the signal and the 

echo. What it reads out is the distance of the reflecting 

from the instrument. How many percent off is it at 
°C? What assumption did you have to make to answer 

this question? 
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NOTE: The jargon word is extrapolation. 37°C is the tem- 
perature of the human body. Body fluids have ion concen- 
trations roughly comparable with seawater. 


*%* 12. Refraction of Sound With the air at uniform 
temperature, a wavefront from a small source is an ex- 
panding sphere. Figure (i) shows spherical wavefronts at 
intervals of 10 milliseconds. The source is pictured close to 
the ground. 

(a) Verify that successive wavefronts should be 3.3 meters 
apart. Radial lines might be called “sound rays” by anal- 
ogy with light rays. They intersect the wavefronts at right 
angles. 

(b) If the temperature of the air increases with height, as, 
for example, over a cool lake, sound travels faster the 
higher it gets. The wavefronts will look like Fig. (ii). 
Sketch in the rays intersecting these wavefronts normally 
and note that they curve down. Have you ever noticed 
how much better you can hear a distant conversation 
across a calm lake? 


Ellipses 
(ii) PROBLEM 12. Have 
(0) 


you noticed how 
MEEA IIAN 


much better you 
can hear distant 
sounds across a 
calm lake? 
*% 13. Even-Tempered Scale A musical scale con- 
structed out of intervals defined in terms of ratios of small 
integers is suitable for simple tunes. (See the box “Three 
Blind Mice.”) It fails when we want to modulate into a 
different key. For this reason “fixed-pitch” instruments 
like pianos are tuned in “equal temperament”: The octave 
is divided into 12 equal semitones. The frequency ratio r 
corresponding to such a semitone has to be such that 12 
of them make an octave. An octave is a frequency ratio of 
2:1. Therefore, 


Circles 


pra 2 r = que 


Repeat: A semitone corresponds to a frequency ratio that 
is the twelfth root of 2, or 1.05946. 

(a) A fifth is equal to seven semitones. An equally tem- 
pered fifth then corresponds to a frequency ratio r’ = gne 
=. How far off is this from the “perfect” fifth we 
defined as 3:2? Express your answer in percent. 

(b) The E that is a fifth above A-440 would have a fre- 
quency on the equally tempered scale of 659.3Hz. Verify. 

(c) How fast would this frequency beat with the frequency 
exactly 3/2 times 440 Hz? Do you think you could feel a 
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beat that slow? If your answer is yes, then you could tell 
the difference between the two tunings. Piano tuners can. 


> 14. Major Third Using the definition of Problem 
13, compare the major third (frequency ratio 5 : 4) with 
the equally tempered third (4 semitones). 


Æ 15. Minor Third Same as Problem 14: Test the 
minor third (frequency ratio 6 : 5) against the equally tem- 
pered minor third (3 semitones). 


> 16. Violin Tuning (Compare Problem 15) Violin 
strings are tuned in fifths: E, A, D, and G, going from 
high to low. Suppose that the A is tuned with the piano 
and the fifths are “perfect,” that is, have frequency ratios 
3:2. 

(a) What is now the frequency ratio between the G two 
octaves above the G string and the open E string? 

(b) You have been taught (perhaps) that from G down to 
E is a minor third; so you expected a frequency ratio of 
6:5. What you calculated is much smaller. How many per- 
cent smaller? 

(c) Compare with the equally tempered minor third, which 
comes out 1.1892. How many percent off? 


* 17. Helium and Voice Formants 

(a) The speed of sound in helium is 970 m/sec, compared 
with 330 m/sec in air. 

(b) Helium has atomic weight 4, compared with air’s mo- 
lecular weight of 29. Why would you expect the speed of 
sound to decrease with increasing molecular weight? 

(c) If a person inhales helium* and then talks, his voice is 
unnaturally high. The natural resonances of the cavities 
that “form” the voice are all raised in frequency. The res- 
onant wavelengths are all the same, but the sound speed 
is almost 3 times as great with helium. By what factor are 
the frequencies increased? Is this more than an octave? 


**« 18. Pendulum and Simple Harmonic Motion We 
talked about a playground swing as an oscillator. 

(a) Show that a simple pendulum oscillating with a small 
amplitude is simple harmonic. (Hints: Here is one way. 
Remember, you want to show that the restoring force is 
proportional to the displacement. The displacement is 
along the arc of a circle of radius L (= string length). 
When the string makes an angle @ with the vertical, the 
mass point is displaced through an arc of length L@. The 
restoring force is the tangential component of the weight, 
or mg sin @. You may object that sin @ is not exactly pro- 
portional to the displacement, but sin 0 = 0 is a good ap- 
proximation for small displacements.) 

*Not without danger! 
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(b) Use the argument in the box “Simple Harmonic Mo- 
tion” to derive the formula for the period of the simple 
pendulum, 2% (L/g)"®. 


x 19. Standing Waves A tube 0.66 m long supports 
standing waves of 1000-Hz frequency. 

(a) How many wavelengths long is the tube? 

(b) If there are nodes at the two ends, how many anti- 
nodes are there? 


NOTE: For a tube closed at both ends, there are displace- 
ment nodes and velocity nodes at the ends, but pressure 
antinodes. For a tube open at both ends, it is vice versa. 


(c) At what lower frequencies could this tube resonate 
(support standing waves)? 


20. Beats 
*(a) The piano has two or three strings for each note, 
which sound together. Suppose that one A-string is tuned 
to 220 Hz, another to 223 Hz. How many beats per second 
will you hear? 
*æ*(b) The B above it is supposed to be tuned to 233.1 
Hz. What fraction of a semitone out of tune was that 223- 
Hz string? 
HINT: Semitones are conventionally divided into 100 
cents. Our string would be called 23 cents sharp relative to 
the A. 


* 21. Decibels Twenty violins playing together pro- 
duce 20 times the sound intensity of one violin. How 
many decibels higher is the sound level in the auditorium? 


NOTE: Orchestra sound levels range from 20 db (very 
soft) to 120 db (painfully loud) above the reference level. 
The conventional reference level corresponds to a pressure 
amplitude of 2.82 x 107° newtons/m?, which is appro% 
mately the threshold of hearing near 1000 Hz. 


> 22. Inverse-Square Law When the helicopter © 
100 feet high directly overhead, the sound level is 110d 
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above the reference level. When it is at the same height 
100 feet further south, what is the sound level here? 


23. Audiometry An audiometer is a medical in- 
strument used to test the patient's hearing. Tones of var- 
ious frequencies are presented through earphones in 
pulses at decreasing levels. The patient signals when he 
can no longer hear the tone. 

(a) A patient is retested after five years. His hearing 
threshold at 1000 Hz is the same as last time. His thresh- 
old at 16,000 Hz is 10 db higher. For what age patient 
would this amount of hearing loss be perfectly normal? 
#(b) An audiometer can also be used to test bone con- 
duction of sound to the inner ear. A patient has no hear- 
ing loss for bone conduction, but a 30 db higher threshold 
for sound coming normally through the air. What part of 
the ear might be impaired? Explain. 


* 24. Vibration of the Eardrum For soft sounds, the 
amplitude of vibration of the eardrum is tiny. Estimate its 
magnitude for a sound wave whose pressure amplitude is 
2.82 x 10° newtons/m* at a frequency of 1000 Hz. That 
is often taken as the reference level we have called 0 db, 
and is roughly the threshold of hearing. Compare Problem 
21. This standard is not universal. Use the formula (see 
Problem 45 ‘Ultrasonic Cleaner”) 


Pmax = Umax PC 


to calculate the velocity amplitude. Then use the equations 
in the box “Simple-Harmonic Motion” to calculate the vi- 
bration amplitude A, The assumption is that the velocity 
i the eardrum is the same as the velocity of the air next 
o it. 

HINT: pc, for air is 428 kg/m? sec. Air has molecular 
Weight 29. This means that 29 grams of it occupy 22.4 li- 
ters at 273 K. The speed of sound is 330 m/sec. How did 
We get that acoustic impedance of 428? 


** 25. Loudness The sone, a unit of loudness, has 
been defined by the acoustical engineers such that an in- 
tensity 40 db above the reference level has a loudness of 1 
Sone. An empirical formula relating loudness and intensity 
for sound levels over 40 db (loudness over 1 sone) is 


loudness = constant x (intensity)’* 


Show that this formula has the property that a 10 db in- 
“ease in intensity doubles the loudness. 


ak 26. Sones How many sones loud is a sound 
ose level is 100 db above the reference level? 
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* 27. Sonar If you shout short syllables at a cliff and 
want to hear the faint echo, your repetition frequency 
should be slow enough so that you have not started your 
next shout before the echo comes back. Otherwise you 
drown out the echo. 

(a) What is a suitable repetition frequency for the pulses 
of a ship's sonar looking for echoes from submarines 
within a 3-kilometer radius? The speed of sound in water 
is 1500 m/sec. 

(b) If the water is shallow, does a distant submarine have 
a better chance of escaping detection? Explain. 


** 28. Binaural Location If your head is facing in the 
direction of the sound source, the two ears experience the 
same sound intensity as well as zero phase difference. 

(a) How do you know whether the sound source is 
straight in front of you or straight in back? 

(b) How can you tell if the sound source is directly above 
you? 


* 29. Echo Location Bats use ultrasonic sonar to lo- 
cate their insect prey in the dark. Their brief chirp starts 
around 25,000 Hz and slides up an octave to 50,000 Hz. 
Show that the wavelengths in this signal are suitable for 
locating insects 6 to 12 millimeters in size. 


> 30. Whispering Gallery Sound usually spreads 
out, so that the farther away you are from the source, the 
weaker the sound. (Inverse-square law. . . .) But reflec- 
tion from curved walls can focus sound. An ellipse has the 
property that a ray from one focus is reflected so as to pass 
through the other focus. (Guess why they call those two 
points foci.) An elliptical room is therefore the ideal whis- 
pering gallery. A conversation at one focus can be clearly 
heard at the other. 

(a) Construct an ellipse (instructions below) and two or 
three rays from one focus. Remember equal-angle reflec- 
tion, even though we haven't proved it yet. 

(b) Where does a ray go if it suffers two reflections? 

(c) Parabolic reflector: A parabola reflects any ray coming 
in parallel to the axis so that it goes through the focus. 
Describe how a parabolic reflector could be used to eaves- 
drop on a distant conversation. 

(d) The “whispering gallery” principle is used in a stetho- 
scope. Conjecture why tygon (plastic) tubing made a bet- 
ter stethoscope than rubber. 

Construction of an ellipse, using a loop of string and 
two pins: Stick the pins where you want the foci. Slip the 
string over the pins. Keep it tight with the point of your 
pencil. Move the pencil to trace out the “locus of points 
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the sum of whose distances from two fixed points is con- 
stant.” 


* 31. Diffraction The directionality pattern of a 
loudspeaker is mathematically quite complicated. But if 
the size of the diaphragm is more than a few wavelengths, 
a rough rule of thumb can be formulated: The angular 
spread of the sound beam, measured in radians, is ap- 
proximately equal to the ratio of the wavelength to the 
diaphragm diameter. (Chapter 12 gives the underlying 
reasoning, under “Diffraction from a Single Slit.”) 

(a) What is the angular width (in degrees) of the sound 
beam from a sonar hydrophone 0.75 m in diameter emit- 
ting ultrasound at 5 x 10* Hz? The speed of sound in 
water is 1500 m/sec, 

(b) Can you use the rule of thumb for a 0.12-m loud- 
speaker emitting 440-Hz sound in air? What kind of direc- 
tionality pattern do you expect? 


* 32. Ultrasonic Splinter Location An ultrasonic 
probe is designed to locate foreign objects in the eye. As a 
rough approximation, assume the speed of sound in the 
various layers of the eye to be uniform and equal to that 
in water, 1500 meters per second. 

(a) Calculate the time between transmission of a sound 
pulse and reception of the echo from an object 1 cm below 
the surface of the eye. 

(b) It may be desirable for the signal transmission to be 
over when the echo comes back. If the frequency of the 
ultrasound is 1 MHz (= 10° Hz), how many cycles long 
can a pulse be? 

(c) Diffraction effects make it difficult to localize an echo if 
the reflecting object's size is less than one wavelength. 
What is the smallest sliver the 1 MHz wave can “see” 
clearly? 


*** 33. Power in a Sound Wave A sound wave trans- 
mits energy. The rate at which energy is transported is the 
power in the wave. The power per unit area of wavefront 
is given by 


wer _ force _ displacement 
= — x 


area area time 
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the product of the sound pressure times the streaming ve. 
locity of the medium, that is, the air. These are “instanta. 
neous” values. In a periodic wave, both p and v oscillate 
about the value zero. Pressure goes above and below am- 
bient; velocity goes forward and back. 

Pressure and streaming velocity are pretty well in phase 

in a running wave. Indeed they are proportional: p = 
(pc)v. The proportionality constant pc, is called the acoustic 
impedance of the transmitting medium. 
(a) When the streaming velocity of the air at a condensa- 
tion is vmx = 0.01 m/sec, the sound pressure is Ppa = 
4.27 newtons/m’, (HINT: pc, = 427 kg/m? sec.) The instan- 
taneous energy flux is 0.0427 watts/m*. Verify. 


Nore: This is a loud sound. 


(b) One-quarter of a period later, the sound pressure and 
the streaming velocity are both back to zero. At this in- 
stant the power is also zero. But half a period later, both 
pressure and velocity are again maximum, this time neg- 
ative, as the rarefraction passes. For a sinusoidal wave, the 
average energy flux is half the maximum value. 
[HINT: (sin? wt)average = 4-] Verify the statement made in 
the text that a pressure amplitude of 3 x 107" newtons/ 
m°? (= threshold of hearing) corresponds to a sound inten- 
sity of 10°? watts/m*. How far off is it? 

(c) Verify that the sound level in part (a) is 103 db above 
that in part (b). 


*** 34. Standing Wave Has No Power A standing 
wave has energy, but it transports none. Referring to 
Problem 33, we would say that the sound pressure and 
the streaming velocity are one-quarter period out of phase: 
When the pressure is maximum, the velocity is zero, and 
vice versa. Present an argument to show that the average 
power in the standing wave is zero. Note that the instan- 
taneous flux alternates between positive and negative val- 
ues. 


** 35. Power Out of a Trumpet 

(a) The pressure in a trumpet player's mouth might be 
one-twentieth of an atmosphere (5 x 10° newtons/m’) 
above ambient, If he blows air into his instrument at an 
average rate of 20 cm?/sec, you can calculate the rate at 
which his blowing does work, just by multiplying. (Work 
= excess pressure X volume) (HINT: Convert the volume 
per unit time into m’/sec. Your answer should come out 
in watts.) 

(b) The sound level 1 meter away is perhaps 90 db above 
the threshold of hearing (reference level), giving an inten- 
sity (sound power per unit area) of 10? watts/m’, You 
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know the area of a sphere 1 meter in radius. How much 
sound power does the trumpet produce? 

(c) What fraction of the work done by the player goes into 
sound? That fraction is called the efficiency of his instru- 
ment. What happens to the energy that does not go into 
sound? 


#4 36. Sonic Boom When an airplane “crosses the 
sound barrier’’—starts to go faster than the speed of 
sound—it sets up a shock wave heard on the ground. We 
call it “sonic boom.” You can understand its origin if you 
think about the airplane compressing the air it moves into. 
At subsonic speeds, that pressure wave can move ahead 
of the craft. At supersonic speeds, the craft catches up and 
overtakes the pressure wave it generates. The shock front 
spreads out in the shape of a cone. (See photo.) 

We now calculate the angle of that cone. Suppose that 
the aircraft is moving at 400 m/sec. The wavefront ad- 
vances at the speed of sound in air, 330 m/sec. In one sec- 
ond, the front advances 330 meters, while the craft moves 
400 meters. On the sketch, @ is the half-angle of the cone. 
From the geometry we get 


sin 6 = 448, giving 0 = 56° 


(a) Derive a formula for the halfangle @ as a function of 
aircraft speed v and sound speed c,. 


Airplane breaking the sound barrier. The photograph uses 
à technique called Schlieren photography to “see” large- 
amplitude sound waves in air. 
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(b) What is the half-angle of the cone for Mach 2, an air- 
craft speed twice the speed of sound? 

(c) For level flight at speed v > c, at what speed does the 
sonic boom advance across the level ground below (see 
figure)? Is there something wrong with a “sound” signal 
advancing faster than the speed of sound? (mint: Is the 
signal generated on the ground?) 


** 37. Doppler Effect If a source of sound is moving, 
toward the listener, the received frequency is higher than 
the vibration frequency of the source. You can hear this 
effect when a car approaches you with its horn blowing; 
as soon as it passes you and starts receding, the pitch of 
the horn is lowered. The approaching source is chasing 
the wave it emits so that the wavelength of the sound is 
shorter than that of the wave emitted by a stationary 
source vibrating at the same frequency. 

(a) Consider a horn vibrating at 500 Hz in a car approach- 
ing at 20 m/sec (= 45 miles per hour). In one period (= 2 


Problems 37 and 38 A moving point source of waves in 
the ripple tank demonstrates the Doppler effect: The 
wavelength is shortened in the forward direction and 
lengthened in the backward direction. 
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milliseconds) the sound wave travels 330 m/sec x 0.002 
sec = 0.66 m toward you, while the car catches up only 
20 m/sec x 0.002 = 0.04 m of that. So the distance be- 
tween points on the wave emitted one period apart is 0.66 
m — 0.04 m = 0.62 m. That is the wavelength of the 
sound in air. The time between your reception of those 
two points of the wave is 0.62 m/(330 m/sec) = 0.00188 
sec, corresponding to a frequency of Hz. You 
hear a 532-Hz sound, although a 500-Hz vibration pro- 
duced it. 

(b) What fraction (percent) is the car’s speed (20 m/sec) of 
the speed of sound? By what fraction is the wavelength 
reduced by the motion? 


>> 38. Doppler Effect—Source Approaching In one 
period T, while the source emits one wavelength, the 
wave travels a distance c,T, The source moves a distance 
vT. The wavelength à' = c,T — vT is the distance between 
the wavefront emitted at the beginning of the period and 
the wavefront emitted at the end of the period of the emit- 
ted sound. 

(a) Remembering that c, = \'v' (Eq. 1), show that the re- 
ceived frequency v’ is given in terms of the emitted fre- 
quency v = 1/T by 


Cs 
C- 0 


v= 


v 


(b) If a car is approaching at 20 m/sec (= 45 miles/hr), 
show that the received frequency is 6% higher than the 
emitted frequency. This is approximately one semitone. 
(c) If the source is stationary and the listener is approach- 
ing, there is also a Doppler shift, an increase in received 
frequency. In one period T' of the received signal, the lis- 
tener travels a distance vT” and the wave travels a distance 
c,T’. The sum of these is one wavelength: 


vr’ + ¢,." =r 


Calculate the received frequency v’ = 1/T’ in terms of the 
emitted frequency v = c,/d. 

(d) If the listener approaches the source at 20 m/sec, what 
is the percentage increase in the frequency he hears? How 
does this result differ from that of part (b)? 


Æ 39. Ultrasonography Taking pictures with ultra- 
sound is called ultrasonography. It is the acoustic ana- 
logue of radiography, taking pictures with x-rays. Used on 
the brain, it is called echoencephalography. X-rays do not 
distinguish fat from muscle at all well. Sound waves do. 
Different kinds of soft tissue have different acoustic 


SOUND AND HEARING 


impedance z = pcs. When a sound wave meets a bound- 
ary between two media of different acoustic impedance, 
the fraction of the sound energy reflected is 


= 
Zi + %, 

That fraction is called the reflection coefficient of the 
boundary. 

(a) The acoustic impedance of muscle is 20% greater than 
that of fat. Calculate the reflection coefficient of the 
boundary. Is it the same going from muscle to fat as going 
from fat to muscle? 

(b) The acoustic impedance of bone is 5 times that of fat, 
Calculate the reflection coefficient of the boundary. 


«> 40. Ultrasonography and Doppler Effect A beam 
of ultrasound is reflected from the heart of a fetus to “look 
at” its heart beat. The maximum speed of the chest wall 
during each pulse is 4 cm/sec. 

(a) Find the percentage change in frequency due to the 
Doppler effect. Consider the medium to have the same 
sound speed as water, 1500 m/sec. 

(b) Why use ultrasound rather than audible frequencies for 
this? 


Æ> 41. Fourier Series (Suggest Using a Calculator) A 
certain tone has only odd harmonics. The amplitude of the 
3rd harmonic is 4 that of the fundamental. The 5th har- 
monic is 4 of the fundamental, and so on. Your task is to 
sketch a graph of the waveform. 

HINT: sin wt + $sin3 wt + $sin 5w? + }sin7 of +... 
You will not need to do many harmonics before you intuit 
the shape. 


> 42. Waves on the Highway (Difficult) A row of 
cars is stopped at a traffic light. The light turns green, and 
the front car starts to move. The “wave of starting” travels 
down the row of cars. When the last car starts, the wave 
has passed down the whole row. 

(a) Estimate the speed of this wave down a 20-car queue. 
Note that the wave goes backward while the cars are start 
ing to go forward. Does the speed of the cars enter your 
calculation? 

(b) After the line of cars has attained highway speed, the 
front car stops suddenly. Estimate the speed of the “wave 
of stopping.” Is it faster or slower than the speed of the 
cars? If it is slower, what is the consequence? 


** 43. Waves in One Dimension The graph of a 
mathematical function f(x) may be considered as rep 


| PROBLEM 43. Step- 
function wave. 
x—> Example: 
temperature profile 
of a heat wave. 


syn(x) 


senting a pattern in space. The variable x is position mea- 
sured to the right along some “x-axis.” That is, some di- 
rection in space has been designated the x-direction. 

(a) Let t represent time and v represent a speed. Convince 
yourself that the graph of the function f(x-vt) is the same 
pattern just moved to the right a distance vt. 

(b) The step function sgn(x) is defined as being +1 for 
positive x and —1 for negative x. Describe how the graph 
of the function sgn(x-vt) behaves as t increases. How fast 
does the wavefront travel? 

(c) Does it make sense to ask about the wavelength of this 
wave? The frequency? Explain. 


> 44. Scalar Wave, Vector Wave A wave that can be 
represented as a single function of space and time vari- 
ables is called a scalar wave. For example, temperature is 
a function of position and time. 

(a) Argue that a heat wave traveling from Chicago to 
Cleveland is a scalar wave. 

(b) Is a water wave a scalar wave? Defend your answer. 
(uit: The vertical displacement of the water surface 
from glassy equilibrium at each point specifies the wave 
pattern completely.) 

(©) A violin string can oscillate both up-and-down and 
right-and-left. Evidently, it requires two functions to de- 
scribe the most general wave on a string. We say that 
these waves have two planes of polarization. They are vector 
waves. How about the waves on a jump rope with a little 
girl on each end? Scalar or vector? Explain. 

(d) When the little girls move the rope so that every point 
executes a circle, the wave is called circularly polarized. In 
the simplest such wave, all points are in phase and a third 
little girl might be jumping over the rope in the middle. 
Argue that this is a standing wave. 
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> 45. Ultrasonic Cleaner An ultrasonic cleaner has 
a vibrating diaphragm in contact with the cleaning solu- 
tion that transmits the ultrasound into the liquid. Let the 
diaphragm be in simple-harmonic motion at frequency 
o/27 = 3 x 10° Hz and amplitude A = 5 x 10° meters 
= 5 microns. The liquid has the density of water, p = 10° 
kg/m’. 

(a) Calculate the maximum speed of the cleaning liquid 
due to the passage of the wave: (Eq. 4) 


Estimate how this compares with the speed of the water 
jet from a teeth-cleaning device like the Water-Pic. 

(b) Calculate the intensity of the ultrasound, the rate of 
energy flow per unit area per unit time. Here is one way: 
A layer of area a and thickness Ax (small) is moving at the 
maximum speed Aw. Its kinetic energy is 


$a AX PUhax 


A time At later, the wave will have progressed a distance 
c, At. If we take that equal to our layer thickness Ax, then 
we get the energy transported in time At. To get energy 
per unit time, divide by At. To get energy per unit time 
per unit area, divide by the area a: 


ower Ax > 
area 7 2 ay Plime = ta pA = 


Use c, = 1500 m/sec. Give answer in watts per square me- 
ter. 

(c) The quantity pc, is called the acoustic impedance of the 
medium, The maximum velocity Vmax multiplied by the 
acoustic impedance gives the pressure amplitude of the 
wave, the maximum amount by which the pressure in the 
wave differs from the ambient pressure: 


Pmax = Umax PCs = newtons/m? 


Note that this comes out greater than atmospheric pres- 
sure. The liquid will therefore cavitate: The rarefactions will 
be hollow, that is, devoid of liquid. 
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Why aren’t cameras built to focus the way the eye focuses? 


Describe how to find the focal length of a positive lens. How about a 
negative lens? 


How is a ray diagram used to find the position of the image of an object 
formed by a lens? How is the lens equation used for this purpose? 


A certain farsighted patient can’t focus on anything closer than 1 meter, 
How strong a lens (how many diopters) would you prescribe to allow 
that patient to focus at 25 cm? 


When you look at the coin in the fountain, why does it look shallower 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 
than it is? 


11.1 LIGHT RAYS 


When you open your eyes to look at something, is there a signal that travels 
from your eye to the object? Does “casting a glance” have an effect on the 
object being glanced at? We are so used to thinking about light traveling 
from the object to the eye that the question itself evokes thoughts of magic 
and witchcraft. How about the “evil eye”? Or is such a question out of place 
in a physics book? 

The reason the question is not usually discussed in physics books is that 
no verifiable effect of the eye on the object has been discovered. Also, the 
mechanism of seeing can be explained in terms of a one-way trip of the 
light, emitted or reflected by the object and absorbed in the eye. 


EXERCISE 1 How would you look for an effect of the eye on the object being 
looked at? Design an experiment that could, in principle, detect such an 
effect. Would it involve more than one observer? 


The light seems to go in a straight line too. The art of surveying the land, 
the making of star maps, in fact, seeing anything sharply, all depend on 
that straight-line propagation. We talk about light rays. Indeed we see 
“rays” when a bright beam of light shines through smoke or fog. (See photo 
on previous page.) 

If you think about it, the fact of seeing those rays tells you that not all the 
light in the beam travels in straight lines. If it did, how could it get to your 
eye? You are watching from off to the side of the beam! Quite correctly, you 
argue that some of the light is scattered by the tiny smoke particles or water 
droplets. 

j In this chapter we shall be concerned with various phenomena that show 
light turning corners. Reflection and scattering of light are the most familiar. 


11.2 LENSES 


Light rays breaking through the clouds (see Exercise 2). Reflections in a window. 


We are also familiar with the way light rays are bent by lenses. In the next 
section we turn our attention to the lens of the eye. That will lead into a 
discussion of refraction in general. 


EXERCISE 2 Explain the “rays” you sometimes see below storm clouds when 
the sun is shining through them. Does your explanation involve holes in the 
clouds? (See photo.) 


EXERCISE 3 We distinguish between “specular” reflection and “diffuse” 
scattering. Mirrors reflect; dust particles scatter. Smooth surfaces reflect; 
tough surfaces scatter. 

Look around you and list at least 10 surfaces in which you see mirror 
reflections. A smooth floor reflecting a light bulb? A pond? A paper clip? 
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When you look at a distant object, nearby objects in your field of view ap- 
Pear blurred. Try looking at a distant scene and holding a pencil point in 
the way. The pencil point is fuzzy as long as you keep your eye focused “at 
infinity.” If you focus on the nearby pencil point, the distant scene will blur. 
Consciously or not, the lens of your eye accommodates, changes its focus. 
You know how you have to strain to keep the pencil point in focus if you 
bring it closer and closer. For most young people, about 25 centimeters is 
the distance of clearest vision. Anything much closer is out of focus. Older 
People tend to lose the power of accommodation, as the eye-lens loses its 
flexibility, (See Problem 12, “Bifocals.”) f a 
Play with a couple of magnifying lenses to get an intuition for their “fo- 
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FIGURE 11.1 If the object comes 
closer, the image moves further 
from the lens: Object and image 
move in the same direction. 


FIGURE 11.2 (a) Rays from a 
distant object are converged to the 
focal point. (b) This is the closest 
an object can be and still have a 
real image. The image of an object 
at the focal point is off at 
“infinity” on the right. (c) If the 
object is brought in closer than the 
focal length, no real image is 
formed. 
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cusing” property. An ordinary magnifying glass is fine. So is a strong eye. 
glass lens worn bya far-sighted person without astigmatism. (See Exercise 
9.) If the sun is shining, try to focus its image on a piece of white paper, 
With a big enough lens you can set the paper on fire! The stronger the lens, 
the closer the focal point. We call the distance between the lens and the 
focal point the focal length of the lens. À 

Experience will convince you that there is no relation between the size of 
a lens and its strength. The strength of a lens depends on its shape. The 
stronger lenses bulge more in the middle. Now we can describe how the 
eye accommodates: To bring a closer object into focus, the muscles of the 
eye pull the lens into a shape that is thicker in the middle and thinner at 
the edge. N 

Try focusing the image of a nearby object on a piece of paper using your 
magnifying lenses. It helps to have your object brightly illuminated. A small 
light bulb is ideal.’ A paper clip in the window will do. You soon discover 
that the closer the object is to the lens, the further away the image: Object 
and image move in the same direction if the lens stays in one place (Fig. 
11.1). If the object is too close, you can’t focus an image at all. “Too close” 
means closer than the focal length. To project an image of a nearby object, 
you need a strong lens. That means a lens with a short focal length. 


The Camera and the Eye 


With your lens-and-white-paper you have a simple analogue of the lens- 
and-film of the camera, or of the lens-and-retina of the eye. In the eye, if 
the image of an object is not sharp, you change the power of the lens: If the 
image falls behind the retina, you accommodate and increase the lens power 
to put the image on the retina. If the image falls in front of the retina, your 
eye lens is too strong and you accommodate by relaxing those muscles to 
make it weaker. In the healthy eye, with those muscles completely relaxed, 
the image of an object at infinity should be in focus on the retina. Near 
sighted people have too strong an eye lens. For them, the image of a distant 
object falls in front of the retina even when those muscles are relaxed. Far- 
sighted people can’t bring a nearby object into focus. Its image falls behind 
the retina even when those muscles are contracted. (See Fig. 11.2.) 

In the camera, focusing is accomplished not by changing the power of the 
lens, but by changing the distance between the lens and the film. When the 
camera is at its shortest, the film is at the focal point of the lens. More 
precisely, it is in the focal plane of the lens. In this setting, an object at 
infinity is in focus. To bring a closer object into focus, lengthen the camer: 
Move the film further back, or the lens further forward. _ 


[] QUESTION FOR FURTHER THOUGHT 


Why did Nature not build the eye to focus the way the camera focuses, that 
is, by changing the distance between the lens and the retina? 


‘if you use a flashlight, you have to remove the reflector. 


14.2 LENSES 


If you are observant, you will have noticed that the image is upside down. 
The next paragraph shows why. You might ask, if the image of the world 
we look at is upside down on the retina, why don’t we see it as upside 
down? The answer has to be that we are used to it that way! 


Ray Diagrams 


In Section 11.4 we talk about how a lens works, based on the law of refrac- 
tion. Here we just describe which way it bends light rays. Look at Fig. 11.3. 
Rays that hit the center of the lens go straight through. Rays that hit off 
center are bent toward the axis of the lens. In other words, a bundle of 
parallel rays is converged in passing through the lens. A magnifying lens is 
also called a converging lens or a positive lens. The bundle (or pencil) of rays 
emerging from the lens in Fig. 11.3 is a convergent pencil. 

A high-quality lens makes a sharp image. This means that all rays coming 
from one point converge to one point. To each point of the object corre- 
sponds one point of the image, not a fuzzy region. Later in this chapter we 
talk about image quality. Here we just point out that, in general you get a 
sharper image the narrower the angular width of the pencil of rays you use. 


EXERCISE 4 Explain why the pictures made by cheaper cameras usually 
cover a smaller angle. Sketch! 


A ray coming, in parallel to the axis will be bent in such a way as to pass 
through the focal point. We know this, because a really distant object on the 
axis forms its image at the focal point. This is how we defined the focal 
point. We are now ready to do “ray tracing,” to locate the image of any off- 
axis object by drawing two rays: One is the ray through the center of the 
lens, which will emerge at the same angle it enters. The other is the ray 
parallel to the axis, which will emerge aimed toward the focal point. The 
two rays meet at a point. That is the “image” point. It is the point where 
the image is in sharpest focus (see Fig. 11.4). 


EXERCISE 5 Convince yourself that the closer the object is placed to the focal 
Plane of the lens, the larger its image. Two or three ray diagrams should be 
convincing. 

EXERCISE 6 Draw the ray diagram for the object placed two focal lengths 
from the lens. (Assume that the focal length is the same on both sides of 
the lens.) Show that the image is the same size as the object. 


FXERCISE 7 Draw a ray diagram for an object placed more than two focal 
lengths from the lens. Is the image larger or smaller than the object? 
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Focal plan 


(b) 
FIGURE 11.3 (a) A parallel bundle 
of rays incident parallel to the axis 
is converged and comes to a focus 
at the focal point of the lens. (b) A 
parallel bundle of rays coming in 
off-axis comes to a focus in the 
focal plane of the lens, a plane 
through the focal point 
perpendicular to the axis. 


Object 


Image 
FIGURE 11.4 Ray diagram. The ray 
through the center of the lens is 
not bent. The ray parallel to the 
axis is bent by the lens so as to 
pass through the focal point F. 


FIGURE 11.5 Ray diagram showing 
virtual image. To see it, the eye is 
on the right. The object is closer 
to the lens than the focal plane. 
Although the ray parallel to the 
axis is bent down so as to pass 
through the focal point, the two 
rays still diverge after passing 
through the lens. They both 
appear to come from a point 
further to the left of the lens than 
the object. This is the virtual 
image. 
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Virtual Image 


What happens if the object is close to the lens, closer than the focal length? 
Experience tells us that we don’t get a real image. We can trace the two rays 
and see why (Fig. 11.5): They emerge from the lens still diverging. The lens 
is not strong enough to converge the rays when their source is so close, Jt 
is useful to ask what point they appear to diverge from. If we extrapolate 
those rays backward (dotted lines in Fig. 11.5), they meet at a point in back 
of the object, that is, further away from the lens. This is the position of the 
virtual image. Of course, none of the light rays from the object actually get 
to the virtual image. All of them appear to come from there. 

With most optical instruments, a virtual image is exactly what we want, 
When we use a magnifying glass, we don’t want it to project a real image 
of an object. We want to hold the lens close to an object and see it as if it 
were further away. We see the light appearing to come from the virtual 
image, so we can focus our eye further away than the object. The magnify- 
ing lens permits us to get our eye closer to the object than the accommoda- 
tion of our naked eye lens would permit. 


EXERCISE 8 Sketch a ray diagram for an object placed half the focal length 
away from a converging lens. 


Lens Equation 


If I know the object position and the power of the lens, there must be a 
formula for telling me the image position. We are going to derive such a 
formula using the ray-tracing procedure. But before we do, we shall need to 
define the concept of a wavefront. 

In the pencil (bundle) of rays leaving the object, the speed of the light is 
the same along every ray. In technical language, the light is traveling ina 
homogeneous, isotropic medium. If we think of following a light signal out 
along each ray, then points of equal travel time lie on a spherical surface 
called the wavefront. Repeat: The wavefront is defined to be the locus of 
points of equal travel time. 

What the lens does is to change the curvature of the wavefront that passes 
through it. In forming a real image, the lens converts a diverging pencil of 
rays into a converging pencil, a spreading wavefront into a shrinking wave- 
front (Fig. 11.3). In forming a virtual image, it converts a diverging pencil 
into a less diverging pencil (Fig. 11.5). The lens equation says simply, 


curvatures = curvature; + power of lens (Eq: 1) 


The lens is a device for adding a given constant curvature to the curvature 
of the incident wavefront. Here is what that means: 
The curvature of a spherical surface is defined to be the reciprocal of i 


1.2 LENSES 


radius. In geometrical optics, it is called positive if the pencil is converging, 
negative if diverging. Since the rays diverge from the object, the wavefront 
incident on the lens has negative curvature. The power of the lens is defined 
as the reciprocal of its focal length. The equation says that a converging lens 
(alens with positive power) can convert a negative-curvature wavefront into 
a positive-curvature wavefront. That is what it does in forming a real image. 
From the definitions, curvature and power are both measured in reciprocal 
meters. For lens power, we call the (meter)! the diopter: 
1diopter = 1m! 
Two meters away from an object, the wavefront has a curvature of —1/2m 
= -0.5 m~". If at this point it meets a lens of +2.0 diopters, the curvature 
of the wavefront coming out of the lens is 


curvature,,, = —0.5 m~! + 2.0m! = +1.5 m`! 


That is a positive curvature: The lens has made the rays converge to a point 
0.67 meters beyond the lens. Repeat: The image is 1/(1.5 m~’) = +0.67 
meters from the lens (Fig. 11.6). The “+” sign says “real image,” or con- 
verging rays. : 


- - 

10 Real eae FIGURE 11.6 Object 2 
m from +2.0 diopter 
lens. 


Now suppose that the object is brought closer to the lens, say 1.25 m 
away (Fig. 11.7). When the wavefront gets to the lens, its curvature is 
~1(1.25 m) = —0.8 m~’. On emerging from the +2.0 diopter lens, the 
curvature is 

curvatures = —0.8m7! + 2.0m7) = +1.2m! 

The lens has made the divergent rays from the object converge to a real 
image 1/(1.2 m~?) = 0.83 m past the lens. Remember our generalization 
from experience: Object and image move in the same direction. 


Ee — r 

Bis 10 Real meee FIGURE 1.7 Object 
1.25 m from +2.0 
diopter lens. 


In Fig. 11.8, the object is still closer, only 0.25 m from the +2.0 diopter 
ens. This time the lens is not strong enough to change the divergent rays 
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220) sao LO : 10 Virtual image FIGURE 11.8 Object 
0.25 m from +2.0 
diopter lens. 


into convergent rays. It just makes them diverge less. The incident curvature 
is —1/(0.25 m) = -4 m™'. 
1 


curvature, = -4 m~! + 2.0m™ = —2.0 m`! 


The wavefront diverges as if the rays came from a point 1/(2 m~’) = 0.5m 
to the left of the lens. The “—” sign says “left”; therefore, “virtual image.” 

What if the object is in the focal plane (Fig. 11.9)? Then the (negative) 
curvature of the incoming wavefront is equal to the (positive) power of the 
lens. A +2.0 diopter lens has a focal length of 1/(2 m 1) = 0.5 m. If the 
object is 0.5 m from the lens, we have 


curvatureou = -2.0 m~! + 2.0m™ = 0 


FIGURE 11.9 Object 0.5 
m from a +2.0 diopter 
lens. 


The outgoing wavefront is neither convergent nor divergent. The rays are 
all parallel. We can say that the image is at infinity. Or should we say itis 
at minus infinity? It doesn’t really matter. As you know, when you bring 
the object in closer to the lens, as you approach the focal distance the real 
image gets huge. When you are right there, it blurs out. Closer than the 
focal distance, the image is virtual. As the object is brought toward the focal 
plane, the virtual image moves out toward infinity on the left, that is, minus 
infinity. 
a 
EXERCISE 9 Use the lens equation to find the position of the real image for 
the +2.0 diopter lens when the object is 1.0 meter away. 


EXERCISE 10 Use the lens equation to find the position of the virtual image 
for the +2.0 diopter lens when the object is 0.33 m away. 
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Magnification. Derivation of the Lens Equation? 


Your experience in following the real image as you moved an object in closer 
to the lens taught you that the image gets bigger and therefore fainter. The 
same amount of light is spread over an ever-increasing area. It grows until 
the object distance is equal to the focal length. At this point the image is 
infinitely large and disappears in a dark blur. We shall now show how the 
image size depends on the object position. 

We define the magnification of the lens as the ratio of image size to object 
size, Simple geometry shows [Fig 11.10 a] that the magnification is equal to 
the ratio of image distance to object distance. The ray going straight through 
the center of the lens forms the hypotenuse of two similar triangles. The 
heights of the triangles are the image size I and the object size O, respec- 
tively. Their bases are the image distance q and the object distance p, re- 
spectively. The proportionality of corresponding sides of similar triangles 
yields 

magnification = Ei -1. ne 

6 ‘ O p object distance 

Now trace our second ray, the one leaving the object parallel to the axis 
(Fig. 11.10 b). Again you get two similar triangles. Again the ray forms the 
hypotenuse of both. Again the sides of the triangles are proportional: 


magnification = z ae 
P a: 
The distance x; is the distance of the image behind the focal plane: 
ged = f 
Each of these two ray constructions has given us an independent expres- 


sion for the magnification. Setting them equal, we have a relation between 
the variables p, q, and f: 


q =f 


magnification = + = —— 
py eh 
Solve for the curvature of the outgoing wavefront: 
1 1 1 
Be uk a A 
rms a 


ee eee 
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EXERCISE 11 Do the algebra! 


ILE 
TE 


2 ; 
You may want to skip this section on first reading. 
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ke- p-m a a 
FIGURE 11.10a Magnification 
formula: I/O = q/p. 


| I 
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FIGURE 11.10b Magnification 
formula: I/O = xyf. 
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That is the lens equation! The curvature of the outgoing wavefront is 14, 
The curvature of the incoming wavefront is —1/p. The minus sign indicates 
that the rays are diverging. Remember that 1/f is defined to be the power of 
the lens. The equation is the familiar 


curvature,,, = curvature, + power of lens 


EXERCISE 12 To have the image 10 times the height of the object, the image 

distance has to be 10 times the object distance. 

(a) How far behind the focal plane is the image plane? Answer in the form, 
rf times the focal length.” 

(b) How far in front of the other focal plane must the object be placed? 


Some writers call the focal point in front of the lens the “first principal 
focus,” the one in back the “second principal focus.” 


EXERCISE 13 For a thick lens, it is hard to know from where to measure p 
and q. But the principal foci can always be located, so that x), the distance 
of the image plane behind the second principal focus, is easy to measure. 
So is Xo, the distance of the object plane in front of the first principal focus. 
We wrote the magnification as 


I 2% 
(o ; 
Prove also 

T 


f 
S ENR 22 
RE ence xxo = f 


oO 
This last is sometimes called Newton’s form of the lens equation. 


EXERCISE 14 Use Newton’s form of the lens equation to solve Exercise 12, 
where the magnification = 10. 


EXERCISE 15 Use Newton's form of the lens equation, xxo = f°, to prove 
that if you move the object, the image moves in the same direction. 


EXERCISE 16 Where must the object be placed for the image to be the same 


size as the object, that is, magnification = 1? Show algebraically and geo- 
metrically. 
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Negative Lens 


Examine an eye-glass lens worn by a very Near-sighted person. Instead of 
magnifying, it makes objects appear smaller. Notice how small the glasses 
make her eyes! A divergent pencil of rays incident on such a lens emerges 
more divergent. The object appears to have been brought closer. The power 
of such a lens is defined to be negative. 

A positive lens is thicker in the middle than near the edge. You can tell 
by looking closely at a magnifying glass. A negative lens is thinner in the 
middle. With an ophthalmic lens this may be hard to tell, especially since-it 
is fashionable to make lenses of either sign convex toward the front (Fig. 
11.11). 

You won't succeed in forming a real image with a negative lens. When 
you look through it, you are seeing a virtual image. You remember that a 
virtual image formed by a positive lens is further away than the object. With 
the negative lens, the virtual image is closer than the object. 
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EXERCISE 17 If you have access to a mixed collection of lenses including 
some negative ones, train yourself to distinguish the positive from the neg- 
ative. For weak lenses, it may be hard to tell whether the image is larger or 
smaller than the object. An easy way to tell is to wiggle the lens (or your 
head) from side to side. Does the image move with or against the motion of 
the lens. Sketch. 


EXERCISE 18 Hold a pencil vertically; behind it, hold a finger of your other 
hand. If you move your head to the right, the pencil appears to move to the 
left. This is called parallax. If you were looking through a negative lens and 
moved your head to the right, which way would the image appear to move? 
Relative to what? 


EXERCISE 19 The parallax test can be used to locate the image plane with 
either positive or negative lenses. Look at your pencil through a lens. Sup- 
Port it; you'll need the other hand. Look at a finger by peering over the top 
of the lens. Try to position the finger so that the image of the pencil does 
Not move relative to the finger when you move your head (or the lens). You 
have found the image plane! 


ee 
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‘ Even though a parallel pencil of rays is not brought to a focus by a nega- 
tive lens, the lens still has a focal plane and hence a focal length. A pencil 
of rays incident parallel to the axis emerges diverging as if it all came from 
one point. That point is the focal point of the lens (Fig. 11.12). The image 
(Virtual!) of any distant object is in a plane perpendicular to the axis through 
the focal point. The distance of this focal plane in front of the lens is the focal 
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Negative Positive 


FIGURE 41.11 


FIGURE 41.42 Parallel rays are 
diverged by a negative lens so 
that they appear to come from the 
focal point F. 
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FIGURE 143 Ray diagram for 
negative lens, 
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length of the lens. Since it is measured backward, in the direction the light 
comes from, it is designated —f, that is, fis negative. We can still use our 
lens equation (Eq. 1) for negative lenses. Just notice that the power 1/f is a 
negative number. For a negative lens, the equation 


curvature,,, = curvature;, + power 


says that the curvature of the emerging wavefront is Jess than that of the 
incident wavefront. If the incident pencil is diverging (negative curvature), 
the emerging wavefront will diverge more, that is, it will have a larger neg- 
ative curvature: The pencil of rays will appear to be diverging from a point 
closer to the lens than the object. That is what we just got through saying. 
a _____fhHH ____ 
poe TS I SES 
EXERCISE 20 An object is placed 0.75 m from a —2.0-diopter lens. Where is 
the image? Solution: Curvature of the incident wavefront is —1/(.75 m) = 
—1.33 m`". Curvature of the emerging wavefront = —1.33 m=! —2.0 m`! 
= —3.33 m |. The image is m from the lens. The minus sign says 
that it is in front of the lens, that is, virtual image. 


EXERCISE 21 Trace the usual two rays through a negative lens (Fig. 11.13), 
One ray goes straight through the center of the lens. The other ray leaves 
the object parallel to the axis and is bent away from the axis so that it ap- 
pears to come from the focal point. The only way the two rays meet is if 
this second ray is extrapolated backward. The intersection is in front of the 
lens, The image is virtual. Evidently, it is smaller than the object and erect, 
right-side up. 

Repeat the ray tracing for an object distance greater than the focal length. 
Is the image smaller than the object? Is it erect or inverted? 
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11.3 HOW EYEGLASSES WORK 


An ordinary spectacle lens helps the wearer to see an object more clearly by 
forming a virtual image of it at a more comfortable distance. The farsighted 
wearer wants the image farther away than the object. The near-sighted 
wearer want it closer. 

A farsighted person’s eye lens is too weak. Without glasses, the image of 
a close object falls behind his retina. He sees it blurred. With glasses, the 
positive power of the lens he wears is added to that of his eye lens. A pencil 
of rays diverging from the object is converged by the lens so that it appeats 
to diverge from a point further away. 
A The nearsighted eye is unable to flatten the lens sufficiently to focus the 
image of a distant object on the retina. The eye lens is too strong, 50 the 
image falls in front of the retina. When the rays from it get to the retina 
they have diverged again. What falls on the retina is a blur. Adding the 
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negative power of an eyeglass lens to the power of her too-strong eye lens 
allows the wearer to see the distant object clearly. What she sees is a virtual 
image closer in: The negative lens has diverged the pencil of rays from the 
distant object so that it appears to come from a nearer point. 

The virtual image formed by the eyeglass lens is, of course, a virtual ob- 
ject from the point of view of the eye. This terminology is useful if we are 
to trace rays. The virtual object can be the source of the two rays we con- 
ventionally use in our construction of the image. For example, a —2.0-diop- 
ter lens worn in front of a nearsighted eye would diverge the parallel pencil 
of rays coming from a distant object so that it would appear to be coming 
from a virtual image 0.5 m (= 1/(2.0 m~’) away. This would be the virtual 
object for the nearsighted eye, which cannot focus at infinity but may be 
able to focus comfortably at 50 cm. 
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EXERCISE 22 A not-very-nearsighted child cannot focus on objects farther 

than 2.0 meters away. 

(a) How strong a negative lens would you prescribe to enable the child to 
see distant objects clearly? 

(b) How far away does this lens form the virtual image of an object 2.0 
meters away? 

(c) An object 50 cm away? 


EXERCISE 23 Suppose that a farsighted eye could not accommodate at all 
but had a “fixed focus” at infinity, like some cheap cameras. How strong a 
lens would you prescribe for clear reading at 25 cm? 


EXERCISE 24 A farsighted patient wears a +2.0 diopter lens for reading, 

holding the book 25 cm from his eye. 

(a) How far away is the virtual image of the book? 

(b) How much stronger must an eye lens be for reading at this distance than 
for looking out of the window? 
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Now you know how eyeglasses help farsighted and nearsighted eyes. We 
have not talked about what goes on at the surface of the glass, about how a 
lens forms an image. The next section describes the refraction of light in 
— Then it shows how the law of refraction can be used to design a 
lens, 


1.4 REFRACTION: SNELL’S LAW 


When a light ray strikes a polished glass surface, some of the light is re- 
flected and some is transmitted into the glass. Most of the transmitted rays 
are bent as they cross the surface. We say they are refracted. Only at normal 
Incidence does a ray go straight in, unbent. If you are asked which way a 
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ray is bent, a qualitative answer is that it is bent toward the normal and re- 
mains in the plane of incidence. This means that the incident ray, the re. 
fracted ray, and the normal to the surface all lie in the same plane. Asked 
how much the ray is bent, you might answer that the greater the angle the 
incident ray makes with the normal, the more it is bent. You might even 
risk the guess that the angles the incident and refracted rays make with the 
normal are proportional. That turns out to be a good guess for small angles, 
But you know it can’t be true as you get near grazing incidence, angles of 
incidence near 90°. There, rather large changes in the angle of incidence give 
quite small changes in the angle of refraction. The correct law of refraction, 
discovered by Snell in the early seventeenth century, is a bit subtle and 
requires some geometry to appreciate. 

Draw a circle of unit radius centered at the point of incidence. “Unit” can 
mean 1 inch, 1 centimeter, or any unit; it doesn’t matter. This circle defines 
a unit vector in the direction of the incident ray, as well as a unit vector in 
the direction of the refracted ray. Now sketch in the components of those 
two unit vectors parallel to the refracting surface, the horizontal components 
in our picture (Fig. 11.14). Snell’s Law of Refraction states that for all angles 
of incidence, these two components are proportional. 


Circle radius = 1 


Snell's Law. 
sin 0; 
= constant 
sin 0, 
a Air 
Glass 
FIGURE 14.14 Snell's 
sin 0, Law: sin 0,/sin 6, = 


constant. 


The two rays and the surface normal define two right triangles. Both hy- 
potenuses have unit length. Remembering the definition of the sine of an 
angle, 

opposite 


sin 0 = 
hypotenuse 


you can convince yourself that the parallel component of the unit “incident” 
vector is sin @;. The parallel component of the unit “refracted” vector 1$ 
sin 0,. Snell’s Law is 
sin 0; 
sin 6, 


= n = constant (Œq) 


The constant is a quantity characteristic of the refracting material, called the 
index of refraction. For light going from free space into a solid or liquid, it ® 
always greater than unity. For most kinds of glass it is around 1.5. 
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FIGURE 11.15 
Formation of a real 
image by a curved 
glass surface. 


Equipped with Snell’s Law, you can see intuitively how light rays can be 
converged by a curved glass surface. Figure 11.15 shows two rays from a 
point P outside the glass being refracted so they intersect again at a point Q 
inside the glass. Both rays have been bent toward the surface normal. The 
surface has to be convex to be converging. To be sure, two rays diverging 
from P will meet again only if P is not too close to the surface. If 0; is too 
large, the steeply upward-bound ray is bent, to be sure, but is refracted into 
the glass less steeply upward bound (Fig. 11.16). 


FIGURE 1116 The object point P 
is too close to have a real 
image. 


You now have a feeling for the process of image formation. If other rays 
from P converge to the same point Q, then Q is the image of P. Without 
saying anything about the shape of the glass surface, we don’t know 
whether rays leaving P at other angles will converge on the same point Q 
or not. If the surface is rough or ripply, rays will go in various directions, 
depending on where they strike the surface. But if the surface is reasonably 
smooth, rays from a reasonably narrow pencil will form a reasonably good 
mage. That is not a strong statement, but it is useful. We now show how 
this works for a spherical surface with rays making small angles with the axis. 


Image Formation by a Spherical Surface 


Most polished glass surfaces are spherical, just because it is easier to make 
them that way. They are ground on rotating machinery. In Fig 11.17 the 
horizontal axis is supposed to be an axis of rotational symmetry. To see how 
the spherical surface of the glass forms an image, consider rays making 
Small angles with the axis —“paraxial rays.” The ray leaving an object point 
P along the axis strikes the glass surface at right angles (8; = 0), so it goes 
în unbent. Now trace a ray from P that strikes the glass surface at the point 
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ep ——— q 
FIGURE 11.47 How a spherical surface forms an image. The 
incident ray PH makes an angle a with the axis. The out- 
going ray HQ makes an angle y. The radius OH makes an 
angle B. For small angles, the approximations h = p tan a 
= pa, h = r tan B = rB, and h = q tan y = q y are ade- 
quate, giving a = h/p, B = hir, and y = h/q. 


H, a height h above the axis. The angle a the ray PH makes with the axis is 
assumed small, so the angle of incidence 0; is also small. For small angles 
the approximate form of Snell’s Law, 

à =n = constant 

6, 
will be a good approximation: We have replaced the sines by the angles. 
(See Problem 16.) Think of the angles much smaller than they are drawn in 
Fig. 11.17. 

The geometry of the obtuse triangle POH gives 

a + B = 0; = angle of incidence 
Similarly, for the triangle QOH, we get 

y+0=8 
Substituting these two equations into the approximate Snell’s Law 6; = nè 
gives 

a+B=n(G-) 


or 


Now you can see that all the rays striking at different heights hr converge ' 
the same point, because the h cancels out. The relation between the object 
distance p and the image distance q is independent of the direction of the 
ray. Canceling the h and rearranging gives 


Cae 1) (Eq: 2) 
r 


n 1 
Lee Cad 
q id 
That reminds you of the lens equation (Eq. 11.2-1). Bear in mind that the 
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curvature of the incoming wavefront is negative (= —1/p) and you can see 
the analogy: 
fet 
n X curvature,,, = Curvature; + 
7 


Read as a lens equation, this ascribes to the spherical surface the power 
(n — 1)/r. If you wonder about the n on the left, remember that the outgoing 
ray is in the glass, which has an index of refraction n. 

That was a lot of algebra. Now let's criticize what we have done. The 
derivation involved several small-angle approximations. So rays from P 
making large angles with the axis do not converge to the same point Q. This 
is called spherical aberration. A large “opening,” allowing rays for which 
those small-angle approximations are bad, will give a fuzzy image. We 
pointed that out early in this chapter. The smaller the angular aperture, the 
sharper the image. Of course, there is nothing in principle that restricts us 
to spherical surfaces for making optical components. They are just easier to 
grind. Modern computer-controlled machinery can grind aspherical glass 
surfaces for optical systems requiring large apertures. Notice that for small 
apertures, the exact shape of the surface is not crucial. Any smooth curve 
looks like part of a circle if you don’t see much of it. 

Consider the plane defined by the axis and a point on the object. Points 
off the axis send out rays that are not in this plane. We call them skew. The 
more skew they are, the worse our formulas for describing where they con- 
verge. Our diagrams are not good at representing skew rays. But we look at 
a three-dimensional world, so we have to be concerned with the images of 
three-dimensional objects. All lenses distort. Figure 11.18 shows two kinds 
of distortion of two-dimensional objects lying in a plane perpendicular to 
the axis. As for the third dimension, the depth dimension, this is what our 
discussion of focusing has been about. We can state a general rule: If you 
want greater depth of field, that is, if you want objects at different distances 
to be in good focus, confine your rays to a narrower aperture. Repeat: If you 
want a lot of depth, you have to sacrifice width. (See Problem 32.) 


(a) 0) © 

FIGURE 41.48 Distortion: (a) With a tiny aperture, the graph paper looks square. (b) 
Barrel distortion arises when the magnification decreases toward the edge of the 
ield. (c) Pincushion distortion arises when the magnification increases toward the 
edge of the field, 
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At f/16 the rug and the jug are all 
in focus. At £/1.4, which is 128 
times “faster,” the rug in the 
background and the design in the 
foreground are both blurred; only 
the neck of the jug is in good 
focus. (Problem 32) 
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Lens Maker's Formula 
We have shown how a curved glass surface forms an image. In Eq.2 we 
obtained an expression for the power of the surface: 


n-1 


power = 


The more curved the surface, the greater its power. The greater the index of 
refraction of the glass, the greater the power. But a lens has two surfaces, 
and we are interested in rays that come in the front and go out the back 
surface. So we have to consider not only light going from air to glass, but 
also light going from glass to air. In Problem 34 the reader is invited to 
complete the proof of the Lens Maker's Formula, which gives the power of 
a lens in terms of the radii of curvature of the front and back surfaces: 


power = (n — (2 + 1) (Lens Maker's Formula) (Eq.3) 
The powers of the two surfaces just add. Our proof is for convex lenses. 
Problem 35 extends it to concave lenses by interpreting the radius of curva- 
ture as negative if the surface is concave. 

The Lens Maker’s Formula is presented here so that you know that such 
a formula exists. It tells you that convex surfaces have positive power and 
concave surfaces have negative power. We are not going to do anything 
with the formula. But now you know why people whose eyes need strong 
corrections have to wear thick glasses. 


el 


EXERCISE 25 Explain. Notice that the size of the glasses does not appear in 
the formula. Why do lenses of larger diameter have to be thicker to have 
the same power? 


SS 
-e n O o O H) 


SUMMARY 


Light seems to travel in straight lines 

When does it turn corners? Reflection, scattering, and refraction 
Accommodation of the eye 

Using a lens to focus a real image 

Locating the image by ray tracing 

Object too close—virtual image 

Locating the image using the lens equation 

How to tell negative from positive lenses 

Parallax 


KEY TERMS 


Glasses for farsighted and nearsighted eyes 


Snell's Law 
Spherical lens surface—Lens Maker’s Formula 


KEY TERMS 

Rectilinear propagation Light goes in straight lines. 

Scattering Reflection by small particles so the light goes out in many directions. 

Ray A line or curve that describes the path of the light. The “ray approximation” 
of geometrical optics neglects the wave nature of light, that is, neglects diffraction. 
In a homogeneous medium, a ray is a straight line. 

Pencil A bundle of rays from the same source. 

Reflection The law of reflection states that the angle of reflection is equal to the 
angle of incidence. Specular reflection means mirror reflection, that is, smooth-sur- 
face reflection. 

Refraction The bending of light when it passes from one medium to another. If the 
optical properties (refractive index) of a medium vary gradually in space, light is 
bent gradually, that is, the rays are curved. 

Snell’s Law of Refraction sin 0/sin 0, = n = index of refraction. 

Refractive index Index of refraction, a constant characterizing a medium in which 
light can travel, usually designated n. The refractive index changes with frequency, 
a property called dispersion. See Snell’s Law; also speed of light. 

Lens A device for changing the curvature of a wavefront. A bundle of rays is con- 
verged by a positive lens, diverged by a negative lens. 

Accommodation The ability of the eye to focus at various distances. More gener- 
ally, the ability of a lens system to change its power. 

Focus The place where a bundle of rays comes together to a point. Also used as a 
verb: To focus a beam means to bring it to a focus. 

Focal point In a lens or mirror system: the place where a beam parallel to the axis 
comes to a focus. 


Focal length The distance from the lens to the focal point. 


Focal plane A beam of light coming from infinity is brought to a focus in the focal 
plane. 

Ray diagram Requires two rays. One may be a ray coming in parallel to the axis. 
This is bent so as to pass through one of the focal points. One may be a ray 
emerging parallel to the axis. This comes from one of the focal points. Another 
Special ray is one through the center of the lens. This emerges in the same direc- 
tion it came in. 

Retina The light-sensitive part of the eye. It is attached to the sclera in back. In 
front, it bounds the vitreous humor. The retina is often considered to be an exten- 
sion of the brain. 

Cornea The transparent curved cover through which light enters the eye. The cor- 
nea holds in the aqueous humor. Together they are responsible for most of the 
Power of the eye’s optical system. This is why patients who have had their cornea 
removed because it became cloudy (cataract) need to wear very strong glasses. 
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ry liquid contained between the cornea and the crystalline 
fractive index is 1.33 (the same as water), while that of the 
front surface is more curved than its rear surface, it also 


Aqueous humor Wate 
lens of the eye. Its re! 
cornea is 1.37. Since its 
contributes to the power of the optical system. 

Crystalline lens Layered structure responsible for the accommodation of the eye, 
Muscles causing it to bulge more in the middle increase its power. The refractive 
index is greater near the middle (1.40) than at the edges (1.38). 

Vitreous humor The transparent jelly filling most of the eyeball. 

Cones The photoreceptors of the retina that are responsible for the sensation of 
color. 

Rods The photoreceptors of the retina that sense low light levels. The rods are 
involved in night vision. 

Blind spot The place on the retina where the optic nerve attaches. 

Fovea Also called macula. The region of the retina in which visual acuity is greatest. 
It has maximum density of cones. 

Iris Diaphragm covering the periphery of the crystalline lens. The ciliary muscle 
closes the iris down in strong light to give a smaller aperture. 

Virtual image The position the light appears to come from in a diverging pencil. 
Note that no light ray need ever pass through the virtual image. A negative lens 
forms only a virtual image of a real object, never a real image. A positive lens 
forms a virtual image of a real object when the object is closer than a focal length. 


s 1 1 1 
Lens equation Curvature,,, = curvature + power, or- = ~-~ + F 
q p 


where q = image distance, p = object distance, and f = focal length. 
Sign convention fis positive for a converging lens, negative for a diverging lens. p 
is distance in front of the lens, so it is positive for a real object. q is positive for a 


real image, which is in back of the lens; it is negative for a virtual image, which is 
in front of the lens. 

Virtual object When light goes through two or more lenses, a virtual image formed 
by the first lens may be considered to be the source of rays for the second lens. 
Since the light rays do not really come from this point, it is called a virtual object. 

Wavefront Locus of point of equal travel time from a point source. Surface which 
is everywhere perpendicular to the ray through the point. 


Power of a lens 1/f, the reciprocal of the focal length. Measured in diopters = 
reciprocal meters. 


Diopter = (meter) ' Measure of lens power. Positive for converging, lenses, neg 
tive for diverging. 

Curvature Reciprocal of the radius of curvature. The curvature of a wavefront is 
considered positive if it is converging, negative if diverging. A spherical surface 
has a unique curvature; a nonspherical surface does not. 


Plane wave All the rays are parallel. All the wavefronts are planes. The source ofa 
plane wave is at infinity. 

Magnification Ratio of image size to object size. If the object (or the image) is at 
infinity, this definition loses its meaning and is replaced by the angular magnifica- 
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tion, the ratio of the angle subtended by the image to the angle subtended by the 
object. 
Newton's form of the lens equation xxo = f°, where 


xo = object distance in front of the focal plane 
x, = image distance in back of the other focal plane 
f = focal length 


Lens Maker’s Formula 


Speed of light In vacuo = 2.9979 x 10° m/sec. This is a universal speed limit for 
the propagation of any signal. The refractive index of a medium is the ratio of this 
speed to the speed of light in the medium. 

Ophthalmic lens Spectacle lens. A lens intended to be worn close to the eye, either 
in eyeglasses or as contact lens. 

Cylindrical lens One or both of its surfaces are cylindrical. Used for correcting as- 
tigmatism of the eye. If an eyeglass prescription calls for a cylindrical correction, 
this is usually ground on the inside as a negative correction, allowing a spherical 
correction to be ground on the outside. 

Farsighted Having hyperopia. The eye lens is too weak for the shape of the eyeball, 
so the image of a nearby object falls behind the retina. Corrected with a positive 
(converging) eyeglass lens. 

Nearsighted Having myopia. The lens is too strong for the shape of the eyeball, so 
the image of a distant object falls in front of the retina. Corrected with a negative 
(diverging) eyeglass lens. 

Astigmatism If for an off-axis object, rays that stay in the plane of the axis come to 
a focus different from that for skew rays, the lens is said to be astigmatic. Symp- 
tom: When a vertical wire is in focus, a horizontal wire is not. Corrected with a 
cylindrical Jens. 

Plane of incidence Defined by the incident ray and the normal to the surface. For 
refraction at the surface of an isotropic medium, the plane of refraction is the same 
as the plane of incidence. 

Critical angle The largest angle at which a ray can strike the surface and still get 
out of the refracting medium: 


SIN Beriti = Un. 


For larger angles, get total internal reflection. 

Coefficient of reflection The fraction of the incident light intensity that is reflected. 
Atlarge angles of incidence—close to grazing incidence—this is close to 100%. The 
larger the change in index of refraction at the surface, the larger the coefficient of 
reflection. 

Aspherical lens At least one surface is not spherical. To be sure, a cylindrical lens 
is not spherical, but the term is usually applied to the fancy surfaces intended to 
Correct spherical aberration. 5 

Spherical aberration Nonparaxial rays, that is, rays making appreciable angles with 
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the axis of a 
rays. 

Simple microscope Magnifying glass. 

Compound microscope A high-power object lens is placed close to the object—ust 
a bit more than the focal length away. The lower-power eyepiece, placed just be- 
yond the real image thus formed, forms a virtual image. 

Astronomical telescope A low-power objective lens forms a real image of a distant 
object. A high-power converging eyepiece placed just behind the focal plane of the 
objective forms a virtual image—upside down. 

Field glass Or binoculars. Same as an astronomical telescope, with a prism used to 
make the virtual image erect. 

Galilean telescope Or opera glass. A converging objective lens forms a real image 
of a distant object. A diverging eyepiece forms an erect virtual image. Magnifica- 
tions from twofold to sixfold are useful but not greater. 

Slide projector The transparent slide is placed just outside the focal length of the 
condensing lens and illuminated with diffuse light so that the distant real image on 
the screen is a magnified inverted image. 


f-number The numerical aperature of a lens: 


spherical lens surface, do not converge to the same focus as paraxial 


diameter of lens = focal length + f-number 


Thus the diameter of an f/2 lens is half its focal length. 


REVIEW QUESTIONS 


* How do we see objects that are not self-luminous, that is, are not themselves 
sources of light? 


* When you see your own clothes, is it by specularly reflected or by diffusely re- 
flected light? 


* While driving at night, long before you see the headlights, you often see a head- 
light beam coming over the crest of a hill. What is scattering, the light out of the 
beam toward your eyes? 


* When you look up from the book and glance across the room, does your eye lens 
get thicker or thinner? 


* Define focal point, focal plane, and focal length. 

* The real image in the film plane of the camera is erect / inverted. 
* The real image on the retina of the eye is: erect / inverted. 

* What two rays can be used in ray tracing? 


* When p = 2f, is the image real or virtual? Erect or inverted? Calculate the mag 
nification. 


* Explain the sign convention for the lens equation. 
* When p = f, where is the image? Explain both answers. 


* As pis increased, the magnification increases / decreases. 


PROBLEMS 


+ Ifa stronger lens is used, the magnification: increases / decreases. 

+ Ifa stronger diverging lens is used, the magnification: increases / decreases. 
* When does a converging lens give a virtual image? 

* Why is a wavefront spherical? 

+ In the lens equation, “curvature,” is usually negative. Why? When is it positive? 
* What is meant by a virtual object? 

* Derive the formula magnification = x/f by tracing rays. 

* Why can a diverging lens not form a real image? 

* What is meant by the focal plane of a negative lens? 


* The glasses worn by farsighted people are converging / diverging len- 
ses. They form a real / virtual image of an object, apparently bringing 
it nearerto / farther from the eye so that it looks larger / smaller. 


* The glasses worn by nearsighted people are converging / diverging len- 
ses. They form a real / virtual image of an object, apparently bringing 
it nearer to / farther from the eye so that it looks larger / smaller. 


* To increase the angle of reflection @„ you increase / decease the angle 
of incidence 9; (Snell’s Law). 


* Doubling 0; can double @,. True / False. Explain. 


* A narrower pencil of rays makes a sharper image. True or False. What is spherical 
aberration? 


* A narrower pencil of rays gives greater depth of field. True or False. Explain. 


* According to the Lens Maker’s Formula, if two lenses have the same shape, the 
one having the larger index of refraction will be stronger. True or False. Explain. 
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¥¥ 1. Magnifying Glass A pocket magnifier might 

have a focal length of 20 cm. 

(@) If the lens is held 1 cm from the book, hardly any mag- 

hification is achieved (see figure). Explain. Approximately 

Where is the virtual image of the print? 

(b) If the lens is held more than 20 cm from the book, the 

Print looks upside down. Explain. 

©) When the lens is held 10 cm from the book, the mag- 

nification is 2. That means the print looks twice as big as 

itis. As the lens is moved away from the book, does the 

magnification keep increasing? i 

(d) Is it possible to achieve a magnification of 4 with this 
nd lens? 


PROBLEM 1 Magnifying glass (hand lens). 
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> 2. Eye Loupe Jewelers sometimes wear a strong 
magnifying lens close to one eye in order to get close to 
their work (see figure). The lens might be as strong as +10 
diopters. 

(a) A young jeweler can bring the work to 24 cm from the 
naked eye. Argue that a loupe that permits bringing the 
work to 8 cm achieves a three-fold angular magnification. 
(b) If the work is held more than 10 cm from the lens, it 
looks blurred. Why? Convince yourself that you could not 
see the real image formed by the lens. Where is it? 

(c) If the work is brought very close to the lens, it also 
looks blurred. Why? Where is the virtual image? 

(d) If the work is held 8 cm from the lens, the image is 
nice and sharp. Approximately where is it? 


PROBLEM 2 
Jeweler’s eye 
loupe. 


*-* 3. Pinhole Camera If you exposed a sheet of pho- 
tographic film briefly to the scene in front of your eyes, no 
image would be recorded. The film would be uniformly 
exposed all over. This is because each point of the scene 
(object) scatters light in all directions, so each point of the 
film receives light from all points of the object, the bright 


Problem 3 Finger 
pointing at the 
camera. This 
photograph was 
made with a 
pinhole camera. 
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PROBLEM 3 Pinhole camera. 


ones and the dark ones. But if all the light has to go 
through a pinhole, an image is formed. Each spot of the 
film receives light from only one spot of the object (see 
figure). 

(a) Suppose that the object to be photographed is 20 cm 
long and the film is 10 cm long. Show in a sketch how to 
place the pinhole and the film in order to get the whole 
image on the film. 

(b) If the pinhole is to be 1 meter from the object, how far 
in back of the pinhole should the film be? (Hint: Similar 
triangles.) 

(c) The smaller the pinhole, the sharper the image. What 
is the disadvantage of too small a pinhole? 

(d) What are the advantages of a lens versus a pinhole? 


** 4. Speed of Light You always see the lightning 
before you hear the thunder. So you know that light trav- 
els faster than sound. How much faster? Almost a million 
times. Speed-of-sound measurements are done by timing 
echoes over measured paths. 

(a) With good electronics (fast oscilloscopes), times can be 
measured to nanosecond accuracy. How long a round-trip 
path is needed in order to measure the speed of sound in 
air (330 m/sec) to +1%? 


SOLUTION: 1 nsec should be 1% of the round-trip time, 
which should therefore be 100 nsec. Round-trip path = 
330 m/sec x 100 nsec = 


(b) The speed of light is 3 x 10° m/sec. Can we doa +10% 
measurement in the class room? Argue. 

(c) Why can’t we do even an order-of-magnitude measure- 
ment with a stopwatch? : 
(d) In 1926 Michelson timed light over a 44-mile round-trip 
path and measured the speed to one part in 10°. How a 
curate was his timing device? His surveying of the dis- 
tance was good to one part in 10’. 

* 5. Two Lenses A lens with one plane face and 


one convex face is called planoconvex. Two identical plan- 
oconvex lenses are pressed together, flat faces joined (see 


PROBLEMS 


PROBLEM 5 


figure). Compare the power of the combination with the 
power of each. 


xk 6. Compound Microscope The objective is a very 
strong lens. The object is placed just outside its focal 
length so that it forms a real image well beyond the other 
focal plane. The eyepiece, a weaker magnifier, forms a vir- 
tual image at the distance of most comfortable viewing 
(see figure). 

(a) Explain why the virtual image is upside down. 

(b) If the object is placed closer than the focal length of the 
objective, all you see is a blur. What is happening? 

(c) If the object is too far away from the objective, the mi- 
croscope has little magnification. Show that the real image 
formed by the objective is actually smaller than the object 
if the object distance is more than twice the focal length of 
the objective. 

(d) If the object is just barely outside the focal plane of the 
objective, the real image will fall behind the eyepiece. 


ce A 


Eyepiece < 


Real image 


Objective <j 


Object 


Virtual \ Compound 
mage microscope. 


\ PROBLEM 6 


PROBLEM 6 Using a binocular microscope. 


Show that the eyepiece can not then form a virtual image. 
(d) The stronger the eyepiece, the greater the magnifica- 
tion of the microscope. Yet most microscopes are made 
with low-power eyepieces. Why is it easier to use a micro- 
scope with a low-power eyepiece? 


** 7. Oil-Immersion Microscope To reduce spherical 
aberration of the objective, some microscopes are designed 
so that the object is immersed in an oil having roughly the 
same index as the glass of the lens, with which it is in 
contact. The front surface of the lens is usually planar. 

Show that the curvature of the front surface is arbitrary, 
that is, does not affect the lens power. 


* 8. Eye The human eye is about 24 mm in diame- 
ter (see figure). Show that when focused at infinity, its 


Blood 
vessels 


Retina 


PROBLEM 8 Human 


Optic nerve 
eye, 
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optical system (cornea, humors, and crystalline lens) has a 
power of more than +40 diopters. 


NOTE: The optician won't sell you an ophthalmic lens 
much stronger than + 12 diopters. 


* 9. Graph the Lehs Equation Take 1/f = +2.0 
diopters. Plot q versus p for positive values of the object 
distance p. 


> 10, Laser Surgery (Photocoagulation) A noninva- 
sive technique for the treatment of a detaching retina is to 
make tiny burns with a narrow laser beam. The scar tissue 
tends to adhere well to the sclera which backs the retina. 
Good aim is crucial to avoid hitting the fovea, the part of 
the retina where vision is most acute. Suppose that the 
surgeon permits himself an error no greater than 1 mm on 
the retina. How closely does he have to control the aiming 
angle of the laser? Express the permissible aiming error in 
degrees. Assume a +40-diopter optical system. Compare 
with the accuracy with which a gun must be aimed in or- 
der to hit a 30-mm bull’s eye at 30 meters. 


> 11. Reciprocity There is a theorem that for any 
optical system, the object can be interchanged with the 
image. That is another way of saying that light can go 
backward along any ray path. 

(a) Recount an experience you have had with lenses or 
mirrors to support this theorem. 

(b) If you turn a Galilean telescope (opera glass) around, 
it makes the scene appear smaller. Why does this not vi- 
olate the reciprocity theorem? 


* 12, Bifocals People who have lost some of their 
power of accommodation often own two pairs of glasses, 
one for “distance,” one for reading or close work (see fig- 
ure). 

(a) For a farsighted patient, which pair has the stronger 
lenses? 


Weak lens 
for distance 


Strong lens 
for reading 


PROBLEM 12  Bifocals. 
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(b) Instead of having two pairs of glasses, the two lenses 
can be ground on one piece of glass, the upper half having 
one prescription, the lower half the other. Which part of 
this bifocal would be the reading lens, the upper or the 
lower? Explain. 

(c) Suppose a patient needs a + 1.0-diopter lens to see dis- 
tant objects clearly. How strong a lens does he or she need 
to focus on an object 25 cm away? 


xÆ 13. f-Stops The aperture of a lens is convention- 
ally given in terms of f-numbers. The larger the lens, the 
smaller its fnumber. An f/4 lens has a diameter equal to 
its focal length divided by 4. 

(a) If that lens is now stopped down to //8 (that means 
diameter = focal length divided by 8), only half the di- 
ameter lets in light. Show that for photography the expo- 
sure time should be 4 times as long. 

(b) If you wanted an f-stop giving exactly double the ex- 
posure time of the f/4, show that you should stop down to 
fI5.6. (Hint: V2 = 1.41.) 

(c) If you wanted only half the exposure time, you would 
need a larger lens. What should be its /-number? 

(d) On most cameras, the available f-stops are arranged so 
the exposure time doubles from one f-stop to the next. Af- 
ter f/5.6 the next smaller aperature is //8. Then comes 
f!11. What is the next one? 

(e) For a 50-mm focal length, what is the diameter of an 
f/1.4 lens? 

(f) Conjecture why camera stores don’t sell lenses with f 
numbers less than 1. (See also Problem 32.) 


** 14. Prism — Lens Two prisms are placed as 
shown, the one having the larger prism angle on top. 

(a) Show that two parallel rays, one incident on the upper 
prism, one on the lower prism, are converged. 


PROBLEM 14 


PROBLEMS 


b) A cylindrical lens can be thought of as made up of 
many tiny prisms joined so the prism angle changes 
smoothly. Show that the power of the lens is greater the 
more rapidly the angle changes across the lens. 


4% 15. Ray Through a Window 

(a) Show that a ray incident on a glass plate with parallel 
sides comes out the other side going in the same direction. 
4k(b) Show that the emerging ray is offset for oblique 
incidence and that the amount of offset increases with the 
angle of incidence. A graphical “proof” is sufficient. 


* 16. Snell’s Law 

(a) A ray strikes the horizontal water (n = 1.33) surface at 
a 1° angle with the vertical. What angle does the refracted 
ray make with the vertical? 

(b) If the angle of incidence is doubled to 2°, what is the 
angle of refraction? 

(c) If the angle of incidence is 45°, what is the angle of 
refraction? 


** 17. Snell's Law 

(a) Is there any angle of incidence on water that would be 
twice the angle of refraction? Yes/no? If No, prove. If Yes, 
give an example. 

(b) Same question for crown glass, n = 1.52. 


* 18. Snell's Law A semicircular plastic cheese box 
makes a good apparatus for measuring angles of refraction 
(see figure). Fill it with water or some other liquid. (Avoid 
carbon disulfide; it dissolves the plastic.) Shine a light ray 
so that it enters at the center as shown. It will leave the 
box at normal incidence, permitting easy measurement of 
the angles. 

*(a) At what angle should the incident ray strike so the 
emerging ray leaves at 45°? Solve for water, n = 1.33. 


Air 


PROBLEM 18 Snell's Law. 
Fill a transparent cheese 
box with water. All you 
need is a protractor to 
measure the angles. 
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*(b) Argue that the parallel sides of the plastic box have 
no effect on the direction of the rays. 

+ (c) Design an experiment using the box to measure the 
critical angle of water. 


> 19. Atmosphere as a Lens The index of refraction 
of air is just a bit greater than unity—about 1.0003 at at- 
mospheric pressure. Sketch a ray to show how refraction 
by the atmosphere actually makes the sun appear higher 
than it is. Would this make sunset earlier or later than the 
astronomers predict? 


** 20. Two Refractive Media: A Glass Aquarium 
Snell's Law tells us how a light ray is bent in going from 
air to water: 


sin Oair 


f = Nwater 
SIN Owater 


Similarly, for a ray going from air to glass, we have 


sin Oair 


a = Nelass 
SIN Opiass p 


How about continuing that ray from the glass into the wa- 
ter? If you write the Snell's Law equation 


SIN Ogjass ae 
SIN Owater 


What is the n? Answer: n = Mwater/Mglass 

(a) Prove. 

(b) Why are you not surprised that this index is less than 
unity? 

(c) Show that the index of refraction of the glass does not 
affect how far from the side of the aquarium the fish ap- 
pears to be when viewed through the thin glass. Only the 
index of water matters. Sketch! 


xÆ 21. Coin in the Fountain [Some Trigonometry Re- 
quired] The drain at the bottom of the swimming pool is 
always at the deepest place. 

(a) Why? 

(b) If the pool is 4 meters deep there and you are looking 
at the drain from directly overhead, how deep does it ap- 
pear to be? 

(c) Suppose that you are standing 2 meters from the edge 
of the pool. With your eyes 2 meters higher than the water 
level, you see the drain appearing at the water's edge. 
How deep does it appear to be? 

(d) Convince yourself that the further away you are from 
the drain the higher its image. Then put the argument in 
words. 
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>> 22. Coin in the Fountain Looking down from 
above, the onion at the bottom of the martini does not 
appear to be as far below the surface as you know it really 
is. Let’s trace two rays to see why (see figure). One ray 
can be the one going straight up; this is not bent by the 
water-to-air surface. The other ray makes an angle Owater 
with the surface normal and emerges into the air making 
an angle @,;,. The size of the angles is exaggerated in the 
sketch. Both rays have to enter the eye! According to 
Snell’s Law, we have 


SIN Oyi/SiN Owater = Nwater 


Geometry: 


object depth ae image depth = 


n Oy 


image depth _tan 0, _ 1 
object depth tan®, n 


tan 0, 


for small angles 


Take n = 1.33 (water?) and calculate how deep the on- 
ion appears in a 3-inch martini. 


Image depth 


PROBLEM 22 


>> 23. Law of Refraction In certain crystals, the re- 
fracted ray is not in the plane of incidence for all angles of 
incidence. Use a symmetry argument to prove that it has 
to be in the plane of incidence for a glass, which is an 
isotropic material. 


> 24. Infrared and Ultraviolet Ordinary glass is 
rather opaque in the ultraviolet but quite transparent in 
the infrared. Infrared photography requires special emul- 
sions; film sensitive deep into the IR spectrum can be 
bought at most photo stores. Why don’t photo stores sell 
special film for ultraviolet photography? (HiNT: UV pho- 
tography is possible with lenses made of quartz.) 


* 25. Prism Unlike a lens, the faces of a prism are 
plane. Unlike a window, the faces are not parallel. In an 
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Air Glass Air 
PROBLEM 25 


optical system a prism can be used for bending a beam of 
light through an angle. An incident parallel beam comes 
out as a parallel beam. 

(a) Show that a horizontal ray incident on the prism of the 
figure emerges bent downward. 

(b) If the incident ray were aimed slightly upward instead, 
would it emerge more or less inclined than before? Show 
by drawing rays. 


xk 26. Small-Angle Prism A crown-glass prism 
(n = 1.52) has a 5.7° angle between the opposite faces. A 
ray normally incident on one face meets the other face at 
an angle @gass = 5.7°. 

(a) Show. 

(b) At what angle 0,;, does it emerge? 

(c) Show that it is turned through an angle of 2.96°. 

(d) Show that for small angles of incidence and small 
prism angles a, the angular deviation of an incident ray is 
(n — 1)a. 


** 27. Chromatic Aberration The index of refraction 
of crown glass varies about 1.4% across the visible spec- 
trum: 


Wavelength Index of Refraction 
4047 A (violet) 1.532 
7682 Å (red) 1.512 


(a) A certain lens has a focal length of 50 mm with violet 
light. What is its focal length with red? 

(b) A certain camera has an fi1.2 lens, which means that 
its diameter is equal to its focal length divided by 1.2. A 
ray parallel to the axis incident on the edge of the lens is 
bent through an angle of degrees. Remember, it 
comes to a focus at the center of the picture. Sketch. 

(c) In part (a) you noticed that the index of refraction en- 
ters the lensmaker’s equation as n — 1. In Problem 26 you 
found that the deviation of a ray by a prism is proportional 
to n — 1 also. By what angle will the violet be separated 
from the red for the ray of part (b)? 


PROBLEMS 


* 28. Using Prisms as Mirrors This is an application 
of total internal reflection useful in fine optical instru- 
ments. 

(a) The index of refraction of crown glass is 1.52, Calculate 
the critical angle. Note that it is less than 45°. 

(b) Show by a sketch that a ray entering a 45° right-angle 
prism normal to one of the small faces emerges bent 
through 90°. 

(c) Show that a ray entering such an isosceles right-angle 
prism normal to the large face emerges bent through 180°. 
(d) Show how to use the prism as in part (b) to see an 
inverted image. 

(e) (Harder) Show that a ray incident on the large face at 
a small angle emerges from that face at the same angle, 
that is, turned through 180°. 


4k 29. Opera Glass or Galilean Telescope The objec- 
tive lens, a low-power magnifier, forms a real inverted im- 
age of the distant object. The eyepiece is a negative lens. 
(a) Show that this allows the eye to see an erect virtual 
image. 

(b) Show that a positive eyepiece can only give an inverted 
virtual image. Such a device is called an astronomical tel- 
escope and gives greater magnifications. 


XK 30. Prism Binoculars Each ocular is an astronom- 
ical telescope with two inverting prisms in the optical train 


Eye 


Eyepiece 


PROBLEM 30a 
Prism binoculars— 
really two 
astronomical 
telescopes, one 
for each eye. The 
objectives lens 
gives an inverted 
image. The first 
prism reinverts it; 
the second prism 
interchanges left 
and right so that 
the distant object 
looks natural. 
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PROBLEM 30b 
Binocular 
microscope. Light 
goes through a 
single objective, 
is split by the 45° 
prisms. 


(see Fig. a) One turns the image right-side up; the other 
gives a right-left inversion, to make it “true.” 

(a) Show that four reflections, each a right-angle turn, can 
do exactly that. 

(b) Two 45° prisms placed behind a microscope objective 
can be used to split the beam for making a binocular mi- 
croscope (see Fig. b). What possible advantages might a 
binocular microscope offer over a monocular instrument? 


*%* 31. Critical Angle In Snell’s Law, sin 0/sin 0, = 
n, the angle 0; is for the ray outside the refracting medium, 
the angle 0, for the ray inside, regardless of which way the 
light travels. 

(a) A fish sees the world outside the water compressed 
into a rather narrow cone. Substitute 0; = 90°, correspond- 


< 5m —= 
2m 
PROBLEM 31d 
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Total internal reflection. Several distinct pencils of light 
enter the glass prism from below at slightly different an- 
gles. The first four from the left are refracted at the long 
surface of the glass. The others reach that surface at angles 
greater than the critical angle and hence are totally re- 
flected there. If you look carefully, you can see that the 
first four are also partially reflected, increasingly so as the 
critical angle is approached. 


ing to a ray at grazing incidence, the largest that 0, can be. 
Solve for 0, with n = 1.33 for water. Sketch the ray corre- 
sponding to this largest value of 6,. 

(b) What does the fish see if it looks up at the surface at 
an angle 0, greater than this critical angle? It sees the re- 
flection of the bottom! Rays incident on the surface from 
below are totally reflected if they strike at large angles. 
Show that Snell’s Law has no solutions for values of 6, 
greater than Ocriticay, Where sin Oeria = 1/n. 

(c) In the film “Introduction to Optics” (Physical Science 
Study Committee) are shown two sets of feet of the people 
dangling their legs into the swimming pool, as seen by the 
underwater camera. Sketch a ray that has suffered total 
internal reflection in going from dangling foot to camera. 
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(d) (Harder) If the foot is 0.5 m below the surface and the 
camera is 2 m below the surface and 5 m from the pool 
edge, at what angle does it have to point to see the 
“flying” feet? (See figure) (HINT: If you have forgotten 
your trigonometry, use a sheet of graph paper.) 


«> 32. Depth of Field and f-Number (For definition, 
see Problem 13.) A camera with an //4 lens (a lens whose 
diameter is } its focal length), when focused at an object 3 
meters away, also has in good focus objects between 2,6 
m and 3.6 m. When the lens is “stopped down” to fill, 
the depth of field becomes greater: All objects between 2.1 
m and 5.4 m are in focus. When the lens is further 
stopped down to (a tiny aperture) //22, everything be- 
tween 1.6 m and infinity is in good focus 

The same camera is now focused at 1.5 meters, by in- 
creasing/decreasing the distance between lens and film 
plane. Wide open (i.e., f/4), only objects between 1.4 m 
and 1.7 m are in good focus. At f/22, everything between 
1.1 m and 2.4 m is in good focus. Estimate the depth of 
field at f/11. (Hint: The data are rough, so your estimate 
is going to be a rough estimate. You have not been taught 
how to solve this problem. What you have to go on is your 
physical intuition and your recollection that, in geometri- 
cal optics, it is reciprocal distances that enter the calcula- 
tions. Try making a table of the data. If you make a graph, 
plot the reciprocal distances.) 


* 33. Swim Goggles In swimming, when you open 
your eyes under water, things look blurred. With goggles, 
you can focus sharply. Explain carefully 


** 34. Proof of Lens Maker's Formula Start from Eq. 
11.42, 


n 1 fos) 
eager 
n pı nm 


for the front surface of a lens with radius of curvature t. 
(a) A similar equation holds for the back surface, where 
light goes from glass to air: 


ng chB; ® Rizal 
G2 Pp T2 
The radius of curvature r, is considered positive if the sur- 
face is convex. The argument is the same as for the pre 
vious equation, but the sketch is a little different, since the 
rays are bent away from the normal. Draw it. Convince 
yourself that the circled + is correct. 


QUESTIONS FOR FURTHER THOUGHT 


(b) If the lens i+ thin enough, the image distance qı for the 
front surface is the same as the object distance p for the 
back surface. Make this substitution and solve for 1/q in 
terms of 1/p,. Your result will have the form of the lens 
equation 11.2-1. Show that the power is given by Eq. 
11.43. 


* 35. Negative Lens Repeat the above derivation 
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for concave surfaces. The algebra is all the same; only the 
sketches are different. 


* 36. Lens Design Use the Lens Maker's Formula to 
calculate the power (in diopters) of a plano-convex lens 
made of glass of index n = 1.50 with front surface curva- 
ture 4.00 m7’, that is, radius of curvature 0.25 m. 


—_—:._ Ann I UM 


CO QUESTIONS FOR FURTHER THOUGHT 


a. Whan an astronaut looks at the moon, it has very sharp edges. When he looks 


back at the earth, its edges are fuzzy. Explain. 


B. Eye Surgery The aqueous humor (n = 1.33) is contained between the cornea 
(n = 1.37) and the crystalline lens (n = 1.4). If the cornea is removed surgically, 
the power of the eye’s optical system is cut by more than half. Explain. 

y. Mirages Hot air has a lower index of refraction than cold, simply because it is 
less dense. In the desert, air close to the ground tends to be much warmer than 
air higher up. Show how such an air structure can give inverted images of dis- 


tant objects. Sketch! 


Mirage: Fata Morgana over arctic ice. (See also Problem 11.19.) 


LIGHT 
AND VISION- 
WAVE OPTICS 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 
How do you know that red light has longer wavelengths than blue light? 


Why is the sky blue? 
Why is the sunset red? 


In a double-slit interference pattern, how do you calculate at what angle 
from the central maximum (bright line) the first-order maximum (bright 


line) can be seen? 

What determines how many orders appear on each side of the central 
maximum? 

Why are the bright lines narrower when there are more than two slits? 


Why is there no “single-slit pattern” for a slit much narrower than one 
wavelength? 

Explain how diffraction limits the resolving power of an eye or tele- 
scope. 

What is a hologram? 

Give evidence that the glare from a highway is polarized light. 


12.1 COLOR AND WAVELENGTH 


Long before you studied physics you may have known about “light waves.” 
How did you know? Somebody told you that light travels like a wave or you 
read it in a book. In this chapter we will discuss some properties of light 
that require a wave explanation. 

You may already know that red light has longer wavelengths than blue 
light. Remember the order of the colors in a rainbow? The red is on the 
outside; then comes the orange, the yellow, the green, finally the blue, trail- 
ing off into violet on the inside of the primary rainbow. That is the one we 
usually see when the sun is shining during the rain. It is caused by internal 
reflection of the sunlight in the rain drops. That is why you see the rainbow 
in a direction away from the sun. Do you know how that works? If light 
hits a good-sized spherical drop at a small angle, that is, pretty squarely, 
most of it goes through; the drop functions as a lens. If the angle of inci- 
dence is larger, the light is refracted (bent) as it enters, and more of the light 
suffers internal reflection. In leaving the drop when it gets to the surface 
again, the light is refracted a second time. Green light is turned through an 
angle of 138° or less. Red light is turned through a slightly smaller angle, 
blue light through a slightly larger angle. (See Problem 4) 

This says that the index of refraction of water is different for different 
wavelengths. The variation of the index of refraction with wavelength i$ 
called dispersion. The higher the index of refraction of a substance, the 
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more we tend to notice the dispersion. That is what makes the pretty colors 
of a cut diamond. Without attempting an explanation of dispersion, we just 
tell you that it goes the same way in all transparent materials: The short 
wavelengths have the higher index of refraction. Whether we are talking 
about water or glass or diamond, the blue light travels more slowly than the 
red. 
How about the color of the sky? On a clear day it is blue. On a cloudy 
day it is white or gray. Explanation: The droplets in the clouds are much 
smaller than the raindrops that cause rainbows, but they tend to be bigger 
than any of the wavelengths of visible light. Consequently, waves having 
all those wavelengths are scattered in all directions. All colors of light go 
every which way. When all the colors of light are mixed, what you see is 
white or gray. What makes the sky blue? That has to do with scattering by 
air molecules, A single molecule of nitrogen is so much smaller than a wave- 
length of light that it hardly scatters. Appreciable molecular scattering re- 
quires a clump of molecules. There has to be a statistical fluctuation in the 
local air density in a region many molecular diameters in size that has a 
refractive index slightly larger than average. To be sure, small clumps occur 
more often than large clumps. But small clumps scatter short-wavelength 
light more effectively than long-wavelength light, blue more than red. If 
there were no scattering from air molecules, the sky would look black. That 
is how astronauts above the atmosphere see it. Down here in the atmo- 
sphere, thanks to density fluctuations, blue is scattered more effectively 
than red, and the clear sky looks blue. 

How do you know that long wavelengths are less effectively scattered 
than short wavelengths? You learned that about sound waves when you 
read Chapter 10 on Sound and Hearing. A sound wavelength about the size 
of your head is roughly in the middle of the range of audible wavelengths. 
Longer wavelengths (lower tones) diffract around your head easily so that 
you hear them with both ears regardless of what direction the signal may 
be coming from. Shorter wavelengths (higher tones) tend to be reflected if 
they hit your head. So if the signal comes from the right, the direct signal is 
heard mainly by the right ear. Just how sensitive diffraction is to the size of 
the obstacle is very apparent at a rocky beach or with a branch sticking out 
of the brook. Only the waves with wavelengths short compared with the 
dimensions of the obstacle are appreciably reflected. The longer waves go 
tight around the obstacle. In the bathtub those long waves you make by 
sliding your whole body back and forth barely notice an arm or a leg. The 
cerave ripples can reflect even from a finger poking through the sur- 
ace, 


‘| QUESTION FOR FURTHER THOUGHT Sunsets 


In our polluted cities, the air close to the ground often contains dust parti- 
des whose sizes are comparable to the wavelengths of visible light. These 
will scatter the short wavelengths more effectively than the long. Explain 
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why, at sunrise and at sunset, when the direct rays of the sun have to trav 
erse a lot of dirty low-altitude air, the sun often looks very red. l 


The Visible Spectrum 


From Chapter 10 on “Sound and Hearing” you may remember that the high- 
est sound frequencies you can hear are about a thousand times the lowest, 
This means that the shortest audible sound wavelengths are about one-thoy- 
sandth the length of the longest. With light waves, the longest reds are 
about twice as long as the shortest violets. There is, as with sound, some 
variation among different people in the cutoff at both ends of the spectrum, 
but only a few percent. We like to use the word light even for wavelengths 
we can’t see. Wavelengths somewhat longer than red are called infrared 
(IR). Wavelengths somewhat shorter than violet are called ultraviolet (UV), 


|) QUESTION FOR FURTHER THOUGHT 


Infra means below; ultra means above. If infrared wavelengths are longer 
than red and ultraviolet wavelengths shorter than violet, aren’t the prefixes 
backward? Conjecture why we call the red end of the visible spectrum the 
low end, the violet end the high. Compare with the piano keyboard. 


The Sensation of Color 


The sensation of pitch is well correlated with the frequency of the incident 
sound, and different frequencies of sound excite different parts of the basilar 
membrane of the cochlea. Is there a comparable correlation between color 
and light frequency? Is there a comparable mechanism for color perception 
in the retina of the eye? No. It has to be very different, because the retina 
has to perceive a two-dimensional image. Each little spot on the retina re- 
ceives light of different color and intensity when we look at the scene before 
our eyes. The angular resolution of which we are capable requires millions 
of separate photoreceptors. These are the rods and cones of the retina. The 
brighter the light, the faster the rate at which these receptors fire, sending 
electrical signals to the optic nerve. The rods are mostly on the peripheral 
parts of the retina. They are sensitive to low light intensities and are used 
for night vision. The part of the retina capable of acutest vision, the fovea 
centralis, has mostly cones, about 10° per square millimeter. This central 
part of the retina is also where our color discrimination is keenest. 

There are three different kinds of cones, having maximum sensitivity t0 
ted, green, and blue light, respectively. According to one theory of color 
vision, each wavelength of light is characterized by a certain pattern in the 
rate of firing of the three sets of cones. But with only three coordinates t0 
specify each color, you can see why mixtures of two or three very different 
wavelengths could look the same as one pure wavelength. Painters use this 
fact to achieve a continuous range of colors by mixing relatively few pig 


ri In stage lighting, all colors can be produced with three colors of light 
ulbs. 


12.2 DIFFRACTION 


QUESTION FOR FURTHER THOUGHT Color Mixing 


You can get light of a pure spectral color using a prism to break up a beam 
of white light into separate colored beams. Different wavelengths come off 
at different angles because the glass is dispersive: Its index of refraction is 
different for different wavelengths. 

If you mix a beam of spectrally pure yellow and a beam of spectrally pure 
blue in the right proportions, the result is white light. This is called color 
addition. This addition occurs in the brain. Two colors that add to give 
white are called complementary colors. 

(a) Explain why laundries use bluing to make a yellow wash look white. 

In mixing paints, we use color subtraction. The subtraction occurs in 
the pigment. Blue paint absorbs strongly wavelengths on the red end of 
the spectrum. Yellow paint absorbs in the red and in the blue. If we mix 
blue and yellow pigments, the only part of the spectrum that is not 
strongly absorbed is the green. 


blue + yellow — green (paint) 


(b) If you mix all the paints on the artist’s palette, will you get white or 

black? Experienced painters will avoid the question and answer gray. 
But explain what goes on. Addition or subtraction? 

(c) Now explain why bluing works in the laundry and does not make the 
yellowed wash look green. (HINT: The pigment has to be sparsely dis- 
tributed.) 


12.2 DIFFRACTION 


A car approaches on a dark road. Does it have two headlights or only one? 
From several miles away, the headlights blur together, and you can’t be 
sure. As the car gets closer and the angular separation of the headlights 
increases, you are able to resolve the two sources of light. 

The blurring together of two distant points of light occurs no matter how 
sharp the focus, no matter how perfectly your eyes may be focused at infin- 


Two point sou rces: (a) unresolved, (b) almost resolved, (c) resolved. 


A 


345 E 


E 346 


FIGURE 12.1 
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ity. Also, it is not a peculiarity of headlights. It has to do with light not quite | 
traveling in straight lines. In Chapter 10 on Sound we talked about the 
diffraction of sound waves. Not surprisingly, we find that light waves tog 
are diffracted. Try moving farther and farther away from the printed page 
while you read. As the angular size of the letters decreases, they become 
indistinct. The details blur. 

How close can two point objects be and still be seen as two objects? At 10 
meters, the answer is about 1 millimeter for a person with excellent visual 
acuity. At 100 meters, the closest separation is about 1 centimeter. So the 
smallest angular separation we can resolve with the naked eye is one in ten 
thousand, or 10~* radians. Can you do that well? Can you distinguish a] 
from a II at 10 meters, in this type face? I can’t. (See Fig. 12.1.) But if we 
had bigger eyes, we could do better. Here is an experiment to convince you 
that it is the size of the opening the light goes through that limits your 
resolving power. 

Punch a small hole in a piece of paper, hold it right up to your eye, and 
look through the hole. A needle or pin makes a nice round hole, but a pencil 
point will do. If you use aluminum foil instead of paper, you can experiment 
with tiny holes. You find that you have lost much of your ability to resolve 
fine detail.’ Is it just because less light is getting to your eye? Notice that 
very bright objects also become indistinct when viewed through the small 
hole. You can do quantitative experiments using your book as an eye chart, 
and holes of various sizes. When the hole gets as large as the pupil of the 
eye, it no longer limits your resolving power. The size of your pupil does, 

In the previous chapter we discussed various ways in which light can tum 
corners. We mentioned reflection and scattering. We discussed refraction at 
length. Now we turn our attention to the diffraction of light. As the light 
passes through the hole, it is diffracted by the edge of the hole. If you have 
not read Sec. 10.6 on diffraction of sound, you might do that before going 
on. 
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Diffraction by a Circular Hole 


With a sewing needle make a small hole in a sheet of aluminum foil and 
wrap the foil around a strong light bulb so that one bright ray of light 
emerges. It should be roughly horizontal so that you can look at the point 
of light from various distances, Look at it through a small hole ina second 
sheet of foil. If you get your eye right in line with the filament of a 100-watt 
bulb, you will see the diffraction pattern: a set of concentric bright rings 
surrounding a bright circular disk of light. (See chapter-opener photo) 

When you are close up, the central disk is just the size of the “source 
hole next to the bulb. As you move away, the hole gets smaller at first, just 
because it subtends a smaller angle. But as you move further away, it re 
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mains the same angular size. It is as though the hole were actually getting 
larger as you back off. At a distance of several meters that bright disk is 
much larger than the size of the source hole. The reason is that the light is 
diffracted at the edge of the hole close to your eye. As you continue to back 
away, the diffraction pattern gets less bright, but the angular size of each 
ring remains the same. 

If you repeat the experiment with a smaller hole in the foil next to your 
eye, the pattern is bigger. If you measure, you will find that the angle sub- 
tended by the bright inner disk is inversely proportional to the diameter of 
the hole you are looking through. Except when very close up, it is indepen- 
dent of the size of the source hole. This is true for any of the concentric 
rings. Note that it takes a very bright bulb to see more than two rings of the 
diffraction pattern. 

Now you can understand the difficulty of resolving two adjacent points 
of light. Make a second hole in the foil of the bulb, a millimeter or two from 
the first. Seen from close up, the two bright “central” disks have a dark 
region between them. As you back away, they start to overlap, to blur to- 
gether. Since each disk subtends a constant angle, the dark region between 
them gets thinner and vanishes when that angle is no longer smaller than 
the angular separation between the centers of the two source holes. Repeat: 
The angular separation of the two points of light is equal to their linear 
separation divided by your distance from them. But the angular radius of 
each disk of light is independent of distance once you are a meter or two 
away. When the angle between the sources is smaller than the angular radius of each 
disk, you can no longer resolve them. Skill and judgment play a role, of course, 
but what we have here is a rule of thumb for the limit of resolution. This 
tule is called the Rayleigh criterion. You might be able to do better but not 
much better. 

We have not answered the question of why we get those rings. Such al- 
ternating regions of light and dark are called diffraction patterns or interfer- 
ence patterns. The word fringes is also used, especially in situations where 
the stripes are straight lines rather than circles. In Sec. 12.3 on Interference, 
we show quantitatively how some of the simpler patterns are produced. 


O LAB AT YOUR DESK Diffraction by a Round Hole 


Use a magnifying glass to get rough measurements of the diameters of the holes in 
the foil close to your eye. Even with a sharp needle you will probably not succeed 
in making very round holes, so 30% accuracy is quite good. Then measure the an- 
gular radius of the bright central disk. This can be done by comparing its apparent 
Se with that of an object whose size you measure. For example, if the radius of the 
disk is the same size as a 1-cm object held 2 meters away, its angular radius is 5 % 
10° radians. That would be roughly the angular radius of the bright central disk 
with a 0,1-millimeter hole. 


Nove: A U.S. nickel (5-cent piece) is 10.5 mm in radius. 
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Double-slit interference pattern in 
the ripple tank. 
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12.3 INTERFERENCE 


In the Sound and Hearing chapter we saw how standing waves arise when 
progressive waves are reflected. The superposition of a wave traveling to 
the right and a wave traveling to the left results in a stationary pattern be. 
cause the two waves retain their phase relationship. In Chapter 10 we were 
content to limit the discussion to one dimension. When a pattern of nodes 
and antinodes is two- and three-dimensional, physicists call it an interfer. 
ence pattern. You might try to stump your teacher by asking about the dif- 
ference between “standing waves” and “interference.” But you already 
know what is happening: Where crest meets trough and trough meets crest, 
there is a node. Where crest meets crest and trough meets trough, there is 
an antinode. With sound waves, you can move your ear to sample the alter- 
nating loud-soft pattern. With light waves, the pattern may look something 
like zebra stripes; alternating light-dark. 

Before we analyze this “single-slit diffraction pattern,” it will be instruc- 
tive to learn about the pattern from two parallel slits. With two very narrow 
slits very close together this is called Young’s double-slit experiment. 


Double Slit 


Light of a well-defined wavelength falls on the double slit. The light source 
is equally distant from the two slits and far enough away so that we don't 
have to worry about the curvature of the wavefront: We have normally in- 
cident, monochromatic plane waves. Our slits are narrow enough so that 
the waves spread out after going through them. That is how we get inter- 
ference between the two wavetrains. This is an important point that is often 
missed. Diffraction is necessary for interference to occur. Incidentally, inter 
ference is necessary for diffraction to be observed. 

To observe the interference pattern, put a screen parallel to the slits and 
far away from them. “Far away” means many wavelengths away. This will 
allow some simplifying approximations later. On a line equidistant from 
both slits the waves from both will arrive in phase: crest with crest, trough 
with trough. That line is a line of antinodes, of constructive interference. How 
far away from this central maximum do the two wavetrains arrive with op- 
posite phase? If you go either way from the central bright stripe, you get 
dark stripe, a line of nodes. Here one slit is half a wavelength closer than 
the other. Half a wavelength is the distance between a crest and a trough. 
So a crest from the one gets there at the same time as a trough from the 
other. The interference between the two wavetrains is destructive. Somewhat 
farther there is a line a whole wavelength closer to one slit than to the other 
This is a line of antinodes again, a bright line. Here a crest from one slit 
meets the preceding crest from the closer slit, giving constructive interfer- 
ence (see Fig. 12.2). The bright stripes are located where one slit is a whole 
number of wavelengths closer than the other. In between these interference 
maxima are interference minima, lines of destructive interference. Here onè 
slit is an odd-half number of wavelengths closer than the other. Repeat: 
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FIGURE 12.2 If the 
slit 1 Path 2 path difference = 
= Z— 4 Centrals path 2 — path 1 is a 
whole number of 
wavelengths, the 
interference is 
constructive. 


Screen 


maxima — path difference = md 
minima — path difference = (m + $) 


The letter m stands for an integer. It is called the order number. The central 
bright stripe, or central maximum, corresponds to order number m = 0. 
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Aa Central maximum, FIGURE 12.3 How far 
slit 2 a ie above the central 
aN maximum do the two 
hts 2 A wavetrains arrive half 
Treu, a period out of phase? 


Let’s ask again, how far away from that central maximum is the first min- 
imum? Where on the screen is Apath = 4)? Take a wavelength in the middle 
of the visible spectrum, A = 5 x 10 7 meters. We could also say 5000 A or 
500 nm; it’s green. Take narrow slits, 0.2 millimeters apart, and a screen 1 
meter away. The sketch of Fig. 12.3 is badly out of scale, of course. The 
angles are grossly exaggerated. Path 2 is supposed to be half a wavelength 
longer than path 1, or 2.5 x 107 meters longer. Both paths are just over 1 
meter long. The dotted line that meets path 2 half a wavelength from slit 2 
is the base of a long, thin isosceles triangle. It also defines a small triangle 
with the slits at two vertices. The geometry is made easy by the fact that 
this small triangle is so close to being a right triangle. That makes it almost 
Similar to the big right triangle whose hypotenuse is the dashed line drawn 
from midway between the slits to the “first minimum” on the screen. That 
hypotenuse is just over 1 meter long. From the similar triangles we have the 


Proportions Double-slit interference patterns. 
; The closer the slits, the farther 
——_Vistmin A apart the stripes. 


dashed hypotenuse d 
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giving | 
2.5 x 107m 3 E 
e a a a 10° m 
The first dark line is 1.25 mm from the center of the central bright stripe. 
EO O O 
D— 
EXERCISE 1 The next bright stripe corresponds to one slit being one whole 


wavelength closer than the other: Apath = A, or m = 1. Show that this is | 
2.5 mm from the center of the pattern. | 


ES O A 


The two rays 
Ray 1 meet more than 
1 meter away 


FIGURE 12.4 The two 
rays shown have been 
turned through an 
angle 0. From the right 
triangle, sin @ = 
Apan/d 


If we had drawn the sketch to scale, the two rays would have looked 
parallel. Well, you might say, two parallel rays never meet. But these start 
one-fifth of a millimeter apart, and they meet 1 meter away. They are so 
nearly parallel that we are not confused by the question, through what angle 
8 have they been diffracted? To be sure, ray 2 has been turned through a 
somewhat larger angle than ray 1, but you hardly notice (Fig. 12.4). Conse- 
quently, you are content to label with the same symbol 8 the angle made by 
our dotted line with the line connecting the slits. To the same approxima 
tion, that dotted line defines a right triangle, so 


ek Apath 


Describing the interference pattern in terms of the angle @ of diffraction 
has the advantage that the description is independent of where we put the 
screen. If we replace the screen with a camera or an eye, angles are all we 
care about. We want to know at what angle from the central stripe the other 
stripes appear. The answer is that the bright stripes, the interference ma 
ima, are at angles 0 given by 


mÀ 
d 


sin Omax = 
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A 
EXERCISE 2. At what angles are the dark lines? sin Omin = ? Answer in terms 
of à and d. 


exercise 3 At what angle is the first dark line with à = 5 x 10-7 m and 
d=2 x 10 *m? Answer in radians. 


EXERCISE 4 How many maxima are there on each side of the central bright 
fringe for our example, A = 5 x 107 m, d = 2 x 10° m? [Answer: 400] 
The fringes having high order numbers, like m = 398 and m = 399, will be 
very dim. The last fringe, m = 400, is almost impossible to see. Why? Where 
do you have to look for it? Note that the pattern is symmetrical: It doesn’t 
matter on which side of the central maximum (6 = 0, m = 0) you call angles 
0 negative with negative order numbers m. 


EXERCISE 5 Exercise 4 cont’d. How many fringes are there in the 1° angle 
above 0 = 0? |Answer: 6] Is the approximation sin @ = 6, with @ measured 
in radians, good enough here? 


EXERCISE 6 How many fringes are there at angles greater than 30°? [An- 
swer: 200 on each side] How much greater is the spacing of fringes near 
9 = 30° than near the center of the pattern? (HINT: Compare m = 200 and 
m = 201. Is the approximation sin 0 = ð good enough here?) 


EXERCISE 7 Increasing the wavelength of the light by 1% increases / 
decreases the fringe spacing by %. 
EXERCISE 8 Increasing the slit separation by 1% increases / decreases 
the fringe spacing by %. 
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Many Slits —> Diffraction Grating 
Some students like to say the formula 
m\ = d sin @ 


as if it were a poem. What is its magic? Well, it tells you the diffraction 
angles of the interference maxima whether you have two slits or two thou- 
sand. 

Try the argument for three slits. The spacing between centers is d. The 
slits are narrow, Light is normally incident from a distant point source so 
that it arrives at all three slits in phase. For an angle @ for which wavetrains 
from slits 1 and 2 interfere constructively, wavetrains from slits 2 and 3 also 


interfere constructively: 
Apath = d sin @ = mv for the brightest maxima 


At these angles the path difference between slits 1 and 3 is 2d sin 0, which 
is md, also an integer number of wavelengths. All the interference is con- 
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FIGURE 12.5 Three slits. If the 
path difference between rays 1 
and 2 is an integer number of 
wavelengths, then the path 
difference between rays 1 and 3 is 
also an integer number (exactly 
twice) of wavelengths, and all 
three waves arrive in phase. 
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Interference pattern in the ripple 
tank made by (a) four slits, and (b) 
eight slits. 
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structive (see Fig. 12.5). You can see that the argument remains the same 
regardless of how many slits you have, as long as they are evenly spaced a 
distance d apart. f 

A diffraction grating is any evenly spaced set of lines or ridges or 
scratches placed so that waves reflect off it. Any periodic straight-line pat- 
tern of scatterers will do. Nowadays transparent plastic sheets with tens of 
thousands of lines are produced photographically and can be bought for 
pennies. Such replica gratings can be used for high-precision spectroscopy, 
The next paragraph shows why. These gratings are also very pretty to look 
at. They break up white light into all the colors of the rainbow. 

The more slits (or scratches, or dark lines) in your grating, the narrower 
the bright stripes. The photograph shows how narrow they get as the num- 
ber of lines in the grating is increased. Here is the argument for six slits, 
(Fig. 12.6.) You already know where the maxima are: d sin 0 = my. The 
path difference between rays from adjacent slits is equal to an integer num- 
ber of wavelengths for constructive interference. How about destructive in- 
terference? Look at small angles, angles near the central maximum. With 
two slits, we got destructive interference when d sin 0 = 3. At this angle, 
rays 1 and 2 arrive out of phase and cancel. Rays 3 and 4 cancel, and so on, 
But there is a smaller angle, too. Try the angle at which ray 1 and ray 4 
differ by half a wavelength and thus arrive out of phase. At this same angle 
ray 2 will cancel 5, and ray 3 will cancel 6: complete cancellation. That angle 
6 is given by 


3d sin 0 = 3A 
since slits 1 and 4 are 3d apart. Repeat: 


us 

6d 

gives the smallest angle at which the destructive interference is total. That 
tells you how wide the central bright stripe is. With six slits it is one-third 
as wide as with two. Now generalize. With N = 100 slits, there is a smaller 
angle at which we get totally destructive interference. It is an angle for 
which the wave from slit 1 cancels the wave from 51, 2 cancels 52, . . + 50 
cancels 100: 


SiN 91st min = 


he 
100 


With N slits the smallest angle at which the waves cancel pairwise to give 
total darkness is given by 


IR 
Nd 


The generalization may be stated in words: The width of the central stripe 


50d sin 0 = 4A or sin Oistmin = 


ali» 


SiN Oist min = 
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is inversely proportional to the number of slits, N. That statement required 
substituting © for sin @, surely a good approximation for large N, that is, 
narrow stripes. We now state without proof that the width of all the other 
stripes, all the orders m, are also inversely proportional to N. The more lines 
in the grating, the narrower the stripes. Because the region between these 
stripes is not completely dark, we refer to the maxima given by d sin 0 = 
mì as principal maxima. Not only do they get narrow with many slits, they 
also get very bright. 
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EXERCISE 9 

(a) How wide is the central bright stripe for a grating with N = 200 lines? 


SOLUTION: At the smallest angle for destructive interference, the wave from 
slit 1 interferes destructively with the wave from slit 101, and so forth, 
in pairs. Those pairs of slits are 100d apart. Hence, for this angle Oist min 
we have 


100 d sin Oist min = $A or sin Oist min = zo0d/d 


Solve for Oist min if A = 500 nm and d = 0.2 mm. [Answer: 1.25 x 1075 
radians] 

(b) Why must this grating be 4 cm wide for this answer to hold? 

(c) At what angle is the first principal maximum? 


EXERCISE 10 Suppose that you double the number of lines in your grating. 
Or suppose (same thing) you double the width of the grating illuminated by 
your light source. You might think you would double the intensity of the 
principal maxima, because twice as much light gets in. In fact, you quadru- 
ple it. Explain. (HiNT: How much more dark area is there in the pattern?) 


EXERCISE 11 Show that the intensity of the principal maxima is proportional 
to N?, the square of the number of lines in the grating. 


eee 


Single Slit 


The mathematicians are always talking about “passing, to the limit as N ap- 
proaches infinity.” Physicists only talk that way about thought experiments, 
Imaginary experiments nobody ever carries out. Try this one: What happens 
aS you crowd the lines of the grating closer and closer together (d ms 0) and 
increase their number (N — œ) in such a way that (N — 1)d remains con- 
ca The width w of the grating is (N — 1)d and can be approximated as 
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FIGURE 12.6 Diffraction grating 
with N = 6. The first minimum is 
at the diffraction angle for which 
rays interfere destructively in 
pairs; 1 cancels 4, 2 cancels 5, 3 
cancels 6. Consequently, 3d sin 
81st min = $ A. The more lines in 
the grating, the narrower the 
bright stripes. 
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Interference pattern of monochromatic light going through five slits. 


] 


EXERCISE 12 Prove that the width of the grating is (N — 1)d. 
EXERCISE 13 Show that the N = 6 grating has width 5d. Sketch! 


You will probably object quickly that the separations between the “slits” of 
the grating will get thinner and thinner, and all you will be left with is an 
open region of width w. But that is precisely the point of the story. We want 
to ask, how wide is the central bright stripe for a single slit of width w? We 
made the single slit by taking so many tiny slits close together that there is 
no space between them. The answer to the question is 
ine Be GAN 

SIN Vist min = NA D 
The wider the slit, the narrower the stripe. This is a result you observed 
with the ripple tank in Chapter 10. You saw the analogous effect with light 
diffracted at a round hole in Sec. 12.2. The size of our pinholes is always 
many wavelengths, so our diffraction patterns are always small: 


sin Oist min << 1 


That allows us to make the approximation sin 0 = 0: The width of the pattem 
is inversely proportional to the width of the opening. 

Now you may object that this goes against intuition. A narrower slit looks 
wider? If you double the width of a window, it looks twice as wide, t00, 
doesn’t it? It certainly doesn’t look half as wide. But remember, we are talk- 
ing about the width of the central bright stripe of the diffraction pattem. 
You probably won't even notice diffraction effects unless you are far from 
the window. You have to be far enough away so that the angle subtended 
by the window is less than the width of that central bright stripe. Only then 
does the outline of the window blur appreciably. When you are much closer 
than that, the outline of the window is its geometrical shadow. When yot 
are close in, effects other than diffraction are more important in making 
shadows fuzzy. One is that you don’t really have a point source. For exam 
ple, the sun subtends an angle of about one-hundredth of a radian (about 
half a degree). Such a large angle swamps most diffraction effects. Remen 
ber when you did the pinhole experiments! When you were close to the 
source hole you saw its geometrical shadow. Only as you walked away fom 
it did the diffraction pattern become noticeable. ` 
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A B 
Diffraction by a slit (a) in the ripple tank, and (b) with monochromatic light. 


Our quantitative treatment of the single slit made a number of assump- 
tions. To arrive at the result that the halfwidth of the central bright stripe is 
Mw, we made some approximations. One of our assumptions was that the 
screen or the observer is far away from the diffracting edge. That allowed 
us to consider all the rays approximately parallel. Parallel rays means plane 
waves. The planewave regime is called Fraunhofer diffraction. This book 
does not discuss what happens when the point of observation is closer in, 
the regime called Fresnel diffraction. There the geometry gets harder, but 
the physics is much the same. 
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EXERCISE 14 

(a) How many radians wide is the central bright stripe when a parallel beam 
of 500-nm light is diffracted from a 1-mm slit? [Answer: 2 Bist min = 107° 
radians] 

(b) Why do you have to be more than 1 m away from it before the slit 
appears to be wider than 1 mm? 


EXERCISE 15 In our double-slit example we had d = 0.2 mm and. à = 500 
nm, giving the third-order interference maximum at ð = 7.5 x 107° radians. 
(a) Show that this is true. 

(b) For what slit-width w would this third-order maximum be missing be- 
cause it coincides with the first minimum of the single-slit diffraction 
Pattern? 

(c) Show that there is no slit-width w for which the first-order interference 


maximum is missing. 
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FIGURE 12.7 Hologram (i.e., 
interference pattern) formed by a 
plane wave and a spherical wave 
that remain coherent. 
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42.4 TWO-DIMENSIONAL GRATINGS: HOLOGRAMS 


Suppose that you were to pass a beam of monochromatic light through two 
line gratings placed with their rulings at right angles. Think, say, of a piece 
of graph paper. What happens is that the interference stripes formed by the 
horizontal grating are broken up into spots by the vertical one. The result ig 
a rectangular lattice of light spots. The more closely spaced the rectangular 
lattice of rulings, the more widely spaced the lattice of spots. The more area 
of the diffracting rulings is illuminated, the smaller and more intense the 
spots of light. This diffraction in two dimensions is completely analogous to 
diffraction in one dimension. 

Now suppose that lattices of two different periods are superposed. They 
could be etched or printed on the same piece of glass or film. The resulting 
diffraction pattern is usually a superposition of the individual patterns. We 
don’t have to limit ourselves to two different periods. A large number of 
periodicities can be superposed. The diffraction pattern will have a set of 
spots for each period represented. In principle, an arbitrary design of light 
spots could be achieved by the proper superposition of periodic graph-paper 
rulings. The remarkable feature of such a multiperiodic lines-and-squares 
film is that the whole design—the whole light picture—is formed by any 
tiny scrap of the film. To be sure, if you use only a small area of film, you 
get a fuzzy picture. The more area of film the incident light beam illumi- 
nates, the sharper the individual spots of light in the picture. The next par- 
agraph describes how to make a practical hologram. 


Holography 


Practical holography was made possible by the invention of light sources 
giving highly monochromatic parallel light: lasers. A hologram is made by 
letting two laser beams interfere in the plane of a photographic film. The 
film will be exposed at the interference maxima. So that is where it will be 
blackened. Figure 12.7 shows an interference pattern formed by a plane 
wave and a spherical wave of the same wavelength. To see why you get 
this sharpshooter’s-target effect, suppose that the plane wave has a crest in 
the plane of the film. Then the places where the spherical wave crests hap- 
pen to be at that time will be antinodes, hence intensity maxima. Another 
spherical wave coming from a different point source would give a concen- 
tric-rings pattern with a different center. Any number of such patterns can 
be superposed on the same film, one for each point source of light. Indeed, 
if a three-dimensional object is illuminated by laser light, each point of the 
object scatters that light so that it acts as a point source of spherical waves. 

The film is developed. It is the hologram. What if you now illuminate tt 
with a monochromatic parallel beam of light? The diffraction pattern will be 
an image of the original object. What is more, as you turn the hologram, 
you can see the object from different angles. Its three-dimensional charactet 
has been preserved in the two-dimensional hologram. 

Problem 26 shows why a hologram forms both a real and a virtual imag? 
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A hologram gives a truly three-dimensional view. Here are three ordinary photo- 
graphs of the same hologram seen at three different angles. 


of the object. For naked-eye viewing, the virtual image is what you want. It 
is fun to “look around the corner”: One object in the field of view may block 
another at one angle. Change the angle of viewing and you can see behind 
it! 


12.5 POL ZATION 


Polaroid sunglasses help suppress road glare on a sunny day. If you want 
to test whether your sunglasses are polarizing or not, hold them so that you 
are looking at a bright light reflected at somewhere near 45° incidence from 
a floor or table top. Then rotate the glasses in their own plane. If the inten- 
sity of the reflected light changes as you rotate, the lenses are polarizing. 


Polaroid sunglasses on the tennis court? (a) Without. (b) With. If the angle of reflec- 


tion is close to Brewster’s angle, the reflected light is close to 100% polarized, and a 
Correctly oriented polaroid filter will attenuate it considerably. Look at the dark-cal- 
cred court, the wind barriers in the background, and the wire fence on which they 
are mounted, 
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You will notice that there are two orientations that give maximum trans- 
mission and two that give minimum transmission of the reflected light. The 
maxima are 180° apart, and so are the minima. The maxima are 90° from the 
minima. See if your sunglasses are designed so that the orientation in which 
you wear them corresponds to minimum transmission of the glancing reflec- 
tion. That glancing reflection is the road glare you want to cut out when you 
are driving in bright sun. 


LAB AT YOUR DESK 


Look at a patch of blue sky through a piece of polaroid plastic and rotate it. Does it 
matter whether the blue patch is close to the sun or in a direction away from the 


sun? 


In Chapter 10 we distinguished between scalar waves and vector waves. 
A transverse wave is obviously a vector wave. When we say that a wave 
disturbance is perpendicular to the direction of propagation, that still leaves 
its direction unspecified. All this sounds very abstract. We didn’t say what 
vector we are talking about.* We just said, if the waves are transverse, there 
has to be a vector. The direction of that vector is called the direction of 
polarization of the wave. It is actually more conventional to talk about the 
plane defined by that direction and the direction of propagation and to call 
that the plane of polarization. 

If light waves were longitudinal waves, turning your sunglasses about the 
direction of propagation as an axis could not have any effect. That argument 
is just based on symmetry. We conclude that light waves are indeed trans- 
verse. But most of the light we see is a mixture of all possible “polariza- 
tions.” Turning the polaroid sunglasses does nothing to most of the light 
that meets the eye. What kind of light is polarized? What kind of light has 
one predominant plane of polarization? Evidently, light that has been re- 
flected at just the proper angle from a sufficiently smooth surface. If you 
vary the angle of reflection at the floor or table top, you can find an angle 
at which hardly any of the reflected light goes through in the “minimum” 
orientation of the polaroid. At that angle, called Brewster's angle, the te 
flected light is 100% polarized. For glass, Brewster’s angle is about 57°. 

By now you are getting the idea that the polaroid polarizes the light t 
passes through it. To test this idea you need two polaroids. Look at ordinary 
unpolarized light through one polaroid. Rotate. Nothing happens. Now in 
terpose the other polaroid and rotate either one. The intensity maxima and 
minima really jump out at you. All the light that goes through is now mod- 
ulated by the rotation. The relative orientation of the two plastic sheets at 
minimum transmission is called “crossed” polaroids. 

To appreciate what is happening, we need one more fact: As one of the 


“It is called the electric vector. 


12.5 POLARIZATION 


polaroids is rotated, the intensity varies according to a cosine-squared law: 


10) = 1(0) cos* @ Law of Malus 


EXERCISE 16 

(a) Show that this law predicts a pair of maxima and a pair of minima at 
right angles to each other, as observed. 

(b) Is @ = 0 a maximum or a minimum? 


Interpretation: The direction of polarization is the direction of an oscillating 
electric field. The intensity of the light turns out to be proportional to the 
square of the field amplitude. The polaroid is a filter that projects the electric 
field vector on the direction of its optic axis, that is, allows only the com- 
ponent of field parallel to the optic axis to pass. Thus 


Eater = Evotore COS @ 
for an ideal polarizer, and 
intensity | « E° 


If the two optic axes are parallel, light that gets through the first polarizer 
also makes it through the second. If the optic axes are perpendicular, noth- 
ing gets through. For unpolarized light incident on the first polaroid, the 
angle @ is random. Consequently, this first polarizer cuts the intensity in 
half, if it is “ideal.” 


EXERCISE 17 Prove that the average value of cos? 0 is 4 if @ is random. 
(HINT: Look at a plot of cos? @. Then turn it upside down.) 


The above interpretation of the transmission of two polaroids may seem 
far-fetched at this point. Do come back to it after reading the electricity chap- 
ters, especially Chapter 17, Radiation. But even if you don’t see the whole 
picture now, one conclusion is inescapable from the bare facts of polariza- 
tion: Light waves are transverse. 


EXERCISE 18 

(@) Argue why you think that sound waves are longitudinal. 

(b) Waves on a violin string are transverse. Argue why they might be polar- 
ized in the plane containing the bow. 
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SUMMARY 


Rainbow and dispersion 
Blue sky, white sky: scattering by small particles 
IR and UV are separated by one octave of visible light. 


Rods and cones 

Color addition and subtraction 

Diffraction blurs two headlights into one. 

Larger aperature improves resolution. 

Closer slits > wider interference fringes: d sin 8 = mh 
Wider grating > narrower and brighter maxima 
Narrower slit > wider central maximum 

How to make a hologram 

Polarization is evidence that light waves are transverse. 


KEY TERMS 


Visible spectrum Approximately 400 nm (violet) to 700 nm (red), just a little less 
than one octave. 

Infrared IR. Electromagnetic waves of wavelength longer than 700 nm, that is, 
longer than visible light. The long-wavelength end of the IR is undefined, but 
waves longer than 0.1 mm are usually called microwaves. 


Ultraviolet UV. Electromagnetic waves of wavelength shorter than 400 nm, thatis, 
shorter than visible light. The short-wavelength end of the UV is undefined, but 
waves shorter than 10 nm are usually called x-rays. 


Color blindness Probably due to the absence of one (or two) of the three kinds of 
cones on the retina. This explains why there are several different kinds of color 
blindness. (Not discussed in the text.) 


Dispersion Variation in the index of refraction n with wavelength of light: the 
shorter the wavelength, the greater the n. Called dispersion because a prism breaks 
up (disperses) white light into spectral colors. The red is the least deviated; the 
violet is turned through the largest angle. In glass, n changes about 4 parts in| 
per nm of wavelength change. 

Monochromatic Having only one frequency or wavelength. Light of a single color. 
Of course, no light is truly monochromatic. The question “how monochromatic’ 
can be answered in terms of the range of frequencies or wavelengths present. 

Primary rainbow Light from the sun enters a spherical water droplet off center, is 
internally reflected from the back surface, and re-emerges. In this refraction-reflec- 
tion-refraction the light is turned through a maximum angle of 139°. (See Prob. 4) 
More precisely, red light is turned through a maximum of 138°, violet through # 
maximum of 140°. In the secondary rainbow (rare!), there are two internal reflec 
Bons, Rainbows with up to 14 internal reflections have been observed. 

Rayleigh scattering Scattering of light by small scatterers, with linear dimensions 
considerably smaller than the wavelength. Scattered intensity is proportional p 


KEY TERMS 


the fourth power of the frequency (not discussed in the chapter). This strong 
wavelength dependence explains the blue color of the sky. The short wavelengths 
are more strongly scattered by small clusters of air molecules than the long ones. 

Red sunsets The blues and greens have been scattered out by dust and water drop- 
lets. 

Interference Superposition of two or more wavetrains having a constant phase re- 
lationship. 

Young’s double-slit experiment The two slits must be illuminated by the same 
source. With monochromatic light, the interference pattern is a set of zebra stripes. 

Diffraction The bending of a light ray at the edge of an obstacle into the geomet- 
tical-shadow region. Diffraction is responsible for the interference pattern in the 
double-slit experiment. 

Constructive interference Two or more wavetrains arrive in phase. 

Destructive interference Two wavetrains arrive half a period (180°) out of phase. 

Coherence Two sources of waves are coherent if they have the same frequency and 
their phase difference stays the same. If a source starts and stops emitting wave- 
trains at random times, it will not be coherent with another source. Light from 
two noncoherent sources does not give an interference pattern. 

Diffraction grating Glass or transparent plastic with equally spaced parallel lines 
(rulings) to simulate “slits.” Also called transmission grating. A reflection grating is 
usually ruled on a metal surface, which may be curved to achieve focusing without 
a lens (useful for IR and UV). 

Principal maximum Of a grating. Angle at which wavetrains from all slits interfere 
constructively. The angular position 6 is given by sin @ = m)/d, where m is an 
integer called the order of the maximum. 

laser Light amplification by stimulated emission of radiation. A source of highly 
monochromatic, coherent, parallel light. 

Resolving power Measure of the smallest angular separation between two pencils 
of light that can still be distinguished. For a diffraction grating, the resolving 
power is the smallest wavelength difference that gives rise to two distinguishable 
lines. For some authors, resolving power is the ratio of the average wavelength to 
this smallest wavelength difference. 

8 a . 

Rayleigh criterion Two adjacent point sources (or line sources) of light are consid- 
ered resolvable if the first minimum of the diffraction pattern of one falls nearer 
than the central maximum of the other. 

Fraunhofer diffraction The pattern is observed far enough away so that the inter- 
fering rays may be considered parallel. 

Fresnel diffraction The pattern is observed close enough to the obstacle so that the 
interfering rays are noticeably oblique (converging). 

Hologram A pattern produced by the interference of two monochromatic beams in 
the plane of the film, one plane wave and one scattered from the object. When 
the finished hologram is illuminated with monochromatic plane waves, an image 
of the Original object is seen. 

Newton’s rings The interference pattern formed by a thin layer of air between two 
glass surfaces. Typically, one surface is plane, one is convex, for example, a lens 
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surface. In this case, the “rings” surround the point of tangency. The quality of 
the lens, that is, how evenly it is ground, can be tested by the roundness of the 


rings. 


Michelson interferometer Optical device for measuring the wavelength of light, or 


alternatively, for calibrating distances in terms ofa standard wavelength. (See the 
figure accompanying Problem 22) The beam of light is split by the half-silvered 45° 
mirror. One beam is reflected by the stationary mirror. The other beam, perpen: 
dicular to the first, is reflected by a movable mirror attached to a calibrated screw, 
Reflection of the “straight-through” beam from the back surface of the half-silvered 
mirror brings the two beams back into line, so they can interfere (superpose) at 
the eye or other detector. 


Plane-polarized light When passed through a polarizing filter (polaroid), the inten- 


sity of polarized light varies with the angle of the filter axis. Light that is 100% 
polarized can be completely stopped when its plane of polarization is perpendic. 
ular to the axis of the filter. 


Polaroid A plastic film whose absorption of polarized light is a function of the di- 


rection of polarization. Made by pulling the film when soft (warm), cooling rap- 
idly. 


Law of Malus The fraction of incident polarized light transmitted by a polarizer is 


proportional to the square of the cosine of the angle made by the plane of polari- 
zation with the axis of the polarizer: | = Ip cos? 0 


Brewster’s Law Polarization by reflection from a plane surface having index of re- 


fraction n is complete when the angle of reflection ¢ is given by tan bọ = n. 


REVIEW QUESTIONS 


What is meant by pure spectral color? What other kinds of color are there? Do 
they look the same? 


What are the functions of the rods and cones of the retina? 


Why does the size of our cornea limit the resolution of the eye to an angle of 
about 10~* radian? 


State the Rayleigh criterion. 
Derive the formula sin @ = m)/d for a double slit. 
Is it possible for d to be so small that no first-order maximum appears? 


The width of the central bright stripe is proportional to the number N of lines in 
the grating. True/False Explain. 


When is the width of the image of a single slit inversely proportional to the width 
of the slit? 


r cut a hologram in half, you see approximately half the picture. True/False 
xplain. 


LAB AT YOUR DESK 


O LAB AT YOUR DESK Interference in Thin Films (Newton's Rings) 


Apparatus 
Two glass slides. (Microscope slides can be borrowed from the biologists.) 


Monochromatic light source, illuminating a white screen or wall in a darkened 
room. 


Make a glass-air-glass sandwich by pressing two slides together. Hold with thumb 
and one finger by the edge, to prevent finger prints. Use it as a mirror to view the 
bright screen. You will see the interference fringes as “zebra stripes.” 

Try slightly deforming the glass by gentle bending. The fringes move dramatically. 

Argue that what you are seeing is a contour map of the thickness of the air layer. 
Trade slides with your neighbors to marvel at how different the patterns are. Man- 
ufacturing tolerances are not good to one wavelength! 


Confirmatory Experiment: Use only one slide. The fringes vanish. It really was re- 
flection at the top and bottom of the air layer that gave the two interfering beams. 
With only one slide you might still see some very closely spaced straight fringes that 
don’t move much when you deform the slide. 


Hint: A sodium lamp is best; it has highly monocromatic yellow light. A mercury 
lamp gives three or four different wavelengths but still shows fringes. Ordinary flu- 
orescent lamp works with a colored-cellophane filter, but the fringes are harder to 
see, 


Measurement: Make an air wedge by squeezing a thin piece of paper into one edge 
of the sandwich. Now the fringes will be parallel to that edge, and closely spaced, 
therefore hard to count. If you can count them, then measuring the thickness of the 
Paper amounts to a measurement of the wavelength of the light. Argue that NA = 
2 x thickness, 
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Newton’s rings. 


PROBLEMS 


* 1. Spectral Range The human singing voice has a 


ok 3. Color Blindness Defective color discrimination 


frequency range of 2 to 3 octaves. The piano keyboard 
Covers 7 octaves. The range of human hearing is over 10 
Octaves wide. How many octaves is the frequency range 
of the eye? Remember, when the higher frequency is twice 
the lower frequency, they are 1 octave apart. (See Chapter 
10, Sound and Hearing.) 


$o g Frequency of Visible Light The shortest violet 
Wavelengths are about 400 nm; the longest reds are about 
700 nm. Taking the speed of light to be 3 x 10° m/sec, 
calculate the highest and lowest visible-light frequencies. 


is presumed to result from the absence of one (or two) of 

the three sets of cones. For example, people who lack the 

green-sensitive cones are called green-blind. They still see 

green objects and call them green, because of the differ- 

ential activity of the red-sensitive and blue-sensitive cones. 
Design a behavioral test for this visual defect. 


NOTE: Some degree of color blindness affects about 10% 
of the male population and about 1% of the female popu- 
lation. Color-blind aviators have been used to penetrate 
camouflage against aerial reconnaissance. 
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Green PROBLEM 4 
light Sunlight refracted 
/ by spherical water 
| droplets to form the 
ai ane primary rainbow. 
\ 139° 


> 4. Rainbow—Good Practice on the Calculator A 
light ray incident on a spherical water drop at an angle 0; 
is bent toward the normal so that it makes an angle 0, with 
the radius drawn to the point of incidence, where sin 6, = 
(1/n) sin 0;. (Remember Snell’s Law.) (See figure.) 

(a) Prove by a geometrical argument (including sketch) 
that the ray makes the same angle 0, with the radius 
drawn to the point where the ray next meets the surface 
of the drop. Some of that light does not get out but is 
reflected internally. According to the law of equal-angle 
reflection, the reflected ray again makes an angle 0, with 
the radius at the point of reflection. It therefore meets the 
surface of the drop a third time, again at an angle 0,. 

(b) Convince yourself that it emerges from the drop mak- 
ing the original angle 0; with the radius at the point of 
emergence. 

(c) On the first refraction, the ray is turned through an 
angle 0; — 0,. Upon reflection, it is turned through an an- 
gle 180° — 20,. Show by means of a clear diagram. 

(d) On the second refraction, the ray is again turned 
through 0; — 0,. Verify that the total angle of deviation is 
180° + 20; — 40,. Some people prefer to say that the ray 
emerges at an angle p = 40, — 26; below where it came in. 
Calculate the angle for n = 1.33 (water) and 0; = 45°. 
(e) Repeat for 0; = 72°. Are you surprised? 

(f) Find the maximum value of b by trial and error. 
(HINT: Make a table of ọ versus 6;.) 

Note that angles 6; between 50 and 68° all give ọ within a 
couple of degrees of maximum. A large range of incidence 
angles corresponds to outgoing light in a small range of 
angles of deflection, Not surprisingly, the rainbow is seen 
about 42° above the “antisolar” direction. Now you know 
why you can’t see a rainbow close to sunset, that is, when 
the sun is less than 42° above the horizon. 


xÆ 5. Resolved Headlights The headlights of a car 
are 1.5 meters apart. One kilometer away they subtend an 
angle of 1.5 x 107° radians.” 


(a) What angle do they subtend 10 km away? 
(b) The human eye cannot resolve two point objects if 
their angular separation is less than about 10? radians. 
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PROBLEM 5 


\Arc 
jlength 


Y 


From how far away will the headlights start to blur to- I 
gether from the effect of diffraction? 

(c) You may have observed headlights blurring together 
from cars at much smaller distances. Discuss the effect of: 


i 


Uneven temperature and moisture content of the air, 


The finite size of each headlight. They are not point 
sources. 


A nearsighted eye. 
Astigmatism. 
Dirty windshield (seriously). 


* 6. Double Slit With slits 1 mm apart, what is the 
angular spacing of the fringes near the center of the pat- 
tern? Take à = 5000 A (= 500 nm) 


* 7. Double Slit With light of wavelength 5 x 107 — 
m, how close must the slits be to space the fringes 0.1 
apart near the center of the pattern? 


* 8. Double Slit A sodium vapor lamp gives light 
of wavelength 589 nm. What is the angle between the 
m = O and the m = 1 maxima? Take d = 0.2 mm. 


> 9. How Many Maxima? For the double slit, the 
angle 0, at which the “first-order” maxima appear on e- 
ther side of the (0 = 0) central maximum is given by 
dsin@ = À. 

(a) Prove, using a simple sketch. 

(b) Let à = 620 nm (red light) and d = 2 pm. Solve for 4. 
Assume that the slits are much narrower than 2 pm. 

(c) The second-order maxima are at angles +42 where 
d sin 0. = 2\. Why is 0, greater than twice 0? ) 
(d) Find @;, the angular position of the third-order max- 
mum. 

(e) Show that there is no fourth-order maximum. 

(f) Sketch roughly the seven rays that point toward inter 
ference maxima. (HINT: Don’t forget @ = 0.) 


"Recall the definition of radian measure. In radians, the 
angle subtended by the arc of a circle is the arc leng 
divided by the radius. Note that for very small angles he 
don’t bother to distinguish between the arc length and tl 
chord of the arc, that is, between the angle and its sin® 


PROBLEMS 


xx 10. 20 Slits A small “grating” has 20 narrow slits 
spaced 2 pm apart. It is illuminated normally by mono- 
chromatic light of wavelength 620 nm, orginating at a dis- 
tant point source. 

(a) At what angle does light from the second slit travel just 
one wavelength further to the eye than light from the first 
slit? 

(b) Is this answer the same as if the other 18 slits were not 
there? 

() How many wavelengths further does light from the 
third slit travel at this same angle than light from the sec- 
ond slit? 

(d) Does light from all 20 slits arrive at the eye (or screen 
or film) in phase at this angle? 

(e) At what angle does light from the eleventh slit travel 
one-half wavelength farther than light from the first slit? 


Remember, half a wavelength means destructive interfer- 
ence. 
(f) Argue that there will be a interference minimum at that 
angle. 


(g) Argue that there is no smaller angle at which pairwise 
cancellation occurs for light from all 20 slits. 

(h) Show that the width of the central maximum for 20 
slits is about one-tenth the width of the central maximum 
for 2 slits. 


Nore: Between the first minimum you calculated in part 
(e) and the first “principal maximum” you calculated in 
part (a) there are 19 small maxima (and 19 minima, of 
course). If you look at those angles, though, the pattern 
will look dark there; you probably won't see the “subsid- 
iary maxima.” That is because the principal maxima are so 
much brighter. 


X% 11. Double Slit—Exact Calculation In drawing 
the path p, of the light from slit 1 to the screen and then 
the path p, from slit 2 to the same point on the screen, we 
made the assumption that the slit-to-screen distance L was 
šo much greater than the center-to-center slit separation d 
that we could consider the two paths essentially parallel. 
That is how we could talk about the angle 0 made by the 
tay from the slit to the screen, even though there are really 


PROBLEM 14 
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two different angles. In this problem you are going to see 
how good (how bad?) this approximation is in a practical 
situation. Take L = 1 meter, d = 0.2 mm and wavelength 
à = 0.5 pm (green light). We are going to calculate the 
position y of the first-order interference maximum above 
the central maximum. 

The following sketch is not to scale. According to Pytha- 
goras, the hypotenuse p, is given by 


pi = L? + (y — id)? 
Similarly, 
m =L + (y + d’. 
(a) Why is the first-order maximum characterized by 


P2- Pi =r? 


(b) Put the values into this equation and solve it for y. This 
may be unfamiliar! You can get rid of those square roots 
by squaring through twice. After a little algebra, only 
terms in ° remain. Or you might prefer to do the entire 
solution by trial and error on your calculator. Note that 
you need to keep nine significant figures in order to han- 
dle the small-differences-of-large-numbers situation. 

(c) To compare with our usual approximation, 


sin @ = \/d, calculate y using y = L tan 0. 


Express the error in parts per billion. (HINT: y comes out 
very close to 2.5 mm.) 
(d) Argue that in calculating the position of the second- 
order maximum, the error in the usual approximation 
would be: greater/less 


12. Third-Order Maximum Calculate the position 
y of the third-order maximum for the data of Problem 11. 


*x* 13. Radio Antennas Chapter 17, Electromagnetic 
Radiation, discusses the electromagnetic nature of light 
waves. There it is pointed out that other electromagnetic 
waves differ from light waves only in having different fre- 
quencies. Radio waves and microwaves, for example, have 
much lower frequencies and therefore longer wavelengths 
than waves in the visible spectrum. The mechanism of ra- 
diation of light may seem obscure. We say light “comes 
from excited atoms.” But we all know that radio and radar 
waves are radiated by antennas. 

Four vertical radio antennas positioned on a north-south 
line 2.5 meters apart radiate radio waves (short wave) of 
wavelength 3 meters. They are driven by the same trans- 
mitter, so they radiate in phase. A receiver is moved in a 
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large circle around them, several miles in radius. To label 
directions, we call east @ = 0 and west 6 = 180°. 

(a) Argue that there are two “central maxima,” 0 = 0 and 
6 = 180°. 

(b) Argue that there are no other directions in which 
waves from all four antennas arrive in phase. 

(c) Argue that the smallest angle 0 at which there is com- 
plete destructive interference is given by sin 0 = 4 Nd = 
0.3 so that the “beam” is 35° wide. 


> 14. 100 Slits Same parameters as “20 slits” above: 
d = 2 um, = 0.62 pm. 

(a) Argue that the grating is 0.2 mm wide. (HINT: You 
multiplied 99 times 2 pm. Why 99?) 

(b) At what angle is the first-order principal maximum? 
(c) The first minimum is at such an angle that light from 
the first slit travels half a wavelength less than light from 
the 51st slit. Calculate that angle. 

(d) Verify that the width of the central maximum is one- 
fifth what it was for 20 slits. 

(e) Since 5 times as much light goes through 100 slits as 
through 20, argue that the intensity of the central maxi- 
mum is 25 times the intensity with only 20 slits. 


*%* 15. Single Slit—Problem 14 cont'd. Now try 200 
slits in a 0.2-mm-wide grating. They would be 1 um apart. 
(a) Argue that the width of the central maximum is the 
same as in Problem 14 (100 slits). 

(b) Now try 400 slits, 0.5 um apart; then 800 slits, 0.25 pm 
apart. If you keep going this way, what happens to the 
width of the central maximum? What happens to the first- 
order principal maximum? 

(c) As the number of slits N increases and the slit separa- 
tion d decreases in such a way that the product Nd re- 
mains constant (call Nd = w, for width), you see that the 
angular position of the first minimum (i.e., the angular 
half-width of the central maximum) remains the same. Ar- 
gue that making the width of each slit equal to d, the cen- 
ter-to-center distance between slits, does not change the 
argument as far as the position of the first minimum is 
concerned. What it means is that both N and d have lost 
their meaning. Only one big slit remains, of width w. 

(d) Write an expression for 6).¢ min in terms of \ and w. 


Ææ 16. Single Slit, at Various Distances The single 
slit of Problem 15 (width w = 0.2 mm), when looked at 
from far away, looks wider the farther away the observer 
stands. 

(a) Argue that with the observer's eye (or screen) at L = 1 
meter, the slit looks 6.2 mm wide. 

(b) How wide does it look when the observer is L = 10 
meters away? 
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(c) Argue, on the other hand, that with the observer only 
1 cm away, the slit looks 0.2 mm wide. With the observer 
2 cm away, it also looks 0.2 mm wide. Remember, it is 0,2 
mm wide. Adding 0.062 mm would be barely noticeable, 


NoTE: The arguments made possible by the Fraunhofer 
approximation break down at such close distances, The 
character of the pattern changes completely. At certain 
(close) distances the central maximum even becomes a 
central minimum. These phenomena, called Fresnel diffrac- 
tion, will not be discussed in this book. 


#2 17. 6 Slits—Width of Various Maxima: In Exer- 
cise 4 through 9 we had d = 0.2 mm and à = 500 nm. 
That gave the angular position of the first-order maximum 
as 0, = 2.5 x 107° radians. (See Fig. 12.6) 

(a) Argue that, at that angle, the path difference between 
light coming from slit 1 and slit 4 is three wavelengths, or 
1500 nm. Since all the light from all the slits is arriving in 
phase, this is indeed a principal maximum, that is, it is 
very bright. 

(b) Argue that the next-largest angle at which there is 
complete destructive interference is such that the path dif- 
ference between light from slit 1 and slit 4 is three-and-a- 
half wavelengths, or 1750 nm. Verify that that angle is 
0.4067 x 10~° radians past 0,, or 2.9067 x 10°° radians. 
(c) What is the first angle smaller than 0, at which there is 
complete destructive interference? 

(d) Verify that the width of the first-order bright stripe is 
about the same as that of the central bright stripe. 


** 18. 1000 Slits (Grating) Take a grating 2 mm wide 
with 5000 lines per cm. 

(a) Argue that the center-to-center distance between “slits” 
is 2 um. x 
(b) How many principal maxima does it give on each side 
with green light (A = 0.5 um)? (HINT: Do you count the 
one at 90°? The choice is yours.) 

(©) Calculate the angle 0; for the first-order principal max 
imum. Argue that at that angle, the path difference be- 
tween light from slit No. 501 travels 500 wavelengths fur- 
ther than light from slit No. 1. ii 
(d) How much greater is the angle at which light from n 
501 travels 500.5 wavelengths further than light from a 
1? How much smaller is the angle at which light from i 
501 travels 499.5 wavelengths further than light fron a 
1? How wide (how many radians) is the first-order brig 
stripe? 

(e) Compare this last answer with the width of the ce 
bright stripe. 


ntral 


PROBLEMS 


xx 1. Resolving Power of a Grating A very fine 
grating may have as many as 10,000 lines per centimeter, 
making d = 10°° m, or 1 micron (= 1 pm). The first-order 
maximum for green light of wavelength 500 nm will fall at 
sin@ = A/d = 5 X 1077/107 = 0.5, or @ = 30°. 

(a) Show that the second-order maximum (i.e., m = 2) is 
not visible. 

(b) The angular half-width of the first-order maximum is 
inversely proportional to the number N. of lines of the 
grating that are illuminated. If N = 10*, we have A@ = 0.5 
x 1074 so that sin 6 can be measured to one part in 10*. 
That means the wavelength can be measured to that ac- 
curacy. At 30°, what fraction of a degree is that uncer- 
tainty? Note that using a wide source slit in order to get a 
lot of light through wastes some of the precision. 


xk% 20. Dispersion of a Grating 

(a) How far beyond 30° is the first-order maximum for that 
10,000-line-per-cm grating with a wavelength of 505 nm? 
(b) Calculate the slope of the angle-versus-wavelength 
curve (d0/d\), which is called the dispersion of the grating. 


> 21. Interference in Thin Films You may have 
seen the colored patterns formed by a thin film of oil or 
gasoline on a puddle of water. They are interference pat- 
terns. What you are seeing is the variation in thickness of 
the film. Light reflected at the air-oil interface is interfering 
with light reflected at the oil-water interface. If the path 
of the light in the oil (= twice the thickness of the oil 
layer, for normal incidence) is exactly one wavelength of 
light, the interference should be constructive. Indeed, the 
same holds if the path difference between the two inter- 
fering beams is any integer multiple of one wavelength. 
The index of refraction of water is 1.33. Suppose that the 
index of refraction of the oil is 1.2. 

fa) Argue that the condition for constructive interference 
is2 x thickness = md/1.2, where m is an integer. 

(b) What is the minimum thickness of the film for con- 
structive interference with green light, \ = 500 nm? 

(©) Argue that for violet light (A = 400 nm), the film can 
be 20% thinner. Why are you not surprised that a natu- 
tally occurring oil film shows both green and violet re- 
gions, usually both quite narrow? (HINT: Wavelength in 
the refractive medium is shorter than wavelength }, in 
vacuo: À = \,/n.) 


* 22, Michelson Interferometer 

(a) Make your own sketch of the instrument and the two 
interfering light rays shown in the figure. 

(b) Argue that if the movable mirror is moved backward 
(by turning the screw) through a distance x, the light path 
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PROBLEM 22 Michelson interferometer. 


for that ray is increased by 2x so that N interference 
fringes move past the observer, where NA = 2x. 

(c) Sodium light has wavelength à = 589 nm. How far 
does the mirror have to be moved to count 100 fringes? 
%**(d) Roughly how many fringes would you have to 
count to measure the wavelength to one part in a thou- 
sand? 


> 23. Michelson Interferometer with Compensating 
Plate In the figure in Problem 22 you see an extra piece 
of glass, mounted parallel to the half-silvered mirror. In 
solving Problem 22, you did not need to ask what that 
extra plate was for. It is for seeing interference fringes 
with white light. 

(a) Argue that the straight-through ray traverses the glass 
plate with the half-silvered surface 3 times; the other ray 
traverses it only once. 

(b) Glass is dispersive; that is, the long-wavelength light 
is slower than the short-wavelength light. Argue that 
without the compensating plate, there would be no posi- 
tion of the movable mirror for which the number of wave- 
lengths in the two rays would be the same for both red 
light and violet light. 

(c) Argue that with the compensating plate, you should be 
able to see perhaps half a dozen dark interference fringes 
with white light. (HINT: The last ones are highly colored!) 


> 24. Sinusoidal Signals from Two Sources The 
waves from two slits may be represented by the sum of 
two sinusoids differing in phase by 


2n(path difference) 
= R 


The 2m is just to express the phase difference in radians; 
that is, one wavelength represents 27 radians. If each 
source gives rise to a disturbance E(t) = E, sin wt, then 
the received signal may be written 


E(t) = E, sin wt + Eo sin(wt + o) 
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To be sure, we have neglected attenuation due to spread- 
ing of the spherical wave. This neglect will not affect our 
qualitative conclusions. 

(a) Expand the sin(wt + ¢) in terms of sin wf and cos of. 
Set E(t) = A sin(w + B). You get two equations in A and 
B. You can eliminate B by squaring and adding. Show that 
the result is 


A? = 4E? cos? 4 


(b) By dividing the two equations, you can eliminate A 
instead. Prove that B = 3. 

(c) Now set + = 2d sin ọ/ to investigate the double slit 
interference pattern as a function of 6. Take on faith the 
“rule’”’ that the intensity of the received signal is propor- 
tional to the square of the wave disturbance, hence to A’. 
Prove that the maxima of A? occur at angles @ such that 
d sin 0 = mà, where m is an integer. Note that, as you 
expected, those are the angles that make the phase differ- 
ence ¢ an integer multiple of 27. Prove that the minima 
occur when the phase difference ¢ is an odd integer times 
m, that is, halfway between the maxima. 


Æ>% 25. Three Sinusoidal Sources We use the same 
algebra as Problem 24. Let 


E(t) = E, sin(ot — p) + E, sin wt + E, sin(wt + b) 


Set equal to A sin(wt + B). 

(a) Show that for the phase ¢ at integer multiples of 27, 
we get A? = 9E°. These are the principle maxima. 

(b) For what values of ¢ does A vanish? 

(c) Show that there are two such minima between each 
pair of principal maxima. The smaller maxima in between 
are called subsidiary maxima. 

(d) In the text it is stated that the width of the central 
maximum is proportional to 1/N, where N is the number 
of coherent sources (slits). Compare the results of this 
problem with those of the previous one to confirm this 
result. 

(e) In the text it is stated that the intensity of the principal 
maxima is proportional to N*. Are the maximum values of 
A’ in this problem and the previous one in the ratio 9:4? 


>> 26. Zone Plate, Hologram of a Point Source 
Transparent and opaque concentric rings alternate accord- 
ing to the following scheme: When the plate is placed a 
distance f from the focal point, the nth transparent ring is a 
distance f + nd from the focal point. A plane wave falling 
normally on the plate would be diffracted in such a way 
that the first-order maximum is at the focal point. Evi- 
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dently, the waves from any two adjacent rings would aa 
rive exactly one period out of phase, since the path differ 
ence is exactly one wavelength. 

(a) With light of wavelength \ = 5 x 10~’m and a zone 
plate with a focal length f = 1 m, the first transparent ring 
has to be f + à = 1.0000005 from the focal point. So i 
radius r; is given by Vf + ri = f +X. Solve for Ti ; 
(b) The second transparent ring has to be f + 2) from the 
focal point, that is, a ray from the ring to the focal point 
travels two wavelengths farther than one from the center 
of the plate. The radius r, of this ring is given by 
VP + 13 = f + 2d. Calculate rz. 

(c) Calculate the radius of the 100th ring. 

(d) There is also a “focal point” a distance f in front of the 
plate. Argue that this is the position of a virtual image, 
that plane waves coming in will have a first-order diffrac- 
tion maximum if they are bent as if they came from this 
point. 


NOTE: In holography, either the real or the virtual image 
can be used. If the one is called an » 1 maximum, the 
other would be called n = —1. 


(e) Show that the radius of the 400th ring is approximately 
double that of the 100th. 

(f) Show that the ring with n = 4 x 10° is appreciably 
more than twice as big as the one with n = 10°. Some 
people say that the radii of the rings of a zone plate are 
proportional to the square root of n. Why are they almost 
right? 

(g) Show that the hologram (the zone plate) could be pro- 
duced by the interference (in the plane of the film) of a 
plane wave and a spherical wave coming from the focal 
point. 


xx 27. Law of Malus 

(a) Two polaroids have their axes at 90°. Show that, ac 
cording to the Law of Malus, no light can get through. 
(HINT: cos 90° = ?) 

(b) One polaroid is now rotated through another 9. 
Prove that this is the position that maximizes the trans 
mitted intensity. 

(c) This polaroid is now rotated another 45°. By what frac 
tion is the intensity reduced? 


>> 28. Polaroid Windshields If automobile head: 
lights had polaroid filters with axis at 45°, then a polaroid 
windshield with the same axis would be “crossed” "al 
the headlights of an oncoming car. The driver could st 
see the road by the light of his own headlights. 


PROBLEMS 


axis as seen 


from driver's seat Oncoming car 


Problem 28 


(a) If all cars were thus equipped, explain why it would 
no longer be necessary to dim your headlights at the ap- 
proach of another car. 

(b) Explain why the intensity of unpolarized light would 
be cut at least 50% by a polarizing windshield. 

(c) Explain why the windshield of an oncoming car would 
look black. 

(d) What other advantages and disadvantages can you 
think of? 


x% 29. Polarization of Sky Light—The Bees If you 
look at blue sky through a polaroid, you easily convince 
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yourself that the light is somewhat polarized. In fact, some 
parts of the sky have the light more polarized than others. 
You readily conclude that the angle the direction makes 
with the sun is what counts. But light from a cloudy sky 
is not polarized at all. Light coming from a cloud has been 
scattered several times by the water droplets making up 
the cloud. 

(a) There is behavioral evidence that the eyes of bees are 
sensitive to the direction of polarization of light. They can 
use their eyes as a compass, to find directions. Would you 
expect bees to be less able to find their way on cloudy 
days? 

(b) Design an experiment to test your answer to part (a). 


Note: A Nobel prize was awarded for the research estab- 
lishing this direction-finding ability of bees. 


* 30. Brewster's Law The formula tan ọ = n relates 
Brewster's angle to the index of refraction of the reflect- 
ing surface. Calculate ¢ for a glass with index of refraction 
n = 1.51. 


ELECTRICITY: 
ELECTROSTATICS 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 
What is triboelectricity? 


A proton plus an electron bind to make a hydrogen atom. What is the 
net charge of a hydrogen atom? 


What does it mean to “ground” one side of a battery? 
What is electric field? 


The equipotential surfaces between oppositely charged parallel plates 
are uniformly spaced. What about the spacing of equipotentials around 
a point charge? 

What is the inverse-square law of electrostatic interaction? 


How does the sodium-potassium pump keep the inside of a living cell 
electrically negative relative to the outside? 


What is an excitable cell? Describe how it depolarizes and repolarizes, 


Someone says that a large grapefruit might have an electrical capacitance 
of 10°" farads. Is that about right or way off? 


The closer two parallel plates are brought together, the larger their ca- 
pacitance. True/False? 


How does the energy stored in a charged capacitor depend on the volt- 
age? 


Two capacitances C connected in series have a net capacitance of 
ZC NEC: 


If you comb your hair right after is has been dried, it may get unruly and 
literally stand on end. On a dry day you might even get sparks. If you walk 
on certain nylon carpets, you may become so highly charged electrically that 
you draw a spark just before touching a metal door knob, especially if you 
shuffle a bit as you walk. 

These are examples of triboelectricity, charging by rubbing: Two different 
materials, both electrically insulating, are rubbed against each other. The 
plastic comb rubs against the dry hair. The shoe sole rubs against the nylon 
carpet. The door knob, on the other hand, is highly conducting and offers 
the charge a line-of-least-resistance path to escape, to reach a lower-enetgy 
distribution. 

The voltages needed for a half-inch spark at a door knob amount to thou- 
sands of volts. The spark is an indication that the air, usually a good insu- 
lator, has been made conducting by being ionized. That is also what hap- 
pens in a thunderstorm. Highly charged clouds discharge when the voltages 
are high enough to ionize the air in a path extending from the cloud to the 
ground: lightning. That requires millions of volts. The light given off in ue 
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spark and in the lightning results from the recombination of the electrons 
(-) and the ions (+) into neutral air (nitrogen and oxygen) molecules. 

The words charge and voltage have been used in these paragraphs without 
being defined. But you are familiar with the notions of positive and negative 
charge and you know about voltage from the household. You know that like 
charges repel; charges of opposite sign attract. You know that the charge of 
the H* ion (the proton) and of the electron are equal and opposite. They 
are, respectively, the smallest positive and negative charges so far found in 
nature. You know that all other charges are integral multiples of these “ele- 
mentary charges.” Similarly, you probably know that the house current in 
most homes in the United States is labeled “115 volts ac”,! and that flash- 
light batteries (dry cells) of all sizes are labeled “13 volts.” You know that it 
is not advisable to put your finger in the light socket. If you do, that painful 
vibrating sensation is the 60-Hz ac—alternating current changing direction 
120 times per second. You also know that you feel no shock from the flash- 
light battery. The most you get from 1.5 volts is a slightly salty taste if you 
put both electrodes in your mouth—or wires connected to both electrodes. 
You have a pretty good intuition about which materials are insulators and 
which are conductors. In the class of conductors you are likely to be able to 
distinguish electronic conductors (metals and semiconductors) and ionic 
conductors (electrolytes). The practical devices that you “plug in,” such as 
lights, electric motors, and TV’s, utilize primarily electronic conduction. Our 
nerves and muscles, on the other hand, rely almost exclusively on ionic 
conduction. The electrical signals associated with the muscles of the heart 
are the basis of the electrocardiogram, one of the more familiar medical diag- 
nostic tools. The voltage across the cell membrane of a cardiac muscle fiber 
is rarely larger than 90 millivolts (less than one-tenth of a volt), and most 


Patient hooked 

up to an EKG 
(electrocardiogram) 
machine. 


1 
AC means alternating current. 


373 E 


Conductors and insulators. All of 
the metal objects are conductors; 
the wood, plastic, paper, string, 
and cloth are insulators. 
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other biovoltages tend to be smaller than that. You will meet these terms 
again in this chapter and in Chapter 14 on Electric Current. 


13.4 THE VOLT 


But it is time for a quantitative definition of the volt. The volt is a unit of 
potential. Potential is energy per unit charge. Usually, we are talking about 
potential energy per unit charge. When two points have a potential differ. 
ence of 1 volt, the work needed to bring one elementary charge from the 
one point to the other is 1 electron volt (1 eV). Translated into more familiar 
energy units, 1 eV is 1.6 x 10°" joule. That this unit of energy (i.e., of 
work) is so small is just a reflection of the small size of the elementary 
charge. To give an idea of comparative sizes, it takes 6.02 x 10 protons 
(H* ions) to amount to 1 gram. That huge number, called Avogadro's number, 
is the number of atoms in 1 gram atom, or the number of molecules in 1 
mole. You may know its historical origin but wonder where the 1.6 x 10” 
came from. Why is 1 eV = 1.6 x 10" joule? Of what large charge unit is 
the elementary charge such a small fraction? [Answer: 1 elementary charge 
= 1.6 x 10°" coulomb] The coulomb is the amount of charge that flows 
past any point when an electric current of 1 ampere flows for 1 second: 

1 coulomb = lampsec or lamp = Leeuiome 
Historically, the amp came first, making the “ampere second” a logical unit 
of charge. It turns out to be a large one. 

Go back over these definitions of the electrical units: To move 1.6 x 10°” 
coulomb against an electrical repulsive force through a potential difference 
of 1 volt requires an amount of work equal to 1.6 x 10 | joule. Conse- 
quently, 

1 coulomb x 1 volt = 1joule or 1 volt = sl pule. 
coulomb 
z you like to circle important formulas in red, this is a good one to remem- 

eT. 
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Suppose that you take a number of cells and connect them together. For 
example, take some 1ż-volt flashlight batteries (dry cells) and connect them 
+ to —, + to —, and so on. The stack you get is what is properly called a 
battery. One hundred of them would have a potential difference of 150 volls 
between their terminals. Remember, this just means that it requires 150 eV 
of work to bring one electron from one end of the stack to the other. If you 
now connect each terminal to a large, flat conducting plate and place the 
two identical plates parallel to each other, there will be equal and opposite 
electric charges on the two plates. The battery has not created any charge 


13.2 ELECTRIC FIELD AND POTENTIAL 


What the battery does is to separate positive charge from negative charge. 
It puts positive charge on the plate connected to the + terminal, and equal 
negative charge on the plate connected to the — terminal. Each plate is an 
equipotential surface, meaning a surface of constant electric potential. For ex- 
ample, the negative plate could be labeled “0 volts’ and the positive plate 
“4150 volts.” The labels are quite arbitrary; only their difference has to be 
150 volts (see Fig. 13.1). 

As you may remember, that is the way with potential energy. The zero 
has to be agreed on. It is simply a convention. One simple convention is to 
choose the largest conductor in the vicinity and call its potential zero. Usu- 
ally, that is the earth itself; hence the word ground. But the zero-potential 
conductor may be the body of a car, the metal hull of a boat, or the chassis 
of the TV set. 

When no electric current is flowing, any conducting surface is an equipo- 
tential surface. If it were not, a charge in one place on the conductor could 
lower its potential energy by moving to a place having a lower potential. In 
aconductor, charge is free to move, so current would flow until the charge 
was redistributed in such a way as to make the potential the same all over 
the conductor. Repeat: In electrostatics—that means when no current is flow- 
ing—a conductor is an equipotential. 

But how does the potential behave in the space between our two con- 
ducting plates? This is empty, and you might wonder how you can talk 
about the potential at a point in empty space. The idea is, if you did have a 
charge at that point, what would be its potential energy? The potential at 
the point is the work per unit charge to bring a negligibly small test charge 
there from the zero-volt equipotential. The locus of points at the same po- 
tential is some sort of surface. So the equipotential surfaces are imaginary 
surfaces connecting all the points of equal potential. In our case, they are 
planes parallel to the plates. For example, the 75-volt equipotential surface 
is a plane halfway between the 0-volt plate and the 150-volt plate. If you 
think about 149 imaginary planes, one at each integer voltage between 0 and 
150, they would all be equally spaced. This is stated here as an experimental 
fact, as a good approximation. The regular spacing of equipotentials actually 
requires that the plate separation be small compared to the linear plate di- 
Mensions. Near the edge of the sandwich the spacing becomes less regular. 
(See Fig. 13.2.) The exact law that governs the spacing of equipotentials, 
Coulomb's Law, is discussed in Sec. 13.5. 


EXERCISE 1 The 75-volt equipotential is halfway between the two plates. 
Where is the 50-volt equipotential surface? (See Fig. 13.1.) 


What characterizes each equipotential surface is that a small test charge 
Placed on it has the same potential energy anywhere on the surface. Imag- 
Me taking one elementary charge (+) from the 0-volt equipotential (the neg- 
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150 volts 


eit 
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FIGURE 13.1 A 150-volt battery 
connected between two parallel 
plates. The 75-volt equipotential 
surface is halfway between the 
plates. 
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FIGURE 13.2 Three equipotential 
surfaces are shown in dotted 
lines. If the negative plate is at 0 
volts and the positive plate is at 
150 volts, estimate the potentials 
of the dotted surfaces. 
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ative plate) to the 150-volt equipotential (the positive plate) through the in- 
tervening space. That requires 150 electron volts of work, since the potential 
energy of that test charge has to be raised by that much (= 1 elemen 
charge x 150 volts). That means there was a force on the charge Opposing 
its displacement from one plate to the other. This is what you expect when 
you move a positive test charge from the negative plate, which attracts it, to 
the positive plate, which repels it. The next paragraph calculates that force 
for a particular plate separation. But before putting in numbers, it is useful 
to show that the force is the same everywhere in the space between the 
plates, except near the edges, where it gets weaker. It is just as strong far 
from the plates as it is close to them. To see that, remember the spacing of 
the equipotentials: Just as much work is done in going from 0 volt to 1 volt 
as in going from 99 volts to 100 volts. The corresponding displacements— 
the spacings of those equipotential planes—are equal. Since the work is the 
force times the displacement, the forces have to be equal. Now to calculate 
that force: 

Suppose that the plates are 0.15 m ( = 15 centimeters) apart. Imagining 
those 149 equally spaced planes in there, they would be 


apart—10 planes per centimeter. The work to move one elementary charge 
“uphill” by 1 volt is what we have called 1 electron volt (1 eV). Repeat: To 
move the test charge the 1 millimeter between an adjacent pair of those 
equipotentials requires 1 eV of work: 


work = force x displacement 
1 eV = force x 107° meters 


Now solve for the force: 


eve 2 eV: 
10>? m 


force = 


That unit, electron volts per meter, looks like an unfamiliar force unit. But 
if we remember that 1 eV = 1.6 x 107% joule, it becomes 


force = 10? &¥ = 10° X be (16 x 10-9 ext) 
a a eV J, 


= 1.6 x 10° newton 


(HINT: 1 joule = 1 newton x 1 meter.) 
A larger test charge would experience a proportionately larger force, and è 
statement valid for any size test charge gives the force per unit test charge 
force £ 10° eV/m = 10° volts 
charge 1 elementary charge meter 
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Again the units may look unfamiliar until you substitute 


joule 


1volt = 1 coulomb 


so that the unit of “force per unit charge” is 


volt _ joule _ , newton 
meter coulomb x meter coulomb 


as you might have expected! 

The quantity force per unit charge is called electric field. For the electric field 
of our example, in which the potential changes by 1 volt for each millimeter 
displacement, we can write 


0° newtons 


electric field E = 1 
coulomb 


Since force is a vector, electric field is also a vector, a vector defined at each 
point in space. That is what the mathematicians call a vector field. In our 
example, it is a particularly simple vector field, since it has the same mag- 
nitude and direction everywhere inside the sandwich, only falling off and 
pointing a little skew near the edges of the plates. 

One way to describe a vector field is by means of a field map (see Fig. 
13.3). That just means putting little arrows in the field direction at represen- 
tative points of the map. Suppose that lines are drawn following the arrow 
directions. Those lines are called field lines, or lines of force. Where field 
lines converge, the field gets stronger. Where field lines diverge, the field 
gets weaker, Where field lines are parallel—as in our example—the field is 
uniform. 

You will see the term electric field a lot in this chapter. Why the jargon? 
Why don’t we just talk about electric force? The reason is that the field con- 
cept is more powerful. In our example, the force on one electron was 1.6 x 
107 newtons; the force on a doubly charged ion would have been 3.2 x 
1076 newtons. Saying that the field is 1 newtons per coulomb includes 
both of these statements. 

In Sec, 13.4 we look at the electric field outside a spherical conductor. 
There the field vectors diverge so that the field is not uniform but falls off 
according to an inverse-square law. That is mathematically more interesting. 
But many electric fields of biological interest are quite uniform. The trans- 
verse electric field across a neural membrane or a muscle sheath is an ex- 
ample: A potential difference of 90 millivolts across a cell membrane 10 nm 
(= 1078 meters) thick corresponds to an electric field in the membrane of 9 
million volts per meter (= 90 X 107° volts/10-* meters). In the next section 
We shall try to get an intuitive idea of the origin of such potential differences 
by relating them to some notions familiar from chemistry. 
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FIGURE 13.3 Field map for 
oppositely charged parallel plates 
(Fig. 13.2). The field lines (arrows) 
are parallel except near the edges, 
where they diverge from the 
positive and converge toward the 
negative plate. 
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413.3 WHAT MAKES CHARGE SEPARATE? 


If you have had the experience of biting on a piece of aluminum foil with a 
tooth that has a deep filling, then you may have felt that most unpleasant 
sensation caused by electric current flowing through the tooth. Some kinds 
of candy still come wrapped in foil, and there are restaurants that serye 
baked potatoes surrounded by a layer of aluminum. Keep the foil away from 
your fillings! 

If the aluminum touches the silver, you have short-circuited what 
amounts to a battery in your mouth. Aluminum is chemically much more 
reactive than the silver of the filling and takes on electrons from the saliva— 
that is the electrolyte here. Indeed, some aluminum dissolves in the saliva 
in the form of Al* ** ions. At the same time, silver, which is a more “noble” 
metal, converts some H* ions from the saliva into hydrogen gas adsorbed 
at the surface, leaving the silver filling more positive. That is the open-cir- 
cuited battery, with the silver “electrode” positive, the aluminum “elec- 
trode” negative. When the silver filling bites into the aluminum foil we say 
“the circuit is closed.” 

This battery can give rise to a steady electric current if the saliva has 
enough ions to make it a reasonably good conductor of electricity, and it 
makes electrical contact with the piece of foil. Especially during and after 
eating, the saliva is likely to be quite a good electrolyte (slightly acid). Mak- 
ing contact also to the gum, the saliva electrolyte conducts so that our silver- 
aluminum battery can drive some current from the foil through the saliva 
down through the root of the tooth to the silver filling. By saying “current 
flows,” we mean that charge is transferred all around the circuit. What ac 
tually carries the charge is different in different parts of the circuit. Inside 
the metals, the charge carrier is likely to be an electron, moving in the direc- 
tion opposite to the electric field, because it is negative. In the saliva and in 
the soft tissue of the gum it is likely to be a sodium ion (Na *) or a chloride 
ion (CI). The Na* will move in the direction of the electric field, the Cl 
against it. The source of energy for all this transport, the net chemical reac- 
tion that “powers” the battery, is the oxidation of aluminum. 

We have used the word battery because it is familiar. Good technical jar- 
gon is chemical e.m.f. You may wonder what e.m.f. stands for. It stands for 
“electromotive force”; but those words are misleading. An e.m-f. is nota 
force. No one uses those forbidden words, anyway. Some authors like the 
term electromotance, but it has not caught on. People say e.m.f. to refer to à 
voltage source. They also use the term e.m.f, to mean the voltage of that 
voltage source when no current is flowing. In Chapter 16 you will read 
about e.m.f.’s whose energy is magnetic in origin (Faraday induction) rather 
than chemical. The chemists just use the word cell for a chemical e.m-f. That 
uee gets ambiguous in biological contexts, where we talk about living 
cells. 

Many students ask, when is a voltage an e.m.f. and when isn't it? A sim 
ple answer is that an e.m.f. has a source of energy other than electrostatic 
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potential energy to effect the separation of charge. Thus an e.m.f. converts 
some other form of energy—chemical or mechanical or magnetic—into elec- 
trical energy. 

In the simple battery, the separation of charge arises from the difference 
in the binding energy of the two metals for electrons. Electrons are bound 
more tightly to silver than to aluminum. You may think of this as connected 
with the chemistry of the metal. Silver is shiny. It does not react easily. 
Aluminum is dull. Aluminum reacts so fast that what you see is an alumi- 
num oxide layer on the surface. Or you may think of aluminum metal as 
having a denser electron gas inside it than silver so that the potential differ- 
ence is associated with a difference in electron concentration. This later 
interpretation parallels our understanding of bioelectricity, the electrical po- 
tentials across cell membranes. These are associated with differences in the 
concentrations of certain ions on opposite sides of the membrane. 

A living cell—a muscle cell, for example—normally has a smaller concen- 
tration of chloride ions inside it than in the fluid that surrounds it. Because 
the membrane is permeable to Cl” ions, the concentration difference implies 
a diffusion potential: In the absence of electric field, Cl” ions would diffuse 
in faster than they diffuse out, just because there are more of them outside 
than in: The net diffusion is down the concentration gradient. But that 
means the inside becomes more negative, that is, a potential difference 
arises as a result of the diffusion. The electric field in the membrane opposes 
further inward diffusion of negative ions. In equilibrium, the net inward 
flow associated with diffusion down the concentration gradient is balanced 
by the net outward flow associated with electrical conduction. Note that the 
side with the higher concentration of negative ions is the one that becomes 
more positive. This is quite analogous to our silver-aluminum example. With 
two metals, the one with the denser electron gas became the positive elec- 
trode, 

It is important to realize that a diffusion potential—the electric potential 
difference associated with a concentration difference—requires the possibil- 
ity of diffusion. In fact, it may be useful to think of the electric field as the 
cause of the concentration gradient, rather than vice versa. What about the 
sodium ions, which also have higher concentration outside the cell than in- 
side? Their diffusion potential would be in the opposite sense, positive in- 
side and negative out. Which concentration gradient determines the actual 
potentials, the Na* or the Cl? If the membrane were impermeable to so- 
dium, its concentration would not affect the electric potential at all. Indeed, 
the permeability of cell membrane to sodium is much less than the perme- 
ability to chloride so that the potential depends more on the chloride than 
on the sodium concentration. The Cl” ions move through the membrane 
much faster than the Na* ions so that they dominate the resulting diffusion 
Potential. 

_ The word equilibrium was mentioned 
inward diffusion and the outward migra 
tually, the concept of equilibrium in the p 


previously, equilibrium between the 
tion driven by the electric field. Ac- 
resence of a concentration gradient 
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FIGURE 13.4 The sodium- 
potassium pump keeps the 
potassium-ion concentration high 
inside and the sodium-ion 
concentration low inside the cell. 
Because the membrane is more 
permeable to potassium, this 
makes the inside electrically 
negative. 
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is perhaps a bit fuzzy. Electrochemical equilibrium is established within times 
of the order of microseconds: It only takes a few excess negative charges 
inside to lower the potential dramatically, as we shall see in the next section, 
But chemical equilibrium, the eradication of the concentration gradient as a 
result of the diffusion, has a much longer time scale. It is never achieved as 
long as the cell is alive. 


Ææ SPECIAL TOPIC: The Sodium—Potassium Pump 


What keeps the cell alive is a cycle of chemical reactions that maintains large 
concentration differences between inside and outside for two ion species; 
The concentration of sodium ion is kept lower inside the cell than out. The 
concentration of potassium ion is kept higher inside the cell than out. What 
is required here is a mechanism that transports potassium in and sodium 
out, both from a region of low concentration to a region of high concentra- 
tion. Such a pumping mechanism is exactly the opposite of diffusion, since 
the movement of ions is up the concentration gradient. It is called active 
transport. (See Fig. 13.4.) The mechanism is not well understood yet, but 
seems to involve a large tubular molecule extending all the way through the 
membrane. It takes on a potassium ion outside, pushes it through the mem- 
brane, releases it inside, takes on a sodium ion inside, pushes it through the 
membrane, and finally releases it outside, perhaps in such a way as to start 
the cycle over again. How energy is supplied for this cycle is known, It 
involves the splitting of the molecule ATP (adenosine triphosphate) to form 
ADP (adenosine diphosphate) and an inorganic phosphate. So the breaking 
of the “high-energy phosphate bond” is the energy source for this sodium- 
potassium pump, which maintains the concentration gradients, conse- 
quently the electric potential difference, and thus the life of the cell. 

Free potassium ions can also diffuse through the membrane, not as easily 
as chloride, but more easily than sodium. The potential of the inside of the 
cell relative to the outside can be as much as —90 millivolts. This is almost 
exactly what is required to maintain the potassium concentration difference. 
At body temperature, this means the K* concentration inside is 30 times the 
concentration outside the cell.” If the situation were reversed, and the s0- 
dium ions traveled through the membrane faster than potassium, the 10:1 
concentration ratio of sodium (outside-to-inside) would make the inside 60 
millivolts more positive than the outside, rather than 90 millivolts negative, 
as is the case. In excitable cells (nerve and muscle) such a reversal does 1n 
deed occur. The membrane’s permeability to sodium ions becomes briefly 
enhanced as much as 600-fold. During the millisecond or so of this increased 
sodium influx, the potential inside does go positive, although not quite t0 
60 millivolts. This brief electric pulse is known as an action potential. It 1$ 
the basis of the electrocardiogram (EKG), electromyogram (EMG), and elec- 


`The formula AV = ~ (61.5 millivolts) log [K* Jin/[K* Jour known as the Nernst equation, will not 
be derived here. 


A 
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troencephalogram (EEG). The full voltage excursion can be as much as 120 
millivolts. A substantial fraction of this can be developed across different 
parts of the skin and thus measured noninvasively. a 


EXERCISE 2 As a cell dies, what do you think happens to the potential dif- 
ference between inside and outside? 

{Answer: You guessed it. It goes to zero. The pump stops pumping and 
diffusion wipes out the concentration gradients. ] 
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If you have just shuffled across one of those nylon carpets and charged 
yourself up electrically, the man who shakes your hand is likely to draw 
much the same sort of spark as a door knob. Even if there is no spark, you 
share your charge, which flows easily through the salty perspiration of your 
hands. Each of you ends up with half the charge you had, assuming none 
flows off into the floor, and also assuming you are roughly the same size. If 
he is much bigger than you are, he gets a larger share of the charge. 

This happens because your skin surface is a reasonably good conductor. 
On the time scale of a handshake, you and he come to the same potential. 
Actually, it takes only a few microseconds. Your skin becomes approxi- 
mately an equipotential surface. The voltages in static electrification phe- 
nomena can be hundreds of thousands of volts, so the word approximately 
here means + or — a few volts. If the two of you are the same size, your 
potential after is half your potential before the handshake. Half as much 
charge, half the potential. This says that the potential to which a conductor 
is raised by charging it is proportional to the charge. Restated: The amount 
of charge needed to raise the potential of a conductor is proportional to the 
potential rise. The remark about “if he is much bigger than you are” means 
that the proportionality constant has something to do with size. The bigger 
conductor can contain more charge than the smaller one for the same rise in 
Potential. We say it has a larger electrical capacitance. 7 

Why introduce a new term? The capacitance of an object tells you how 
much charge flows when its potential is increased by a certain amount. The 
ratio of the amount of added charge to the potential change when it is added 
18 what is defined as capacitance: 


charge 


capacitance = ——2— 
potential 
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If the charge is measured in coulombs and the potential in volts, Capacitance 
is measured in farads. Thus 


Louion® 
1 volt 


As for orders of magnitude, it requires about 10 710 coulombs to raise the 
potential of an adult human body by 1 volt; so its capacitance is roughly 
107" farads or a hundred picofarads.* If you remember that one electron 
has a charge of 1.6 x 10°" coulomb, a charge of 10 "° coulombs no longer 
seems so small; it represents losing close to a billion electrons. Raising the 
potential of the body by 10,000 volts requires one microcoulomb—ten thou- 
sand times as much charge. 

That figure of 107” farad is just an estimate for an average person. For 
simpler geometrical shapes there are exact formulas for how capacitance de- 
pends on the dimensions. For a spherical conductor the capacitance is sim- 
ply proportional to the radius. The formula, which you need not memorize, 
is 


1 farad = 


_ _ radius of sphere T 
(Eq. 1) 


Csphere = 9 x 10° meters/farad k 


Thus a sphere 1 centimeter in radius has a capacitance of about 1 picofarad. 
The whole earth has a capacitance of 0.007 farads. You will meet k, again in 
Sec. 13.5. The enormous size of the farad is, of course, just a reflection of 
the enormous size of the coulomb. 


EXERCISE 3| Show that a charge of 1 coulomb on that 1-centimeter sphere 
would raise its potential by almost 10° volts. 


One other geometry is particularly simple: oppositely charged parallel 
conducting plates. As you recall, the field in between the plates is uniform. 
This is essentially the situation in a cell membrane, where the fluid inside is 
at one potential, the fluid outside at a different potential. The capacitance of 
the membrane is a measure of how much charge has to be transferred 
through the membrane per unit change of the potential difference. We shall 
ee the formula for the spherical conductor to derive the formula for parallel 
plates. 


Parallel Plates 


Just as in Sec. 13.2, consider a sandwich whose length and width dimen- 
sions are much greater than its thickness. That is because we want a ik 
form field and would like to neglect the nonuniformity, the tapering off a 


*pico = 107"; micro = 10, 
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the edges. If we double the area of such a sandwich while keeping the po- 
tential difference between the plates constant, the field inside stays the 
same; but it will require twice the charge on each plate. This is the same as 
laying two identical sandwiches side by side to make a sandwich twice the 
area of each: The capacitance is simply Proportional to the area. 

How does it depend on the thickness of the sandwich, the plate separa- 
tion d? [Answer: The thinner the sandwich, the larger the capacitance. The 
formula 


l area 
Cyandwich = Tnk, ian (Eq. 2) 


is proved in the box. But it is suggested you read Sec. 13.5 first, and then 
come back and read this proof.] 


TI a EE 


EXERCISE 4 Having shuffled across one of those luxurious nylon carpets, 

you are charged up to 10,000 volts. That means your skin is an equipotential 

surface at a potential 10,000 volts higher than your surroundings 

(“ground”). 

(a) If you share your charge by touching another person of your size (i.e., 
same capacitance), each of you will be at ______ volts. 

(b) After this you touch a third person, also the same size. Both of you are 
now at _____ volts. 

(c) If you now touch the second person again, the charge on each of you 
will distribute uniformly on both of you. At what potential will you both 
be after this? 

(d) Argue that the total charge on the three of you is equal to the charge 
you started out with. 


EXERCISE 5 A capacitance of 1.0 x 10” "° farads is charged up to a potential 

of 1.0 x 10° volts. 

(a) Argue that its charge is one microcoulomb. 

(b) An uncharged capacitance of 100 picofarads is briefly connected to the 
charged one. After being disconnected, each capacitance has a charge of 
half a microcoulomb. What is the potential of each? 

(©) The first one is again charged up to 10,000 volts. Argue that, when the 
two are reconnected, they share a charge of 1.5 microcoulombs. 

(d) What is now the potential? 

(e) They are disconnected, and the process is repeated. Argue that the po- 
tential is now 8750 volts. 


het 
~~ OOO 
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PROOF OF PARALLEL-PLATE 
CAPACITANCE FORMULA 


The argument goes back to the sphere. Imagine 
two concentric conducting spherical shells 
whose radii are almost the same—differing by 
that small distance d. The inner one carries 
positive charges the outer one an equal nega- 
tive charge. The space between them looks, at 
any one place, very much like the space be- 
tween parallel plates, just as our round earth 
looks flat to us as long as we stay close to the 
ground. For example, take an inner sphere of 
radius 1 meter, charged up to a potential of 
1000 volts. Equation 1 tells how much charge 
that requires. 


EXERCISE 6 Carry out the calculation. Q = ? 

Any spherical surface concentric with our 1- 
meter sphere is an equipotential surface; that 
we can conclude from symmetry considera- 
tions. But Eq. 1 also tells you the potential for 
any given radius. For example, a sphere 1.01 m 
in radius is at 990 volts: The radius, and there- 
fore the capacitance, is 1% greater; the poten- 
tial has to be 1% less. The potential difference 
between the two conductors, which are 1 cm 
apart, is thus 10 volts, which is 1% of the 1000 
volts. Try to visualize the situation as in Fig. 
13.5: The positive charge Q on the inner sphere 
induces a charge —Q on the inner surface of 
the outer sphere, leaving the same old charge 
+Q on the outer surface of the outer sphere. 
The charge on this outer surface is neutralized 
when -Q is put on. To calculate the capaci- 
tance of the sandwich, we divide the charge Q 
by the 10-volt potential difference. 


EXERCISE 7 Calculate it. But if we had chosen 
an outer-sphere radius of only 1.001 m—the 
two surfaces 1 millimeter apart—the potential 
of that sphere would have been only 0.1% less 
than the 1000 volts on the inner sphere, so the 
inner-to-outer potential difference would have 


‘Read this after Sec. 13.5. 


FIGURE 13.5 The inner metal shell is charged; the 
outer one is uncharged. The positive charge on the 
inner sphere induces an equal negative charge on 
the inner surface of the outer sphere. This leaves an 
equal positive charge on the outer surface. 


been only 1 volt, or 0.1% of the 1000 volts. In 
that case the capacitance of the sandwich 
(charge divided by potential difference) would 
have been 10 times greater than before. A 
sandwich one-tenth as thick has 10 times the 
capacitance. This inverse proportionality of ca- 
pacitance and plate separation is what we were 
trying to establish. 

Let us repeat the argument algebraically: The 
charge Q that raises the inner sphere to poten- 
tial Vinner is given by Eq. 1 as 

Q r 


= Cophere = y 
e 


Vin ner 


That charge Q raises the potential of the outer 
sphere (radius r + d) somewhat less: 


EAR edd 
Vouter ke 


Now solve the above equations for the two po- 
tentials. The potential difference 


1 1 
r r+d 


Vinner ~ Vouter = K0( ) (Eq. 3) 
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becomes proportional to the separation d if Recalling that the area of a sphere is 4nr?, we 


4 <<r, as we have assumed. Here is the alge- can write this capacitance in terms of the area: 
ra: 
1 area 
1 1 d Csandwich = are (Eq. 2) 
2 Se exactly u 4nk, d i 


r rtd r Aaa y 
d This result can be taken over verbatim to the 


=a approximately parallel plates. First we know that the capaci- 
tance of a parallel-plate sandwich is propor- 
The capacitance of the sandwich is tional to the area of the plates. Think of it as a 


bite taken out of a large-sphere sandwich. 


Csandwich p Lead Then we know it is inversely proportional to 
pay ) tl the plate separation d. Equation 2 gives us the 
V V, k ES, 
inner — Vouter ke d proportionality constant. 


ES EEE ee 
EXERCISE 8 Living Cell 
Now we are in a position to calculate the capacitance of a cell membrane. 
We can verify the statement made in Sec. 13.3 that it does not take many 
ions passing through the membrane to cause noticeable changes of the po- 
tential of the inside of the cell. A typical cell may be one-hundredth of a 
millimeter (= 10 microns) in diameter. Assume that it is roughly spherical. 
Then its area is 3 x 10~!° m? (= 300 microns’). If the membrane is 10 nm 
thick (= 10° m), the capacitance is 
_ 1 area 3.100 ame 
4nk, thickness 4r (9 X 10° meter/farad) x 10° m 

= 0.25 x 10° farads 

= 0.25 picofarads 
eS 
How many singly-charged ions does it take to nullify a 90-millivolt potential 
difference between inside and outside? It requires an influx of only 


(90 x 10°? volts)(2.5 x 107} farads) = 2.25 x 10° “* coulombs 


worth of positive ions, or 


2.25 x 10-™ coulombs 
1.6 x 107” coulombs/ion 


See Fig. 13.5, 


= 1.4 x 10° ions 
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Suppose that the potassium ion concentration inside is 0.15 moles per 
liter. Then in the cell volume of 5 x 10776 m? (= 500 ym’) there would be 
(HINT: 1 mole = 6 x 10” ions = Avogadro’s number.) 

ai P lit 
0.15 x 6x 107 ions x 5x 107% m? x 10 = 
liter m 
= 4.5 x 10" potassium ions 
inside the cell. The addition of only (1.4 x 10° + 4.5 x 10'° =) 3 ions per 
million already present, three parts per million, gives a 90-millivolt voltage 
swing. 

But please don’t think that 0.25 picofarads is a “small” capacitance on the 
scale of living things. Recall that the whole body has a capacitance of per- 
haps 100 picofarads. 


EXERCISE 9 The cell, viewed not as a conductor-insulator-conductor sand- 
wich, but just as a sphere 5 microns in radius, has a capacitance of only 


fe Seca a cee 
k 9X 10° m/farad — ane 


That capacitance is of no biological significance. 


Energy of a Charged Capacitor 


If you want to add one elementary charge to a conducting surface charged 
up to a potential of 1000 volts, that requires an energy of 1000 electron volts. 
You have to do an amount of work equal to 1000 eV against the electrostatic 
forces repelling that charge from the surface. The capacitance of the surface 
determines how much the addition of that charge raises the potential of the 
surface. Take the human body: C ~ 10? picofarads. Adding a charge of 
1.6 x 10°” coulombs (= 1 elementary charge) raises the potential by 


1.6 x 107" coulombs 
107" farads 


That doesn’t make much of a dent in the 1000 volts we started out with. 
Nor will the next charge we add, which still requires just a hair over 1000 
eV of work. Every charge we add requires a little more work than the pre 
vious one, because the potential of the surface is a little bit higher. If you 
want to double the potential, you have to double the charge. The last ele- 
mentary charge brought in sees a potential of almost 2000 volts, and thus 
requires an energy of 2000 eV to overcome the electrostatic repulsion and 
get to the surface. The first elementary charge required 1000 eV; the last onè 
required 2000 eV. How much energy is required to double the potential? 


= 1.6 x 107° volts 
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We have to sum the energies of all those elementary charges. Remember, 
the work required to add a charge to the surface is proportional to the 
charge already there. The average potential that has to be Overcome in rais- 
ing the surface from 1000 volts to 2000 volts is 1500 volts—the halfway po- 
tential. The work of charging is the product of the charge we add times this 
average potential. To change the potential of a surface with a capacitance of 
107" farads by 1000 volts takes a charge of 10-7 coulombs (= 107" farads 
x 10° volts). So the total energy needed to go from 1000 to 2000 volts is 


1077 coulombs x 1500 volts = 1.5 x 10~* joule 


(HNT: 1 volt = 1 joule/coulomb.) What about the energy to go from 0 to 
1000 volts, to put the first 1077 coulombs of charge on the surface? The 
average potential during that initial charging process is 500 volts, so the 
energy needed to go the first thousand volts is one-third the energy needed 
to go the second thousand: To double the potential requires quadrupling the 
energy. 

Here is the argument again: To charge a capacitance C to a voltage V 
requires a charge Q = CV. The average potential during the charging is 4V, 
so the electrostatic energy of the charged capacitance is }QV, or 4CV*: The 
energy is proportional to the square of the voltage. 

Now it is easy to see where the spark you get when you share your charge 
with another person your size gets its energy! Before sharing, you had 
charge Q, at potential V, with total electrostatic energy 3Q,V,. After shar- 
ing, each of you has charge 4Q, at potential 4V,, for an energy of 4Q,V, 
each, or a total energy of 4Q,Vo. Half the original energy gets lost some- 
where. The spark is one way it could be dissipated, partly radiated away as 
light, partly as sound, mostly going into heat. Note that charge is con- 
served; electrical energy is not. 


pa E eee 
Tee a o EE EEEE 
EXERCISE 10 When a 1 microfarad capacitor is charged to 1000 volts, its 


charge is 0.001 coulombs. Show the arithmetic. Then argue that the stored 
energy is 0.5 joule. 


BSS O o EEEE 
a a o 
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The electric field has been introduced (Sec. 13.2) in the context of parallel 
conducting plates, because that geometry gives rise to a uniform field. Nev- 
ertheless, we all have the intuition that the further away you get from a 
charge, the less you ought to feel its influence. With the parallel plates, as 


‘Please Postpone reading the proof of the parallel-plate capacitor formula (box) until after you 
have read about the inverse-square field. 
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long as you don’t explore near the edges, that intuition might be accused of 
being deceptive: For a large plane of charge, the field does not fall off with 
distance. In this section, we study the nature of the field surrounding a 
single charge. This is not an academic exercise. Remember, charge is quan- 
tized: A proton has the smallest amount of positive charge found in nature, 
An electron has the smallest amount of negative charge. The magnitudes of 
these two opposite charges are equal, to phenomenal experimental accuracy, 
that is, to better than one part in 10. 

Although a proton has what might be called a size (about 10~* meters), 
it is so small that the abstraction of thinking of its charge as located at a 
“point” is tempting. Near the end of this section it will turn out that the 
field of a point charge is the same as the field outside a sphere of charge, so 
the abstraction has no harmful logical consequences. We won't wo 
whether a point charge consists of one elementary charge or a billion. But 
be prepared for a couple of pages of mathematical reasoning with no im- 
mediate application. Their purpose is to built your intuition about the nature 
of electrostatic interaction. Since that includes most of chemistry, no apology 
is offered. 


Equipotential Surfaces Are Spheres*® 


A point charge is a nicely symmetrical object. It does not “face” in any par- 
ticular direction. Suppose that another point charge is brought near. Let us 
call this second charge a “test charge” and suppose that both charges are 
positive. The strength of the repulsive force on the test charge depends only 
on how far away it is, not on “which way.” All directions are equivalent, 
Consequently, the work done in bringing such a test charge from “far away” 
to a particular position near our point charge depends only on how far that 
position is from our point charge. It does not matter from what direction the 
test charge is brought in. So the equipotential surfaces associated with our 
point charge are spheres centered on it: a family of concentric spheres. It 
Tequires no work to move a test charge around on any given equipotential 
sphere. It does take work to move it to a smaller (higher potential) sphere. 
But please remember, these equipotential spheres are mathematical objects. 
There is nothing there to see or touch. i 
The mathematics comes in when we describe the spacing of the equipo- 
tential spheres. Unlike the equipotential planes between parallel plates, 
these are not uniformly spaced. The farther away you go from the point 
charge, the larger the spacing corresponding, say, to 1 volt. Here is the rule: 
If doubling the distance from the point charge gives a certain potential drop, 
then doubling again gives only half the drop. For example, in moving from 
a distance of 1 A (= 107" meters) from a proton to a distance of 2 A, the 
potential falls by 7.2 volts. In moving from a distance of 2 to 4 A, the potet 


"For a point charge. 
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tial falls by 3.6 volts. Here is one way to put that into a formula: 


V(r) = ke (Eq. 1) 


In words: The potential at a distance r from a point charge q is inversely 
proportional tor. 

To be sure, Eq. 1 is just one way to express that rule. It specifies a partic- 
ular choice of the “zero” of potential. We have said that such a choice is 
always arbitrary and made to suit our convenience. This particular choice 
leaves us with no value of r at which V(r) is equal to zero. Another way to 
say that is, only if r is infinite is the potential equal to zero. This turns out 
to be a convenient choice. But note that any number added to the right- 
hand side of Eq. 1 gives a correct equation. 

The universal constant k, is measured to be 


9 volts meters 


» = 8.99 10 
Bese coulomb 


It is sometimes called the Coulomb constant. You have met it in Sec. 13.4, 
Capacitance, in the formula for the capacitance of the parallel-plate capaci- 
tor. Letting the electronic charge e = 1.6 x 10`" coulombs, we can write 


ke = 1.44 x 107° volts meters = 1.44 volts nm 


EXERCISE 11 Use Eq. 1 and this constant to verify the “example” above, 
those 7.2 and 3.6 volts. 


EXERICSE 12 Use Eq. 1 to verify Eq. 13.4-1 for the capacitance of a spherical 
conductor. 


EXERCISE 13 We are told that the sphere of radius 10 cm is the 1000-volt 
equipotential surface. (See Fig. 13.6.) We are not told the value of the charge 
that is the source of the electric field. 

(a) Show that the potential at r = 20 cm is 500 volts. 

(b) What is the potential at r = 30 cm? 

(c) In going from r = 10 cm to r = 20 cm, the potential dropped 500 volts. 
In going from r = 20 cm to r = 30 cm, the potential dropped 167 volts. 
[Check your answer to part (b).] How much does the potential drop in 
going from r = 30 cm to r = 40 cm? 

(d) How far do you have to go to drop from V = 250 volts to V = 200 volts? 
You can see how the spacing of equipotentials gets wider and wider as 
you move away. 

(©) Why did you never have to calculate the value of the charge? 


EXERCISE 14 Show that the Coulomb constant can be written k. = 2.3 x 
107% newton m?/(elementary charge)”. 


__—_— 


FIGURE 13.6 
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Inverse-Square Field 


In Chapter 11 we talked about how the light intensity at a distance r from a 
light bulb falls off with increasing r. A given amount of power gets distrib- 
uted over an increasing area. The area of a sphere of radius r is 4a”. So the 
power per unit area, power/4r’, falls off according to an inverse-square 
law. All we had to assume was that no energy gets lost on the way. But 
why talk about light in a section about electrostatics? 

The electric field of a point charge has this same inverse-square falloff, 
The formula for the electric field strength at a distance r from a charge q is’ 


BO) = kb Eq.) 


Inverse-square fields occupy such an important role in physics that many 
textbooks begin the study of electricity by announcing Coulomb’s Law: 


The electrostatic force of repulsion (or attraction) between two point 
charges falls off as the inverse square of the distance between them. 


From the study of astronomy we know that attraction between stars and 
planets also obeys an inverse-square law: Newton's Law of Gravitation. 
Both Coulomb's Law of electrostatic interaction and Newton's Law of grav- 
itational interaction turn out to be very accurately inverse-square laws. For 
both laws, there are very precise experiments to distinguish whether the 
exponent of r is really — 2.000000 or might perhaps be — 2.000001. For the 
electrostatic interaction, the result is that the —2 is good to better than 10 
decimal places. In Problem 47 we talk about the special feature of an inverse- 
square field not shared by any other type of r-dependence. 


Electrostatic Induction 


A phenomenon directly related to the inverse-square law is electrostatic in- 
duction. If a charge q is surrounded by a conducting shell of any shape, 
then a charge ~q is “induced” on the inner surface of that shell. That leaves 
a charge +q on the outer surface. To test that, you could just connect the 
shell to a very large conductor and measure how much charge flows off. 
The other side of the same story is that charge located somewhere outside 
a conducting shell induces charge on the outside surface of the shell. On 
the sketch (Fig. 13.7) you see unlike charge induced on the near side while 
like charge is induced on the far side. Here the logic is more involved. A 
conductor is a material that has freely moving charges within it. Therefore, 
in electrostatics (i.e., in equilibrium) all points of a conductor are at the same 
potential. If they were not, those mobile charges would experience forces 
and would move under the action of those forces. In other words, m 
charge would redistribute until there were no forces, that is, until the entire 


“If you know calculus, you can differentiate Eq. 1 to obtain Eq. 2: A 1/r potential implies à ur 


field. 
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conductor came to the same potential. Now you know that when no charge 
is moving, there is no electric field inside a conductor. 

How about a conductor with a hole in it? A conductor with a cavity com- 
pletely surrounded by conductor with no artificially introduced bound 
charges also has no electric field inside. For our conducting shell with some 
external charge (Fig. 13.4), the distribution of the induced charge on the 
surface is such as to just cancel out the electric field in the cavity. This phe- 
nomenon is called electrostatic shielding. Now you understand why sensi- 
tive electrical instruments are mounted in metal cases. Sometimes entire lab- 
oratories are protected from “electrical noise” due to nearby machinery by 
surrounding them with wire cages. 


SUMMARY 


An insulator can be charged by rubbing it with an insulator made of a dif- 
ferent material. Potential differences of many thousands of volts can be 
achieved in this way. 

When two conductors differing in potential by several thousand volts get 
close enough, a spark will jump between them. 

Definition of the volt: The amount of work needed to bring one elementary 
charge to a place having a potential of 1 volt from far away is 1 electron 
volt (1 eV). By proportions, 


1 volt = 1 joule per coulomb 
1 elementary charge = 1.6 x 10°" coulombs 
1 electron volt = 1.6 x 107” joules 


In the region between oppositely charged parallel conducting plates, the 
equipotential surfaces are a family of uniformly spaced parallel planes. 
The electric field in this region is uniform. That is, the force on a test 
charge is the same everywhere inside the sandwich. It falls off close to the 
edges. 

Batteries: Different metals have different binding energies for electrons. 
When two different metals are put in contact with an electrolyte, separa- 
tion of charge results. Such a metal-electrolyte-metal sandwich is called a 
cell. Household word: battery. When a battery is connected in a complete 
Circuit, the chemical reactions occurring can drive a steady current around 
the circuit. 

Ina living cell the CI” ion concentration is lower than in the intercellular 
fluid outside. This concentration difference across the Cl" -permeable cell 
membrane is evidence that the inside is at a lower potential than the out- 
side. In a nerve or muscle cell, this potential difference can be as much as 
90 mV. 

In an excitable cell, the permeability of the cell membrane to Na* ions is 
briefly enhanced, so the Na* concentration inside increases along with 
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the electrical potential. This action potential lasts only a few milliseconds, 
The voltage spike is the basis of the EKG, EMG, and EEG. 

Large conductors have larger electrical capacitance (ratio of charge to volt 
age) than small ones. For a sphere, the capacitance is directly proportional 
to the radius. 

The capacitance of parallel plates is proportional to their area and inversely 
proportional to their separation. 

The work needed to charge a capacitor with charge Q to a potential V js 
QV, 

The electric field of a point charge falls off inversely as the square of the 
distance from the charge. Such an inverse-square field is described by a 
potential V(r) = k,(q/r). The magnitude of the electric field vector is given 
by 
E(r) = =i 
For a + charge, the E-field is directed away from the charge. For a - 
charge, the E- field is directed toward the charge. 

The field outside a charged conducting sphere is the same as if the charge 
were all located at the center. 


KEY TERMS 


Triboelectricity Charging of an insulator by rubbing another insulator against it. 
Conductor A material in which electric charge moves freely. 


Insulator A material in which electric charge tends to remain localized. Even high 
electric fields give rise only to small electric currents. 

Elementary charge The charge on one electron (negative) or the charge on one pro- 
ton (positive). The smallest charge found in nature. 


Jon An atom or molecule that has become charged by gaining or losing one or more 
electrons. Thus the H* ion is the proton; the H™ ion is a proton with two elec: 
trons. 


Tonize To cause the formation of ions. An electric spark in air causes eet 
be torn from the N, and O, molecules. The passage of fast charged Pars 
through matter usually results in ionization. 


Volt Unit of potential, defined as 1 joule per coulomb. 


Electron volt Unit of energy. The work done in moving 1 electronic charge through 
a potential difference of 1 volt. 1 eV = 1.60 x 107" joules. 


Potential Potential energy per unit charge. 


AC Alternating current. In the United States, the frequency is 60 Hz. In Europ® 
Hz is standard. 


Amp The ampere is the unit of current, defined as 1 coulomb per second. 
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KEY TERMS 


Equipotential surface An imaginary surface that is the locus of points having equal 
potential. When no current is flowing, the surface of any conductor is an equipo- 
tential surface. 

Ground The largest conductor in the vicinity. Usually that is the earth, but it may 
be the chassis of the car or the metal case of the television set. 

Electric field This term really has two meanings: 

1. A region in which a charge would experience a force. 
2, A vector whose magnitude is the force per unit charge, in the direction of the 
force on a positive test charge. 

Field line A line having the direction of the electric field at every point. Field lines 
start on positive charge and end on negative charge. Where the field gets weaker, 
they diverge; where the field gets stronger, they converge. 

Electronegativity If one substance is more electronegative than another, that means 
it requires more energy to remove an electron from it. Sulfur is more electronega- 
tive than sodium. 

Em.f. Pronounced “eeyemef.” A source of electrical energy. Also, the open-circuit 
voltage of such an energy source. There are chemical e.m.f.’s and magnetic 
e.m.f.’s. The word electromotance is also used (rare). 

Bioelectricity The various electric phenomena in living things. The potentials ap- 
pearing across the membranes of living cells. 

Active transport The movement of ions in living membranes in the direction of 
higher concentration, that is opposing diffusion. 

Diffusion potential Electric potential associated with a concentration gradient of an 
ion species. 

Permeability A measure of how easily a given molecular species passes through (a 
membrane). Usually expressed in moles per second per square centimeter per unit 
partial pressure difference. (See also Chapter 15 for another meaning, related to 
magnetic properties.) 

Sodium-potassium pump The mechanism of active transport in living cells. Potas- 
sium is pumped in and sodium is pumped out. The inside of the cell achieves a 
negative potential relative to the outside. 

Action potential A brief electric potential pulse across the membrane surrounding 
an excitable (i.e., nerve or muscle) cell. It is associated with the depolarization of 
the membrane as its sodium permeability is briefly enhanced by several orders of 
magnitude. 

Capacitance Quotient of the charge on a conductor divided by the potential needed 
to maintain that much charge on it. Evidently, larger conductors have larger ca- 
Pacitance. The unit is the farad = 1 coulomb per volt. 

Coulomb’s Law The force of repulsion (attraction) between two point charges is 
Proportional to the product of the charges and inversely proportional to the square 
of their separation: 


F= ke qqolr? 
with 


meters” 


k. = 9, ? —— 
0 x 10° newton coulemnba 
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Electrostatic induction The mechanism by which a conductor acquires a charge by 
virtue of the proximity of charge of the opposite sign. 

Electrostatic shielding Surrounding an instrument with a metal case or Screen in 
order to keep out unwanted electric fields. 

Dielectric An insulating material. A material with very small electrical conductivity, 
The application of an electric field to a dielectric polarizes the material. 

Dielectric constant Usually called x (kappa). The proportionality constant relating 
the electric field outside to the electric field inside a dielectric: Esutside = Ena 
More precisely, this is the relation between the components of the electric field 
normal to the surface. The dielectric constant of the vacuum is 1. The dielectric 
constant of air is 1.0006. The dielectric constant of water is 80. 

Dielectric breakdown At very high fields, electrons may be torn off molecules, 
suddenly converting a dielectric into a conductor. 

Dielectric strength The highest electric field that does not cause dielectric break- 
down. 

Faraday One mole of electric charge. Avogadro’s number of electronic charges = 
96,500 coulombs. 


REVIEW QUESTIONS 


e The shiny knob at the top of an AA flashlight battery is at a potential 
volts higher / lower than the metal disk at the bottom. 


* If two conducting plates 1 millimeter apart have a potential difference of 15 volts, 


the E-field in the space between them is — volts per meter. 
* In the region between those plates, the force on a test charge 0.1 mm from the + 
plate is _____ times the force on a test charge twice as far from the + plate. 
+ If the two plates are kept connected to the 15-volt battery while the plates are 
brought 1% closer, the E-field between them increases / decreases by 
%, and the charge on each plate increases / decreases by 


%. What about the capacitance? 


* Zinc is more electronegative than silver. In a silver—zinc battery the terminal con- 
nected to the silver electrode is marked + | -. 


* Inside a living cell, the chloride concentration is lower than outside the cell. Ev 

dently, the electric potential inside is higher / lower than outside. 
+ If the radius of a metal sphere were increased by 1%, its capacitance would it 
crease / decrease by —__%. Explain. 


* A small metal sphere is charged positively so that the potential at a distance of 
1.00 meter from its center is 100 volts. What is the potential 1 cm further? Wha 
is the E-field at r = 1.00 m? How much larger / smaller is the E-fie 
1 cm further out? ___% 


* To charge a 10-picofarad capacitor up to 100 volts requires a charge ob ae 
coulombs. This takes ____ joules of work. 


PROBLEMS 
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* 1. Electron Volt To move one elementary charge 
(1.6 x 107" coulombs) through a potential difference of 
1 volt requires an amount of work equal to 1 electron volt. 
(a) To move two elementary charges through a potential 
difference of 1 volt requires eV of work. 

(b) To move one elementary charge through a potential 
difference of 2 volts requires eV of work. 


* 2, The Faraday Avogadro's number is 6.02 x 
10%; that is the number of molecules in a mole. Avogad- 
ro's number of electrons has a charge called 1 Faraday. 
Express that in coulombs. 


—~<—-Metal “knob” 
\~<—-One-hole rubber stopper 


PROBLEM 8 
Electroscope. 


—Leaves 
Glass bottle 


* 3. Parallel Plates Parallel plates 10 cm apart are 
kept at a potential difference of 90 volts. 

(a) To move an electron from the + to the — plate re- 
quires - electron volts to work. 

(b) To move an electron 1 cm away from the + plate to- 
ward the — plate requires eV of work. 

(©) To move an electron from the 10-volt equipotential to 
the 20-volt equipotential requires eV of work. 

(d) If you call the negative plate 0 volt and the positive 
Plate +90 volts, how far from each plate is the 45-volt 
equipotential? 

(6) Where is the 10-volt equipotential surface? 


* 4. Parallel Plates. (Refer to Problem 3.) What is 
the electric field strength in the region between the plates? 


* 5 Parallel Plates. (Refer to Problem 4.) 

(a) How much work is done in moving an electron from 
the 45-volt equipotential to the 46-volt equipotential? 

(b) How far apart are those two equipotential planes? 

(©) What is the force on an electron at the 45-volt equipo- 
tential? 

(d) Compare the quotient of a/b with c. (HiNT: Make sure 
You express them in the same units.) 


XK 6, Speed of Electrons How fast is a 20,000-eV 
electron traveling? 


*Æ 7. Parabolic Path A 20,000-eV electron is shot 
horizontally from the electron gun. 

(a) How much does it drop in traveling 25 cm? 

(b) If you lay your TV on its side, would you expect to be 
able to detect the gravitational shift of the picture on the 
screen? Argue. 


%** 8. Electroscope An electroscope is an instrument 
used to detect static charge. (If it is used to measure the 
charge, it is called an electrometer.) Typically, it consists of 
a conducting knob or plate attached by a conducting rod 
to a pair of gold-leaf flaps, called “leaves.” (See figure.) 
When the conductor is charged, the leaves move apart, 
that is, they are raised against gravity by their electrostatic 
repulsion. 

(a) When the knob of a charged electroscope is briefly 
touched to the knob of an uncharged electroscope, its 
leaves collapse partly, while the other electroscope’s 
leaves rise. Explain. 

(b) Two charged electroscopes are touched together. Both 
pairs of leaves fall. How is this possible? 

(c) As those two charged electroscopes’ knobs approach 
each other, the leaves of both start to collapse even before 
they touch. Explain. (HINT: If you separate them without 
allowing them to touch, they both return to their previous 
deflections.) 


* 9. Two Electroscopes Two identical electroscopes 
are charged with + charge. A has twice the charge of B. 
Now they are touched together. Explain why one col- 
lapses partly, one deflects further. (HINT: Touching the 
two conductors together brings them to the same poten- 
tial.) 


** 10. Two Different Electroscopes A big electro- 
scope is given a small + charge; a small electroscope is 
given a large + charge. Describe what happens when they 
are touched together. 


* 11. Charging by Induction A rod carrying a + 
charge is brought close to the knob of an electroscope, 
without touching. The leaves diverge. 

(a) Explain how it is that the leaves carry a charge even 
though the electroscope as a whole is electrically neutral. 
(b) Without removing the rod from the proximity of the 
knob, you touch the knob with your hand. The surface of 
your skin is a reasonably good conductor, so this amounts 
to grounding the electroscope. Argue that it now has a net 
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PROBLEM 11 
(e) 


negative charge, even though the leaves are collapsed. 
(c) You remove your hand. Nothing happens. But when 
the rod is removed, the leaves diverge. Explain. 


> 12. Benjamin Franklin He was a Philadelphia 
printer, U.S. ambassador to France, and an inventor. He 
also made a number of fundamental discoveries about 
electricity. He introduced the concept of an “electric fluid” 
(positive charge) and its absence or deficit (negative 


Benjamin Franklin 
(1706-1790). 
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charge). His convention is followed to this day: Electrons 
carry negative charge. 

(a) What if he had made the opposite choice? Name some 
familiar things whose labels would be changed. Don't for- 
get batteries! 

(b) What if a third kind of charge should be discovered} 
What properties would it have? How would it interact 
with the + and — charge? This question is intended to 
exercise your imagination. 


** 13. Parallel-Plate Capacitor 

(a) The charge on a parallel-plate capacitor is kept constant 
while the plate separation is halved. What happens to the 
potential difference? 

(b) The potential difference between the parallel plates is 
kept constant while their separation is halved. What hap- 
pens to their charge? 


** 14. Energy of a Parallel-Plate Capacitor (see Prob- 
lem 13.) _ In parts (a) and (b) of Problem 13, what happens 
to the stored electrostatic energy as the plate separation is 
halved? In each case, write down where the energy goes 
or comes from. 


** 15. E-Field Between Parallel Plates Since the 
electric field between oppositely charged parallel plates is 
uniform, the potential difference V is simply the product 
of the E-field times the plate separation d. (Work = force 
x distance.) We now derive the relation between the E: 
field and the charge on the plates. The capacitance C = 
Q’V is given (Eq. 13.4-2) by C = area/4nk,d. 

(a) Prove that the charge per unit plate area is 


Q U4 


area 4ank.d 


3 „ (charge 
= E/4nk, or E Anke ( Ari j 
(b) How much charge per unit area is needed to give a 
field between the plates of 10° volts/meter? T 
(c) Does this answer depend on the plate separation: 
for- 


** 16. Gauss’ Law. (Refer to Problem 15.) T 


mula “charge per unit area = E/4mk,” can be rewritte! 
x area = 4nk. X charge. 

(a) Recall where that came from by deriving it for he E 
face charge on a charged metal sphere, using Coulom i 
Law. For a nonuniform E-field, the product E X area a 
a meaning only for an “average” E-field. This vea 
defined by dividing the surface into small subareas ie 
each with respective local field vector E; having @ haa 
nent E;, perpendicular to the surface there, and as led 
the sum of products XE;, x area;. This expression !$ s 
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electric flux through the surface. (See Problem 47.) For a 
closed surface, the formula 


flux through surface = 4k, x total charge inside 


is called Gauss’ Law. It is stated here without proof. 

(b) Turn the argument around and use Gauss’ Law to 
prove that the E-field between oppositely charged parallel 
plates is uniform. 


* 17. How Close Can the Plates Be? In Problem IRA 
the relation charge/area = E/4nk, is derived for the surface 
charge of parallel plates with field E between them. Dry 
air becomes unstable against dielectric breakdown (spark- 
ing) near field strengths of 3 x 10° volts/meter. 

(a) What is the maximum surface charge per unit area a 
parallel-plate capacitor can store without danger of spark- 
ing? 

(b) With a 3000-volt battery, how closely can the plates be 
spaced? 


* 18. Weight of an Electron The mass of an electron 
is 0.911 x 10°“ kg. Calculate the strength of a (down- 
ward) electric field just sufficient to support an electron 
against the force of gravity. 


* 19. Electron Gun 

(a) What is the acceleration of an electron in an electric 
field of 1000 volts per meter? 

(b) Parallel plates located 1 cm apart are kept at a potential 
difference of 10 volts. What is the acceleration of an elec- 
tron released just outside the negative plate? 

(c) There is a hole in the positive plate, so the electron 
comes shooting out into the field-free region outside the 
plate sandwich. How fast is it traveling upon emerging? 
(tint: You know its acceleration and that it traveled 1 cm 
from rest, An energy argument uses the same logic: You 
know the (constant) force and the distance through which 


as force acted. The kinetic energy is equal to the work 
one.) 


** 2, Electron Gun in the TV In a color TV, the 
electron gun may have a voltage as high as 20,000 volts. 
Suppose that the TV tube has an E-field-free region of 25 
cm from the gun to the screen. 
(a) If you lay the TV on its back, so the electrons have to 
travel uphill, will they still get to the screen? 

How much additional voltage would the gun have to 
Supply to cancel the effect of gravity on the electron beam? 

re you surprised the answer is so small? 
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* 21. Millikan Oil-Drop Experiment If the weight 
of an oil drop is known, then a measurement of the elec- 
tric field needed to support it against gravity constitutes a 
measurement of the electric charge on the drop (see fig- 
ure). The charge on the drop can be changed by ionizing 
the air between the horizontal plates. The experimenter 
watches the drop through a telescope and adjusts the volt- 
age between the plates. The result is that the charge al- 
ways changes by integral multiples of e. This is the proto- 
type of the experiments that yielded the number 1.6 x 
10°” for the electronic charge e. 

(a) A drop has mass 1.0 x 10°" kg. If it carries one elec- 
tronic charge, what field strength is needed to support it 
against falling? 

(b) Is it true that if it carries two electronic charges, half 
the field strength is needed to support it? Argue! 


Charged oil drop rises in electric field. 
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Oil drop falls if field is turned off. 


Doubly charged drop rises faster. 
PROBLEM 21 


xÆ 22. On Capacitance When you share your charge 
with another person having the same electrical capaci- 
tance, each of you ends up with half the charge. The two 
of you, holding hands, have all the charge you had origi- 
nally but only half the voltage. Viewed as one conductor, 
your total capacitance is twice each of your individual ca- 
pacitances. To be sure, this is only approximately true, 
since the presence of the other person nearby may change 
the electric field near you, and vice versa. 

(a) What happens when you share your charge by touch- 
ing a conductor having twice your capacitance? How does 
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the charge distribute? Suppose that you start out at 10,000 
volts and you touch two uncharged friends who are hold- 
ing hands. At what potential will the three of you be now? 
(b) You let go, and go back to the generator and get 
charged up to 10,000 volts again. Your hand-holding 
friends keep the charge you gave them. Then you return 
and touch them again. At what potential will the three of 
you end up? 

(HINT: Remember, for each conductor, the ratio of charge 
to potential is constant. That constant is called its 


) 


xÆ 23. Unequal Sharing of Charge The metal dome 
of an electrostatic machine has a capacitance equal to one- 
ninth that of your body. 

(a) If you touch it, what fraction of its charge do you re- 
move? What fraction of its charge does it keep? 
(HiNT: Assume that the two capacitances simply add 
while they are touching. C + $C = ?) 

(b) The dome was originally at 10,000 volts. After you 
touch it, it comes to _______ volts. 

(c) After you let go, the machine is turned on again and 
charges up to 10,000 volts again. You still have the charge 
you got from it the first time. You touch it again. What is 
your potential now? 

(d) Argue that if you repeat this process again and again, 
you will end up at 10,000 volts. 


* 24. Capacitors in Parallel One plate of a 10-pico- 
farad parallel-plate capacitor is connected to the + termi- 
nal of a 300-volt battery. The other plate is connected to 
the — terminal. 

(a) Argue that the charge on the positive plate is 3 x 107° 
coulombs, with an equal and opposite charge on the neg- 
ative plate. 

(b) Two identical 10-pF capacitors are both connected in 
the same way across the 300-volt battery. The total charge 
on the two positive plates is 6 x 107° coulombs. Argue 
that when two capacitors are connected in parallel, their 
capacitances add. 


> 25. Capacitors in Series Both capacitors in the 
previous problem have a potential difference of 300 volts 
between their plates. They are now disconnected from the 
battery without being discharged, and reconnected with 
the + plate of one to the — plate of the other: in series. 
(a) Argue that the potential difference between the two 
outside plates is now 600 volts, even though the charge on 
each is still 3 x 10~° coulombs. 

(b) Calculate the capacitance of the series combination. 

(c) Argue that when two identical capacitors are connected 


ELECTRIC ITY—ELECTROSTATIOg 


in series, the capacitance of the combination is half the 
capacitance of each. 

(d) The two inside plates are really one conductor. Eyen 
though the charge is separated, the net charge on this con. 
ductor is zero. What happens when the two capacitors are 
carefully disconnected? Do they retain their charge? 

(e) If the two free ends are connected together, we usually 
see a spark. Explain what happens. 


> 26. Capacitors in Series Ifa capacitor C, is con. 
nected in series with a capacitor C>, prove that the capac- 
itance of the series combination is C,C/(C, + C), 
(HiNT: The charge on each is the same, but the voltages 
add.) 


* 27. Parallel-Plate Capacitor Parallel conducting 
plates 1 millimeter apart are connected across a 90-volt 
battery. 

(a) The E-field between the plates is — volts/meter, 
(b) If the plate separation is halved to 0.5 mm, the E-field 
inside becomes volts/m. 

(c) Doubling the E-field at the plate surface implies dou- 
bling the charge on the surface. Therefore, the capacitance 
of the thinner sandwich is times that of the orig- 
inal sandwich. 


* 28. Parallel-Plate Capacitor; How It Scales The 
capacitance of a parallel-plate capacitor is proportional to 
the plate area and inversely proportional to the plate sep- 
aration. If all the dimensions are doubled, length, width, 
and thickness, then area is quadrupled but the plate sep- 
aration is doubled. The capacitance is multiplied times 


* 29. Parallel-Plate Capacitor Formula : 
(a) Calculate the capacitance of a parallel-plate capacitor 
with plate area 1 m? and plate separation 1 x 10~*m. 
(b) If the plates were made of a very thin foil and the sep- 
arator of paper, how small a package could the whole 
thing be rolled up into? cm’, (runt: Neglect the 
volume of the foil. Argue that rolling it up does not 
change the capacitance.) 

(c) You see why it is desirable to use thin paper. What do 
you think limits how thin a paper can be used? 


** 30. Energy Stored = }QV 

(a) Calculate how much work is done if a 1 
pacitor is connected across a 12-volt battery. agvo 
(b) Argue that connecting that capacitor across à re that 
battery would result in doing 4 times as much woe the 
is, the stored energy in a capacitor is proportional 
square of the voltage. 


-microfarad ca 
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(c) Argue that a 1% increase in battery voltage would re- 
sult in a 2% increase in stored energy. 


x 31.C=QV 
(a) How much charge is on a 0.01 microfarad capacitor 
connected across a 9-volt battery? 

(b) How much voltage is needed to give a 0.01-microfarad 
capacitor a charge of 0.18 microcoulombs? 

(c) How would you connect two-9-volt batteries to obtain 
such a voltage? 


x 32. Series or Parallel? Two 0.01-microfarad capac- 
itors are connected to a 9-volt battery in such a way that 
each one stores a charge of 0.045 microcoulombs. 

(a) What is the voltage across each capacitor? 

(b) How are they connected? Sketch. 

(c) What is the total capacitance of the capacitor combina- 
tion? 


* 33. Capacitors in Parallel You have a drawer full 
of 0.01-microfarad capacitors. Using one 9-volt battery, 
how could you store a charge of 9 microcoulombs? 


* 34. Capacitors in Series and Parallel When a 
0.01-microfarad capacitor is connected across a 9-volt radio 
battery, the energy stored in the capacitor is 0.405 micro- 
joules. 

(a) Verify. 

(b) If 10 such capacitors are connected in parallel across 
the battery, how much total energy is stored? 

(©) If all 10 of these capacitors are now carefully discon- 
nected from the battery and connected + to — in series, 
argue that the voltage between the ends of the chain is 90 
volts, 

(d) How much energy is now stored in the combination? 
Is the formula 4QV still applicable? 


** 35. Dipole Moment If two point charges +q and 
~4 (equal and opposite) are located a distance a apart, the 
dipole moment of this charge configuration is a vector hav- 
ing magnitude qa directed from —q to + q. Similarly, if a 
spherically symmetric distribution of positive charge q is 
displaced a distance a from a similar distribution of nega- 
tive charge —q, the resulting charge configuration has a 
dipole moment qa in the direction of the positive displace- 
ment. 

(®) Argue that the hydrogen chloride (HCI) molecule must 
have a permanent dipole moment. a7 
(b) The dipole moment of the HCI molecule is 3.4 x 10 
coulomb meters, and the H* is 0.13 nm from the Cl . 
What fraction of e = 1.6 x 10~" coulombs is the effective 
charge of the proton? Your small answer tells you that the 
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electron is still quite close to the proton, shielding its 
charge. 


%** 36. Dielectrics Materials that do not conduct elec- 
tricity well are usually called insulators. Another word is 
dielectrics. In general, any material that is neither a metal 
nor an electrolyte is called a dielectric. When such a ma- 
terial is subjected to an electric field, some + charges are 
displaced in the direction of the E-field, some — charges 
are displaced in the opposite direction. We say the mate- 
rial is electrically polarized. The surfaces across which the 
E-field is applied thus get a surface charge. 

(a) Draw a sketch to prove that the effect of the surface 
charge is to decrease the measured electric field inside the 
material; that is, the E-field due to the surface charge op- 
poses the applied field in the bulk of the material. 

(b) Suppose that the E-field is applied through parallel 
plates with a battery across them, with the dielectric ma- 
terial sandwiched between. Also, the surface charge on 
the dielectric is 4 of the charge on the adjacent plate. Ar- 
gue that the measured E-field inside the dielectric is then 
only $ of the applied E-field. 

(c) The ratio of the applied E-field outside to the measured 
E-field inside is called the dielectric constant of the material. 
Here the dielectric constant is 5. Argue that if the dielectric 
constant of a material is 10, the surface charge is fẹ of the 
charge on the adjacent plate. 

(d) If the surface charge is į of the plate charge, what is 
the dielectric constant of the material? 


Æ>% 37. E-Field Inside a Dielectric. (Refer to Problem 
36.) Argue that if the dielectric constant is x, the surface 
charge is a fraction 1 — 1/« of the charge on the adjacent 


plate. 


> 38. Capacitor with Dielectric Problem 37 shows 
that for given plate separation, inserting a dielectric be- 
tween the plates increases the capacitance. Argue that in- 
serting a dielectric multiplies the capacitance times x. 
(int: Remember, the voltage across the capacitor is the 
field strength times the thickness. You can either argue on 
the basis of a constant voltage, in which case the charge 
on the plates is increased, or on the basis of a constant 
charge, in which case the voltage across the plates is de- 
creased.) 


xk 39. Nonlinear Dielectrics For most dielectrics, the 
dielectric constant is independent of the strength of the 
applied field. This property is commonly referred to as lin- 
earity, because the measured E-field inside is proportional 
to the applied E-field. But at very high field strengths, lin- 
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earity fails. This may occur in two ways. Either the mate- 
rial may suffer dielectric breakdown, meaning it suddenly 
becomes a good conductor. Electrons, previously local- 
ized, are torn loose by the high field, resulting in an elec- 
tron avalanche. Or the polarization may tend to saturate, 
that is, to approach some maximum asymptotic value. 

(a) The NaCl crystal has a cubic structure, consisting of 
close-packed planes with equal numbers of Na* ions and 
Cl” ions. In an applied electric field, the sodium ions tend 
to be displaced one way, the chloride ions the other way. 
Assuming that the displacement cannot be greater than 
the plane-to-plane separation, argue that the polarization 
of solid sodium chloride has to saturate at high-enough 
fields. 

(b) The density of sodium chloride is 2.16 grams/cm’. Its 
molecular weight is 58.5; that means 58.5 grams per 6.02 
x 10” NaCl units. Use these data to calculate the volume 
per NaCl unit. The spacing of adjacent crystal planes is 2.2 
x 107" meters. Each ion has charge (+ or —)1.6 x 10°” 
coulombs. Use these data to estimate an upper limit for 
the polarization of sodium chloride. Express in coulombs 
per square meter of surface charge. (HINT: This calcula- 
tion requires a good bit of geometrical intuition. Your an- 
swer will be higher than the polarization actually attaina- 
ble, because dielectric breakdown occurs first. The electric 
field is strong enough to tear electrons out of the chemical 
bonds even when the displacements of the ions are much 
less than the plane-to-plane separation.) 

(c) Use the formula (from Problem 15) charge per unit area 
= E/4nk, to calculate the field due to the surface charge 
you calculated for part (b). Express in volts per meter and 
be properly shocked by its huge magnitude. Remember 
(previous problems) that the depolarizing field is less than 
the applied field. (Hint: Dielectric breakdown occurs in 
clean air around 3 x 10° volts/meter. Solids tend to have 
much higher dielectric strength.) 


Æ> 40. How Electric Polarization Occurs If an atom 
is placed in an electric field, the symmetry of its electric 
charge distribution is spoiled. The protons will tend to be 
displaced in the direction of the E-field; the electrons will 
tend to be displaced the other way. That is polarization. 
At small field strengths, the displacements (and hence the 
polarization) will be proportional to the applied E-field. If 
a molecule is placed in an electric field, two other things 
can happen. The relative positions of the atoms can dis- 
tort; that is, chemical bonds can stretch. Also, if the mol- 
ecule has a dipole moment, the whole thing can rotate. 

(a) Argue that if a molecule has a dipole moment in the 


absence of E-field, polarization will involve both distortion 
and rotation. 
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(b) Argue that if a molecule has no dipole moment in the 
absence of E-field, polarization at small field strengths jp, 
volves only the distortion mechanism. 

(c) The water (H20) molecule has a large dipole moment 
This is because of the 105° angle between the two OH 
bonds. Draw sketches showing the three ways in which 
water polarizes: bond stretching, angle getting smaller, 
and rotation of the whole molecule. 


Note: Water has a very high dielectric constant: 80, 


(d) How do you think argon gas polarizes? (HINT: Argon 
is a monatomic gas. The dielectric constant of liquid argon 
is 1.5.) 


** 41. E-Field ina Cell Membrane The potential dif- 
ference between the inside and outside of a living cell 
might be about 70 millivolts (outside +, inside —), 

(a) Suppose the cell membrane is 9 nm thick. Calculate the 
strength of the E-field in the membrane. 

(b) The cell has a volume of 1000 pm’, a surface area of 
600 pm, and a membrane capacitance of 3 picofarads, 
(HINT: 1 pm? = 1 cubic micron.) How much charge has 
separated across the cell membrane to account for those 70 
mV? How many K* ions would have to diffuse out of an 
electrically neutral cell to account for this much surface 
charge? 

(c) The intracellular potassium ion concentration might be 
145 mM. In a volume of 10° um? there would then be 9 x 
10° K* ions. Verify. (HINT: M means moles per liter 
Avogadro's number is 6.02 x 10”. The point is that over 
a million potassium ions represents less than one in every 


60,000 inside.) 


* 42. Coulomb's Law The inverse-square law of 
electrostatic repulsion (attraction) can be written 


where q, and q are the values of the two point charges)! 
their distance apart, and k, the coulomb constant = 9,0 * 
10° newton meters?/coulomb*. " 

(a) Find the force of repulsion between two point a 
of 1 microcoulomb (= 10~° C) each, located 1 meter apalt: 
(b) Find the force of attraction between the proton ant 
electron in a hydrogen atom. Their average separation 
0.5 x 107" m. 


* 43. Hydrogen Atom dan 
(a) Find the force of attraction between a proton an ting 
electron 1 Å (= 10°" m) apart. (HNT: Start by calcula 
the electric field 1 A from the proton.) The force 0n 
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electron is that E-field times the charge on the electron. 
Show that the answer is 2.3 x 10~* newtons. Which way? 
Remember that the electron is negative. 

(b) In case you think this is a small force, compare it with 
the electron’s weight. Its mass is 0.911 x 107% kg. The 
electric force is times the weight. 

(c) Calculate the electron’s acceleration. [Answer: 2.53 x 
10” m/sec?) Why didn’t you have to take the weight into 
account? 

(d) At a distance of 10 A, the attractive force would be 
only ——— times as strong. 

(e) The hydrogen-atom radius is 0.5 A. Calculate the force 
when the electron and proton are that close. (HINT: Did 
you get the same answer to part (b) of Problem 42?) 


xÆ 44. If the distance between the electron and proton 
is increased by 1%, the attractive force is decreased by 


r New York Public Library 
ROBLEM 45 Coulomb's torsion balance—He used it in 
1785 to arrive at the inverse- square law. 
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45. Coulomb Balance (See drawing) The two 
charged spheres are at center-to-center distance r = 5.00 
cm. Each has mass m = 1.00 gram and charge q = 1.00 x 
10~* coulomb. The torque due to electrostatic repulsion is 
counterbalanced by the torsion fiber on which the rotor 
(spheres, beam, and mirror) is suspended. 

(a) Calculate the repulsive force using Coulomb's Law, 


F = k tE 
r 
(b) Beside the electrostatic interaction, there is also a grav- 
itational interaction—an attraction—between the two 
spheres. What fraction is this of the strength of the Cou- 
lomb repulsion? Answer in the form “1 part in p 
The Law of Gravitation is given in Problem 46. 


4K 46. Universal Law of Gravitation When Coulomb 
discovered the inverse-square law for electrostatic forces, 
Newton’s inverse-square law for gravitation was already 
known. The planets are attracted to the sun by a 1/r° force. 
The strength of the force is proportional to the mass of the 
planet. 


Msun, lanet 
an Ne 


The constant G is a universal constant, valid for the grav- 
itational attraction between any two objects having mass. 
It was determined by measuring the gravitational attrac- 
tion between two metal spheres. Result: 


G = 6.67 x 10°" newton m°/kg? 


(a) Calculate the gravitational attraction between a 1-kilo- 
gram lead sphere and a 0.1-kilogram gold sphere with 
center-to-center distance r = 0.25 m. 

(b) The earth’s radius is 6.37 x 10° m. The gravitational 
attraction between the earth and a 1-kg mass at its surface 
is 9.8 newtons. (You know that from Chapter 1.) Use the 
Law of Gravitation to calculate the mass of the earth. How 
close did you get to 6 x 10” kg? 

40K(c) Can you think of any other way to “weigh” the 
earth? 


Æ%Æ 47. Electric Flux The film “Coulomb’s Law” (Eric 
Rogers, Physical Science Study Committee, Educational 
Services, Inc., 1960) asks you to imagine a “butter gun” 
used for coating toast uniformly with melted butter (see 
figure). The same amount of butter that would hit one 
square of toast 1 foot from the gun would hit four squares 
2 feet away. So the thickness of the butter layer at 2 feet 
would be only one-quarter of the 1-foot value. Three feet 
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away, that amount of butter would hit nine squares; so 
the layer would be one-ninth as thick as at 1 foot away. 
The thickness of the butter coating obeys an inverse- 
square law. The only assumption we needed for this con- 
clusion is that the butter travels in straight lines and that 
the butter is “conserved.” No butter is created or de- 
stroyed in flight. 


PROBLEM 47 One 
square, four 
squares, nine 
squares. . . 


There is a name for the analogous thing “emitted” by an 
electric charge that gives rise to an inverse-square field. 
What is it that goes out in straight lines and is conserved? 
We call it electric flux. Roughly speaking, flux is the prod- 
uct of field strength times the area it intersects normally. 
We can now say that Coulomb’s Law (inverse-square law 
for electrostatic forces) is equivalent to the statement that 
the electric flux through any closed surface surrounding a 
charge is independent of the size and shape of the surface 
and simply proportional to the charge. 

(a) Knowing the formula for the area of a sphere, use Eq. 
13.5-2 to prove that the flux originating at a charge q pass- 
ing through a sphere of radius r centered on q is given by 
4nk,q. 

(b) Show that the flux per unit area is equal to the perpen- 
dicular component of the field strength. 


>> 48. Pimple on the Sphere—Gauss’s Law In Prob- 
lem 47, imagine a hole in the sphere. All the flux that 
would hit the area of the hole now goes farther and hits a 
larger sphere, radius R. The area it hits is the area of the 
hole multiplied times R?/r?, 

(a) Show. The surface is closed by a surface generated by 
radial lines from the edge of the hole to the larger sphere. 
We have put a pimple on the sphere. Evidently, the flux 
hitting the pimply sphere is the same as the flux hitting 
the original sphere. 
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(b) Argue that the pimple-building argument can be ey- 
tended to construct an arbitrary closed surface. 

(c) The statement (in Problem 47) that the flux through any 
closed surface containing charge q is equal to Anka is 
called Gauss’s Law. Argue that we have proved it from 
Coulomb's Law. 

(d) Now reverse the argument: Prove Coulomb's Law 
starting from Gauss’s Law. 


Circular arc of 
larger radius 


PROBLEM 48 Pimple-on-the- 
sphere “proof” of Gauss’ Law, 


* 49. Electric Fields Add as Vectors Charges of +1 
microcoulomb and —1 microcoulomb are located 0.2 me- 
ters apart. Use Coulomb’s Law to find the electric field 
strength halfway between them. 


* 50. Charges of +9 microcoulombs and —1 micro- 
coulomb are located 0.4 meters apart. Find the E-field ata 
point located 0.3 meters from the + and 0.1 meters from 
the —. 


* 51. Two charges of +1 microcoulombs are located 
0.2 m apart. 

(a) Argue that at the point halfway between them, the E- 
field is zero. 

(b) Use arrows to show, in a sketch, the direction of the 
E-field at other points. 


** 52. Charges of +9 microcoulombs and —1 micro- 
coulomb are located 0.4 meters apart. 

(a) On a sketch, show that there is one point where the E- 
field is zero. Convince yourself that there really is only 
one such point. 

(b) Calculate how far this point is from the + charge. 


* 53. Charges of +q and —q are at a distance d. 

(a) Calculate the field strength at their midpoint. 

(b) Use arrows to show the direction of the E-filed at other 
points. Argue that there is no place where the field is zero 
until you get very far away. 


QUESTION FOR FURTHER THOUGHT 


kx 54. Vector Addition of E-Fields Charges of +9 
microcoulombs and +1 microcoulombs are located 0.4 m 
apart. Show that there is one point where the E-field is 
zero. How far is it from the +9 charge? 


+ 55. Energy of an Ionic Bond Estimate how much 
work has to be done to tear apart a sodium chloride mol- 
ecule. The Na ‘-to-Cl~ separation is roughly 0.25 nm. Ex- 
press work in eV. 
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NOTE: 1 eV = 1.6 x 10~" joules. Your estimate will be 
on the high side, since we have not told you anything, 
about the ion-ion repulsive forces. Compare Problem 39. 
Note that the Na*-to-Cl~ separation is larger in the mole- 
cule than in the crystal. 
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O QUESTION FOR FURTHER THOUGHT 


a. 


Ozone Layer In a lightning discharge, some ions become energetic enough to 
knock oxygen molecules (O3) apart into their constituent oxygen atoms. Atomic 
oxygen may then latch on to other O, molecules to form O, molecules, called 
ozone. That is the gas you smell after lightning has struck, and often near high- 
voltage machinery. Ozone gives up that extra oxygen atom easily, making it a 
good oxidizing agent, hence also a germicide. It is highly corrosive in the lung. 
The breakup of ozone can be catalyzed by the fluorocarbons used in some spray 
cans and by components of jet-aircraft exhaust. This is why there is a worry 
about the depletion of ozone in the upper atmosphere. That ozone layer acts as 
an ultraviolet filter for sunlight. Without it, the incidence of skin cancer would 
increase, especially among people with fair skin. 

Can you think of reasons why ozone constitutes a larger fraction of the upper 
atmosphere than of our atmosphere down here? After all, O; is heavier than O2. 
You might think the ozone would concentrate at lower altitudes! 


OE 
E 
os 
im O 


E 406 


ELECTRIC CURRENT 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 


According to Ohm's Law, how does the current in a circuit vary with 
the applied voltage? 


Two resistances R connected in series have a net resistance of 2R, / R. 
What is the resistance of a light bulb marked ‘60 watts”? 


Building codes specify a minimum diameter for the copper wire used in 
home electrical wiring. Why? 


Given a battery, a voltmeter, and an ammeter, how would you connect 
them to measure the resistance of a wire? 


A lie detector works by applying voltage between electrodes on the skin, 
Yet it never gives the subject an electric shock. Why not? 


A shock from an electric fence is painful but causes no burns. Why not? 
Why should the power lines near an EKG be shielded? 


When you buy an electric drill, it has a three-prong plug. Why this ex 
pense, when you know the drill will work with only two terminals? 


14.4 THE AMPERE 


In Sec. 13.4, Capacitance, we talked about charge flowing from one conduc- 
tor to another when the two make contact. Indeed, charge will flow if the 
two conductors are at different potentials. The rate at which charge leaves 
one conductor and enters the other is called the electric current. Current is 
measured in coulombs per second. That unit was defined in Sec. 13.1: 


1 coulomb 


1 ampere = 
second 


Since the electric field vector points from the higher potential to the lower 
potential, that is the direction in which positive charge will tend to flow. But 
whether positive charge flows from the higher potential to the lower, or the 
same amount of negative charge flows from the lower potential to the 
higher, the current is the same. The sign convention that chose the direction 
of flow of + charge as the positive current direction was arbitrary, of course. 
But it is internationally followed. Some people wish that the opposite con- 
vention had been adopted. They point out that most wires are made of cop- 
per, and what moves is the electrons. The negative charges move, not the 
positive. Our choice of positive current direction is opposite to the direction 
the electrons move. If you want to argue in favor of the accepted conven” 
tion, you might want to talk about current in a salt solution. In solution, the 
NaCl is ionized. The Na* ions travel from + to —. The Cl” ions move from 
— to +. Both motions contribute to the current, of course. (See Problem 6) 


14.2 DISSIPATION AND RESISTANCE 


44.2 DISSIPATION AND RESISTANCE 


When current flows, there is usually dissipation of electrical energy into 
heat. We used the term dissipation when we talked about the conversion of 
mechanical energy into heat by friction. Here also it is a frictional mecha- 
nism that governs how much current flows for a given potential difference. 
Without exploring the mechanism further, we are going to assume a partic- 
ularly simple current-voltage law. But first, it will be useful to see how the 
power dissipation depends on current and voltage. 

When one elementary charge flows from a region at 1000 volts to a region 
at 990 volts, it loses 10 electron volts of potential energy. Suppose that 10 
eV was all work done against those frictional forces. Then the transit of one 
elementary charge down the “potential hill” results in the dissipation of 10 
eV of energy. Suppose that happens continuously. For instance, suppose a 
current of 1 ampere (= 1 coulomb per second) flows through a potential 
difference of 10 volts. Then every second an energy of 10 joules (= 1 cou- 
lomb x 10 voits) is dissipated. That is a power dissipation of 10 watts (= 
10 joules per second). Evidently, the rate at which electrical energy is lost is 
proportional to the current as well as to the potential drop each charge ex- 
periences: 

energy loss _ charge x energy loss 


time time charge 


power = current X potential drop 
P=IV 


That formula is not a law of physics. It is simply a consequence of the defi- 
hitions of the words current, potential, and power. To give an example of its 
use, consider the common flashlight. Most flashlight batteries are dry cells 
marked 1.5 V. Suppose that a 1.5-volt battery drives 1 amp of current 
through the bulb of the flashlight. Then the power being drawn from the 
battery is 


lamp x 1.5 volts = 1.5 watts 


Each elementary charge that flows out of the battery carries 1.5 electron 
volts of energy, energy supplied by chemical reactions in the battery at the 
Tate of 1.5 joules every second. . 
In that example, the 1.5-volt battery had a current of 1 ampere through it. 
We must now ask, what determines how much current does in fact flow? If 
the battery is not connected to anything, very little current flows. The two 
electrodes, the little knob at the top marked “+” and the shiny flat disk at 
the bottom marked “— ,” are just out in the air. Air is a very poor conductor, 
unless it is ionized, as in a spark. A tiny current may leak between the 
electrodes on the paper or paint surfaces of the battery. This is especially 
ikely if a film of moisture has developed. Even then, the current will be 
Much less than a microamp dosa amperes). For practical purposes, it is 
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Size D, C, and AA dry cells. All 
three are 1%2-volt cells. What does 
the larger size buy? Lower intemal 
resistance and, hence, the 
possibility of supplying more 
current. 


mw 408 ELECTRIC. CURRENT 


negligible: There is no current flow in an isolated dry cell unless it jg con- 
nected in a circuit. In a flashlight, that is done by “closing the switch,” eg. 
tablishing a conducting path between the electrodes (see Fig. 14.1), Open 
up a flashlight. You will see the metallic tip of the bulb, making contact with 
the positive electrode of the battery. What glows when the switch is “on’"j 
a thin tungsten-wire filament. The filament runs between that tip and the 
metal body of the bulb, which may be threaded to screw into the socket, 
Turning the switch to “on” establishes electrical contact between the socket 
and the negative electrode of the battery. 

The only part of the flashlight that gets hot is the filament. So this js 
where most of the power is dissipated. It is the nature of the filament that 
determines how much current flows. A long, thin filament draws less cur- 
rent than a short, thick filament. You might think of the charge as a viscous 
liquid and the filament a tube through which it flows. If the filament is too 
long or too thin, too little current flows, and the filament does not get hot 
enough to glow. If it is too short or too fat, a lot of current flows, but the 
power is dissipated in other parts of the circuit. The tungsten filament ina 
flashlight bulb is so thin, you may need a magnifier to see it. 

Ina proper flashlight the filament gets hot enough so that it radiates white 
light. Most of the 1.5-volt potential drop is across the filament, rather than 
across the switch or one of the contacts. We say that most of the resistance 
of the circuit is in the filament. Indeed that is the point of constraining the 
current to go through such a narrow path there. The rest of the circuit has 
wider, more highly conducting pathways. In our example above, the bub 
draws a current of 1 ampere. We say that its resistance is 


FIGURE 14.1 Flashlight, showing 
switch in the OFF position. 


1.5 volts 
a SL ohms 
1 amp 
DEFINITION 
resistance = gedop. 
current 
tohn £ 1 volt 
1 amp 


What if the battery voltage were 1% greater? Then you might guess i 
the current drawn by the bulb would also be 1% greater. That guess won 
assume that the current is proportional to the voltage drop. In other words, 
the resistance does not depend on the voltage drop. In many situations this 
is such a good approximation that it has a name: Ohm’s Law. Remember ê 
couple of paragraphs ago we said we would “assume a particularly simple 
current-voltage law.” This approximate proportionality of the current an 
the voltage is that simple law. is it? 

When should you believe Ohm’s Law? How good an approximation 1$ ‘i 
It turns out to be really bad for hot flashlight bulbs, and quite good for © 


14,3 PRACTICE WITH OHM'S LAW 


ones. This means that it is good when the current is small. For then, a small 
increase in current does not heat up the bulb appreciably. The law is bad 
when the current is large enough to make the filament glow, even the low- 
temperature reddish glow. For then an increase in current makes it glow 
hotter, and the resistance increases. In technical jargon we say that a hot 
filament is a nonlinear circuit element. If the current is further increased, at 
one point the filament melts in one place and breaks. The bulb burns out. 
Here the nonlinearity becomes extreme: A tiny increase in voltage makes 
the current fall to zero! 

The message of the previous paragraph is that Ohm’s Law is not a great 
law of physics. It is just a good approximation at small currents. In the next 
few pages it will be used in order to develop your intuition about the size 
of currents and voltages in practical situations. After that, you will be able 
to answer such questions as when 10,000 volts is safe and when 1 volt is 
dangerous. 


14.3. PRACTICE WITH OHM’S LAW 


EXERCISE 1 The resistance of a 100-meter-long copper wire 1 square milli- 
meter in cross section is 1.7 ohms. Verify that resistance of a 1-meter-long 
piece of the same wire is 0.017 ohms. (HINT: If 100 strands of this wire were 
made into a 100-meter-long cable, its resistance would also be 0.017 ohms: 
It would be equivalent to a 100-meter-long wire 1 cm’ in‘cross section.) The 
resistance of a wire is proportional to its length and inversely proportional 
to its cross-sectional area; the proportionality constant is called the resistiv- 
ity of the metal. Verify that the resistivity of copper is 1.7 x 10~° ohm cm. 
(HiNT: You need to multiply the resistivity by length and divide by area to 
get the resistance in ohms.) 


— 


Copper, of course, is one of the best room-temperature conductors. If you 
want a metal of much lower conductivity (higher resistivity), uy an alloy: 
Nichrome (nickel-chromium) wire has a resistivity of 1.08 x 10~* ohm cm, 
which makes it suitable for the heating elements of toasters and electric 
Irons, 


SAMPLE EXERCISE Some commercial nichrome wire (Number 29) comes 
0.286 millimeters in diameter, or 0.000642 cm? in cross section. How long a 
piece would you use to make a 100-watt heating element operating on a 115- 
volt line? 
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FIGURE 14.2 All have the same 
resistance. 


0.87 0.87 
amps 115 volts amps 115 volts 
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1322 669 660 
Power = 100 watts 


3.5 amps 115 volts 


1 
ange 662 
Power = 400 watts 
FIGURE 14.3 Resistances in series 
versus resistances in parallel. 
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SOLUTION: To dissipate 100 watts with a potential drop of 115 Volts, we 
need to draw a current of 0.87 amp (= 100 watts/115 volts). This requires 4 


resistance of 


115 volts 
0.87 amp 


= 132 ohms 


One meter of this wire has a resistance of 


1.08 x 1074 ohm cm x 10? em 


0 eae = 16.8 ohms 
.000642 cm 


so we need 


132 ohms 
16.8 ohms/meter 


of this wire for our heating element. 

There are other ways to accomplish the same goal. (See Fig. 14.2.) For 
example, we could use 10 wires in parallel. Then each wire would have the 
full 115 volts across it but would only have to dissipate 10 watts. Each would 
then draw 0.087 amp (= one-tenth the current). This requires a resistance 
of 1320 ohms (= 10 times the resistance) and a length of 78.6 meters (= 10 
times the length). With 10 such wires, we need 100 times as much wire this 
way. It sounds like an uneconomical alternative. Of course, each of the 10 
parallel wires carries less current than in the one-long-wire design, so it does 
not get as hot. In a practical design problem there is usually an optimum 
temperature. To save metal, you would use the thinnest wire compatible 
with the mechanical requirements. You would find experimentally what cur- 
rent kept it at the desired temperature. Then you would calculate, just as 
above, the length of wire which would draw that current from a 115-vol 
line. Your power requirement then determines how many parallel wires are 
needed. In an electric blanket, for example, one can use such fine wit 
because such a low temperature is desired, many wires can be in parallel. 
That is why a break in one wire does not put the whole blanket out of 
commission. 


= 7.86 meters 


14.4 RESISTANCE IN SERIES AND PARALLEL 


Saying that the resistance of a wire is proportional to its length is equivalent 
to saying that if resistances are connected in series, their resistances add (se? 
Fig. 14.3). For example, in the nichrome-wire sample problem discussed eat” 
lier, the 7.86-meter wire with the 132-ohm resistance could perfectly well be 
Pieced together out of two 3.93-meter halves each having a resistance of o 
ohms. Each half would have half the potential drop across it: 115 voll 
57.5 volts. Of course, they would have to be pieced end to end, that is, 7 
series. If instead you connected the two 66-ohm pieces in parallel across i 


og line so that each had the full 115-volt drop across it, each wo 
raw 
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115 volts _ 175 amps 

66 ohms 
This is twice the current above, and the total line current would be the sum 
of those two currents, 2 x 1.75 amps = 3.50 amps, or 4 times the current 
above. This says that the net resistance of the parallel pair is 33 ohms, or 
half the resistance of each wire. Instead of dissipating 100 watts as before, 
the power dissipation would now be 400 watts, with 200 watts dissipated in 
each 66-ohm wire. v 

Here is the general argument, presented algebraically. Two resistances R4 
and Rg connected in series have resistance R4 + Rp. See Fig. 14.4(a). If the 
series combination is connected across a line voltage V, it will draw a current Ra Rg 
(same current through each) (a) Resistances in series. 

a v 

~ Ra + Re 
À FA 
so that the voltage drops will be 
R 
WERT = —4— By 
Ra + Rg (b) Resistances in parallel. 
and FIGURE 14.4 
Rp 
Vp = Ral = ——— V 
a Rae 


EXERCISE 2 Verify that V4 + Vg = V. 


With resistances connected in parallel (Fig. 14.4(b)), there is the same volt- 
age across each, so they draw currents 
y V 
a aa pay 
A Ra and Ig Ra 
fespectively, resulting in a total line current 
1 1 
T=], + h= Vie 
F Ra Reg 


From the definition of the net resistance, R = V/I, it follows that 


Na 
R Ra Reg 


lt is easy to see how to extend this to any number of resistances connected 
'n Parallel. Evidently, the resistance of any parallel combination is less than 
that of any of the component resistances. 
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= 6 volts 


FIGURE 14.5 


(b) 
FIGURE 14.6 


sea tits Anin sensitive 
enough to register 
voltage a few microamps 


FIGURE 14.7 Measuring galvanic 
skin resistance (lie detector). 
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EXERCISE 3 If the current drawn from a 6-volt battery is 1 milliamp, show 
that the resistance of the whole circuit is 6000 ohms. 


EXERCISE 4 A resistor marked 5 Q is connected across the 6-volt battery 
(Fig. 14.5). The ammeter A in series with the resistor registers a current of 
1.0 amp. Argue that the series resistance of the battery plus the meter is] 
ohm. 


EXERCISE 5 A voltmeter V connected directly across the 6-volt battery reg- 

isters 6.00 volts (Fig. 14.6 a). The same voltmeter connected as in b registers 

5.90 volts, while the ammeter registers 1.0 amp. 

(a) Argue that the ammeter has a resistance of 0.9 ohms. 

(b) What is the resistance of the battery? (HINT: The voltmeter’s resistance 
is very large—thousands of ohms for a good one. So your assumption 
that the battery current is 1.0 amp is valid.) 
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Galvanic Skin Resistance (GSR) 


Body fluids are not as good conductors as metals. Their resistance is millions 
of times higher. This lower conductivity characterizes ionic as compared 
with electronic conductors: The mobility of ions in liquids is less than that 
of electrons in metals by a factor around 10 3, and their concentrations are 
less by another factor of 107°. Still, compared to “insulators” like skin or 
wood or glass, the lymph and the blood are excellent conductors. That is 
why we can measure the electrical resistance between the inside and the 
outside of an area of skin noninvasively. The idea is to make contact to the 
outside at two places and use the body fluids as a low-resistance connection 
between the two inside areas (see Fig. 14.7). The measured resistance is 
essentially the sum of the resistance of each contact area, that is, twice the 
resistance of each electrode area, since current has to flow in through one 
and out through the other: The two are in series. To show that the resistance 
of the wet path inside is indeed neglibible, it suffices to attach an electrode 
to each wrist, for example. Then measure the current drawn by a small bat: 
tery voltage, say 1 volt. Electrodes 1 cm? in area will draw, typically, cur 
rents on the order of 10 microamperes (= 10° amps), corresponding 104 
circuit resistance of 10° ohms. Values between 20 kiloohms and 1 mego 
are common. To attach the electrodes in such a way as to make good elec: 
trical contact, cover a well-cleaned area of skin with a salt paste. If o 
the two electrodes is now shifted so both are on the same wrist, the circuit 
resistance will show no appreciable change. This proves that the conducti S 
between the electrodes takes place under, not on, the surface of the s&n 
favorite place to attach electrodes for skin-resistance measurement is to W0 
fingers of the same hand. 


14.4 RESISTANCE IN SERIES AND PARALLEL 


A polygraph (lie detector) 
plotting five different 
functions: skin resistance, 
pulse rate, blood pressure, 
and the upper and lower 
respiratory rates. 


The remarkable feature of such measurements is that the skin resistance 
fluctuates from one minute to the next. It can even double. The fluctuations 
are clearly related to the emotional state of the subject. In particular, anxiety 
lowers the skin resistance. The obvious (and accepted) interpretation is that 
anxiety is correlated with perspiration. Having the pores of the skin full of 
salty sweat offers lower-resistance paths to the current. Indeed, galvanic 
skin resistance (GSR) measurements are the mainstay of the “lie detector” 
or polygraph. The art of polygraphy consists partly in correlating these with 
other indications such as pulse and breathing characteristics, muscle ten- 
sion, blood pressure, and blood flow in specific organs. 

How safe are such measurements? In living beings, membrane potentials 
are of the order of millivolts. Might not the imposition of a 1-volt potential 
difference between distant parts of the skin carry with it danger of interfer- 
ence with the regulatory functions the membrane potentials serve? One of 
these functions is that of keeping the heart beating! Here is where our un- 
derstanding of the series circuit is needed. That 1-volt drop between the two 
skin electrodes occurs over the thickness of the skin at the positive elec- 
trode, the lymph and blood between the two electrode locations, and the 
skin at the negative electrode, all three in series. Suppose that each patch of 
skin has an outside-to-inside resistance of 50-thousand ohms, and the resis- 
tance between the two inside patches is 5 ohms. Then only one part in 
20,000 of the voltage (5 x 10 ° volts) is dropped over the fluid connection. 
That may be a path 1 meter or so in length, while the skin is a fraction ofa 
millimeter thick. The point is that the resistivity of skin is thousands of times 
greater than that of blood or lymph. WARNING: Never touch a live wire to 


an open wound! 
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14.5 ELECTRICAL INJURY 


It is not voltage that hurts; what matters is current, or, to be more Precise, 
current density. A current of half a milliampere across the skin is near the 
threshold of perception. The threshold of pain is above 1 milliamp. Never. 
theless, a current of 20 microamperes flowing directly through the heart ma 
be enough to induce ventricular fibrillation.’ That is indeed the most likely 
mechanism of fatal electrical injury: A current of 100 to 200 milliamperes 
through electrodes on the chest can trigger fibrillation. The reason for the 
discrepancy between the 20 pA through the heart and the 100 mA (= 5000 
times as much) through the skin is that there are, evidently, about 5000 
paths of comparable conductance in parallel with the heart to shunt off lie, 
divert) most of the current. 

Many household and industrial accidents associated with electric shock 
arise from involuntary body movements in response to the current, for ex- 
ample, falling off a ladder or dropping a heavy object. Some of these acci- 
dents occur only because the shock is a surprise. But the application of elec 
tric potential to a nerve or muscle can cause an involuntary musde 
contraction. The so-called “cannot-let-go’” current is between 6 and 20 mA. 
Above this threshold, muscles may “freeze” so that the victim cannot let go 
of a “hot” wire he has grabbed. Breathing may stop for the duration of the 
current, for the same reason, so that an apparent electrocution may be tech- 
nically asphyxiation. Currents of several hundred milliamperes or more can 
cause cardiac arrest, burns, and unconsciousness. There can also be nerve 
damage, probably because of local temperature rise from ohmic dissipation. 
Autopsies of legally electrocuted criminals (tens of amperes) reveal actual 
tears in nervous tissue. 

What voltage, then, is “safe”? The answer depends on the resistance of 
the circuit. If the victim has 1 cm? of skin contact with a conductor and very 
dry skin, that may have a resistance as high as 1 megohm (= 10° ohms), 
and he won't even feel the current from a 115-volt plug: 

CWE 10° volts 
R 10° ohms 
If, on the other hand, the victim is sitting in a full bathtub, that is a large 
area contact of perhaps 500 ohms resistance. Remember, the resistance 0 
the through-the-skin path is inversely proportional to the area. With 500 
ohms, the 115-volt line will draw over 200 mA and may electrocute him. I 
the bathtub, even 10 volts, which would draw 20 mA (= 10 volts/500 ohms} 
could be lethal through asphyxiation or drowning. WARNING: Don’t drop 
the telephone (48 volts dc) into the tub. : 

Voltages above 240 volts are dangerous because the high electric fields 
across the skin can cause dielectric breakdown. This is a sudden decrease ¢ 
resistance analogous to the ionization of the air in lightning, and can rest 


ic shock to 


= 10°* amps 


Not surprisingly, a defibrillator is a device that gives the heart a brief high-voltage d 
restart normal rhythm. 


44.5 ELECTRICAL INJURY 


in severe burns. Once the skin has been damaged in this way, a low-resis- 
tance path for current flow is established. This is the reason for the seem- 
ingly elaborate precautions against accidental shock built into household 
wiring in Europe, where 250 volts is standard line voltage. In the United 
States, with our 115-volt house wiring, we tend to be more cavalier, and 
most of us live to tell about shocks from frayed insulation or reversed 
ground wires. 

What about high-frequency alternating currents, that is, currents that re- 
verse direction thousands of times per second? Jargon is “kilohertz R.F cur- 
rents”—R.F. stands for “radio frequency.” They are not as dangerous as dc 
or the standard U.S. 60-Hz ac, largely because they do not tend to cause 
fibrillation. The cattle prod is a device for administering an R.F. shock of 
several hundred volts that lasts for milliseconds. It inflicts only local pain, 
but is totally irresistible. The electric fence is a periodically pulsed version of 
the same thing. Antiprowler weapons with two point electrodes operate on 
the same principle. In these devices a capacitor is charged to a low voltage. 
It is discharged through a transformer (discussed in Chapter 16) called a 
Tesla coil, which puts out a high R.F. voltage (see Sec. 12.5). It may be useful 
to go through a sample calculation of the energy such a discharge can de- 
liver in order to appreciate why these devices are relatively safe despite their 
high voltages. WARNING: Don’t misunderstand; they hurt! 

A cattle prod might operate on three 14-volt flashlight batteries in series, 
which charge up a 2-microfarad capacitor to 4.5 volts. Recall from Sec. 13.4 
how to calculate the electrical energy stored in the capacitor: 


1 
energy = 7 QV = ag 


Il 


ze x 10~° farads) (4.5 volts)? = 2 x 10~° joule 


That is the energy it takes to raise 1 gram 2 millimeters here on earth. It is 
toughly the kinetic energy of a flea just before landing. Even if the pulses 
this weapon emits have an amplitude of a thousand volts, and therefore 
give rise to danger-level current amplitudes, these last such a short time that 
they cannot do appreciable heating: No burns. 

Recall now those sparks between the hand and the door knob (Secs. 13.1 
and 13.4) after the body has been charged up triboelectrically, say by shuf- 
fling across a nylon carpet. Why don’t they cause burns? Is it because they 
don’t actually discharge very much energy? Again, we can calculate it. In 
dry air, it requires an electric field of about 3 x 10° volts/meter to start a 
Spark, that is, to ionize the air sufficiently. A 1-centimeter spark is not un- 
Common and would correspond, if the E-field of 3 x 10° Vim were uniform, 
to a potential difference of 3 x 10° V/m x 10m = 3 x 10 volts. Because 
the finger tip is not a plane surface but has a curvature, the field near it is 
actually not uniform, but more like that of a sphere with a radius of curva- 
ture of perhaps 2 millimeters. A field of 3 million volts per meter then re- 
quires that the finger tip be at a potential of (for a sphere, V(r) = rE(r) = 2 
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x 10°-3m x 3 x 10° V/m =) 6 x 10° volts with respect to the surroundin 
conductors we call “ground’’—in this case, the door knob. Six thousand 
volts! Wouldn’t that kill you? With a body capacitance on the order of 101 
farads, the charge stored on the body surface is 


Q=CV= 107" farads x 6 x 10° volts = 6 x 1077 coulombs 


and the electrostatic energy is 

electrostatic energy = QV = }CV? 

=4x 107" farads x (6 x 10° volts)? 

1.8 x 10 joule 
That amount of energy could vaporize about 1 microgram of water. In prac 
tice, you can see the light of the spark but can not feel its heat. The prick 
you feel on the finger tip is the effect of a high current density for a fraction 
of a millisecond. 


14.6 CAPACITIVE COUPLING AND LEAKAGE CURRENTS* 


With alternating current (ac) it is possible for current in one circuit to induce 
current in another circuit not connected to it. In other words, there is no 
conducting path—no “electrical connection’’—between them. One way this 
can happen is by electrostatic induction, also called capacitive coupling. Sup- 
pose that the capacitance between two insulated wires is 10 picofarads. A 
potential difference of 100 volts would charge that capacitance with 10° 
coulombs (= 107"! farads x 10? volts). With our standard American 60-Hz 
frequency, that potential would be reversed every rłs of a second. So 2 X 
10~” coulombs have to flow in rł sec, corresponding to a current of one- 
quarter of a microamp (= 2 x 107° coulombs/rł sec.) This is an approxi- 
mate calculation. It does not take into account the sinusoidal time behavior 
of the alternating current. But it gives a good idea of the size of currents to 
be expected from capacitive coupling with standard 115-volt power lines. 

Such electrostatically induced leakage currents are not safety hazards, but 
they can completely swamp measurements of biovoltages like an EKG. The 
large voltage spike of an electrocardiogram may be around 0.5 mV high. 
With a circuit resistance of 0.1 megohm (see GSR, above) that means a max 
imum current of 


5 x 1074 volts 
10° ohms 


or xiv of a microamp. That signal would be virtually invisible if there were | 
microamp of “60-cycle pickup” in the circuit. This is why all power lin 
near an EKG have to be “shielded.” They may be covered with a meta 
coating that is “grounded,” which means kept at the same potential asiti 
metal case of the instrument. 


=5 x 10° amps 


*Difficult. 


44.7 GROUNDING AND SAFETY 


In Chpt. 16 we discuss inductive coupling, or electromagnetic induction 
which can also be a source of leakage currents. Indeed, for 60-Hz AC, elec 
tromagnetic induction is usually more important than electrostatic induc- 
tion. The housing of an electric motor always has such leakage currents due 
to inductive coupling with the wires inside. Values up to 20 milliamperes 
are common. A large vacuum-cleaner motor may have 100 mA of leakage 
current flowing through the metal housing of the vacuum cleaner. As the 
resistance between various points on the housing is on the order of mi- 
croohms, the potential differences between points on the vacuum cleaner 
are fractions of a microvolt, so it would seem that one need not worry about 
shock hazard. But if these leakage currents flow from the housing to 
“ground” (any large conductor nearby), then the voltage to ground is the 
RI-drop in the ground connection. A “good ground” has a resistance of mil- 
liohms or less and is recognized safety practice. That is the rationale for 
three-prong plugs, now standard for electric hand tools. Note that when a 
ground connection comes undone (“open”), the tool works just as well but 
becomes a lethal hazard: Those 100 milliamps of leakage current could then 
flow to ground through the operator. Under normal conditions, this is not 
a problem, because the operator's resistance to ground is too great. Any 
electric device used in surgery is now required to have a ground-fault inter- 
tupter (GFI); this detects an open ground connection by monitoring any 
difference in leakage current at two points in the circuit. 


14.7 GROUNDING AND SAFETY 


There appears to be a mystique about the whole idea of an electrical ground. 
Well, you don’t have to be a licensed electrician to be initiated. Grounding 
(the British say earthing) simply means bringing a conductor to the same 
potential as its conducting surroundings. The earth is a reasonably good 
conductor so that we treat it as all being at the same potential. It has a large- 
enough capacitance so that its potential does not change much when we 
add some charge to it. Our domestic water pipes make good electrical con- 
tact to it, so we consider these also to be at ground potential. Is that valid? 
Suppose that a heating pipe has a resistance of 100 microohms between 
living room and basement. It also carries a leakage current of 10 milliamps 
from some appliance that has been “grounded” to at Then there is a 1- 
microvolt voltage difference (= 107* ohms x 10 ~ amps) between the 
“ground” in the living room and the “ground” in the basement. Treating 
those two “grounds” as being at the same potential is surely a legitimate 
Practical approximation: One microvolt out of a line voltage of 115 volts! 
Now suppose that some insulation became frayed on the appliance, and 
the full line voltage of 115 volts were applied to the living-room heating 
Pipe. Of course, the fuse would blow or the circuit breaker would trip. That 
happens when more than 15 amps is drawn’ from the line, which only takes 


‘Samp fuses and circuit breakers are standard “code” in most U.S. localities. Electric stoves 
and dryers often use 30-amp fuses. 
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a fraction of a second. But before the circuit is interrupted, the people in the 
living room would still be safe: Even someone touching the heating pi 
and therefore directly connected to line voltage would draw negligible cur- 
rent, since all the objects he or she might be touching—floor, walls, fumi- 
ture— come essentially to the same potential as the heating pipe. Of course, 
now the RI-drop between living room and basement might no longer be 
negligible. It depends upon how many amperes flow through that 100-mi- 
croohm heating pipe to the basement. That is determined by the effective 
resistance of the power lines. A 100-ampere surge would make a 10-millivolt 
potential difference between living room and basement (= 10~* ohms x 12 
amps)—before the fuse blows, that is. 

In some hospital situations there is a low-resistance electrical connection 
through the heart. A cardiac catheter with EKG electrodes is typical. Then 
even the millivolts associated with leakage currents can be lethal, and 
proper grounding is indeed a science. 


SUMMARY 


When electric current flows, the current direction is defined as the direction 
of motion of the + charge, that is, from the higher potential to the lower 
potential point of the circuit. The part of the circuit where the current flow 
is from lower to higher potential (e.g., the battery) is called the source of 
e.m.f. 

The rate at which electrical energy is dissipated in a circuit element is given 
by the product of the potential difference across it times the current 
through it: Power = VI. 


Units: 1 volt x 1 amp = 1 watt 


The resistance of a circuit element is defined as the ratio of the voltage drop 
across it to the current through it: R = V/I. Accordingly, jargon for the 
voltage drop across a passive element is “RI drop.” Some people prefer to 
say “IR drop.” 

A circuit element whose resistance is independent of the current through it 
is called ohmic. It is said to obey Ohm's Law. 

Two equal resistances in parallel have half the resistance of each. Two equal 
resistances in series have twice the resistance of each. 

The resistance between the inside and outside of the human skin might be 
approximately 10° ohms for a 1-cm? patch. Very dry, it could be more 
twice that. Sweaty, it could be less than half that. 

How you feel currents (approximately): 


Threshold of perception: 0.5 milliamps 
Cannot-let-go current (dc): 10 milliamps 


Triggers fibrillation: 20 microamps through the heart or 100 milliamp® 
through the chest 


KEY TERMS 


A “good ground”: less than 107? ohms to a large conductor, like a water 
pipe or heating duct. 


Leakage currents of 100 milliamps or more are common in the housings of 
electric motors. 

Electric hand tools have their metal housings grounded using a three-prong 
plug. 

Note: Many have plastic housings. 


In U.S. homes, currents in excess of 15 amps cause the fuse or circuit 
breaker to interrupt the circuit. 


KEY TERMS 


E.m.f. Electromotive force; also called electromotance A voltage source in which 
some other form of energy (chemical, mechanical, or magnetic) is converted into 
electrical energy. Also, the open-circuit voltage of that voltage source. 

Resistance Quotient of the potential differences across a circuit element divided by 
the current through it. The unit is the ohm = 1 volt per amp. 

Ohm’s Law States that the current through a circuit element is proportional to the 
potential cliffetence across it. This is an approximation good for small currents 
through homogeneous materials. Junctions between different materials are noto- 
riously nonohmic. 

Resistivity A bulk property of a conducting material, equal to the quotient of the 
electric field divided by the current density. The unit is the ohm meter. 

Conductivity The reciprocal of the resistivity. The unit is the siemens per meter = 
ohm~! meters”. 

Polygraph A lie detector using simultaneous chart recording of several biological 
measurements, including skin resistance and pulse rate. 

Fibrillation Pathology of the heart in which it abandons its normal rhythm and 
begins rapid small-amplitude contractions. 

R.F. Radio frequency. Refers to alternating currents in the frequency range from 
about 10° to 10" Hz. 

EKG. Electrocardiograph. A device for obtaining a chart recording of the electric 
potentials associated with the contractions of the heart. The electrocardiogram is 
the chart records themselves. i 

E.E.G, Electroencephalograph. A device for obtaining a chart recording of the elec- 
tric potentials associated with brain activity. The electroencephalogram is the chart 
records themselves. 

E.M.G. Electromyograph. A device for obtaining a chart recording of the electric 
Potentials associated with muscle activity. The electromyogram is the chart records 
themselves. 

G.F.. Ground-fault interrupter. A safety device that detects an increase in the re- 
sistance of a ground connection on an instrument case and cuts off electric power 
to the instrument. 
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REVIEW QUESTIONS 


* A 10-ohm resistance connected across a 1.5-volt battery draws a current of 
______ amps, and dissipates watts of power. A 20-ohm resistance 
draws half/twice the current and dissipates one-quarter / one-half / 
twice / 4 times the power. 


* If two 1-ohm resistances are connected in series across a 1.5-volt battery, each one 
has 0.75 volts across it so that a current of amps is drawn and their total 
resistance is ohms. 


* If two 1-ohm resistances are connected in parallel across a 1,5-volt battery, each 
one has the full 1.5 volts across it so that a current of amps is drawn 
from the battery and their total resistance is ohms. 


* The reason you can’t feel any current flowing into your skin in a GSR measure- 
ment is that: Current through the skin is less than 100 microamps / no cur 
rent is flowing through the skin / the voltages across the skin are less than 1 


microvolt 


* Why is it dangerous to drop the telephone into the bathtub? 


NOTE: It is the ringing circuit that has the 48 volts. 


* A cattleprod is capable of administering shocks of several hundred volts. Why 


doesn’t it cause burns? 


* A color TV has voltages of tens of thousands of volts in it. Why do you not geta 
shock when you touch the metal chassis? 


* When handling some power tools with 2-prong plugs you feel a slight tingling 
sensation. Explain why the tingling has a vibration frequency of 120 Hz. How 
does a 3-prong plug prevent this kind of electric shock? 
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PROBLEMS 


x 1. Units of Energy, Voltage, and Charge The volt 
may be defined as 1 joule per coulomb. 

(a) How much work is done by a dry cell labeled 14 volts 
when a current of 1 amp is drawn for 1 second? 

(b) Show that an electric iron that draws 5 amps from an 
outlet labeled “120 volts” for 1 second has converted 600 
joules of electrical energy into heat. 

(c) Would you call it a 600-watt appliance? Explain. 


* 2. Flashlight Every electron has a charge of —1.6 
x 10°” coulombs. When one electron travels around a 
two-cell flashlight circuit, how much work is done on that 
electron? Each cell is labeled 14 volts, so this is a 3-volt 


flashlight. [Answer: 3 electron volts. Now convert that to 
joules. ] 


* 3. Volts, Amps, and Watts An electric iron’ in 
tended for use on 115-volt house current is marked “300 
watts.” 

(a) How much current does it draw? 

(b) What is its resistance? jt line 
(c) If one accidentally plugged it into the 230-volt ; 
(twice the line voltage), how much current would it draw: 
How much power would it dissipate? 


NOTE: This is often called a 220-volt line. Household oe 
tric plugs are made so that such confusions are ee 
ble: The 115-volts plug just won't fit into a 230-volt 
able. 


i re 
* 4. Fuses 15-amp fuses and circuit a 
pretty standard in U.S. homes; so is 115-volt line Ví 


PROBLEMS 


PROBLEM 4 What is the maximum amount of power you 
can consume per fused line? Why is the electric oven on 
a special 230- volt line? Photo shows circuit breakers. 


** 5. Electrolysis Two electrodes are dipped into an 
ionic solution (like sodium chloride in water), and a con- 
stant voltage is applied between them. In the solution, the 
current is carried by ions of both sign. The Na* ions travel 
in the direction from anode to cathode (i.e., from + to = 
electrode); so do the H* ions. The Cl” ions travel in the 
direction from cathode to anode (i.e., from — to + elec- 
trode); so do the OH™ ions. 

(a) At the anode, a Cl” ion gives up an electron. Why do 
you think you smell chlorine gas there? (HINT: Chlorine 
gas is Cl.) 

(b) At the cathode, an H* ion takes on an electron. The 
neutral hydrogen goes off as bubbles of H, gas. When 6.02 
X 10 electrons have passed through the circuit, only half 
a mole of hydrogen gas has been liberated at the cathode. 
Why only half? 

() Nonetheless, 1 mole of sodium hydroxide (caustic 
soda, NaOH) has been formed in the solution. Explain. 
Lia Write down the chemical reactions that take 
Place.) 
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KK 6. Current in an Electrolyte (Sodium Chloride) In 
a salt solution being electrolyzed, 0.001 moles of Na‘ ions 
are neutralized at the cathode (negative electrode) and 
0.001 moles of Cl” are neutralized at the anode (positive 
electrode) every 100 seconds. The drift speed of the Cl” is 
3 that of the Na‘, so 0.0004 moles of Na* leave the anode 
“compartment” and enter the cathode “compartment” 
while 0.0006 moles of Cl” leave the cathode compartment 
and enter the anode compartment—every 100 seconds. 

(a) Show that the current is 0.96 amps. (HINT: Avogadro's 
number is 6.0225 x 10” per mole. The elementary charge 
is 1.6021 x 107” coulombs. Their product, 9.649 x 10° 
coulombs per mole is called the Faraday, also called “1 
equivalent of charge.’”) 

(b) What happens at the anode is that Cl, gas is liberated. 
Argue that the Cl” concentration in the anode compart- 
ment decreases even though Cl” is moving in. Be quanti- 
tative. 

(c) What happens at the cathode is that H; gas is liberated, 
Argue that the Na’ concentration in the cathode compart- 
ment is increasing while the Cl” concentration there is de- 
creasing. Be quantitative. 


Some Simple Ohm’s-Law Problems (Problems 7-14) 


* 7. A voltmeter connected across the terminals of an 
automobile battery reads 12.0 volts. When a light bulb 
marked: “24W” is connected across the terminals, it draws 
2 amps. The voltmeter still reads 12.0 volts. 

(a) What is the resistance of the light bulb? 

(b) A light bulb marked “36 W” is now connected across 
the battery. It draws 3 amps. What is its resistance? 

(c) How much current would a 12-ohm resistance draw? 
(d) How much current would a 24-ohm resistance draw? 


* 8. How much power does each bulb in Problem 7 
consume? Convince yourself that the lower the resistance 
of the bulb, the more power it draws from the battery. 


* 9. A typical automobile storage battery has an 
open-circuit voltage of 12 volts and an internal resistance 
that is less than 0.1 ohms. 

(a) Show that if the jumper cables are thick enough and 
the contacts are clean enough, an accidental short circuit 
can draw over 120 amps. (HiNT: The obvious “short cir- 
cuit” is caused by touching the metal contacts of the red 
and the black cables together while the other ends are con- 
nected to the battery.) 

(b) Show that as long as that short remains, heat is being 
produced inside the battery at a rate of more than 1000 
joules per second (more than 1 kilowatt). (HINT: Don’t 
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short your jumper cables, or you'll cook your battery. It 
may even explode. Even in a second or two of normal op- 
eration the contacts get warm. This tells you that the con- 
tact resistance is not really neglible! Don’t touch the wrong 
clip to the body of the car.) 


* 10. A 10-ohm resistance is connected across the 12- 
volt battery. 

(a) How much current does it draw? 

(b) How much power does it consume? 

(c) Two 10-ohm resistances are connected in parallel across 
the battery. Convince yourself that each one draws the 
same current as in part (a) so that the total current drawn 
from the battery is twice the value in part (a). What is the 
resistance of the parallel combination? 

(d) How much power is now consumed? 


11. The two 10-ohm resistances are now connected 
in series across the 12-volt battery. 
(a) Convince yourself that each one has 6 volts across it. 
How much current is drawn from the battery? 
(b) How much power is consumed in each one? 
(c) If you multiply 12 volts times the current, the product 
is ______ watts. This is the power consumed in the se- 
ries combination. Is it twice the answer to part (b)? Ex- 
plain. 


12. Three 10-ohm resistances are connected in se- 
ries across the 12-volt battery. i 
(a) What is the voltage across each? 
(b) Find the current, the series resistance, the power de- 
veloped in each, and the total power consumed. 
(c) Repeat for four identical resistances in series. 


* 13. Two 10-ohm resistances are connected in par- 
allel, and this (5-ohm) combination is connected in series 
with another 10-ohm resistance. 

(a) If the 12-volt battery is connected across this (15-ohm) 
combination, how much current is drawn? Sketch the cir- 
cuit. 

(b) How much power is developed in each resistance? 
How much total power? (HINT: One of the resistances 
consumes more power than the other two. Why?) 

(c) Find the voltage drop across each resistance. 

(d) Is the power developed in each resistance proportional 
to the voltage drop across it, or to the square of the volt- 
age drop? 


* 14. Two 10-ohm resistances are connected in series, 
and a third 10-ohm resistance is connected in parallel with 
this (20-ohm) combination. 


ELECTRIC CURRENT 


(a) The current through the series combination is half that 
through the single 10-ohm resistance. The power devel- 
oped in each of the two resistances in series jg 
4 times / twice / half l one-quarter 
that developed in the single 10-ohm resistance. 

(b) Find the resistance of the circuit. 


** 15. Automobile Battery When a battery is “low,” 
meaning uncharged, its internal resistance becomes appre- 
ciable. If you turn on the headlights, they are dim, With 
the lights off, a voltmeter still reads 12 volts, With the 
lights on, the voltmeter reading falls to 9 volts. 

(a) Explain the 3-volt drop. 

(b) With the lights on, the ammeter reads 1.5 amps. Argue 
that the internal resistance of the battery is 2 ohms. 

(c) While 1.5 amps flows in the circuit, what is the resis- 
tance of the headlights. 


NOTE: When the headlights are burning brightly, that is, 
when the battery voltage is its normal 12 volts, the head- 
light resistance is actually greater. Hot headlight filaments 
have a larger resistance than cool ones. Some people say 
that incandescent bulbs disobey Ohm's law. Others just 
say that their resistance is a function of the current they 
carry. 

* 16. Charging a Storage Battery Suppose that the 
battery charger has an open-circuit voltage of 14 volts and 
an internal resistance of 0.5 ohms. 

(a) The charger is connected so as to recharge a “low” bat 
tery. Sketch the circuit diagram, assuming a battery volt- 
age of 12 volts. 

(b) Argue that a charging current of 4 amps flows if the 
internal resistance of the battery is much less than 05 
ohms. 

(c) What would happen if you connected the charger back- 
ward, that is, if by mistake you connected + to — and - 
to +? 


* 17. Car Battery A fully charged 12-volt automo 
bile battery is guaranteed to deliver 60 ampere hours. That 
is, it can supply 1 amp for 60 hours, or 2 amps for 30 
hours, and so on. You pull the key and leave the head- 
lights on by mistake—two headlights, a 60-watt bulb in 
each. How long can you expect them to stay bright? 


* 18. Electric Automobile To drive a small car at? 
steady 45 miles per hour on a flat road requires aboa 
kilowatts of power delivered to the transmission. For on 
sons of safety you don’t want to use more than 96 vor 
(= eight 12-volt storage batteries in series). 


PROBLEMS 


PROBLEM 18 An electric car. The motor can be quite small 
and can develop large torques at slow speeds, so that no 
transmission is needed. But the batteries take up a lot 
more room than a gasoline tank! 


(a) How much current do you need to draw? 
(b) Your 12-volt battery charger works at 6 amps all night 
(= 8 hours) to charge your eight batteries. Assume that 
the whole process is 50% efficient; that is, half the energy 
that goes into the batteries is delivered to the transmis- 
sion. How far can you drive in the morning? 


** 19. Fuel Cell A fuel cell is a source of e.m.f., 
which supplies electric power by oxidizing some fuel. 
Typically, the fuel is hydrogen gas, which is absorbed on 
the anode, while oxygen is absorbed on the cathode. The 
net chemical reaction is the oxidation of hydrogen to form 
water. The “ideal” e.m.f. is 1.23 volts. In practice, hydro- 
gen fuel cells put out between 50% and 70% of the ideal 
voltage, 

Suppose that you are designing an electric car to be 

Powered by a hydrogen fuel cell. It requires an average of 
0.75 million joules per mile to drive a medium-sized car on 
alevel road at 44 miles per hour. 
(a) How many moles of hydrogen gas does it take to go 
200 miles? (tiNr:1 electron volt = 1.6 x 10° joules. Say 
each atom of hydrogen delivers 0.6 electron volts. There 
are two atoms in an H, molecule, and 6.02 x 10° mole- 
cules in a mole.) 

) Your tanks are designed to be filled to a maximum 
Pressure of 2500 p.s.i. (= 170 atmospheres). How many 

liter tanks does the car need to carry for that 200-mile 
trip? (HINT: Use the ideal-gas law (Chapter 6)). 
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Æ 20. Fuel Cell Below is a list of the advantages fuel 
cells have over other devices for generating electric power 
(like steam turbines): 


No moving parts. 

High efficiency. 

Easy start-up and turnoff. 

Modular construction—Can be mass-produced. 
No sulfur emissions, no pollution. 


Here are some disadvantages: 


Hydrogen is dangerous to have around; it explodes. 
Unlike oil or gasoline, you can’t just pour it in. 


Room-temperature operation requires an expensive cat- 
alyst like platinum at the anode. To operate without a 
catalyst the temperature must be around 650°C. 


Discuss why you think electric generating plants 
automobiles are not powered by fuel cells yet. 


** 21. Ni-Cd Batteries Rechargeable batteries have 
been used to start automobiles ever since the hand crank 
went out of fashion. The rechargeable AA-size nickel-cad- 
mium batteries that power pocket calculators became com- 
mon in the 1970s. Their open-circuit voltage (e.m.f.) is 1.35 
volts, and they can deliver 0.5 amps for about an hour 
after being fully charged. 

(a) How much available energy is stored? Answer in 
joules. 

(b) Does that sound like a lot? That much energy could 
bring about 5 cm’ of water to a boil from room tempera- 
ture. Compare the energy stored in one of these AA bat- 
teries with the energy content (heat of combustion) of the 
same volume of a liquid fuel like alcohol. Ethanol has a 
heat of combustion of 3.8 x 10‘ joules per cm’. An AA 
battery is a cylinder 4 inch in diameter and 14 inches long. 


x" 22. 115 Volts and Electrical Safety Your blood is 
a good conductor. Your skin is a good insulator. For ex- 
ample, the resistance of the body fluids between finger 
and toe might be 10 ohms, while the resistance between 
inside and outside of 1 cm? of skin might be 10° ohms—at 
finger or toe. 

(a) With your toe grounded, your finger touches a 115-volt 
wire. How much current flows through your body fluids? 
(int: To flow inside the body, current has to traverse 
two of those hundred-thousand-ohm skin barriers. Unless 
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you are sweaty, the surface of the skin is also a good in- 
sulator.) 

(b) Why did you neglect the resistance of the blood in an- 
swering part (a)? 

(c) Could you get more than 20 microamps through your 
heart this way? That is, is there danger of causing fibrilla- 
tions? Explain. (Hint: This is tricky. There are paths from 
finger to toe that don’t go through the heart.) 


xÆ 23. Can You Feel 13 Volts? Even though you 
touch both terminals of a flashlight battery with your 
hands, you can not feel any current. 

(a) Use the 10°-ohm “patches” of the previous problem to 
explain why. 

(b) If you touch both terminals with your tongue, you can 
feel the current. Are you feeling current along the tongue 
or through the tongue? How do you know current is in- 
deed flowing along the surface of the tongue? 


> 24. Quickie Voltmeter An electrician likes to test 
the 115-volt ac line by wetting two fingers and briefly 
touching a finger to each side of the line (see figure). If he 
gets a shock, he knows there is voltage on the line. 

(a) Suppose that each patch of wet skin has a through-the- 
skin resistance of 5 x 10* ohms. How much current flows 
through the fluids inside his fingers? Why did you neglect 
the resistance of those fluids (mostly blood)? 

(b) Why is it essential that the fingers be on the same 
hand? 

(c) Why is the electrician safer if he wets the fingers? 
(HINT: His feet may be grounded.) 


PROBLEM 24 
Quickie voltmeter. 


* 25. Resistances in Series and Parallel You have a 
supply of 100-ohm resistors. Your 12-volt battery has an 
internal resistance of less than 1 ohm. 

(a) Any one of the resistors connected across the battery 
draws 0.12 amps and dissipates 1.44 watts. Verify. 

(b) Two of the resistors connected in series across the bat- 
tery have a resistance of ohms and draw 

amps. Each one dissipates watts. 


ELECTRIC CURRENT 


100 100 100 


(e) 


(c) Two of the resistors connected in parallel across the 

battery have a resistance of - ohms. Together they 

draw a current of amps. Each one dissipates 
watts. 

(d)(e)(f) For the circuits illustrated, find the current and 

the power dissipated in each resistor. 


** 26. Design Your Own 

(a) Show how to assemble four 100-ohm resistors in such 
a way as to have a net resistance of 40 ohms. 

(b) Connected across the 12-volt battery, how much power 
is dissipated in each of the 100-ohm resistors? 


OK 27. Design Your Own Show how to assemble 
four 100-ohm resistors in such a way as to have a net re- 
sistance of 60 ohms. 


** 28. Kirchhoff’s First Law Suppose that there isa 
branch in a circuit so that the current can divide, some 
going into the right-hand branch, some going left. You 
conjecture that the current flowing, into the branch point 
(fork, vertex, junction, node, . . .) is equal to the sum of 
the currents flowing out. Regardless of how many 
branches join at a point, your intuition tells you that the 
sum of the currents in is equal to the sum of the current 
out. The physical law you are intuiting is the conservation 
of charge: No charge is created or destroyed at the vertex: 
Good jargon is to say there are no sources oF sinks 0 
charge. Also charge is not stored up at the vertex. Here i$ 
an elegant way to state this “circuit theorem”: 


Kirchhoff's First Law: The algebraic sum of the currents 


flowing into any point on a circuit is zero. 


(a) Review Sec. 14.4, Resistances in Series and Parallel, 
and point out where we needed that theorem. a 
(b) In Problem 25, Resistances in Series and Parallel, ee 
circuit shown has two vertices. For each vertex, W" 
down how much current flows in each branch. 


PROBLEMS 


x* 29. Kirchhoff’s Second Law 


Statement: The algebraic sum of the voltages around any 
closed path in a circuit is zero. 


It sounds like “what goes up must come down.” The 
statement is a simple consequence of the definition of volt- 
age as electric potential energy per unit charge. When you 
trace around a circuit and you have come back to the point 
where you started, you are back to the same potential en- 
ergy. If a resistance is connected across a battery—a sim- 
ple series circuit—the potential goes up as you trace — to 
+ through the battery and goes down the same amount 
as you trace + to — through the resistance. The theorem 
starts to become useful when several circuit elements are 
connected in series and parallel combinations, especially if 
there is more than one e.m.f. in the circuit. 

Trace through the circuits of Problem 25, Resistances in 
Series and Parallel, and show on a sketch how much the 
voltage goes up or down in each circuit element. Note that 
you can trace paths that don’t go through a battery. 


EXAMPLE: Part (d), the upper loop, going clockwise, we 
have -6V, ~6V, +6V, +6V. Add them up and you get 
zero. 


+k 30. Potentiometer Using a voltmeter to measure 
an e.m.f. has the disadvantage that the meter has to draw 
some current in order to register. The best meters, of 
course, are the ones having the highest resistance. But it 
is possible to measure a voltage without drawing any cur- 
rent, using a circuit like the one shown in the figure, Es- 
sentially, it is a way of comparing two e.m.f.’s using well- 
calibrated resistors, without drawing current from the un- 
known. 

(a) Suppose the unknown e.m.f. Eunknown is one-fourth the 
known e.m.f. Exnown: If R; is one-third of Rz, show that no 
current will flow through the ammeter A. 

(b) For arbitrary values, show that when no current flows 
through the meter, 


Pirimov hai [ = 


® + =| 


PROBLEM 30 Potentiometer. 


SUnknown 
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Æ 31. Wheatstone  Bridge—Balanced The circuit 
shown in Fig. (a) is used for comparing resistances. One 
of the resistances is presumed unknown (say R,), and one 
can be changed in small steps, as with a dial (say the one 
labeled 400). 
(a) Call the voltage at point A +12 volts, and the voltage 
at point C 0 volts (= ground). What is the voltage at B? 
(b) What is the voltage at D? 
(c) Convince yourself that the condition necessary for 
those two voltages to be equal is 

82 _ R 


Q 400 


PROBLEM 31 Wheatstone bridge. 


Now connect a galvanometer or some other device sensi- 
tive to small currents between B and D as shown in Fig. 
(b). We say the bridge is balanced when no current flows 
in G. Here the balance condition makes R, = 4 Q. 

(d) Write down the current in each branch at vertex A. 

(e) Repeat for vertex B. Show that Kirchhoff’s “current 
law” is satisfied at both branch points. 

(f) Trace through the circuit in a number of different ways, 
writing down the voltage drop or rise in each circuit ele- 
ment. Convince yourself that Kirchhoff’s “voltage law” is 
satisfied for each completed loop. 

(g) How many different loops are there? 

(h) If R, has some value other than 4 ohms, the bridge is 
unbalanced and the current ig through the galvanometer 
resistance Rg is no longer zero. Kirchhoff’s current law at 
vertex B gives the condition 


ig = ig + ix 
At vertex D, the current law gives 

igg + ig = io 
But applying Kirchhoff’s current law at vertices A and C is 
redundant. Show that it gives 


ig + iso = iy + i4 
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which can be obtained by adding the two previous equa- 
tions. 

(i) We see that a circuit consisting visibly of three loops, 
with four vertices and five named branch currents allows 
only two independent “current-law” conditions on these 
currents. To determine the five currents requires five 
equations, so we need three more. Write down three in- 
dependent Kirchhoff’s-voltage-law equations. Show that a 
fourth such equation, obtained by tracing around one of 
the other possible loops, is not an independent equation 
but could be derived from the others. 


Æ 32. More Than One e.m.f. You really need Kirch- 
hoff’s Laws to solve a circuit containing batteries in differ- 
ent loops. The figure shows a two-loop circuit with batter- 
ies in two branches. You don’t have to intuit which way 
the currents will flow. If you choose the wrong sense of 
current in one branch, the solution for that branch current 
will come out negative! We have purposely chosen i, 
going up through the 2-volt battery to show how that 
works. Write down two voltage-law equations. The cur- 
rent-law equation is 


in + iy = ig 


Use it to eliminate one of the three current variables, leav- 
ing two equations in two unknowns. Solve those any way 
you know how. Note that i, comes out negative. 


12 volts = 


1g PROBLEM 32 Two 
e.m.f.’s in one 
circuit. 
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33. Ammeter and Voltmeter To measure an un- 
known resistance, we want to know the voltage across it 
and the current through it. So the voltmeter should have 
a high resistance in order to shunt off as little current as 
possible. The ammeter should have a low resistance in or- 
der to have as small a voltage drop as possible. If the me- 
ters are connected as in a in the figure, the voltmeter (in- 
ternal resistance 1000 0) does measure the voltage across 
the unknown, but the ammeter measures more current 


than goes through the unknown. Suppose that the “un- 
known” resistance is 12 ohms. 


ELECTRIC CURRENT 


K 
a 


(6) 
PROBLEM 33 (a) Voltmeter directly across unknown resis- 
tance. Ammeter measures current through the parallel 
combination. (b) Voltmeter across series combination of 
unknown and ammeter. Ammeter measures current 
through unknown resistance. 


(a) The 12 ù is in parallel with the meter’s 1000 Q. Verify 
that the parallel combination is 11.86 ©, so that the whole 
circuit has a resistance of 14.86 2. 

(b) What does the ammeter read? 

(c) Multiply that current times the 11.86 to find what the 
voltmeter reads. 

(d) (Voltmeter reading)(ammeter reading) = ——' 
which is about 1% below the true resistance. 

(e) Now suppose the meters connected as in b in the fig 
ure. The ammeter now reads the true current through the 
unknown, but the voltmeter reading now includes the 
voltage drop across the ammeter. Verify that the circuit 
resistance is 14.83 © and that the voltmeter reads 5. 
volts. 

(Ð) Verify that the ammeter reads 0.40 A so that (voltmetet 
reading)/(ammeter reading) = 13.0 Q. That is 8% higher 
than the true resistance. PEN 
(g) Repeat the two calculations with a 1200-ohm a 
known” to convince yourself that hookup 4 is not alway 
better than b. 


a S- 


QUESTION FOR FURTHER THOUGHT 


(| QUESTION FOR FURTHER THOUGHT 


a. ie reading about “capacitive coupling,” describe how to tell whether a cir- 
cuit element that has a voltage across its terminals is an 
hat h ermin; 
io is e.m.f. or a charged 
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MAGNETIC FIELD. 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 


How can a current-carrying wire be used to measure the strength of a 
magnetic field? 


Why is a right-hand rule necessary in describing the force on a charge 
moving in a magnetic field? 


How does an electric motor work? 


Is the strength of the magnetic field 2 inches away from one of those 
bulletin-board magnets much greater or much less than 1 newton per 
amp per meter? 


What configuration of current gives rise to a uniform magnetic field? 


If the current in a uniformly wound coil is doubled, the strength of the 
magnetic field inside is multiplied times 


Explain why the self-inductance of a coil is proportional to the square of 
the number of turns. 


The volt second is a unit of 


The remarkable ability of migratory birds to navigate accurately over dis- 
tances of thousands of miles has given rise to speculation that they havea 
built-in magnetic compass. Thus far, physiological research has failed to find 
any organ in birds—or in man, for that matter— that senses the direction of 
a steady magnetic field.! 

Does that mean that magnets have no effect on us? Researchers working 
with large magnets have tried clamping the heads of human subjects be- 
tween the pole faces and report no adverse effects. Monkeys in very high 
fields show slower reaction times. That kind of experiment is neither con- 
trolled nor specific enough to yield much useful information. But research 
on enzymes and on simple animals in magnetic fields is now fashionable. It 
may seem odd that the biological effects of steady and slowly varying mag: 
netic fields are so little understood, while those of fields alternating around 
10°% times per second are so familiar; These are the fields we perceive as 
visible light. 

What we all know about magnets is that they attract iron: nails, thumb 
tacks, paper clips, pins—no, not brass screws. You might experiment with 
keys and coins and kitchen utensils if you have access to a little bulletin 
board magnet. I use those to stick cartoons to the refrigerator door. (See la 
at your Desk No. 5 at the end of this chapter.) Most of us have a lot of 
intuition about how magnets behave. They have two “ends,” conventionally 
marked N and S, respectively. When two magnets are brought close, like 


1 5 x A 3 zi) 
Magnetotactic bacteria orient in the earth's magnetic field. Their built-in compass has bee 
discovered. 
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ends repel, unlike ends attract (see photo). If you break a magnet in half, 
each half is still a magnet. And we all know that the magnetic compass 
tends to point north—or perhaps one should Say, one end points north and 
one end points south. The explanation of this phenomenon is that the earth 
is itself a magnet. That idea, schoolboy lore today, was not advanced until 
close to the year 1600. 

The connection between magnetism and electricity is a much more recent 
discovery (nineteenth century), and its popular understanding is generally 
less developed. The word electromagnet may evoke the idea of wrapping a 
nail with a current-carrying wire and, sure enough, the nail becomes mag- 
netized. Most people vaguely associate that with how an electric motor 
works. There is an armature—a coil wound on an iron core. As it turns, the 
direction of the current in it is cleverly changed so that the interaction with 
another magnetic field results in a one-way torque. 


154 MAGNETIC FIELD 


The term magnetic field appears several times in the above paragraphs. There 
is that word field again. We had gravitational field in Chapter 1. You met 
electric field in Chapter 13. What is magnetic field? You may have seen a 
demonstration experiment in which iron filings were sprinkled on a piece of 
paper placed above the poles of a horseshoe magnet. The filings tended to 
align in a symmetric pattern, the lines diverging from the two poles (see 
photo). The word field is often used to denote the region of influence of a 
magnet, and such a pattern of iron filings shows where the influence is 
strong. The word is also used quantitatively, as a measure of the strength 
and direction of that influence: The iron filings tend to align parallel to the 
direction of the magnetic field, and the field strength determines the torque 
tending to align them. Here we have a vector field, something which has a 
direction and a magnitude (a strength) at every point in space, just like elec- 
tric field and gravitational field. We might think of exploring magnetic fields 
with a small compass needle. We say small, because such measurements are 
meaningful only for a field that is pretty uniform over regions the size of 
our measuring device. If you mark an “N” on the end of the needle that 
points north in the earth’s magnetic field, you can use it to point along the 
direction of any other magnetic field. The torque tending to turn it in that 
direction is proportional to the field strength. - wet 

If we were to use such a torque measurement to define magnetic field 
strength, we would have to specify a “standard” compass needle. Another 
Way to approach the definition arrives at convenient units without requiring 
any new standard. It uses the interaction of magnetic field and electric cur- 
tent. Here is how: ; 4 

A straight wire carrying current in a direction perpendicular to a magnetic 
field experiences a transverse force proportional to the strength of the cur- 
rent and, not surprisingly, to the length of the wire: 
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Paper clips, thumb tacks, nall 
clipper, washer—all of these 
objects cling to the magnet and to 
each other when they are 
magnetized. The brass key, the 
copper wire, and the paper 
fastener appear quite unmoved. 


ois AWN 
The iron filings have oriented 
themselves parallel to the 
magnetic-field direction and are 
pulled into the strongest part of the 
field. 
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The proportionality constant is defined to be the magnetic field strength B, 
For a current I we have that the force per unit length is 1 


force _ 

length — 
The direction of that force is perpendicular both to the magnetic-field direc. 
tion and to the current direction. Note that one more specification is needed, 
When you say perpendicular, you have to say right or left. One way to say 
it is this: Point the thumb of the right hand along the current and the fore. 
finger along the field. Then the palm faces in the direction of the force, (See 
Fig. 15.1.) You might like to think of the forefinger as the arrow that points 
along the field, and the palm as pushing in the direction of the force. That 
prescription is called a right-hand rule. 


FIGURE 15.1 Right-hand rule for 
the force on a current ina 
magnetic field. The pointing 
finger points along the field; 
the thumb points along the 
current. Then the palm faces in 
the direction of the force. 
Mnemonic: Palm pushes. . « 


We did not have such trouble defining the directions of the electric ot 
gravitational fields. Forces there were parallel to fields, and the notion of 
right-or-left did not enter. When the force is perpendicular to the field, 
handedness raises its head. We tend to think of handedness” more in bio- 
logical contexts. There is the difference between your right hand and your 
left hand. There is the way the shells of snails ‘twist. There is the spit 
structure of molecules of edible sugars. Here we find handedness in the 
description of the electromagnetic interaction. You might wonder why we 
apparently avoided any talk of right-or-left when we used the compass nee 
dle to define field direction. Of course, we needed to paint the “N” on the 
needle first and needed geographical notions to do that. If we had started 
with an electromagnet instead of a permanently magnetized needle, then 
which end was “N” would have depended on whether the coil was wound 
right-handed or left-handed. 

A word about the units of B-field. We defined B as force per unit lengh 
per unit current so that the force is given by 


% Chirality” is the technical name. 


15.2 FORCE ON MOVING CHARGE 


F = BIL (Eq. 1) 


This means that B must be measured in newtons per meter per ampere. 
That unit is called the tesla: 


newton 

tesla: = La 
amp meter 
One tesla turns out to be a huge field, usually attained only in large magnets 
that have to be wheeled around the lab. A smaller unit is the gauss, defined 
so that 1 tesla is 10,000 gauss. The earth’s magnetic field in the United States 
is on the order of 0.6 gauss. 

To get some intuition about the size of magnetic forces in the earth’s field, 
try a current of 1 ampere: 


/ 


force _ (0.6 x 1074 newton x (Lamp) = 6 x 10-5 newton 
length amp meter, meter 


To get a force of 1 pound this way takes almost 75 kilometers of wire. Better 
wrap it into a coil. 


EXERCISE 1 What is the force on 10 cm of armature wire lying perpendicular 
to a magnetic field of 0.01 tesla and carrying 2 amps? 
[Answer: 0.002 N] 


EXERCISE 2 If the radius of that armature is 3 cm, and it has 600 turns, show 
that it can develop a torque of 0.036 Nm. That torque might be about right 
for turning an electric blender, for example. 


(HINT: Torque = force times moment arm. Since the force is perpendicular 
to the wire, the moment arm is the radius.) 


15.2 FORCE ON MOVING CHARGE 


In developing the definition of B-field, we talked about current flow in a 
Wire and the force on the wire when it is in a transverse B-field. But the 
Wire was not essential; it was just a convenient way of having a current flow 
ina straight line. Current flowing in an ionic solution, or current flowing in 
an ionized plasma, or a beam of ions or electrons traversing a vacuum, all 
these will experience a force in a transverse magnetic field, a force given by 
that same law. The essential feature of this force is that a charge move across 
a B-field. Indeed, instead of formulating the magnetic force in terms of force 
Per unit length of current, it might seem more fundamental to write down 
the force per unit charge. Since the current due to motion of a charge is 
Proportional to that charge’s velocity, the force is proportional to the veloc- 
ity of the charge: 
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ELECTRIC MOTOR 

In a simple de motor the split ring commutator In an ac synchronous motor the insulated rings 
makes contact with the metal “brushes.” As are connected to the windings of the armature 
the rotor turns, the current in the armature is at opposing points. Since the current reverses 
reversed, twice in each revolution. (See Prob- twice each revolution, no commutator is 
lem 21.) 


FIGURE 15.3 An ac synchronous 
motor. 


FIGURE 15.2 A simple de motor. 


e s, 
charge Sa 


Again the proportionality constant turns out to be the magnetic field 
strength B. To see how this follows from our previous formulation in terms 
of current, write 


vat charge _ charge M length 
time length time 
and note that length/time is velocity. Then you can get from our force-pe™ 
unit-length formula to a force-per-unit-charge expression: 


force _ force | length 
charge length ` charge 
charge) _ length 
= (Bx aan 
( time ) ie charge (divide out the charge) 
=Bx length 
time 


(now substitute Eq. 15.1-1) 


=B xv 
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Repeat: force = (charge) x (field) x (velocity): 

F = qBv PE 
Whether Eq. 15.1-1 or Eq. 1 is chosen as the definition of B-field is irrele- 
vant. The two are completely equivalent. 


EXAMPLE The electron beam in a TV tube might have a speed on the order 
of 8 x 10’ m/sec. When such a beam moves in a direction perpendicular to 
the earth's magnetic field (B = 0.6 x 10~* tesla), the magnetic force is given 
by the formula 


force = 0.6 x 1074 newton slats: 107 = 
charge amp meter sec 
= 48 x 103 newton 
s coulomb 


The units remind us that force per unit charge is what we have called elec- 

tric field. An electric field of 4800 newtons/coulomb may seem like a lot until 
A -19 

you realize that each electron has a charge of 1.6 x 107” coulombs so that 

the magnetic force on one electron is only 


3 newton 


4.8 x 10 x 1.6 x 107” coulombs = 7.7 x 10~'° newtons 


coulomb 

Exercise 4 shows that in traveling 10 centimeters—the length of a small tele- 
vision tube—across the earth’s magnetic field the deflection of the electron 
beam would be just under 1 millimeter. This tells you that you might be 
able to detect the shift of the picture if you turn your TV set upside down. 
It also tells you that the deflecting magnetic fields that make the picture 
inside the tube have to be about two orders of magnitude greater than the 
earth’s field.’ 


ee ee LU 
IT 
EXERCISE 3 A certain TV tube has a 5000-volt electron beam. That means 
that each electron has an energy of 5000 electron volts (= 5 x 10° eV). 
Calculate the radius of its circular path in a B-field of 0.01 tesla. Here is one 
Way: 

The magnetic force is always at right angles to the B-field and to the veloc- 
ity. That means the speed of the electron does not change, only its direction. 
Since this direction remains perpendicular to the B-field, however, the mag- 
Netic force remains at the same strength. The electron’s acceleration thus 
remains at the same magnitude. The electron’s path is a circle. i 

You already know that the acceleration of an object in uniform circular 
motion is v?/R. If you know the mass m of the electron and its speed v, you 
can solve for the radius R. Here you don’t know v directly, but you do know 


“Television tubes do use magnetic beam deflection systems. Laboratory oscilloscopes and com- 
Puter CRT (cathode-ray tube) displays use electrostatic deflection. 
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Cathode-ray tube (CRT), 
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that 4 mv? = 5000 eV. You take it from there. Recall that m = 0.911 x 49-9 
kg and 1 eV = 1.6 x 10~” joule. 


EXERCISE 4 In the example in the text the electron’s speed is given as 8 x 
10’ m/sec, so it travels the 10 cm to the fluorescent screen of the tube in 13 
nanoseconds. (Verify.) In the earth’s B-field we calculated that it experiences 
a transverse force of 7.7 x 10° newtons, hence a transverse accelertion of 
7.7 x 107 N/ 0.911 x 107% kg = 8.5 x 10" m/sec. In 1.25 nsec the 
transverse deflection at? is mm. 

If you don't like to remember formulas like łat’, think about the transverse 
velocity. It starts from zero. In 1.25 nsec it gets up to 8.5 x 49 
m/sec” x 1.25 x 107° sec = 1.06 x 10° m/sec, perpendicular to the original 
direction. The average transverse velocity over the 1.25 nsec is half of that, 
so the transverse deflection is mm. Aren't you glad that turned out 
to be a small fraction of the 10-cm distance to the screen? This means that 
the velocity vector has turned only through a small angle. If it had not 
turned out that way, we could not have used the 10 cm to figure the time 
of flight! Show that our approximation was off only 2 parts in 10°. 

(HINT: Pythagoras!) 


What if the velocity v of the charge is not perpendicular to the magnetic 
field? Then the force per unit charge, instead of being Bv, is only Bo,, where 
v, is the component of the velocity perpendicular to the field. Or, if you 
prefer, you can write B,v, where B, is the component of the field perpen- 
dicular to the velocity. Writing 


force 


ad 1 tl 
ive Bv sin 0 (Eq. 1') 


avoids the subscript 1 by introducing the angle @ that the B-field makes 
with the velocity. 

To extend this same generality to our formula for the magnetic force ona 
length of current, we should write it 


F = BIL sin 0 (Eq. 15.141’) 


The direction of the force is, as before, perpendicular both to the field and 
to the direction of motion of positive charge (the current direction), with fs 
sense given by the right-hand rule. 


SL OS aa 
———_———__———_——— 
EXERCISE 5 Convince yourself that an electron whose velocity makes at 
acute angle with a uniform B-field travels in a spiral path. 
(a) What is the direction of the axis of the spiral? 


(b) As the electron proceeds along its spiral path, the acute angle: incre 
decreases/remains the same 


nn 


ases) 
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15.3 SOURCES OF MAGNETIC FIELD 


The field concept, which we have used in connection with gravitational 
forces, with electrostatic forces, and now with magnetic forces, serves both 
an esthetic and a practical function. All these forces involve action at a dis- 
tance, pushes and pulls where we don’t readily see what is pushing or pull- 
ing. The field is our somewhat abstract substitute for hooks or chains or 
rubber bands. Having endowed our fields with the ability to exert forces, 
we define them in such a way that the field depends only on the object 
exerting the force and not on the object on which the force is exerted. For 
example, suppose that a charge qı exerts an electrostatic force on a charge 
q: We say that the electric field E}, of which q; is the source, acting at the 
position of q>, exerts a force Eyq2 on the charge qz. Because we know the law 
of action and reaction, we know that we could turn the description around. 
We could talk about q as the source of the field E,, saying that the force on 
gis given by Eoq;, and that the two forces are equal and opposite. Which 
description we choose is usually a matter of convenience. That is where the 
practical function of the field concept comes in. It was easy to describe the 
E-field in the region between two oppositely charged parallel planes, and 
thus the force on a small point charge placed in that region. It would have 
been terribly impractical to describe that force as a vector sum of pairwise 
forces between individual point charges. 

In electrostatics, the source of an electric field is always electric charge. In 
planetary astronomy, the source of a gravitational field is always mass. 
What is the source of magnetic field? It would be tempting just to say “mag- 
nets.” A couple of paragraphs further on you will see how such a glib an- 
swer could be misleading. What kinds of magnets are you familiar with? 
You know that bulletin-board magnets have an N-face and an S-face, and 
that with two magnets an N-face attracts an S-face and repels an N-face: 
Likes repel, unlikes attract, just as with electric charges.* Is it possible to 
isolate an “N,” without an “S” to go with it? Is there such a thing as a 
magnetic monopole, analogous to an electric charge, where positive can be 
isolated from negative? Or do “N” and “S” always occur in pairs, as mag- 
netic dipoles?? This question is still unsolved, but no magnetic monopole 
has yet been found. Theoretical physicists have been trying for years to ex- 
plain why it can’t exist. Would the existence of magnetic monopoles violate 
some law of physics? And if not, why don’t they exist? It would be fun if, 
by the time this is printed, we knew more answers. r 

If we don’t have a monopole, do we at least have an elementary dipole, a 
“smallest magnet”? When we break a magnet in half, we end up with two 
Magnets. Does that process ever end? Yes, it does. But this time the answer 
is not simple. The electron is itself a magnet, and every electron has the 
same magnetic dipole moment; that is, all electrons are magnets of the same 


‘The gravitational force is different. There seems to be no such thing as gravitational repulsion. 


6 he Greek prefix mono means one; di means two. 
Here I write very carefully. Would my publisher a: 
avoid controversy? i 


sk me to delete this paragraph in order to 
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FIGURE 15.4 Right-hand rule for 
the sense in which B-lines curl 
around the direction of motion of 
a positive charge. 


FIGURE 15.5 Right-hand rule for 
direction of B-field inside a coil 
carrying a current. 


MAGNETIC Fp 


strength. The magnetism of a piece of iron is, for practical Purposes, the 
sum of the contributions of all the electrons in it. They may or May not all 
be aligned. 

The magnetic dipole moment of an electron turns out not to be the small- 
est in nature. The proton has an even smaller one. This nuclear Magnetism 
is so much smaller than the electronic that as far as the bulk magnetic prop- 
erties of materials are concerned, it can be neglected.’ 

In looking for the source of magnetic field, we have quite naturally asked 
questions on the microscopic level. In asking for the smallest fraction ofa 
magnet that is still a magnet, we were led to the electron. But staying with 
macroscopic considerations, let us remember that a current flowing in a 
magnetic field experiences a force. By the action-reaction argument we con- 
clude that the current is itself a source of magnetic field. Since a charge 
moving in a magnetic field experiences a force, the source of the field must 
experience an equal and opposite force. That “reaction” force is also a “mag- 
netic force,” so it must be ascribable to a magnetic field. The strength of that 
field depends only on the strength of the current, not on whether it isa 
current of electrons or protons or any other ions. It is not the magnetic dipole 
moment (if any) of the charge carrier, just the motion of charge that is responsible 
for the magnetic field of a current. The strength of the field is proportional to 
the strength of the current and, for most current configurations, falls off as 
you get farther away from the current. Here we give only a rough descrip- 
tion of the magnetic field of a moving point charge. 

Direction? You guessed it! The B-field is perpendicular to the velocity of 
the charge. Here is the full prescription: Draw a line from the “source 
point,” that is, from the moving charge, to the point at which you are going 
to test the field. That line is called the radius vector. The B-field is perpendic- 
ular to both the velocity vector of the charge and to this radius vector. Look 
ing at the “lines” of the B-field, they are circles surrounding the line of mo- 
tion of the charge. To describe the sense (right or left?), we again need a 
right-hand rule: Point the thumb of the right hand in the direction of motion 
of positive charge, that is, in the current direction. Then the way the fingers 
curl indicates the direction of the B-field surrounding the current. (See Fig- 
ure 15.4.) 


EXERCISE 6 Use this right-hand rule to find out which way the B-field inside 
a coil of wire will point. ; 
[Answer: Let the fingers of the right hand curl in the direction of current in 
the coil. The thumb will point down the axis of the coil in the direction o 
the B-field (Fig. 15.5)} 


Nuclear magnetic moments are basic to a useful analytic technique called nuclear m Pr 
resonance (NMR) spectroscopy and to the medical diagnostic technique called magnetic 
nance imaging (MRI). See Problem 34. 
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How the B-field falls off with increasing distance from the moving charge 
is a long and complicated story. Part of the story is told at the end of this 
chapter, in Problem 28, Law of Biot and Savart. But you might guess that 
here, again, there is an inverse-square law, and you would be right. For 
various current configurations one gets different field configurations. One 
special current configuration gives rise to a particularly simple field—a uni- 
form field. A large uniform sheet of current, that is, an infinite plane of 
charge, moving with its velocity vector in the plane, has a magnetic field 
that is uniform, meaning that it does not fall off with distance from the 
plane. You can see that its direction will be parallel to the plane but perpen- 
dicular to the velocity vector. There is much similarity here to the electro- 
static case. There, too, it is the exact inverse-square character of the field of 
a point charge that results in the uniformity of the field of a uniform plane 
of charge. You see why the inverse-square nature of the magnetic field of a 
moving point charge seemed worthy of mention. 

Let's carry the analogy with the electrostatic case further. There we related 
the strength of the uniform E-field between two oppositely charged parallel 
planes to the charge per unit area of the planes. With such a sandwich, the 
region containing the E-field was confined. Of course, if we have a sheet of 
positive charge, we have to specify the position of the equal negative charge 
it induces. Putting all that negative charge into one sheet corresponds to 
many practical situations. Similarly, with a sheet of current going one way, 
we have to specify where the return path completes the circuit. We again 
choose a parallel plane, a current sheet with equal and opposite current 
some distance away. Then the magnetic field will be confined to the region 
between the two current sheets. We state without proof the relation be- 
tween the strength of the current and the strength of the uniform magnetic 
field inside the sandwich: 


Padat (gem) (Eq. 1) 
length 
where 
ky = 107 tewon: 
amp 


In some books you will see 4rkm written po and called the permeability of 
free space, Equation 1 may remind you of the corresponding one for the 
electrostatic field between two uniform planes of charge (Problem 13.15). It 
introduces a new universal constant, k,, (m for magnetic). The analogy might 
be made more striking by writing, instead of current per unit length for a 
= eg sheet, the velocity times the charge per unit area for a plane of 
charge: 


B= drka X UX (==) 


area 


Don’t forget: The direction of B is perpendicular to v. 
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You may wonder what historical accident made 
the proportionality constant k,, such a nice 
round number in these units. Its electrical ana- 
logue k, was something like 8.9874 x 10’ me- 
ters per farad. It all comes from the definition 
of the ampere. Remember, 1 coulomb is 1 am- 
pere second. The ampere was defined in such 
a way as to make the magnetic-field formulas 
look pretty, without regard to the electric-field 
formulas. There is another set of electrical units 
called e.s.u. (electrostatic units), used by many 
physicists and by some textbooks. It leans the 
other way, favoring the simplicity of the elec- 
tric-field formulas and putting messy constants 
in the magnetic ones. Because voltmeters and 
ammeters are calibrated in the “practical” units 
(volts and amps) rather than e.s.u., the former 
have won out in recent years, but the contro- 
versy over electrical units has been passion- 
ately waged for decades. The system of units 


used in this book is called the SI, the Système 
International. 

It might be useful to point out again that the 
product of a B-field times a velocity is a force 
per unit charge. Dimensionally, that is an E- 
field. If we recall that 


newton volt 
coulomb meter 


for the practical E-field units, we note similarly 
that 


newton _ „volt sec 
amp meter meter 


for the B-field units. 
EXERCISE 7 Prove. 


NOTE: This unit of magnetic field is called the 
tesla. 


15.4 INDUCTANCE 


How are uniform magnetic fields realized in practice? In the last section you 
read about infinite current sheets, parallel planes with antiparallel currents 
That doesn’t sound very practical. The practical answer is: a long coil. 


Long Coil 


You can see why that works by going back and thinking about the infinite 
SR dwich. It has more symmetry than meets the eye. If you rotate the sand- 
wich about the field direction, the direction parallel to the planes and pe 
pendicular to the current, you don’t change the field inside the sandwich: 
Fi olding those current sheets around into a cylinder, shrinking them arb 
trarily—no pleats, please—does not change the field inside. The shape ° 
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the cross section does not matter; it just has to be uniform. Any long uni- 
form cylindrical coil has the same B-field as any other with the same current 
per unit length (Fig. 15.6). If you were going to wind the coil, you would 
probably say current times turns per unit length. 

Is the magnetic field really uniform? And is it really zero outside? Again, 
the answer is that the field falls off near the ends of the coil. This is similar 
to the behavior of the electric field in a parallel-plate sandwich near the edge 
of the sandwich. Well away from the ends, the magnetic field of a uniform 
coil is very uniform. As for field “leaking out,” that is noticeable mostly near 
the ends. 

We now prepare for the definition of a geometrical property of a coil that 
measures its ability to store magnetic energy. Inductance is something a big 
coil has more of than a little coil. Yet we said that current per unit length is 
all that matters to the B-field inside the coil. So before we define inductance, 
we should define the concept of magnetic flux. Let's write Eq. 15.3-1 in 
practical language, in terms of the number of turns of wire making up the 
coil: 


B = 4mk,, X (no. of turns per unit length of coil) x (current) 


Now, what does a fat coil have more of than a thin coil? The product of the 
area enclosed by a turn of wire times the B-field inside is called the magnetic 
flux threading that turn. The idea is that flux is something that comes in one 
end of the coil and goes out the other, in the direction of the magnetic field: 


magnetic flux = B x area 


So a coil of larger cross section has more flux passing through each turn. 
But that flux threads each turn. To get the flux threading the whole coil, we 
multiply by the number of turns: 


total flux through the coil = (no. of turns) x B x area 


Remember that the B-field in that expression is proportional to the current 
in the coil; therefore, the total flux is also proportional to the current. We 
call the proportionality constant the inductance of the coil, L: 


flux = L x current (Definition of inductance L) 


Some people say self-inductance. a i 

Exercise 8 shows that given the tightness of the winding, the inductance 
of a cylindrical coil of wire is proportional to the length of the cylinder and 
to its cross-sectional area, and hence to its volume. Exercise 9 shows that 
the inductance is also proportional to the square of the number of turns per 
unit length. A coil designer who needs large inductance will opt for the 
thinnest wire, that is, the largest number of turns per unit length, that will 
satisfy the current-carrying needs of the device he is designing without get- 
ting too warm. 
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FIGURE 15.6 Lines of B-field in 
and near a coil. 
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EXERCISE 8 i 

(a) A long coil with 5 turns per millimeter carrying a current of 4 amps has 
a magnetic field of 0.0251 T inside. Verify. 

(b) If the radius of the coil is 5 cm, each turn threads a flux of 1.97 x 1074 
T m°. Verify. 

(c) Show that the flux unit, the tesla meter’, could also be called the joule 
per amp, or the volt second. 


NOTE: It has a name of its own, the weber. Hence the tesla is also called 
the weber per square meter. 


(d) If the coil is 1 meter long, it will have 5000 turns and will thread a flux 
of 0.987 volt sec. Verify. 
(e) Verify that the inductance of the coil is 0.197 volt sec/amp. 


NOTE: This unit of inductance, the volt sec amp “', is also called the henry, 


(f) Show that 1 henry = 1 ohm second = 1 joule/amp’. 

(g) Show that a coil twice as long would thread twice as much flux. What 
would its inductance be? 

(h) Show that a coil having twice the cross-sectional area would thread twice 
as much flux, 

(i) In what sense is it true that the inductance is proportional to the volume 
of the coil? That is, what has to be held constant? 


EXERCISE 9 If that coil had 10 turns per millimeter instead of 5, the B-field 

inside would be doubled. But so would the number of turns for a 1-meter- 

long coil. 

(a) What would its inductance be? 

(b) In what sense is it true that the inductance of a coil is proportional to 
the square of the number of turns per unit length? 

(c) In what sense is it true that the inductance is proportional to the square 
of the number of turns? Note that different quantities are held constant 
for the truth of the various proportionalities. 


QUEEN 
SSSaananaossss 


We said that the inductance of a coil describes how much magnetic energy 
is stored in the coil when a given current passes through it. You may preter 
to say “stored in the magnetic field.” We state without proof that the energ? 
stored in an inductance is proportional to the square of the current: 

magnetic energy = }LÊ (a 
Since the inductance of a coil is proportional to its volume and the ae 
inside is proportional to the current, we can also say that the mag 
ergy per unit volume is proportional to the square of the B-field (Pronte 
45): 
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magnetic energy _ 4B 
Magnet RISS — A 
volume Atk mn (Eq. 2) 


Those two formulas may remind you of electrostatics. The electrostatic en- 
ergy stored in a capacitance C (Section 13.4) is proportional to the square of 
the voltage: 


electrostatic energy = ¿CV? 


Also, the electrostatic field energy is proportional to the square of the E-field 
(Problem 49): 


electrostatic energy _ 4B? 
volume 4nk, 


(Eq. 3) 


These formulas probably don’t mean much to you at this point. But the 
conversion of electric to magnetic field energy, and vice versa, is the key to 
an understanding of electrical oscillations (Sec. 16.4) and thus, indirectly, of 
electromagnetic radiation (Sec. 16.5). 

The word inductance is used to characterize any structure that stores mag- 
netic energy when current passes through it. Accordingly, any conductor of 
electricity has inductance. In common usage people often say inductance 
instead of saying coil, although a better word might be inductor. An inductor 
is also called a choke. An analogous popular use of words occurs with capac- 
itance and capacitor. The old-fashioned word for that is condenser. 


Inductance as a Circuit Element 


What happens if the current changes in an inductance? Since the energy 
stored in the inductance depends on the current, increasing or decreasing 
the current means getting energy into or out of the magnetic field. So an 
inductance tends to oppose current changes. This “inertia” is what makes 
coils useful circuit elements. Indeed, their magnetic energy is somewhat 
analogous to kinetic energy in mechanical systems. In other words, induct- 
ance in an electric circuit is analogous to mass in a mechanical system. The 
way in which inductance reacts to change in current is via induced e.m.f. 
Electromagnetic induction is the subject of the next chapter. 


SUMMARY 


How magnets behave. 
Definition of magnetic field in terms of the force on a current element; the 
tesla. 


Direction of the magnetic force; the right-hand rule. 
Transverse force on a moving charge in a magnetic field. 


Why v x B is like an electric field. Oe 
The curved path of a charge moving in a uniform magnetic field. 
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What if the field and the velocity are not perpendicular? 

The magnetic moments of electrons and nuclei as sources of magnetic fil d 
Current as a source of magnetic field. 

Magnetic field of a current sheet. Definition of km. 

Magnetic field inside a coil. 

Units of electromagnetic quantities. The SI. 

Definition of magnetic flux. 

Definition of self-inductance. 

Inductance of a long coil. 

Magnetic energy. 


KEY TERMS 


Biomagnetism Effect of magnetic fields on living things. Magnetic fields generated 
by living things. 

Geomagnetism The science of the magnetic field of the earth. The study of what 
causes it. 

Magnet Attracts things containing iron. Has two “poles” known as N and S. Like 
poles repel, while unlike poles attract. There are permanent magnets, and there is 
magnetization induced by an applied magnetic field. 

Remanence Some induced magnetization is left over after the magnetic field is re- 
moved. 

Magnetic compass The end of the compass needle marked N points north in the 
earth’s magnetic field. A compass can be used to map any magnetic field. 

Tesla (abbreviated T) Unit of magnetic field strength. In a field of 1 T, a transverse 
current of 1 amp experiences a force of 1 newton per meter. 

Lorentz force Magnetic force on a moving charge, proportional to the velocity and 
to the component of the magnetic field normal to the velocity. Direction given by 
the right-hand rule. 

Right-hand rule (a) If the thumb of the right hand points along the current and hy 
forefinger points along the magnetic field, then the palm faces in the direction 
the force. (b) If the thumb of the right hand points along the current, the finge 
curl in the sense of the magnetic field that surrounds the current. (c) If the fingers 
of the right hand curl in the sense of the current in a coil, the thumb points along 
the magnetic field inside. 

Commutator A switching device for changing the sense of a curre 
times or 6 times . . .) each revolution of a rotating machine. A simple comm 
is a split ring (Fig. 15.7). 

Chirality Handedness (right-handed? left-handed?) 

Cyclotron orbit When viewed along the direction of an applied magnet 
electron moves in clockwise circles or spirals. The cyclotron frequency iS e A 

Law of Biot and Savart A moving charge (or current element) is the w a 
magnetic field whose direction is perpendicular to the velocity (current 


nt twice (or t 
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FIGURE 15.7 Commutator— 
showing split ring and brushes. etic field, 20 
Bl2 M 
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and to the relative position vector r, in a sense given by the right-hand rule. Its 
strength is proportional to the velocity, and fall off with distance r according to a 
1? law. 

Ampere’s law The circulation of the B-field around a path threading a circuit is 
proportional to the current threaded. For the circular B-lines surrounding a straight 
wire carrying current J, the circulation along a circular B-line of radius r is B x 
Inr = 4Tknl. 

Current sheets A uniform sheet of current gives rise to a uniform magnetic field of 
strength given by 


B = 2nk,, X current per unit width of sheet 


with km = 107” henry/meter. 

Permeability of free space The constant p, = 4mk, = 4m x 1077 henry/meter = 
4m X 10°” newton/amp?. 

Permeability A measure of how easily a material is magnetized when subjected to 
an external magnetic field. For example, iron has a permeability around 1000. This 
means that an electromagnet containing iron acquires a magnetic field 1000 times 
as strong as the same electromagnet empty or filled with air. 

Magnetic monopole A free “N” pole or “S” pole. A point where B-lines begin or 
end. No such entity has ever been observed. 

Magnetic dipole An elementary magnet. No matter how small, a magnet has both 
an “N” and an “S” pole, so the B-lines are continuous. 


Magnetic moment of the electron Also called the Bohr magneton ju, = 9.27 x 10°* 
joules/tesla. 


Nuclear magneton A unit of magnetic moment given by py = (Melectron/ proton) Mn 
The magnetic moment of the proton is 2.8 py. 

S.I. Système International. System of units adopted by international agreements, 
based on the MKS system. The unit of current is the ampere. The unit of electric 
field is the volt per meter. The unit of magnetic field is the tesla. 


Gaussian units System of units in which the electric and magnetic field have the 
same dimensions. For example, in Gaussian c.g.s., electric field is measured in 
statvolts per centimeter (= statcoulombs per cm’) and magnetic field is measured 
in gauss. In Gaussian units, the formula for the magnetic force (Lorentz force, Eq. 
15.2-1) on a moving charge has to be written F = qB v/c. 

Magnetic flux Through an element of area AA, the flux of magnetic field is the 
Product B, AA of the component of B-field normal to that area times the area. For 
an extended area over which the magnetic field is not uniform, divide it up into 
small area elements and add the individual contributions. 

Weber Unit of magnetic flux. 1 weber = 1 volt second = 1 tesla m°. 

Gauss’s law The total magnetic flux through a closed surface is always zero. It 
follows that the flux threading a closed curve is independent of which surface 
bounded by that curve is chosen to define it. (Not discussed in the text.) 

Inductance Or self-inductance. A measure of the ability ofa structure to contain 
Magnetic energy when it passes current. The ratio of the total magnetic flux linked 

Y a circuit to the current in that circuit producing that flux. For a long coil of 
length L and cross-sectional area A uniformly wound with N turns of wire, the 
inductance is given by L = 47k,N’A/L, where kn = 107 henry/meter. 
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Henry Unit of inductance. An inductance of 1 henry links a flux of 1 volt 
when it passes a current of 1 ampere. 

Choke A coil used in a circuit to oppose changes in current. In alternating-current 
circuits, a choke (inductance) has an “inductive” impedance. (Not discussed in the 
text.) 

NMR Nuclear magnetic resonance. When subjected to an external magnetic field, 
the magnetic moment of a nucleus exhibits a characteristic frequency at which it 
can absorb and re-emit electromagnetic radiation. NMR spectroscopy is a powerful 
technique in chemical analysis. See Problem 34. 

ESR Electron spin resonance, or 

EPR Electron paramagnetic resonance (same thing). In the previous entry, substi. 
tute the word electron for nucleus. Of course, ESR frequencies are several thousand 
times greater than NMR frequencies for the same magnetic field. 


REVIEW QUESTIONS 1 


* What is meant by a vector field? 


* What is the relation between the direction of the magnetic field and the direction _ 
of the magnetic force on a current? 


* What is the relation between the direction of the magnetic field and the direction 
of the magnetic force on a moving charge? 


* If the B-field is reversed and the sign of the moving charge is also reversed, what 
happens to the force? 


* An electron moving horizontally in a B-field directed downward is deflected to 
3 the right. How about a proton? 


* How is an electron affected by a magnetic field directed along its direction of 
motion? 


* Electric field lines begin and end on electric charges. Why don’t magnetic field 
lines ever begin or end? 


* The magnetism of iron is due primarily to the magnetic moment of the 
electron / iron nucleus. 


* As the distance r from source to field point is increased, the magnetic field ch 
moving charge falls off as 1/7”. The magnetic field of a straight beam of moving 
charges falls off as 1/r. How does the magnetic field of a large sheet of moving 
charge fall off with distance? 


* The SI unit of E-field is the volt per meter. The SI unit of B-field is the pi 
= newton per amp per meter). What is the unit of E/B? 


* A long coil is made by wrapping wire around a cardboard cylinder. If pa 
much wire is wrapped around the same cylinder, the inductance of the ©? 
be: doubled/quadrupled 


LAB AT YOUR DESK 


O LAB AT YOUR DESK 1. Magnetic Compass 


Do you have a rough idea which way is north? Check that your compass points 
where you think it should. Many compass needles have a dull end and a shiny end. 
Which one is “N”? As you move around the room, does the direction indicated by 
the needle change? Can you ascribe the changes to iron components in the furniture, 
floor or walls? 


Note: Old buildings are often wood, stone, or brick, Tall modern buildings usually 
have steel skeletons. 

If your compass needle is mounted so you can turn it on its side, you can use it 
as a “dip needle.” How far off from horizontal is the earth's magnetic field in your 
locality? 


O LAB AT YOUR DESK 2. Two Compass Needles 


Observe the interaction as they are brought close. (a) Approach one compass to the 
other along a north-south line. (b) Now try an east-west line. (c) Lower one compass 
over the other. Explain your observations in terms of what you know about magnets. 


LAB AT YOUR DESK 3. Compass and Bulletin-Board Magnet 


(a) Use the compass to decide which face of the bulletin-board magnet should be 
labeled “N.” (b) Approach the compass to the ceramic magnet from various direc- 
tions, in order to map the magnetic field of the ceramic magnet. (c) Many of these 
ceramic magnets have a hole, but it is too small to get a compass inside. Without 
doing the experiment, could you decide which direction the field has inside the hole? 
(d) Invent a way to make a compass out of a bulletin-board magnet. 


[L] LAB AT YOUR DESK 4. Bulletin-Board Magnets 


They come in ring and disk shapes. Get hold of a couple of them and start experi- 
menting. The first thing you notice is that they exert forces on each other. (a) Try 
turning one of them over. How does that affect the force it exerts on the other? 
(b) Try Stacking them, one above the other. Does it matter if you turn one of them 
over? (c) Does it matter if you rotate one of them in its own plane? (d) Argue co- 
gently that the N-S axis of these magnets is perpendicular to their plane. (e) Suppose 
Somebody labeled the faces of one of your magnets N and S, respectively. How 
could you Jabel the faces of your other magnet consistently? (f) If the “somebody” 
had labeled the magnet backward, argue that there is no experiment you could do 
with just the two magnets to discover the error. That is, argue that it requires one 
“correctly” labeled magnet to start the labeling of others. This shows that the choice 
of which is N and which is S is just a convention. (g) Argue that according to the 
accepted convention, the north magnetic pole of the earth would be labeled “S. 
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Two compass needles interacting. 
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LAB AT YOUR DESK 5. What Will a Magnet Pick Up? 


(a) Experimenting with a strong magnet is more fun, but you can certainly develop 
your intuition with just one of those little bulletin-board magnets. With a strong 
magnet, there are essentially three different kinds of behavior shown by different 


materials: 


Strongly attracted—ferromagnetic 
Weakly attracted—paramagnetic 
Weakly repelled—diamagnetic 


If you take your objects out of a toolbox, you will find most of them ferromagnetic, 
Most tools contain iron, which is ferromagnetic. Rust is not. How about wire? Cop- 
per is paramagnetic, and unless you have a very strong magnet, you probably won't 
notice any attraction. The same goes for aluminum. When you move to the kitchen, 
most of the good edibles are diamagnetic, but again, you probably won't be able to 
notice the very feeble repulsion. 


(b) Explanation: In paramagnetic materials, each individual atom is a magnet. The 
applied magnetic field tends to align the atoms parallel to itself. The parallel mag: 
netic moments—that of the inducing magnet and that of the induced magnet—at 
tract each other. In diamagnetic materials the atoms have no magnetic moment be 
fore the magnetic field is applied. The magnetism of the material is induced by the 
field; the induced magnetic moment is opposite to the applied field. So the inducing 
magnet and the induced magnet repel each other, In ferromagnetic materials, the 
atoms have magnetic moments and interact magnetically so that these moments tend 
to align throughout a sizable region, called a magnetic domain. These domains persist 
also in the absence of applied field. Then the domains are randomly oriented, so that 
the whole object may have no net magnetic moment. The application of a magnetic 
field tends to align the domains. Actually, the domains parallel to the field tend to 
grow, while the others shrink. 


(c) If you have read in Chapter 9 about order, disorder, and entropy, you are ina 
good position to answer the following question: Why does a ferromagnetic material 
at finite (i.e., nonzero) temperature tend to lose its magnetization when the applied 
magnetic field is removed? Actually, different materials differ in their remanence, their 
ability to remember their magnetization for a long time. The bulletin-board magnets 
“remember” for years. An iron nail “forgets” in a fraction of a second. 
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x 1. Force on Current What is the electromagnetic 
force on 1 meter of horizontal wire carrying a current of 1 
amp in a vertical magnetic field of 0.75 x 10~™* tesla (= 
0.75 gauss)? 


> 2. Force on Current in the Earth’s Field In the 
northern United States, the direction of the earth’s field is 
primarily vertically down. The angle the field vector 
makes with the horizontal, called the dip angle, is gener- 


ally 70° or more. In a location where the field strength 7 
0.8 x 10~* tesla ( = 0.8 gauss), the vertical componen 
the field is 0.75 gauss. To find the force on 4 E, 
current, all that counts is the vertical component of t 
magnetic field. 

(a) What is the sideways force on 1 meter © 
wire carrying a current of 1 amp? 

(b) If the current flows northward, in what 
force? 


f horizontal 


direction isthe 
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(c) If the current flows eastward, in what direction is the 
force? (HINT: If the current flows eastward, the force is 
not entirely horizontal, as it was for the northward cur- 
rent.) Is the vertical component of the force up or down? 
Which way does the compass point? Are you surprised 
that the northward component of the earth’s field is only 
about one-third of the field strength? cos 70° = ? 


* 3. Power-Line Hum The earth's magnetic field 
points almost straight down if you live pretty far north. 
The author lives in northern Ohio, where it makes an an- 
gle of 78° with the horizontal. Here its strength is about 
0.8 x 107* tesla. 

(a) If a horizontal power line carries 50 amperes toward 
the north, what is the magnetic force on each meter of 
wire? Direction? Compare with the force due to a brisk 
east wind. 

(b) If the current is alternating (ac) at 60 Hz, would you 
expect the wire to vibrate and emit a 60-Hz musical tone? 
Have you ever heard such a hum near a power line? 


* 4. Electron Beam in the Earth’s B-Field The TV 
screen is facing north. As you rotate the cabinet clockwise 
so the screen faces east, which way should the picture 
move on the screen? Is it the vertical component or the 
horizontal (northward) component of the magnetic field 
that gives rise to the deflection? 


NOTE: TV manufacturers put magnetic shielding around 
the picture tube. 


** 5. Cosmic Rays The earth's magnetic field is di- 
rected north at the equator, north and down in the North- 
ern Hemisphere, north and up in the Southern Hemi- 
sphere. 

(a) Which way is a cosmic-ray proton deflected if it ap- 
proaches the earth moving vertically down at the equator? 
(b) Would you expect more cosmic-ray protons to hit the 
earth near the equator or near the poles? Explain. What 
you are predicting is indeed observed and is called the 
latitude effect. Charged particles trapped several hundred 
miles above the earth’s surface by the earth’s magnetic 
field constitute the Van Allen radiation belts. They constitute 
a hazard to the electronics in our artificial satellites. 


* 6. Electron in a Uniform Magnetic Field An elec- 
tron moving at 5 x 10° m/sec at right angles to a uniform 
Magnetic field of 0.001 T experiences a force of 8 x 107 
Newtons. 

(a) Verify. 

(b) Calculate its acceleration. (HINT: electron mass = 
0.911 x 10-2 kg.) 
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(c) Set this equal to v’/R to find the radius of the circle it 
describes. 

(d) In going once around the circle it goes a distance 27R, 
How long does that take? In other words, what is the pe- 
riod of the motion? 

(e) What would be the period if the electron traveled twice 
as fast? (HINT: It is the B-field that is fixed, not the radius 
of the trajectory.) 


** 7. Electron in a Uniform Magnetic Field 

(a) How long does it take a 10-keV electron to travel once 
around its circular path in a uniform B-field of 0.0001 T? 
(b) If the electron has a component of velocity parallel to 
the B-field, instead of a circle, its path will be a spiral. 
Suppose that the 10-keV electron is moving in a direction 
making a 2° angle with the magnetic-field direction. How 
far along the field direction does it move in one twist of 
the spiral? That distance is called the pitch of the spiral. 
(See photo below.) 


Æ 8. Ions in a Circular Path An ion accelerator is 
designed so that protons traveling at 5 x 10° m/sec in the 
uniform magnetic field are kept in a circle 1.5 meters in 
radius. 


The Bainbridge-Winch experiment shows electrons travel- 
ing in a circular path. The electron beam (center of photo) 
is made visible by a very low-pressure gas in the glass 
tube. The magnetic field that makes the beam curve is pro- 
duced by current in the two parallel coils. In this photo- 
graph those are over one meter in diameter, in parallel 
(almost horizontal) planes one radius apart. (See also 
Problem 42, “Helmholtz coils.’’) 
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(a) Deuterons have the same charge but twice the mass. 
In order to travel in the same circle as the protons, deuter- 
ons would have to have times the energy. 

(b) Their frequency ( = number of revolutions per second) 
would be that of the protons. 

(c) What data did you not need to answer these questions? 


*>* 9. Ions in a Circular Path More about the accel- 
erator of Problem 8. 

(a) How does the frequency of revolution depend on the 
energy? 

(b) If you wanted the deuterons to go around at the same 
frequency as the protons, what would you have to do to 
the strength of the magnetic field? 


*Æ>Æ 10. Mass Spectrograph The curvature of an ion 
beam moving in a magnetic field is inversely proportional 
to the momentum of each ion. If the ions have been accel- 
erated in an electric ion gun, they all have the same kinetic 
energy. Even ions of different mass (but the same charge 
q) will have the same kinetic energy qV after having been 
accelerated through a potential difference V. In a uniform 
B-field the ion beam will break up into separate beams for 
each value of the mass m. A movable slit on the ion detec- 
tor can sample the separate beams. 

(a) The acceleration of a particle moving perpendicularly 
to a B-field at speed v in a circle of radius R is v’/R. Set the 
Lorentz force quB equal to the product of mass times ac- 
celeration mv’/R to show how R depends on the momen- 
tum. 

(b) Letting qV = mv? = kinetic energy, show how R de- 
pends on m for given qV. 

(c) With a 100-volt ion gun and a uniform magnetic field 
of 1.0 x 10°? T, how far apart are the slit positions for 
*He?* and *He**? In other words, how much do the di- 
ameters 2R differ for the two ions? (HINT: 6.02 x 10 he- 
lium-4 ions weigh 4 grams.) 


%*%* 11. Cyclotron With a 1000-volt e.m.f., a proton 
can be accelerated to an energy of 1000 eV. The cyclotron 
is a device that permits a proton to “fall through” the volt- 
age drop again and again and be accelerated to a multiple 
of the 1000-eV kinetic energy. It does this by using a mag- 
netic field to bend the path of the protons to be almost 
circular. The voltage is varied sinusoidally in time at the 
sm frequency as the revolution frequency of the pro- 
ons. 

The “dees” (note the D-shape in the figure) are the two 
semicircular halves of a cylindrical metal can, with a small 
gap between them. Acceleration takes place only while the 
protons are crossing the gap. When they are well within 
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PROBLEM 14 Cyclotron. For positive ions, the magnetic 
field is directed out of the paper. The oscillator is tuned to 
the “cyclotron frequency” of the ion, so the electric field 
in the gap between the hollow metal “dees” reverses in 
the time taken by the ion to traverse the semicircle be- 
tween gap crossings. 


one of the dees, they are well shielded from electric fields, 
If a proton enters the gap while the full electric field is 
directed from no.1 to no.2, it gains 1000 eV in crossing the 
gap. When it has traveled half a period, it is starting to 
cross the gap the other way, and gets another 1000-eV 
kick, because the voltage has reversed by this time. Every 
complete cycle it gains 2000 eV. Of course, the “dees” 
have to be well evacuated, so the protons are not slowed 
by collisions with air molecules. 

Set the magnetic deflecting force evB equal to the proton 
mass times the acceleration v’/R for a circular path. Then 
the frequency v/2nR is given by eB/2nm. 

(a) Do the algebra to prove this 

(b) Find the oscillator frequency the cyclotron would use 

if the uniform B-field is 0.08 tesla 

(c) Evidently, the proton’s path is not exactly circular, 
Every time it crosses the gap, it gets a kick and goes a bit 
faster. It is really a sort of growing spiral. Show that the 
relation between the radius R and the kinetic energy !8 


_ 4e°BPR? 
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(d) How big a cyclotron (R = ?) is needed with B = 0.08 
T to have a proton kinetic energy of 80 x 10° eV? cat: 
(e) Show that this requires 40 revolutions with our | 
volt oscillator amplitude. Why not 80? 


** 12. Cyclotron with Alpha Particles 
(a) If you substitute helium nuclei He** for 
in the cyclotron (see Problem 11), and want to u! 


the protons 
se the 
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same oscillator frequency, you would EA 
a bigger / a smaller / the same 
B-field. Remember, the charge is double that of the pro- 
ton, and the mass is quadruple the proton mass. 

(b) For the same size (R) cyclotron, what energy Het 
would you obtain? 


*x 13. Hall Effect 

(a) An electron moving north at 0.2 m/sec in a magnetic 
field of 0.4 tesla directed down experiences a Lorentz force 
of ______ newttons directed east / west. 

(b) The electron is in a solid slab of material in which a 
constant drift speed of 0.2 m/sec requires an electric field 
of 250 volts/meter, supplied by a battery connected across 
the ends of the slab. The transverse magnetic force causes 
the western edge of the slab to charge up positive, the 
eastern edge negative. OK? This charging is called the Hall 
effect. Show that the transverse electric field associated 
with this edge charge is 0.08 volts/m. This field is called 
the Hall field. 

(c) A north-south field of 250 V/m added to a west-east 
field of 0.08 V/m defines a direction (the vector sum) just 
a small angle @ east of south. That angle 0, defined such 
that tan 0 = 0.08/250, is called the Hall angle. Repeat: 


Hall field 


an) = e 
applied electric field 


Suppose that the smallest measurable Hall angle is 10~* 
tadians. What is the smallest B-field that would show the 
Hall effect with this sample and this battery? 

(d) The sample is 5 mm long. What is the battery voltage? 
(e) The sample is 1 mm wide? What is the Hall voltage? 


** 14. Hall Mobility Measuring Hall angle (see 
Problem 13) is a lot easier than measuring drift velocity. 
The quotient of drift velocity divided by longitudinal elec- 
tric field is called a mobility: 


= Pavitt 
Eappliea 

In most materials the mobility is constant over a large 

Tange of applied E-fields. That is just another way of say- 

ing they obey Ohm’s Law. 

(a) Use the Lorentz force formula in the form Ena = 

YaiaB to show that 


tan 0 = Evan = uB 
applied 
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(b) For the data of Problem 13 find the mobility » and 
express it in m’/volt sec. 

(c) If a 2-T magnet is available, what is the smallest mobil- 
ity that will still give a Hall angle greater than 10~* radi- 
ans? 


NOTE: The strongest magnetic field a conventional iron 
electromagnet can produce is not quite 3 tesla. With that 
field, all the magnetic domains in the iron are aligned: the 
iron is saturated. 


* 15. Direction of the Magnetic Field of a 
Current A horizontal wire carries current toward the 
west. 

(a) What is the direction of the resulting B-field below the 
wire? 

[Answer: South] 

(b) Above the wire? 

(c) North of the wire? 

(d) South of the wire? 


* 16. Circular Current A horizontal ring carries cur- 
rent clockwise, as seen from above. What is the direction 
of the resulting B-field at its center? 


* 17. Two Dipoles 

(a) Two horizontal rings, one above the other, both carry 
clockwise currents. Do they attract or repel? Explain. 

(b) Two horizontal rings in the same plane both carry 
clockwise currents. Do they attract or repel? Explain. 


NOTE: There is also a torque. If you experiment with bul- 
letin-board magnets the torques are very obvious. 


* 18. Two Parallel Currents Two straight wires in 
the same horizontal plane carry current toward the north. 
The magnetic field due to the western one at a point on 
the eastern one is directed vertically down. 

(a) Use the right-hand rule to check that. 

(b) In what direction is the force exerted by the western 
one on the eastern one? 

(c) In what direction is the force exerted by the eastern one 
on the western one? 

(d) Is the law of action and reaction (Chapter 2) obeyed 
here? 


** 19. Two Perpendicular Currents Two positive 
charges are on a collision course: A is moving north; B is 
moving west. 

(a) Use the right-hand rule to show that the magnetic force 
on B due to A is directed south. 

(b) In what direction is the magnetic force on A due to B? 
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(c) Do these two forces obey the law of action and reac- 
tion? 


NOTE: At this point you might be worried about the con- 
servation of momentum. How can that be violated? The 
resolution of the apparent paradox is that the fields them- 
selves carry momentum! This is not a simple story. 


* 20. Force Between Parallel Currents 

(a) Use the formula B = (2 x 1077 N/Aĵ)i/d to calculate the 
magnetic field at a distance d = 10 cm from a wire carry- 
ing a current i = 25 amps. 

(b) Calculate the force on 1 meter of another wire carrying 
25 amps in the same direction at a distance of 10 cm from 
the first. 

(c) Argue that the force is attractive. (NOTE: If the cur- 
rents were antiparallel, it would be repulsive.) 


Æ 21. DC Motor The sketch shows a simplified 
“electric motor.” 

(a) If current flows from A to B, argue that the torque on 
the wire loop would be such as to tend to turn the rotor 
clockwise. 

(b) When it has turned one-quarter turn, there is no more 
torque. Prove in one sentence. 

(c) If it turns past this (vertical) position, the way to get a 
clockwise torque is to have the current flow from B to A. 
The split-ring commutator of Fig. 15.2 shows a simple de- 
vice for reversing the current direction every half-turn. Ar- 
gue that having four or six wire loops in different planes 
and split rings with 8 or 12 sections would give more uni- 
form torque. Draw a sample configuration. 

(d) Instead of a permanent magnet, suppose that the 
source of the magnetic field were an electromagnet: an 
iron core wound with a “field coil.” If the current source 
for the field coil is the same as that for the rotating coil 
(called the “armature”), argue that the motor would run 
also if the current were alternating (ac) instead of direct 
(de). 


Rotation 
axis 


Split-ring commutator 
PROBLEM 21 A dc motor. 
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>» 22. Synchronous Motor Kitchen clocks and pho- 
nographs have electric motors whose speed is exactly syn- 
chronized with the frequency of the alternating line volt- 
age. In the United States that is exactly 60 periods per 
second (60 Hz). 

(a) Use a diagram like that of Fig. 15.2 to show that the 
torque on the rotating coil (the armature) will be clockwise 
with the current having the sense shown (in on the right; 
out on the left). 

(b) If that torque is allowed to turn the rotor one-quarter 
turn, argue that there will be no torque, regardless of the 
current. 

(c) As the rotor turns past this neutral position, there will 
be clockwise torque on it only if the sense of the current 
is reversed. Argue that the rotor will tend to speed up if 
the frequency of the alternating current is slightly greater 
than the rotation frequency. 

(d) Show that the rotor frequency will tend to synchronize 
with the frequency of the alternating current. 


xÆ 23. Magnetic Fields in a Storm Lightning has 
large currents, and their magnetic fields are measurable. 
But they don’t last very long. How about the motion of 
the clouds? Clouds usually carry electric charge. Is their 
magnetic field detectable? Suppose that a cloud covers an 
area of 10m? and carries a charge of 10° coulombs distrib- 
uted more or less uniformly. If the wind blows it at 2 
m/sec, what magnetic field appears below the cloud? 
(Hint: This is only half a sandwich, so the 4 of Eq. 15.3- 
1 becomes 27.) Are you disappointed that such a large 
charge makes such a small B-field? The speed of the wind 
is just very slow compared with the speed of ions in an 
electric discharge. 


> 24. Magnetic Moment of the Electron The mag: 
netic dipole moment of an electron is pp = 9.27 X 10 
joules/tesla, called 1 Bohr magneton. 4 
(a) The energy change in “flipping” an electron aligned 
against a B-field to alignment with the field is 24sB. Caleu 
late the energy change when an electron is flipped in â 
field of 10°? T. 

(b) Come back to this problem after reading Chapter 17 
and learning about Planck’s constant h (= 6.626 X 10 
joule sec). The formula for the energy change hv = 2p 
can then be interpreted as a formula for the frequency ° 
an electromagnetic radiation associated with the spm K 
v = 2 »,B/h. Put in the numbers and compare with Pro 
lem 34 ESR, NMR. 3 
(c) Close up, the magnetic field of an electron can ee rs 
siderable. The formula for the strength of the B-field a 
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tance r away from a magnetic moment p is 2k. The 
atoms of copper, for example, are about 2.5 A(= 2.5 x 
107" m) apart. Calculate the B-field that far away from an 
electron. 

(d) Have you ever seen an inverse-cube law before? For an 
inverse-square law (familiar!), when you double the dis- 
tance r, the field is down to one-quarter of its former 
value. For an inverse-cube law, doubling r means the field 
is down to — of its former value. Now you can 
guess why one of those bulletin-board magnets only picks 
up thumb tacks when they are very close but then holds 
them very tightly. 


note: The force % 1/r°, 


* 25. Magnetic Moment of a Circular Current A 
ring of current J has a magnetic moment given by p = 
I x area of the ring. 

(a) Use the formula B = 2k,,1/r° (Problem 24) to find the 
magnetic field on the axis of the ring 1 cm in radius car- 
tying 1 ampere if the field point is 1 meter from the center 
of the ring. 

(b) How many aligned electrons would have a total mag- 
netic moment equal to that of the ring. (See Problem 24, 
Magnetic moment of the electron.) 


Nore: The 1/r formula is an approximation valid for r 
much greater than the diameter of the ring. 


Field at the Center of a Circular Loop The for- 
mula is 27k,,i/R for the B-field at the center of a loop of 
tadius R carrying current i (see figure). Suppose that you 
have a loop 30 cm in radius. 

(c) How much current is needed in order to cancel out the 
earth’s field at the center if its strength is 0.6 x 10~* tesla? 
(d) Describe how the loop has to be positioned. 


* 26. Magnetic Field of a Long Straight Wire At a 
point a distance d from a wire carrying current i, the field 
strength is B = 2k,,i/d. An automobile battery might de- 
liver 50 amps to the starting motor. 

(a) Calculate the B-field 5 cm (about 2 inches) from the 
lead wire. 

(b) Is an ordinary compass needle sensitive enough to de- 
tect this field? 

(c) Some cars have a magnetic compass mounted near the 
Steering wheel. Argue that you can/cannot believe 
the reading of such a compass while the starting motor is 
running, 

(d) The dome light uses 2 amps or less. But those lead 
wires pass closer to the dashboard. Can turning the dome 
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light on perturb the reading of the magnetic compass? 
(Hint: The horizontal, that is, northerly component of 
the earth's magnetic field is of the order of 2 x 107° new- 
tons per amp per meter.) 


* 27. Magnetic Fields Inside an Electric Motor 
Equation 15.3-1 tells us the field strength inside a current- 
carrying coil. A 1-amp current in a coil with 100 turns per 
centimeter (= 10° turns/m) gives rise to a field strength 
just over 10-* newtons per amp per meter. 

(a) Verify 

(b) If the wire—including the insulating varnish—is 0.5 
mm thick, how many layers of wire are wound on this 
coil? 

(c) Suppose that the rotor is 5 cm long, has 100 turns of 
wire, and also carries 1 amp. Find the force on that bundle 
of wires in a B-field of 107° N/A m. Assume that the wires 
are perpendicular to the direction of the field. 
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*>* 28. Law of Biot and Savart Here is part of the 
“long and complicated story” of the inverse-square law for 
the magnetic field of a moving charge. If the observer is 
located a distance r from the charge at right angles to its 
direction of motion, the magnetic field he or she measures 
is 


=p? 

= ky 2 
where v is the speed of the charge (see the figure). The 
direction of this B-field is perpendicular to the velocity v 
and to the vector r connecting the charge to the field 
point. Its sense is that of advance of a right-hand screw 
turning from v to r. 
(a) Find the magnitude of the B-field 1 meter off to the 
right from an electron moving at 10° m/sec. 
[Answer: 1.6 x 10°” newton per amp per meter. | 


PROBLEM 28 Law of Biot and Savart. (Remember, the final 
“t” is silent in French.) The direction of the B-field of a 
moving charge is perpendicular to the velocity and per- 
pendicular to the vector connecting the position of the 
charge (source point) to the field point. Sense given by 
right-hand rule. 


(b) If the observer is so located that the radius vector r is 
not at right angles to the charge’s velocity vector v, only 
the normal component of the velocity contributes. The for- 
mula becomes 


—, qusine 
B= km A 


where 9 is the angle the radius vector makes with the ve- 
locity vector. Show that the magnetic field vanishes di- 
rectly in front of the charge, near or far. 

(c) In what other direction from the charge is the B-field 
zero, even very close to the charge? 


NOTE: The complicated part of the story is that these for- 
mulas are only a low-speed approximation. The magnetic 
field depends not only on where the charge is, but also on 
where it was a short time ago. Indeed, the field of an ac- 
celerated charge has a component that falls off as 1/r? and a 
component that falls off as 1/r for large r. The latter is the 
important part of the radiation field and explains the prop- 
agation of radio waves, light waves, and X-rays, which are 
discussed at the end of Chapter 16. 


** 29. Biot and Savart and a Speed Limit One meter 
off to the right of that electron moving at 10° m/sec is an- 
other electron also moving at the same speed in the same 
direction. 

(a) Use the formula for the force on a moving charge in a 
magnetic field to find the magnetic force on this electron. 
If the electrons are moving north, in what direction is the 
force? 

(b) Compare this magnetic force with the Coulomb repul- 
sion. What is the ratio of the two forces? 

(c) How fast would you expect the two electrons have to 
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be moving in order for the electric and Magnetic forces fp 
be equal? Note that your calculation involved the Tatio 
kJkm (see Sec. 13.5) and did not involve the 1-meter Sepa: 
ration at all. 

(d) If you were traveling along with the electrons, you 
would observe only an electrostatic repulsion. Since there 
would be no observed motion, there would be no mag- 
netic attraction. It may not surprise you that an observer 
in the laboratory frame-of-reference measures a different 
force. But it would really grate on your intuition if what 
you observe as a repulsion—electrons getting futher apart 
in time—the laboratory observer were to observe as an at- 
traction—electrons coming closer in time. Formulate this 
“intuition” as a law limiting the speed of electrons. 
[Answer: The universal speed limit is 3 x 10° m/sec. You 
will read all about that in Chapter 20, Relativity] 


** 30. Ampere’s Law The magnetic field of a long 
straight wire carrying a current /, measured at a pointa 
distance d from the wire is given by the formula B = 
2kmlld. 

(a) Find the magnetic field 1 meter away from a 1-ampere 
current. 

[Answer: 2 x 10°? T] 

(b) The B-lines are circles surrounding the wire. Prove that 
the circulation of the B-field once around a B-line is inde- 
pendent of which B-line you choose. [Hint: Circulation 
= B x 2nd = (strength of the B-field) x (length of the B- 
line).] 

(c) A certain electron beam consists of 10% electrons pet 
millimeter moving at 2 x 10° m/sec. What is the magnetic 
field 1 meter away? 

(d) Argue that the magnetic field 2 meters away is exactly 
half as strong. ; 
(e) The Law of Biot and Savart (see Problem 28) is an in- 
verse-square law. Each electron of the beam contributes@ 
B-field that falls off as the inverse square of its distance? 
from the field point. Contrast the contribution of an elec: 
tron 1 m from the field point (the closest electron) with its 
contribution 1 microsecond later. (Hint: Remember the 
sin @ factor in the B + S Law.) 

(f) Repeat this calculation with the field point 2 meters 
from the beam. the 
44>k(g) How is it possible that the field due to all : 
electrons of the beam falls off as 1/d when the Law of B 
S has a Wr? fall-off? (unt: Distinguish the r in B t i 
from the d in the formula above and don’t forget the sin 
in B + S.) 


* 31. Under a Power Line The popular pe 
begun to worry about the magnetic fields near those 
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High-voltage power line. 


voltage electric lines that carry electric power from a gen- 
erating plant to a distant city. Might they have harmful 
biological effects? Voltages around half a million volts are 
not uncommon. If tens of megawatts of power are to be 
transmitted, we are talking about currents of tens of am- 
peres. 

(a) Calculate the magnetic field strength 25 meters below 
a wire carrying 10 amperes. (HINT: B = 2k„l/d.) 

(b) Compare with the strength of the earth’s field. Re- 
member that those power-line fields oscillate at 60 Hz, so 
it is difficult to assert that their effect must be negligible 
simply because they are so much weaker than the constant 
field we live with all the time. This is still a controversial 
subject! 


> 32. Gaussian Units The SI unit of magnetic field 
is the tesla. In the so-called Gaussian units, the unit of B- 
field is the gauss (= 10~* tesla) and the unit of charge is 
the statcoulomb. With q in statcoulombs, Coulomb's Law 
can be written Fẹ = q,qz/?°; that is, the constant k, is equal 
to 1. This is correct with F in dynes and r in centimeters. 
In SI units, the formula for the force on a charge moving 
across a B-field is F = quB. If you want to rewrite that 
SN in Gaussian units, show that it would take the 
Orm 


(e 
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where the constant c is 3 x 10'° cm/sec. (HINT: (kkn) = c. 
See Prob. 29.) 


*%* 33. Gaussian Units In the e.s.u. system, the units 
of E and B, although they have different names, have the 
same dimensions. If you come across a book or a journal 
article written in e.s.u., the formula for the force on a 
moving charge will contain a proportionality constant c 
having the dimensions of a velocity, Our Eq. 15.2-1 will 
be written 


(Eq. 15.2-1-esu) 


That velocity c, which is the conversion factor between the 
two sets of units, has an important interpretation. It turns 
out to be a universal speed limit, a concept central to the 
Special Theory of Relativity. 

Going back to electrostatics, Coulomb's Law is written 


= k Le 
F=k"3 


With charge measured in coulombs, the constant k, is mea- 
sured to be 8.9874 x 10° newton m*/coulomb’. With 
charge measured in statcoulombs (= e.s.u.), k, is unity by 
definition, provided that F is in dynes and r in centime- 
ters. That is, k, = 1 dyne cm?/statcoulomb’. 

(a) Two equal point charges 1 cm apart repel each other 
with a force of 1 dyne. How many statcoulombs in each 
charge? How many coulombs? (HINT: 1 newton = 10° 
dynes, 1 m = 10° cm.) 

(b) Show that the ratio of the coulomb to the statcoulomb 
is 2.9979 x 10° according to this measurement. 

(c) To use Eq. 15.2-1, F = quB, the B-field should be ex- 
pressed in tesla, the charge in coulombs, and F and v in 
MKS units. To use Eq. 15.2-1-esu, the B-field is expressed 
in gauss (= 10~* tesla), the charge in statcoulombs, and F 
and v in cgs units. Using the results of part (b), show that 
the speed c comes out 2.9979 x 10'° cm/sec. 

You might be worried about a quantity like B-field hav- 
ing different dimensions depending on the choice of units. 
This unusual situation arises because the definition of B- 
field is actually different in the two sets of units. Compare 
Eqs. 15.2-1 and 15,2-1-esu. 


> 34. E.S.R., N.M.R. Like a spinning top, an elec- 
tron has an intrinsic angular momentum, called electron 
spin. By virtue of its magnetic dipole moment, an electron 
in a magnetic field experiences a torque. Like a spinning 
top, it precesses: Its angular momentum turns around the 
field direction. The stronger the field, the faster the 
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Patient inside an MRI (magnetic resonance imaging) ma- 
chine that shows the image of internal organs on the com- 
puter screen. The second screen permits studying the im- 
ages made earlier. 


precession. In fact, the precession frequency is propor- 
tional to the field strength B: 


v= (280 x io’ e) x B 


If the electron is bathed in an electromagnetic field oscil- 
lating at that frequency, it can absorb energy from the al- 
ternating field and get rid of it into its surroundings. Most 
effectively, it emits this energy in the form of sound (ultra- 
sound). For an electron in a solid, for example, the rate at 
which the electron can absorb and re-emit energy is a 
measure of its “coupling” to the crystal lattice. Strong cou- 
pling means a short “spin-lattice relaxation time,” also 
known as T}. 

(a) A typical value for T, might be 0.01 sec. How many 
precession cycles does an electron perform in 10~? seconds 
in a B-field of 10~* T? 

[Answer: 2.8 million] That means the resonance is very 
sharp. Essentially, it means that a change of B-field of one 
part in 2.8 million would be detectable. This is what makes 
electron spin resonance (ESR) such a useful tool. It can 
measure local magnetic fields with phenomenal accuracy. 

(b) Many atomic nuclei also have spin and also have mag- 
netic moments. For a proton, the formula for the nuclear 
magnetic resonance (NMR) frequency is 
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H 
ge (2258 x 10) xB 


To what frequency must the oscillator be tuned to obserye 
the NMR of hydrogen nuclei (called proton resonance) in 
an applied magnetic field of 10 ~* tesla? 

(c) A typical variation of the B-field inside a solid might be 
2 x 10°*T. What percent accuracy must be achieved ina 
frequency measurement in order to detect such a varia- 
tion? 

[Answer: 2%] In practice, NMR is capable of a thousand 
times greater accuracy than that. Hence its usefulness in 
chemical analysis, by distinguishing the chemical environ. 
ment of the resonating protons. See Problem 24, Magnetic 
Moment of the Electron. 


KK 35. Stable Magnetic Fields Using NMR A proton 
resonance apparatus can detect B-field changes of one part 
in 10°. Invent a “feedback” method of stabilizing the cur- 
rent in an electromagnet to that accuracy, 


NOTE: Such servomechanisms are used to regulate the 
power supplies in commercial NMR 


** 36. Solenoid 

(a) Calculate the magnetic field well inside a cylindrical 
coil 20 cm long and 3 cm in diameter uniformly wound 
with 10,000 turns of wire carrying 1 ampere. 

(b) What information given did you not need? 

(c) Viewed as current going around in a circle, we are talk- 
ing about 10,000 amps here. Even with copper wire, that 
coil is going to get hot. What design considerations would 
help achieve high fields? Not surprisingly, very high mag: 
netic fields are achieved by very short current pulses. 


* 37. Field of a Current Sheet just to practice using 
the formula 


B = 4m x 107 N/A? x (current per unit length) 


find the field strength between two parallel sheets of cur 
rent carrying 10° amps per meter in opposite directions. 


NOTE: The formula is for infinite sheets. That means : 
will yield a good approximation for points that are p 
near the edge of a sheet. Nothing is said about the ns 
tance between the sheets. For finite sheets, that distan 
has to be small compared with the width in order to ap 
proximate infinite sheets. 


ula 
‘Ok 38. Field Inside a Coil The current-sheet form 
holds for the field inside a uniform coil, as long as the 
point is not too close to the end of the coil. 
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(a) Use it to find the B-field inside a cylindrical coil 50 cm 
long, 10 cm in diameter, wound with 1000 turns of wire 
carrying a current of 1 amp. 

(b) Argue that a coil twice as long (1 m) with 2000 turns 
would have the same field strength inside if it carried the 
same current. 

(c) How would doubling the diameter of the coil affect the 
B-field inside? 


* 39. Inductance of a Coil Calculate the self-induct- 
ance of the coil of Problem 38 for all three situations: 

(a) Original coil. 

(b) Twice as long. 

(c) Double the diameter. 


** 40. Self-Inductance of a Long Coil A coil 0.50 m 
long has 1000 turns. 

(a) Calculate the B-field inside it when a 1-amp current 
flows. 

(b) If the cross-sectional area is 6.0 x 10~* m?, calculate 
the magnetic flux per turn. 

(c) The total magnetic flux threading the coil is 1000 times 
that. Set total flux equal to Li and calculate the self-induct- 
ance. 

(d) A coil having the same shape but twice as many turns 
(i.e., 2000) would have a self-inductance times as 
great, 


* 41. Iron Core When carrying a current of 1 amp, 
a uniformly wound coil has a B-field of 1.0 x 107° tesla 
inside. A core made of a magnetic material is placed in- 
side, and the B-field strength in the core is 2.0 x 107? 
tesla. Suppose that the self-inductance of the empty coil is 
20 mH. 

(a) Argue that the self-inductance with the core is 4 H. 

(b) If the core fills only half the volume of the coil, argue 
that the sel{-inductance is roughly 2H. 


* 42. Helmholtz Coils When a rather uniform B- 
field is desired but a uniformly wound coil is impractical, 
an expedient is to use two identical rings of current in par- 
allel planes located exactly one ring radius apart (see fig- 
ure). This is not only cheaper, it also allows the hands 
to get in. The formula for the field near the middle is 
8.992 k,I/R, where I is the total current in each ring and R 
is the radius, 

(a) Suppose that you need a field of 0.01 T and your rings 
are 30 cm in radius, how much current must each ring 
carry? 

(b) In practice, this is achieved by having several hundred 
windings in each ring. If the power supply can supply a 
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a Lines of B-field 
| 


PROBLEM 42 Helmholtz coils, Their planes are one radius 
apart. In the region midway between them, the magnetic 
field is remarkably uniform. 


maximum of 1 amp, how many windings are needed in 
each ring? (See coils in photo of Bainbridge—-Winch exper- 
iment in Section 15.2.) 


FÆ 43. Lines of Force—Gauss’s Law One way to get 
a picture of a vector field is with a field map. In principle, 
an arrow can be drawn at every point in space having the 
direction of the field at that point. A field map consists of 
a selection of such arrows. A curve drawn such as to have 
the direction of the field at each point is called a “line of 
force.” 

Of course, a field map is three-dimensional, and a pic- 
ture in a book is just some kind of a two-dimensional pro- 
jection. So the picture of the field of a bar magnet (photo 
in Section 15.1) is at best suggestive. What you realize im- 
mediately is that the lines diverge where the field gets 
weaker and converge where the field gets stronger. If all 
magnetic lines that are started are continued, it turns out 
that the density of lines (number of lines per unit area) is 
everywhere proportional to the field strength. That is a 
powerful theorem, called Gauss’s Law. 


NOTE: Gauss’s Law holds for magnetic, for electric, and 
for gravitational fields. Please do not think that it holds for 
all vector fields! 

(a) The field well inside a uniformly wound, current-car- 
rying coil is uniform. Argue that lines of force cannot cut 
the coil except very near the ends. 

(b) Magnetic lines of force always close; that is, they have 
to bite their own tails. That is not true for electric lines of 
force; some do, some don’t. The electric lines of force that 
don’t close have to start and stop somewhere. What do 
they start and stop on? 


ok 44. Flux A map of the B-field of a short coil of 
current-carrying wire appears below. The B-lines are close 
together inside and further apart outside. This corre- 
sponds to a strong field inside, falling off rapidly at each 
end of the coil. For a nonuniform field, the definition of 
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-p 
flux requires a limiting process. The surface through 
which the flux is to be defined has to be divided into small 
area elements. The magnetic flux through each area ele- 
ment is the product of its area times the perpendicular 
component of the B-field there. The flux through the 
whole surface is the sum of those products. More pre- 
cisely, it is the limit of that sum as the area elements are 
taken smaller and smaller. Such a limit is called an inte- 
gral, in this case a surface integral. 

(a) Use a symmetry argument to show that the flux 
through a closed drum-shaped surface closely surround- 
ing the coil is zero. 

(b) Here is a beautiful property of magnetic fields that 
gives detailed information about how they fall off away 
from their sources: The flux through any closed surface is 
zero. This is called Gauss’s Law. Use it to argue that the 
B-field at the point P points in the opposite direction to 
the B-field inside the coil. What surface will you use in 
your argument? Note that the B-field at P is much weaker 
than the field inside. In the text we said that it is zero. 


xæ 45. Magnetic Energy The energy stored in an in- 
ductance L carrying a current-i is given by the formula 
iLi’. 

(a) Calculate the magnetic-field energy of a 20-mH coil car- 
rying 2 amps. 

(b) If the current is doubled, what happens to the energy? 
(c) If the current is increased by 1%, what happens to the 
energy? 


* 46 Magnetic Energy—Dimensional Analysis You 
know that the magnetic energy stored in a coil depends 
on its self-inductance L and on the current į it carries. As- 
sume an expression of the form constant x L’. Use di- 
mensional analysis to show that the exponents p and q 
have to have the values 1 and 2, respectively. 


> 47. Self-inductance The self-inductance of a long 
uniformly-wound coil is given by the formula: 


L = 4nk,,N area/length. 


Derive this formula, following the logic of Sec. 15.4. 
(HINT: Exercise 9.) 


FÆ 48. Magnetic Energy Density Someone says, 
“The self-inductance of a coil is proportional to its vol- 
ume.” 


MAGNETIC FIELD 7 


(a) Argue that this is true provided that the number of 
turns per unit length is fixed. 

(b) Use Problem 47 with the formula }L° to derive 2 
15.4-2. 


* 49. Field Energy Density The electric field Near 
the surface of the earth is about 100 volts per meter: The 
earth is negative relative to the upper atmosphere, Com- 
pare the electrostatic field energy per unit volume (Eq, 
15.4-3) with the magnetic field energy per unit volume 
(Eq. 15.4-2), using a typical value for the earth's B-field, 
like 0.8 x 10°* T. 


*%* 50. Magnetic Energy Storage Electric generating 
plants have to be large enough to handle peak-hour cur- 
rent loads. It would reduce capita! costs if, instead of 
building bigger generators, one could generate power ata 
uniform rate and store the energy for several hours, to be 
used later at the high-demand times of the day, Storage 
batteries offer one way to effect energy storage, but they 
have great losses. Superconducting (zero-resistance) elec- 
tromagnets offer a nonlossy way. One of the problems in 
developing such a technology is containment. 

(a) Argue that the magnetic force on the wire ina current 
carrying coil is directed radially outward, that is, it tends 
to expand the coil. (HiNT: All you need is the right-hand 
rule.) 

(b) Since the energy stored in an inductance L is 4L?, stor- 
ing a lot of energy requires high currents. High currents 
means large magnetic fields. But large fields destroy st- 
perconductivity. Suppose that we have a wire that can te 


main superconducting up to 5 tesla. That tells us the max- 
imum energy stored per unit volume 
ee C. 
8k, (8m x 107° N/A?) 
S joules 
a 3 
m 


(c) Now use the uniform-coil formula 
B = 4rkm X current per unit length 


to calculate the current. You will need to know how 
tightly the coil is wound. Take a coil with 100 turns pe 
meter. Show that the maximum allowable current is 4 X 
10° amps. i 

(d) Don’t think that is a small current. Each meter of Witè 


experiences an outward force of 
Bil =5Tx4x10Ax1m= newton 


That is 20 tons. 


i 


QUESTIONS FOR FURTHER THOUGHT 


(e) Converting that to the stress (= outward force per unit 
area) on the sides of the coil, we have 


force 
stress = — 
area 


Tx4x10Ax 10 _ N 


= Bi X (turns per unit length) 


m iam 


That is 2000 tons per square meter and corresponds to a 
pressure of 200 atmospheres. You can see that the coil, if 
it is big enough to be useful, would have to be buried in 
solid ground! 


4 51. Superconducting Coil for Energy Storage In 
Problem 50 you multiplied by n, the number of turns per 
unit length of coil, to find the maximum permissible cur- 
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rent. Later you divided by n to find the stress, that is, the 
pressure on the walls containing the coil. That seems to 
say the pressure p is independent of n. We now prove that 
formally. The stored energy density u = B’/8rk,, is deter- 
mined as soon as the maximum allowable B-field is speci- 
fied. The force on one turn of wire carrying current i is 
Bi - 2mr, where 27r is the circumference of the coil. The 
force per unit area of coil is the force per turn divided by 
the area per turn, 

Bi2nr 
Darn (empii) 

(b) The field strength is given by B = 4rk„in. Solve this 
for i, and substitute in part (a) to see how p is related to 
u. (HINT: Check to see that p and u have the same dimen- 
sions. Note that p is a force per unit area, while u is an 
energy per unit volume.) 


(a) Pressure p = 


LI QUESTIONS FOR FURTHER THOUGHT 


a, 


Alternating Current Oersted discovered the magnetic effects of current by 
bringing a compass needle near a battery “shorted” with a wire. Why doesn’t a 
compass needle deflect when placed near a lamp cord in your home? 
Hysteresis Some materials remember their history. A material that exhibits 
magnetic hysteresis has a magnetization that depends not only on the magnetic 
field it is experiencing at the moment, but also on the fields it experienced some 
time ago. If you magnetize a piece of steel and then remove the applied mag- 
netic field, the steel will not retain all of its magnetization, but it will not lose it 
all either. To demagnetize it completely, you have to apply a magnetic field in 
the opposite direction. 

The graph (Fig. 15.9) shows how a typical magnetic material (like steel) be- 
haves as the applied field is increased. The magnetization saturates (curve 1). 
Curve 2 shows what happens to the magnetization as the applied field is then 
decreased and later reversed. Again the magnetization saturates. Notice that 
curve 3 (applied field decreasing and reversing again) does not retrace curve 1. 
Indeed, curves 2 and 3 are mirror images. 

(a) What ordinary symmetry property of the material is displayed by this mirror 
symmetry of the hysteresis loop? 

(b) Different magnetic alloys (mixtures of metals) have different shapes of hys- 
teresis loops. Some saturate at low values of B, some at high. Some retain a lot 
of magnetization when the field is removed, some retain little. If you were de- 
signing an alloy to use for a magnetic computer memory, what shape hysteresis 
loop would you strive for? 

Bird Navigation We still don’t know how the birds do it, but we know that 
the magnetic forces in biology are tiny. The earth’s magnetic field is about 10 
tesla or less. The electric current in a nerve might be a picoampere, 10°“ amps. 


t TA 
a 


FIGURE 15.8 Magnetic field of a 
straight wire carrying a current 
explored by magnetic compass. 


FIGURE 15.9 
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So 1 centimeter of conducting nerve perpendicular to the field experiences an 
electromagnetic force of 


(o= a x (107? A) x (107? m) = newtons 


A bird weighing 1 or 2 newtons is not likely to be sensitive to such a small force, 
How about the motional e.m.f. associated with that picoampere Current? 
The transverse force on each electron (charge e) having a drift speed v = 19-4 
m/sec is evB, corresponding to an electric field evBle = vB = (1074 m/sec) x 
(1074 N/A m) = —____ volts/meter. Over 1 centimeter of nerve, that would 
amount to a transverse voltage of 10°" volts, which is clea rly too small a Voltage 
to be perceived as a signal. Voltages across cell membranes are in the millivolt 
range, not fractions of a nanovolt. Indeed, the voltages associated with random 
thermal motion of electric charge have average magnitudes around 25 millivolts 
at body temperature. Signals smaller than that are “in the noise.” 

We are led to conclude that if a bird uses the earth's magnetic field for navi- 
gation, it must have a permanent magnet (a magnetic compass) somewhere in 
its body. The author is not aware that the anatomists have found such magnets 
in birds. At the time of writing, the mechanism of bird orientation is still some- 
what mysterious. | 
Some Features of the Magnetic Field Remember the “topi logy” of the electric 
fields we studied in electrostatics. All E-lines started on 4 charges and ended 
on — charges. Magnetic field lines, on the other hand, don’t start or stop any- 
where. They always close. For example, the B-lines around a long straight wire 
carrying a current are circles surrounding the wire. 

(a) The convention we have chosen for the direction of the B-field is that outside 
a magnet, the field lines run from N to S. This convention agrees with the di 
rection in which a compass needle points. Which way do the field lines run 
inside a magnet? 

(b) The electric flux through a sphere surrounding an electric charge is directly 
proportional to the charge. You may recall that this is a direct consequence of 
Coulomb's Law, that is, of the inverse-square behavior of the E field. Give 
plausibility argument for the theorem that the magnetic flux through a sphere 
surrounding a magnet is always zero. The theorem is act ually more general: The 
B-flux through any closed surface vanishes. 

(c) What can you say about a closed surface through which there is no E-flux? 
(d) The theorem of part (b) says that there is no magnetic analogue to electric 
charge. In jargon: There is no magnetic monopole. If someone were to claim t0 
have discovered a particle that is a magnetic monopole, what experiments woul 
you suggest to confirm the discovery? 


NOTE: This is intended as an open-ended question, not having a single ge 
answer. See also Sec. 21.6. 


ELECTROMAGNETIC 
INDUCTION 
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ELECTROMAGNETIC INDUCTION 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 
State Faraday’s law of electromagnetic induction. 


The starting motor of a car draws less current from the battery when it 
runs faster. Explain. 


Doorbells are designed to operate around 16 volts. What should be the 
turns ratio of a step-down transformer used to power a doorbell froma 


115-volt line? 


What advantage is there in using high ac voltages for transporting elec. 
tric power over long distances? 


Argue that a capacitor in series with an inductor has a resonance fre 
quency. 

Any electric charge is a source of electric field. A moving charge gives 
rise to magnetic field as well. An accelerated charge gives rise to a 
changing magnetic field. Explain why an accelerated charge emits elec- 
tromagnetic radiation. 


By age 10 I had seen many electric motors. I knew they had to be 
“plugged in” to run. One day I asked my uncle how electricity is made, 
He worked in a factory with lots of rotating machinery. He said electricity 
comes from generators. Vaguely I knew that had to do with rotating ma- 
chinery. “An electric generator is just like an electric motor, but back- 
wards,” my uncle said. “Turning it makes the current flow, instead of the 
current making it turn.” Later on, I learned about the induction coil 
(spark coil). Our car had one, to make voltages high enough to spark the 
spark plugs. After that I found out about transformers, and that they 
“step up” voltages in the television set and “step down’ voltages in the 
power lines outside the house. 

These disconnected facts may be familiar household wisdom to you, too. 
In any case, they are all the cultural background you need for this chapter. 

In Chapter 13, Electrostatics, the concept of electric field was introduced in 
situations in which charge was stationary. There the source of E-field was 
always charge. Chapter 15, Magnetic Field, introduced the magnetic field, 
in situations where the source of the B-field could be charge in motion or it 
could be magnetic dipoles associated with electrons or atomic nuclei. In the 
present chapter, you will meet electric fields that arise because magnetic 
field is changing nearby. That is called electromagnetic induction. In the 
same way, some magnetic fields can be ascribed to electric fields changing 
nearby. In other words, when they are changing, there is an intimate cot 
nection between electric field and magnetic field. The way the one field 
changes in space is related to the way the other field changes in time. The 
ability of empty space (yes, vacuum!) to support electromagnetic waves 
(light waves, radio waves, etc.) is the direct consequence of this intimate 
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connection. So is the fact that all those waves travel in free space at the same 
speed. 

Section 16.1 introduces the description of the interaction between fields 
by describing in “field language” the motion of charge in a magnetic field. 
You may notice that Sec. 16.1 really belongs in the previous chapter. It does 
not bring in any new phenomena. 


16.4 MOTIONAL E.M.F. 


One device used to measure the speed of blood flow in an artery places the 
artery between the pole faces of a magnet and measures the voltage induced 
across the artery. That voltage is proportional to the flow velocity and the 
strength of the magnetic field. We can see why if we use our knowledge of 
the force on a charge moving in a magnetic field. 

The blood has some ions, which are responsible for its electrical conduc- 
tivity. As a positive ion is swept along in a direction perpendicular to the 
magnetic field, it experiences a magnetic force. That force is in the direction 
perpendicular to both its velocity and the B-field, in the sense given by the 
right-hand rule. The buildup of positive charge on one side of the blood 
vessel, and consequently of negative charge on the opposite side, can be 
measured as a difference of electric potential between the two sides (Fig. 
16.1). 

To calculate the magnitude of that potential difference, make the assump- 
tion that all the blood flows at, say, 0.1 m/sec across the entire cross section 
of an artery 0.01 m in diameter. This is actually not very realistic, as the 
speed close to the walls is much slower than near the middle of the blood 
vessel, But it will serve to explain the principle of the measurement and to 
get rough results. A powerful magnet might have a field of 1 tesla (= 1 
newton/amp meter = 10* gauss) between the pole faces. That is more than 
10,000 times as strong as the earth’s magnetic field. Remembering, that the 
force on a charge moving in a magnetic field is given by the product 


F = quB (Eq. 1) 
of the charge times its velocity transverse to the field times the B-field, we 
can write the force per unit charge: 


0.1 m XI newton = 0.1 newton 


sec amp meter ~ coulomb 
p 


In the terminology of Sec. 13.2 we would say that motion at 0.1 m/sec across 
a B-field of 1 tesla is equivalent to an electric field of 


0.1 newton _ volt 
coulomb ` meter 


From one wall of the artery to the other (1 cm across), that E-field corre- 
Sponds to a potential difference of 1 millivolt: 
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FIGURE 16.1 Measuring speed of 
blood flow in an artery. The 
magnetic field is perpendicular to 
the flow direction. The measured 
transverse voltage is proportional 
to the speed. 
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0.1 vo x 0.01 meter = 0.001 volt 


meter 


Repeat: Moving ions experience a force of 10~* newton/coulomb across the 
direction of flow. Across the 1-cm diameter, the product of force per unit 
charge times distance is equal to 


_3 joule 
i DEW meter = 1079 — 


——— ———- = 10° volt 
coulomb coulomb š 


Riding along across a B-field is equivalent to sitting in an E-field. 

If you repeat the argument with a negative ion, you note that the force 
on it is in the opposite direction, corresponding to the same electric-field 
direction and the same potential difference. How much charge (or of which 
sign) actually moves between the pole faces never enters the argument. No 
electric current flows along the artery. Current would flow across the artery 
if we wanted to use the potential difference to do work by drawing current 
between electrodes attached to opposite walls of the artery. Then the poten- 
tial difference would decrease. But we still want a word for how much there 
is in the absence of current. That word is e.m.f., motional e.m.f. in this 
case, because it is associated with motion of the fluid across the magnetic 
field. The letters “e.m.f.” actually stand for “electromotive force,” but no- 
body says that, and besides, the word force is really quite confusing, since 
an e.m.f. is a voltage. Some people use the word electromotance, (Recall 
Chapter 13.) 

It may be useful to repeat the derivation of the motional e.m.f. using the 
symbols v, B, and d for the numbers above. A conductor moving with ve- 
ae v perpendicular to a magnetic field B experiences an induced electric 
ield 


E = vB 


in a direction perpendicular to v and B. Over a distance d along the direction 
of the E-field the potential rises by an amount Ed, so if the two electrodes 
are a distance d apart, the motional e.m.f. is 


e.m.f. = Ed = vBd 


To interpret this formula further, go back to the numbers. With the nay 
flowing at 10 cm per second, 10 centimeters of blood pass every point in 
second. This means the blood in 10 cm of artery. That 10 cm of blood (of 
artery) is 1 cm wide. How much blood flows by in 1 second? An amount 1 
cm long and 1 cm wide. That may seem like a strange description (an area?) 
but we may think of 10 cm x 1 cm = 10 cm? of blood passing, between the 
pole faces per second. Why talk about an area of blood? Because the m@b: 
netic field lines are perpendicular to that area. The same magnetic field lines 
that went through one square centimeter go through the next square cen 
meter one-tenth of a second ( = 10~} sec) later. Here we may get 5m 
physical intuition by rewriting the units of our B-field: 
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newton volt sec _4 Volt sec 
= 10 7 


amp meter m? cm’ 


Through each cm? of area between the pole faces pass 10~* volt seconds of 
something. That something is magnetic flux, which was defined in Sec. 15.4. 
The flowing fluid intercepts or “cuts” magnetic flux at the rate of 


10~* volt sec 
107! sec 


= 107° volt 


Another way to see that is to multiply the B-field by the rate at which area 
sweeps past the electrodes: 
volt sec 


2 
C] 
SX 10 o voli 
cm sec 


m~ 


Of course, there was no magic about changing from meters to centimeters 
for this part of the story; it is just easier to visualize the flux cutting an area 
of 1 cm’. 


EXERCISE 1 In our example, a motional e.m.f. of 1 millivolt was induced 
between electrodes 1 cm apart by motion at 10 cm/sec in a field of 1 tesla. 
(a) If the B-field is doubled, what happens to the e.m.f.? 

(b) If the speed of flow is doubled, what happens to the e.m.f.? 


EXERCISE 2 If the average speed of flow were only 5 cm/sec, how large a B- 


field would be needed to raise the e.m.f. to 2 millivolts? 


We talked about blood flow. But you realize that the ideas of this section 
are completely general. Any charge moving across a magnetic field experi- 
ences an electric field whose strength is 0, B, where v, is the component of 
the velocity perpendicular to the magnetic-field direction. It is as if that elec- 
tric field is a hidden aspect of the magnetic field that is brought out of hiding 
by the motion. Later in the book, in the chapter on Relativity, we will pose 
the question, “motion relative to what?” In whose frame of reference does 
there have to be motion in order to observe this “hidden” electric field? A 
magnetic field does not have “its own” frame of reference. It turns out that 
the answer is, the frame of reference of the observer. This is a profound 
answer, and it may trigger all kinds of questions in your mind. It is intended 
to! Some of them won’t be answered until you read the Relativity chapter 
(Chapter 20). But what you already know now is that some electric fields 
don’t originate from charges. Remember, back in Chapter 13, Electrostatics, 
you learned that electric field lines start on positive charges and end on 
Negative charges. Now we are talking about electric field lines that don’t 
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(a) Wire loop moves to the 
right 


(b) Wire loop moves to the 
left. 
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(c) Magnet moves to the 
left 


(d) Magnet moves to the 
right 


(e) Wire loop stretches so 
as to intercept more flux 
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(f) Wire loop turns 
counterclockwise about 
a horizontal axis 
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(g) Current in electro- 
magnet increasing 


FIGURE 16.2 
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have charges as their source. They don’t begin or end at all. They come 
around and bite their own tails; that is, they are endless loops. f 

Magnetic forces were introduced in Chapter 15—forces on currents andl 
forces on moving charges. When we talked about sources of magnetic field, 
we realized that currents and moving charges are sources of magnetic field, 
We now show that this story is only consistent if motion in a magnetic field 
gives rise to (is accompanied by) an electric field perpendicular to that mag 
netic field. 


16.2 FARADAY INDUCTION 


The result of the previous section can be restated briefly as follows: The 
e.m.f. due to motion of a conductor in a magnetic field is equal to the rate 
at which the conductor cuts magnetic flux. If you were now asked if it mat- 
ters whether the conductor moves and the magnet stays fixed, or the mag: 
net moves and the conductor stays fixed, what would you guess? 

If your guess is that the effect is the same either way, you would be right. 
Besides, you would be indicating your belief that what counts is relative mo- 
tion. It was this intuition that was formalized by Albert Einstein in his Prin- 
ciple of Relativity, the cornerstone of the Special Theory of Relativity (Chap- 
ter 20). This principle essentially rejects the need for a preferred frame of 
reference (the conductor's? the magnet’s?). It asserts that all inertial frames 
are on an equal footing. If the laws of electromagnetism are to be invariant 
under change of reference frame, then it could not make any difference 
whether the conductor moves or the magnet moves. 

With this symmetry in mind, the term motional e.m.f. can be replaced by 
the more general term induced e.m.f.. The formal statement of the law of 
electromagnetic induction is 


Faraday’s induction law: The e.m.f. induced in a circuit is equal to the time 
rate of change of the magnetic flux through the 
circuit. 


There are various ways to change the flux through a circuit. We could 

move the whole circuit; 

move part of the circuit, that is deform it; 

move the source of the magnetic field (the magnet); 

change the strength of the magnetic field. 
SEO E ~- 
el 
EXERCISE 3 For each sketch of Fig. 16.2 indicate which way the induce 


current would flow in the circuit. If you have trouble, read about Lend’ 
Law at the end of this section and try again. 
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Generator 


Most electric generators are designed so that coils of wire are rotated in a 
magnetic field, just as in an electric motor (Fig. 15.2). Suppose that you 
rotate a single loop of wire about an axis in its plane. The magnetic flux 
through the loop will be maximum when the field is perpendicular to the 
plane of the loop. After a 180° rotation, the flux will be maximum going 
through the other way, so we have to talk about positive flux and negative 
flux. When the plane of the coil is parallel to the field, the flux through the 
loop is zero. It is exactly at this zero-flux position that the rate of change of 
flux is maximum. This is the moment the flux is changing sign. This also 
happens twice in each rotation, and in opposite directions. Twice during 
each rotation the induced e.m.f. is maximum, once positive, once negative. 
Twice during each rotation the flux has a maximum. At these instants the 
e.m.f. is zero. The voltage in the loop is sinusoidal. This is what is delivered 
to our homes in the United States via the power lines, alternating 60 times 
per second. Our electric clocks stay on time because the coils at the genera- 
ting station are kept rotating at constant frequency. 

If current is allowed to flow in the loop in response to the induced e.m.f., 
there is a magnetic force on the loop opposing its motion. A little right- 
hand-rule practice will verify this for you. You should satisfy your intuition 
that you have to do work to generate electric power. That intuition has its 
formal counterpart in the book-keeping device we called Conservation of 
Energy back in Chapter 4. 

The induced current in turn gives rise to magnetic flux. You can verify 
that the flux due to the induced current is in such a sense as to tend to 
oppose the flux change that induced it. That qualitative fact is called Lenz’s 
Law. It also is intuitively satisfying. If it were the other way around we 
would have a vicious circle—more and more flux—and violate Conservation 
of Energy. 

You can see that our ac generator could be run as a motor by feeding it 
with an alternating current. Its rotation would still induce an e.m.f., appro- 
priately called the “back” e.m.f. because it tends to oppose the current re- 
sponsible for the force that keeps the loop rotating. 

Please don’t get the idea that all generators generate alternating current. 
By cleverly switching the current several times during each rotation a some- 
what wobbly direct current (de) is obtained instead. Conversely, if a direct 
current is fed into a machine equipped with such a “commutator,” it oper- 
ates as a de motor. These technological comments are inserted here mainly 
to make contact with your own experiences with electrical gadgets and toys. 


es 
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EXERCISE 4 The starting motor of a car is a de motor. The car battery is a 
12-volt battery. When the starter button is first pressed, suppose that the 
motor draws 100 amps from the battery. Some of the 1200 watts of power 
Provided by the battery go into mechanical work (speeding up the motor, 
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A vertical-axis wind turbine used 
for electrical power generation. 
This turns out to be a particularly 
efficient geometry. Since wind 
speed is variable, wind-produced 
electrical energy is usually stored 
in batteries. 
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FIGURE 16.3 (a) The motor draws 
a lot of current at slow speed; (b) 
and draws very little current at 
high speed. 


Primary 


a 


Secondary 
FIGURE 16.4 Transformer. 
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turning the car engine); some go into heating up the wires. As the m 
starts to turn faster, the back e.m.f. increases, so the motor draws less 


rent. 
(a) When the current is down to 50 amps, at what rate is the battery sup. 


plying power? 
(b) Argue that the power going into heating the wires is about 25% of what 


it was initially. 


16.3 TRANSFORMERS AND ALTERNATING CURRENT 


The oscillatory current (ac) that is carried by our power lines has a great 
advantage over direct current (dc): It is easy to change the voltage, usinga 
transformer. 

Figure 16.4 is a schematic representation of two coils wound in sucha 
way that all the magnetic flux generated by one has to pass through the 
other. One way to achieve this is to wrap both coils around the same iron 
core. Suppose that the coil arbitrarily labeled “primary” is fed an alternating 
current; then the flux along its axis alternates in phase with the current. 
When the current (and hence the flux) is increasing, an e.m.f. is induced in 
the secondary. When the current is decreasing, an e.m.f. of the opposite 
sign is induced in the secondary. If both coils have the same number of 
turns, then the flux—and hence the rate of change of flux—is the same in 
both coils, so the e.m.f. is the same in both. Since the primary and second- 
ary coils are not connected (there is no conducting path between them) such 
a device is called an isolation transformer. But if the secondary has twice as 
many turns as the primary, then the flux in the secondary is twice that in 
the primary, and so is the e.m.f. This is called a step-up transformer. The 
step-up ratio is just the ratio of the number of turns in the two windings. 
Your television set has at least one such transformer in it, used to obtain the 
thousands of volts needed in the electron gun of the cathode-ray tube, with 
the primary hooked to the 115-volt ac available at the electric outlet. 

If, on the other hand, the secondary has fewer turns than the primary, 
that is a step-down transformer. Most door bells are designed to operate 
around 16 volts in order to save on insulation, so a step-down transformer 
in your basement with a turns ratio of 7:1 (primary: secondary) steps down 
the 115-volt line voltage. The device you might hear humming outside you 
home on the power pole is also a step-down transformer. For transporting 
electric power through the power lines to your street, the power company 
finds it more efficient to use hundreds or even thousands of volts. For & 
ample, a 10:1 step-down transformer might convert 1150-volt ac on the pole 
to the 115-volt ac that enters your home. To appreciate the efficiency, UP 
pose that you need to draw 10 amperes for a 1150-watt home appliance 
(115 volts x 10 amps = 1150 watts). To provide the power at 10 times be 
voltage, only 75 of the current needs to flow in the power lines in the street 
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An electric “switch- 
yard” with 
transformers in the 
foreground. In the 
background is Shasta 
Dam, California. 


or 1 amp. Remember, the power is the volts times the amps, and there is 
hardly any loss in the transformer. If the power line has a resistance of 1 
ohm, a 1-amp current will give an RI-drop of only 1 volt, wasting 1 watt (= 
1 volt x 1 amp) for power in heating the line. Had the feeder line used the 
115-volt household voltage, the current in the 1-ohm line wound have been 
10 amps, giving an RI-drop of 10 volts and a power loss of 100 watts (= 10 
volts x 10 amps) going to waste in heating the line. 

As you might guess, the lines used for long-distance transport of electric 
power use voltages of hundreds of thousands of volts, with great banks of 
step-up transformers at the generator and step-down transformers at the 
user end. The choice of 115 volts for the line voltage in our homes is a 
compromise between efficiency and safety. The Europeans settled for less 
safety and greater efficiency by choosing 230 volts for their household volt- 
age.” 

—— UUU UU a a ŘŘĖŐ— 
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EXERCISE 5 A voltage-doubling transformer has a turns ration of 2:1. There 

are twice as many turns in the secondary winding as in the primary. The 

amplitude of the alternating voltage in the secondary is twice that in the 

primary. 

(a) Use Faraday's induction law to argue that the current amplitude in the 
secondary is half that in the primary. 

(b) Use Conservation of Energy to prove the same result. Remember that 
volts times amps equals watts. 


'See Sec. 14.5, Electrical Injury. The standard line frequency in Europe is 50 Hz, in contrast to 
the U.S. standard of 60 Hz. If you take a step-down transformer to Europe in order to use your 
115-volt electric razor on their 230-volt lines, don’t expect your American electric clock to keep 
time on their frequency; it will only clock 50 minutes in an hour. 
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FIGURE 16.5 (a) Voltage plotted 
versus time; (b) voltage squared 
plotted versus time. 
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EXERCISE 6 Suppose that the primary and secondary of a transformer are 
wound in the same sense. Say they are both right-handed windings, Argue 
that when the primary current starts to flow right-to-left, the induced emf 
in the secondary will be in such a sense as to make current flow left-to. 
right. 

EXERCISE 7 AC Voltages—RMS and Peak-to-Peak 

When we say that our household line voltage is 115 volts ac, what aspect of 
the alternating e.m.f. does the figure “115 volts” describe? The answer is 
going to require the rest of this paragraph. To calculate the power taken 
from the line when a current is drawn, we multiplied the volts times the 
amps to get the watts. In our example of the 1150-watt appliance, it draws 
10 amps from the 115-volt supply. That means it effective resistance is 115 
ohms (= 115 volts + 10 amps). Repeat: 


(115 volts) 
pa beat ais! [2 SE, tt 
(115 volts) x (11.5 ohms) L] watts 


The line voltage, the “115 volts,” appears squared in the expression for the 
power consumed by the 11.5-ohm appliance. But the 1150 watts represents 
an average, not an instantaneous value of the power. This is an average over 
the entire cycle of the alternating voltage, or over many cycles. The rate at 
which energy is delivered by the line varies during the cycle, during the + 
of a second in which the voltage reverses twice. To get a particular value of 
the average (or “‘mean’’) power, we needed a particular value of the average 
(or “mean’’) squared voltage. Now to answer our question: The “115 volts” is 
the voltage which, when squared and divided by the resistance, gives the 
average power. It is the square root of the required mean squared voltage. 
Root mean square is abbreviated “RMS”. The 115 volts” is the RMS voltage 
in our household electric lines. 

You might wonder how that value is related to the maximum value of the 
voltage, what you might call the voltage amplitude, Vmax: In oscillating si- 
nusoidally the voltage goes from zero to Vmax back to zero, to —Vimax, back 
to zero, and then repeats [Fig. 16.5(a)]. The mean voltage is obviously zero. 
Figure 16.5(b) plots the square of the voltage. A glance will convince you 
that the shaded area under the V? curve is exactly half the area under the 
dotted line through V”,,,..; that is, the average value of V° is $V’max 


2. it 2 
<V > average = iV max 


Turning the page upside down is particularly convincing. Taking squat 
roots, we have 


Vrms = V3 Vmax 


Now put in Vrms = 115 volts and solve for Vma. [Solve iH 
(HINT: V4 = 0.707.) Many people talk about the “peak-to-peak” vole 
2Vimax, Which comes out to 325 volts. (Verify.) That is the entire width of thg 
range of the voltage variation during each cycle. 
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EXERCISE 8 If a 115-volt house voltage is displayed on the vertical input of 
an oscilloscope, show that the voltage amplitude Vmax should be 163 volts. 
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An inductance tends to oppose a change in the current it carries. That is 
Lenz’s Law, and we proved it in Sec. 16.2. The current is the source of 
magnetic flux. Any change in flux is accompanied by an e.m.f. tending to 
drive current in opposition to the change in the current. The analogy has 
been drawn to inertia (mass): Just as the kinetic energy of a mass tends to 
maintain its motion, so the magnetic energy of an inductance tends to main- 
tain the current. If we can supply a “restoring force,” then we can make an 
electrical oscillator analogous to the mechanical oscillator—the mass on a 
spring. An electrical capacitance supplies just such a restoring force. 

If the current in an inductance is made to flow into a capacitor and charge 
it up (Fig. 16.6), the voltage built up on the capacitor will oppose the cur- 
rent, which will decay to zero. At this point the capacitor will start to dis- 
charge, building up current in the opposite direction. When the capacitor is 
discharged, the current has built up to its maximum value and decays grad- 
ually while the capacitor charges up with opposite polarity. When the cur- 
rent has dropped to zero, the charge on the capacitor is again maximum, so 
the current reverses, building up and reaching its maximum just as the ca- 
pacitor is again discharged and the cycle completed. 

The energy is all magnetic when the current is maximum and the capaci- 
tor discharged. It is electrostatic when the charge on the capacitor is maxi- 
mum and the current momentarily zero. This is quite analogous to the me- 
chanical oscillator. There the energy is all kinetic energy when the motion is 
fastest as the mass passes through its equilibrium position. It becomes all 
potential energy of the spring when the motion reverses. Energy is dissi- 
pated in friction, so mechanical oscillations eventually damp out. In the elec- 
tric circuit there is always some resistance, so electrical oscillations damp out 
as electromagnetic energy is dissipated into heat. dts 

The larger the inductance, the longer it takes the current to decay. Simi- 
larly, the larger the capacitance, the longer it takes the capacitor to charge 
up. Increasing the inductance or increasing the capacitance both result in a 
longer period for the oscillation. Not surprisingly, the period does not de- 
pend on the voltage amplitude, but only on the circuit components. The box 
labeled Oscillator Frequency uses dimensional analysis to guess how the 
frequency depends on the inductance L and the capacitance C. 

An electrical oscillator, like its mechanical analogue, displays the phenom- 
enon of resonance. Suppose that an oscillatory voltage is imposed on an LC 
circuit—a circuit with an inductance and capacitance in series. There is one 


FIGURE 16.6 
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OSCILLATOR FREQUENCY BY 
DIMENSIONAL ANALYSIS 


Assume that the frequency v is given by a for- 
mula like 


= constant x L*C’ 


The exponents x and y are to be determined by 
a dimensional argument. Inductance is mea- 
sured in henrys (= ohm seconds), capacitance 
in farads (= coulombs/volt = seconds/ohm). 
Frequency is measured in seconds’. Keeping 
units only, we have 


sec’ ' = (ohm sec)* (sec ohm~') 


This gives the relation 
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because there are no ohms on the left. Equating 
the exponents of the seconds gives 


ehya—1 
determining both exponents to be — 4: 
v = constant x L~ Cc '? 


Dimensional analysis cannot give the value of 
£ 

the “constant,” of course. A proper derivation 

gives the formula 


y = 


x=y 


frequency for which the response of the circuit is greatest. For given voltage 
amplitude, the current amplitude is maximum at this resonance frequency. 
Perhaps you are not surprised that the resonance frequency is almost exactly 
the natural frequency of the circuit. Right at resonance, the current ampli- 
tude is limited only by the resisitance of the circuit. The smaller the resisit- 
ance, the sharper the resonance, that is the closer you have to be to the 
natural frequency to get a large current response to the driving voltage. 

Tuning the resonance frequency of a circuit by varying its inductance 0r 
capacitance is, of course, what you are doing when you turn the knobs to 
“tune in” to a radio or television station. 


pi Se eee a a es 
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EXERCISE 9 Look inside a radio and try to discover what the tuning knob 


does. If the knob moves a bank of metal plates relative to another bank af 
parallel plates, it is varying a capacitance. 
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16.5 CHANGING ELECTRIC = 
RADIATION AND MAGNETIC FIELDS 


It is comfortable to paraphrase Faraday’s induction law by saying be 
changing magnetic field induces an electric field. That is quite correct, to 
you have to avoid misinterpretation. For example, it would be misleading 


16.5 CHANGING ELECTRIC AND MAGNETIC FIELDS—RADIATION 


say that a changing magnetic field is the cause of an electric field, as if the 
one preceded the other. It is more correct to say that a changing magnetic 
field is indistinguishable from an electric field. But even that can be at- 
tacked, because induced electric field lines don’t begin and end on electric 
charges, as do the E-lines in electrostatics. The induced E-lines don’t begin 
and end at all, but are continuous, just like magnetic field lines. 

They are easy to visualize when they are circular, surrounding a cylinder 
of changing magnetic flux. Faraday’s law of induction tells us the e.m.f. 
around the circle: For a circular E-line of radius r, the rate of change of B- 
flux through the circle is the e.m.f.: 


e.m.f. = E x 2qr = time rate of change of magnetic flux 


Instead of e.m.f.* we might use the term circulation of the electric field. 


Maxwell Induction 


Now prepare yourself for a remarkable symmetry. The Faraday Induction 
Law (Sec. 16.2) states that a region of changing magnetic field is surrounded 
by E-field lines. An analogous law states that a region of changing electric 
field is surrounded by B-field lines! This is called the Maxwell Induction 
Law. Again, those B-lines are easy to visualize when they are circles sur- 
rounding a cylinder of changing electric flux. Again, the circulation of the 
B-field is proportional to the rate of change of the E-flux: 
Maxwell _ km _ (time rate of change of 

Induction, Law sae ke electric hog (Eq. 2) 
The proportionality constant k,,/k, is explained in Problem 16.9. We will say 
more about it later. What we want to do now is convince you that Maxwell 
induction together with Faraday induction implies the existence of electro- 
magnetic waves in free space. 

Here is the argument: Maxwell’s Induction Law says that if an electric 
field changes, it is equivalent to (is accompanied by) a magnetic field. That 
magnetic field, of course, will be changing, so, according to Faraday’s In- 
duction Law, it will be equivalent to (be accompanied by) an electric field. 
That electric field, of course, will be changing. Is that what we mean by 
radiation? Well, radiation means waves, propagating patterns of field. If a 
spatial pattern of E-field moves, that means the E-field is changing in the 
region through which it moves, and the Maxwell > Faraday —> Maxwell > 
and so forth argument has to work. But if it is to be a true wave, the pattern 


‘Is the induced e.m.f. a voltage? It is certainly measured in volts. The e.m.f. is the work done 
per unit charge in taking a test charge once around the circle. But it is not a potential difference. 
Indeed the word potential is inappropriate when potential energy cannot be defined. (See Sec. 
4.2). But if you were to put a wire on the circle and leave a tiny gap in it, so no current could 
flow around the circuit, an electrostatic voltmeter connected across the gap would measure the 
induced e.m.f. If current were allowed to flow, then the voltage measured with an ordinary 
voltmeter would be the induced e:m.f. reduced by the voltage drop in the resistance of the 
circuit, the Rl-drop we met in connection with Ohm’s Law in Chapter 14. 
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has to be preserved as it moves, that is, the E-field you get from the gha ng 
ing B-field you got from the changing E-field has to be the same E-field Y eo 
started with. The story has to be self-consistent. The next paragraph 
show that this self-consistency implies that electromagnetic radiation i 
space has a unique speed! 

Suppose that a block of B-field moves through space at speed v. Thizak Of 
a pattern of field consisting of a front with no field ahead of it and Jm OSt 
uniform field behind it. The usual Faraday’s Law argument (see Sec, 16- 2+ 
Motional e.m.f.) gives the equivalent E-field as 


E = Bo tq- 3) 


If that barefaced oversimplification bothers you, multiply the equation by 
some length L so that it reads like “e.m.f. = time rate of change of B-flaa><- ~~ 
Anyway, that E-field is also such a block, also moving at speed v, and the 
analogous Maxwell-induction argument gives the required B-field as 


B=% Ev tq- 4) 


That proportionality constant, k,,/k., appeared in the Maxwell Induction Law 
when we talked about circular B-lines. We won't “derive” it further.’ Al wre 
need to do is note that the B in those two equations has to be the same if 
this is going to represent a wave, and similarly for the E. If you substitwate 
either equation into the other, the E and B drop out, leaving 


eke 
are 


Put in the values: 


= 


EE k x 10° newton eoor) 
km 


= (9 x 10% m/sec’)? = 3 x 10° m/sec 


Repeat: The unique speed of electromagnetic waves in free space is 300,000 
kilometers per second, or 186,000 miles per second. Strong waves or weak 
waves, they all travel at the same speed. That is what you saw when the Æ 
and B dropped out of the equations for the wave speed v. 

In the next chapter this characteristic speed will be called c:* 


c= fe a3 x 19° B 
km sec 


This constant of nature is central to the Theory of Relativity. In Chapter E 
it is shown to be a universal speed limit—the highest speed at which any- 
thing, not just electromagnetic waves, can travel. 


1077 newton/amp? Œq 5) 


*For derivation see Problem 9. 
fc for constant? No, the c is for the Latin word celeritas meaning speed. 
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SUMMARY 


A device to measure blood flow. E.m.f. generated by motion across a mag- 
netic field. 


Induced e.m.f. Various ways to change magnetic flux. 
Lenz's Law. 
How an electromagnetic generator works. 


How a transformer works. Step-up and step-down: What matters is the 
number of turns in the primary/secondary windings. 


RMS and peak-to-peak. 
Changing B-field is equivalent to E-field (Faraday induction). 
Changing, E-field is equivalent to B-field (Maxwell induction). 


The mechanism of electromagnetic radiation. The unique speed of electro- 
magnetic waves in free space. 


KEY TERMS 


Motiona! e.m.f. Voltage induced by the motion of a charge through a magnetic 
field. 

Faraday's induction law The e.m.f. induced in a circuit is proportional to the time 
rate of change of the magnetic flux linking the circuit. 

Induced e.m.f. Voltage induced in a circuit by a change in the magnetic flux. 


Lenz’s Law The sense of an induced current is always such as to oppose the flux 
change that caused it. 

Electromotance—e.m.f. Work done per unit charge in taking a “test charge” 
around a closed path. The circulation of the E-field around a closed path. 

Back e.m.f. When an electric motor turns, it acts as a generator opposing the cur- 
rent that drives it. The voltage induced by turning is called the back e.m.f. It is 
the work done by the motor per unit charge. 

AC—alternating current, sinusoidal current In the United States 60-Hz ac is stan- 
dard. That means the current reverses 120 times each second. In Europe, the stan- 
dard is 50 Hz. The great advantage of ac over de (direct current) is that trans- 
formers can step up or step down the voltage without the use of rotating 
machinery. 

Transformer Two coils wound on the same core so that the same magnetic flux 
threads both the primary winding and the secondary winding. The ratio of the 
voltage amplitudes in the two windings is equal to the turns ratio. A step-up trans- 
former has more turns in the secondary than in the primary. 

RMS—root mean square When we say that our house current has “115 volts,” we 
mean that the average of the voltage squared is (115 volts)’. Since the voltage is 
alternately + and — (forward and back), its average value is zero. But the average 
square voltage tells us how much power can be delivered. A 115-volt (RMS) signal 
has an amplitude of 163 volts (= 115 volts x v2). 

Oscillator frequency Natural frequency, resonance frequency. A circuit containing 
inductance L and capacitance C resonates at frequency v = (1/27m)(LC) ~^. 
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Maxwell induction A region of changing electric field is surrounded bya magnetic 
field. 

Displacement current When a capacitor is charging, a current flows into the posi- 
tive side and out of the negative side. At the same time, the flux of electric field ig 
increasing in the gap. In order to satisfy the desire for continuity of current across 
the gap, we say that the flux change constitutes a displacement current equal to. 
the charging current. 

c Speed of electromagnetic waves in free space = 3.00 x 10° m/sec = e 


REVIEW QUESTIONS 


* In the electromagnetic blood-flow apparatus, suppose that the magnetic field is 
vertically down. This means that Na* ions experience a force to the left of the y 
velocity, while Cl” ions experience a force to the right. If the B-field is doubled, 
the motional e.m.f. is multiplied times 


%. 


* If the speed of flow increases by 1%, the e.m.f. increases by 


* If the electrical resistance of the blood changes, why does this not affect the mo- 
tional e.m.f.? 


* Motion in a magnetic field is one way to induce an e.m.f. Name two others. 


* Ifa conducting loop is rotated in a magnetic field, an alternating e.m.f. may be 
induced around the loop. Describe a relative orientation of field and loop for 
which no e.m.f. is induced. 


* Lenz's Law says that the field of an induced current is in such a direction as to 
oppose the flux change that induced that current. The B-field inside a clockwise 
current loop is directed down. If the current decreases, which way is the induced 
e.m.f.? clockwise/counterclockwise. 


If the primary of a transformer has more turns than the secondary, we call ita 
step-down transformer. If the turns ratio is 10:1, it steps 115-volt ac down t0 
volts. 


* What turns ratio is needed to step 115-volt ac up to 20,000 volts inside a television 
receiver? 


* If the 230-volt line into your house has a circuit breaker that limits the current to 
30 amperes, what is the maximum current you can draw from all the 115-volt 
lines inside? Did your reasoning involve energy (power) considerations? 


In an LC-series circuit oscillating freely, when the current into the capacitor ® 
maximum, thecurrentthroughtheinductoris  alsomaximum / zero, 
and the voltage across the capacitor is also maximum / zero. At this 
time, the energy of the oscillator is all electric / all magnetic. 
quarter period later, the energy is all electric / magnetic. 


When the capacitance is increased, the natural frequency of the oscillations is 
also increased / decreased. 


PROBLEMS 
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+» An electric charge in simple harmonic motion generates electromagnetic waves 
that go out at the same speed in all directions in free space. Argue that this speed 


is the speed of light. 
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PROBLEMS 


* 1. Motional E.M.F. A loop of wire 0.20 m across 
moves to the right at 3 m/sec as shown, with its left end 
in a B-field of strength 0.5 T (vertically down), its right end 
essentially in zero magnetic field. Show that the induced 
e.m.f. in the loop is 0.3 volts. 


PROBLEM 1 Motional e.m.f. The dotted B-lines are at the 
edge of the pole faces. The magnetic field is rather uni- 
form over the pole faces and falls off steeply beyond. 


40K 2. G.E.K. An ocean current of 2 m/sec flows be- 
tween electrodes 10 meters apart in the earth’s B-field, 
whose vertical component is 0.8 x 10°T. 

(a) Calculate the voltage between the electrodes. Oceano- 
graphic measurements of water currents are made using 
such a Geomagnetic Electrokinetograph (G.E.K.) 

(b) If the electrodes are attached to a ship drifting with the 
current, show that the measured voltage will be zero. 


žk 3. Motional E.M.F. What is the voltage appearing 
between the wing tips of an airplane cruising at 178 m/sec 
(= 400 miles per hour)? Wingspread = 50 meters. Why is 
it not possible to measure this voltage with a voltmeter 
while riding in the airplane? 


* 4. Plasma Generator—Motional E.M.F. A stream 
of hot gases rushes through a pipe 0.5 m in diameter at an 
average speed of 100 m/sec. Over one section of the pipe 
a transverse magnetic field of 0.5 tesla is maintained. 

(a) Find the force on one positive ion in the partially ion- 
ized gas stream. 


(b) If you were traveling with such an ion, you would ex- 
perience an acceleration. Knowing the charge and mass of 
the ion, you might naively ascribe that acceleration to an 
electric field of volts/meter. 

(c) What is the electric potential difference between the 
ends of the diameter normal to the B-field? 

(d) Suppose that a current of 100 amps were drawn from 
this “electric generator,” how many watts of power would 
it be producing? 

(e) As current is drawn, how much work would each cou- 
lomb of charge that passes be capable of performing? 
(Hint: Work per second divided by charge per second = 


(f) In 1 second, a length 100 m/sec x 1 sec of gas passes 
through the B-field, having an area of 0.5 m x 10° m = 
50 m2. The magnetic flux “cut” by this area is 50 m° x 0.5 
1 ET p ORO 

Check: Is this equal to the potential difference of part (c)? 
(Hint: Emf = time rate of change of flux.) 

(g) If the gas has a density of 0.25 kg/m*, what is the ki- 
netic energy of 100 meters of gas, i.e., how much kinetic 
energy does the boiler impart to the gas per second? 
(HNT: Circular pipe, area = Tr.) 

(h) What fraction of this power does the generator take 
away? Could one have another generator farther down the 


pipe? 

Nore: This is not the way electricity is generated in prac- 
tice, but you will note that it requires no moving parts, no 
wheels, no bearings. Maybe some day . . .? 


> 5. Starting Motor An automobile starting motor 
might draw 50 amps of current from the 12-volt battery. 
Suppose that the total circuit resistance is 0.10 ohms. 

(a) Calculate the RI-drop in the whole circuit. 

(b) Calculate the back e.m.f. induced by the rotation of the 
motor. 

(c) The product of the back e.m.f. times the current is the 
mechanical power output of the motor. Calculate. 

(d) Is this greater than the rate at which the resistance of 
the circuit converts electrical energy into heat? Do the cal- 
culation. (Hint: RP.) 
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(e) Argue that the motor would draw less current if it ran 
faster. 

(f) How is it possible for the motor to run faster but to put 
out less power? 

(g) When it does, will the rate of loss RÊ be greater or less 
than before? 


> 6. Induced e.m.f. A coil has a 7-cm? cross section. 
When carrying a current of 1 amp, the B-field inside is 
1.0 x 107° tesla. Suppose that the current is brought up 
from zero to 1 amp in one-tenth of a second. 

(a) Calculate the e.m.f. induced in a single turn of wire 
surrounding the coil. 

(b) Call the coil the “primary” circuit and the single turn 
the “secondary.” If the primary has 10,000 turns, what is 
the “back e.m.f.”” induced in it while the current is increas- 
ing to 1 amp? 

(c) This is a “step-down” transformer, Is the turns ratio the 
same as the ratio of the voltages induced in primary and 
secondary? Explain your answer. 

(d) Does it matter whether the secondary “turn” is 
wrapped tightly or looped loosely? Explain. 


¥* 7. Resonant Circuit 

(a) If an alternating voltage is impressed on a capacitance, 
the peak current flows one-quarter of a period before the 
peak voltage is attained. We say that the current “leads” 
the voltage. Sketch graphs of ac current and voltage using 
the same time scale. For a circuit with capacitance and re- 
sistance in series, the graphs will look like the figure 
shown. The current leads the voltage by less than a 
quarter period. 

(b) When an ac voltage is impressed on an inductance, the 
peak current flows one-quarter of a period after the peak 
voltage is attained. We say the current “lags” behind th. 
voltage. Sketch graphs as in part (a). 


á LN 
I am S a 
(c) With an inductance and capacitance is series, the cur- 
rent in the two is in phase, but the voltages are not. In- 
deed, they are of opposite sign. When an alternating volt- 
age is impressed on a pure resistance, the current is in 


phase with it. Now suppose that you have all three: resis- 
tance, inductance, and capacitance, all in series, Show 
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that, if the capacitance is very small, the current wal Lead 
the applied voltage. If the inductance is very large, SEROW 
that the current will lag the applied voltage. No mathe 
matics is intended here, just a few sentences of explana 
tion. 

(d) For a particular choice of inductance and capacitari cE, 
the voltage across the one will exactly cancel the voltas: 
across the other. For a given input voltage, this mxirm izes 
the current. This is the resonance condition! Argue that 
the current and voltage are in phase at resonance. 
(Hint: Imagine a large positive voltage across the ca paci 
tance, an equally large negative voltage across the incl 2c 
ance, and a small positive voltage across the resistance - ) 


x 8. Dimensional Analysis The unit of capacita Nece 
is the farad. The unit of inductance is the henry. 

(a) Recall the definitions, and show that 1 henry >< F 
farad = 1 sec’. 

(b) The unit of resistance is the ohm. Remembering that 1 

ohm = 1 volt/1 amp, combine ohms and henrys is some 

way to obtain seconds. (HINT: There is only one way- > 

(c) Combine ohms and farads to obtain seconds, 


Fkk 9. “Derivation” of the Maxwell Induction Law 
Ata distance r from a long straight wire carrying a urren t 
I, the magnetic field is given by 


_ Zal 
te T 


B 


Another way to say that is that the circulation of the Z- 
field around a path surrounding the wire (make it a circle) 
is 


circulation = B x 2ar = 4r x k,l 


(a) What is the circulation of the B-field around a straig ha t 
wire carrying 1 amp? 

(b) Now suppose that the wire has a gap in it—say, a 
small parallel-plate capacitor. We might expect that the e><— 
istence of such a gap would not alter the circulation of the 
B-field around the wire as long as it carries the same cur— 
rent. Of course, charge will pile up on the two sides of thee 
gap, positive charge on one plate, negative charge on the 
other. Now we want to write the circulation formula not 
in terms of the current, but in terms of the rate at which 
the electric field is changing between the capacitor plates - 
Remember, the current into one plate and out of the other 
represents the rate at which the charge on the capaco a 
changing. The charge on the capacitor is proportional to 
the flux of electric field between the plates: 


PROBLEMS 
1 
ies x Ex area PROBLEM 13.47 
Arke 
= x electric fl 
Arke ‘ m% 
hence 


1 
j= ( 4) x (time rate of change of electric flux) 


Combine: 


4nk,, _ (time rate of change of 


circulation of B-field = tak, electric flux) 


How fast is the electric flux changing in the gap in the 
l-amp current? volt m/sec. (HINT: Show that 
volts x meters is the appropriate unit of electric flux.) 

(c) Calculate the proportionality constant kelkm. (HINT: Get 
the units right. Take the square root of what you get and 
compare with Equation 5.) 


*+* 10. Motional e.m.f. Again Back to Problem 1, in 
which an e.m.f. of 0.3 volts is induced in a 0.20-meter- 
wide loop moving through a 0.5-tesla magnetic field at 3 
m/sec. Let the loop have a resistance of 0.15 ohms. 

(a) Calculate the induced current in the loop. Clockwise or 
counterclockwise? 
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(b) The left-hand end of the wire loop experiences a mag- 
netic force when this current flows across the magnetic 
field. Calculate magnitude and direction (Chapter 15, Eq. 
1). 

(c) To keep the loop moving at 3 m/sec, whoever is pulling 
the loop has to exert an equal and opposite force. Cal- 
culate the rate at which this force does work. 
(HINT: newtons X m/sec = watts.) 

(d) The work per unit charge in going around the circuit 
(the loop) is 0.3 volts. The power dissipated in the resis- 
tance of the loop is the work per unit charge times charge 
per unit time: power = RP. Calculate. If the answers to 
parts (c) and (d) were not the same, would you be wor- 
ried? In Chapter 4, Energy and Power, we talked about 
energy bookkeeping. What is happening here is that all 
the work that goes into pulling the loop at constant speed 
appears as heat. It has to. There is no place to store energy 
in this situation. 

Nore: The self-inductance of the loop is so small that the 
current is essentially constant during the motion, so the 
magnetic-field energy of the induced current is constant 
also. 


ELECTROMAGNETIC 
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FM antenna. The middle of the 
FM band has wavelengths 
around 3 meters, so an efficient 
FM antenna might be about 1 
meter long. But it has to be 
high up, because those short 
waves need line-of-sight 
transmission. Unlike the waves 
of the AM band (wavelengths 
around 300 meters in the 
middle of the band), they don’t 
diffract readily around large 
obstacles. 


ELECTROMAGNETIC RADIATION AND PHOTONS 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 
Explain why wavelength is inversely proportional to frequency, 


Explain what the size of Planck’s constant has to do with the energy of 
a photon. 


Why is the threshold wavelength for the photoelectric effect different for 
different metals? 


Why does a wave train passed through a fast shutter not have an accu- 
rately measurable frequency? 


Why does doubling the number of excited atoms in a laser quadruple 
the intensity of the laser beam? 


Argue that the Compton effect offers a direct measure of the momentum 
of a photon. 


What is a Laue pattern? 


17.1 FREQUENCY AND WAVELENGTH 


The top of your AM radio dial is marked 1500. That means 1500 kilohertz, 
or 1.5 megahertz. It means the radio station that broadcasts in that fre- 
quency “band” emits electromagnetic waves that repeat their signal patterns 
around one-and-a-half million times per second. In the vertical antenna at 
the transmitter the current starts to flow up once every two-thirds of a mi- 
crosecond. It starts to flow down one-third of a microsecond after it starts to 
flow up. The wave travels away from the antenna at 3.00 x 10° meters pet 
second. That, you may recall, is the free-space speed of all electromagnetic 
waves. In the two-thirds of a microsecond it takes to emit one full wave, the 
wave travels 200 meters. By the time the current starts to flow up the an- 
tenna, the part of the wave emitted the last time current started to flow up 
has gone 


m sec 
3.00 x Ito ve oak 19° = 2 X 10 m 


We say that a 1.5-MHz wave has a 200-meter wavelength. Many people 
prefer to talk about a 200-meter wave, 


— 
EXERCISE 1 The bottom of the AM band is 550 kHz. How long are those 
waves? 


EXERCISE 2 A station near the middle of the FM dial transmits at a fre- 
quency around 100 MHz. What is the wavelength of those waves? 


4 
EXERCISE 3 Commercial television (VHF) uses wavelengths between 1 
and 5.6 meters. What are the corresponding frequencies? 


174 FREQUENCY AND WAVELENGTH 


EXERCISE 4 Light of wavelength 500 nm is green. What is its frequency? 


EXERCISE 5 Write down the equation relating the frequency v, the wave- 
length À, and the wave speed c. Remember, the period of the wave is 1/v, 
and it travels one wavelength in one period. 


p 
—— —<$ ———————— 


You may have noticed that the transmitting antennas used to radiate long 
waves (commercial AM radio) are taller than those used for short waves 
(police radio, CB). The reason is that for efficient radiation the antenna 
should not be too much shorter than the wavelength. A quarter wavelength 
is close to optimal. The same goes for the receiving antenna. That is why 
you pull out the extensible antennas with which portable TV sets are 
equipped. You may have noticed that, in general, shorter objects radiate 
shorter wavelengths. The vibrations of molecules are in the infrared. Atoms 
radiate at frequencies ranging from the infrared up through the visible, the 
ultraviolet, and into the x-ray region. The electromagnetic radiation from 
the nucleus is called gamma radiation; it has still shorter wavelengths (Fig. 


17.1). 


108 107 10° 101! 1013 1015 10!7 1019 10°! Frequency/Hz 
| | | [haem ll (Pe ae a 
Radio Micro Infra Ultra Xray Gamma ray 


wave red violet 
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FIGURE 17.4 Scale of frequencies and wavelengths of electro- 
magnetic waves. The visible spectrum occupies less than one- 
third of a decade between the infrared and the ultraviolet. 


Characteristic Spectra 


In Chapter 10, Sound and Hearing, we talked about the resonance frequen- 
cies of objects of various sizes. That concept came up in connection with 
standing waves. It was not surprising that the characteristic vibrations of a 
long string radiated long-wavelength sound waves—low frequencies. The 
double bass plays lower notes than the violin. The piccolo has a shorter air 
column than the flute and is used to play higher notes. The characteristic 
frequencies—we called them natural frequencies—of a string or air column 
are relatively easy to describe. We talked about a fundamental and higher 
harmonics, about the shape of the wave. The vibrations of a polyatomic 
molecule are more complicated. We have to be concerned with many de- 


grees of freedom. Even as simple a structure as an atom can vibrate and 


radiate at a large number of different frequencies. Rarely is the vibration 
of molecules may radiate 


purely sinusoidal, single-frequency. A collection iol ; 
many distinct frequencies at the same time. We say distinct frequencies. The 
spectroscopist says spectral lines. The radiation from individual atoms and 
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molecules is not a blur of frequencies. Indeed, each atomic and mecla y 
species has a characteristic spectrum of rather sharp frequencies, Ech has 
its own signature. That is why spectroscopy is the chemist’s sharpes € tool 
for identifying chemical elements and compounds. 4 
You might ask why all the atoms of a given species radiate at exactly ee 
same set of distinct frequencies. That question is answered in Chaptex 18. 
As you may have guessed, it has to do with the “quantum” aspects of — 
ter and radiation. In the next section we explore the quantum nature Of 


radiation. i 


17.2 PHOTONS Í 


A photomultiplier is a sensitive detector of visible light. It is really a comma- A 
bination detector and amplifier so that it can respond even in very weak © 
light. The electrical output of such a detector can be read on a meter, At low 
input levels, the needle quivers. The signal is “noisy.” If it is displayed Oma 
an oscilloscope, the trace is spiky. In extremely weak light, there is ony amı 
occasional spike. Each spike indicates that some light energy has arrived at 
the detector. But the spikes are not regularly spaced, not rhythmical. They 
seem to come at random. Sometimes two or three come close together. 
Sometimes there will be a long period without one.! 

What we are seeing is the arrival of individual quanta of radiation: pha o— 
tons. The irregularity of the arrival of these energy packets is not an artifact 
of the measuring process. It is a clue to the irregularity of their emissicoxa— 
Indeed, the physics of the very small is characterized by the statistical nte re 
of all events. It is impossible to predict exactly when the next photon wall 
be emitted! The best that can be accurately known is the probability dista-a— 
bution of the times of emission. (See Problem 7, Poisson Distribution.) 


a a 


Size of the Quantum. Photoelectric Effect 


Are all the arriving light quanta the same size? Experiments described ra 
this section show that the energy of a photon is determined uniquely by thie 
frequency v of the radiation. The two are proportional: 


photon energy = hv 


High frequencies have energetic photons. The reason we don’t notice the 
“graininess” of light in everyday living is that the proportionality constant Fz 
is so small: 


Planck’s constant h = 6.6256 x 10% joule seconds , 
So the number of photons emitted per second by photon sources like light 
bulbs and TV antennas is just enormous. 


‘The movie “Photons” demonstrates this phenomenon beautifully. (Educational Services ines 
distributed by Modern Learning Aids). 
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EXERCISE 6 Show that a photon of green light (A = 500 nm) has an energy 
of 2.5 electron volts. 
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In a photomultiplier tube (see Problem 10 for sketch), light comes in 
through the glass and is absorbed by a metal “cathode” surrounded by a 
good vacuum. The energy of a photon can be given to an electron in the 
metal. If the electron moves off fast enough and in the right direction, it can 
get out of the metal. Of course, the surface of the metal tries to pull it back 
in. To get photoelectrons out of the metal, the photon energy has to be big 
enough to overcome this attraction. The work needed just to pull an electron 
out of the metal is called the work function of the metal. If the energy of 
the photon is greater than the work function, photoelectrons can be pro- 
duced. The excess energy can go into kinetic energy of the photoelectrons. 
The maximum kinetic energy a photoelectron can have is the difference be- 
tween the photon energy hv and the work function : 


Einstein’s photoelectric equation: K.E.max = hv — ® (Eq. 1) 


We return to the photomultiplier in Problem 10, Photomultiplier. Here we 
concentrate on what we can learn from the photoelectric effect. Suppose that 
you did not know Planck’s constant. Measuring the maximum kinetic en- 
ergy of the photoelectrons would give you a way of measuring the energy 
of the photons. Using Eq. 1, all you need is the work function—how hard 
the metal hangs on to its electrons. There are, to be sure, electrostatic meth- 
ods of measuring work function. But it comes directly out of a photoelectric 
experiment, provided that you have light of two or more sharp wavelengths: 
Measure the maximum kinetic energy of the photoelectrons excited by each 
spectral color. Plot it versus the frequency v of the light. According to our 
Eq. 1, the graph should be a straight line (Fig. 17.2). Its slope is Planck's 
constant h. If the straight line is extrapolated to zero frequency, the intercept 
is —o. 

Evidently, there is a threshold frequency Vthreshola for the photoelectric 
effect. Photons with energy less than hvjhreshoia Cannot free electrons from 
the surface of the metal. 


work function ¢ = h¢threshold 


That threshold frequency is different for different metals. Metals that are 
chemically very reactive hang on to their electrons weakly and have thresh- 
old frequencies in the red or even infrared. Metals with large work functions 
hang on tightly and have threshold frequencies toward the violet or ultra- 
violet. Table 17.1 tests your chemical intuition against the measured thresh- 
olds. You may want to recall ideas about “electronegativity” and electrode 
potential from Chapter 13 at this point. 


— 


Maximum kinetic 
energy 


Work 
function 
$ 


485 E 


FIGURE 17.2 Photoelectric 


effect. At the threshold 
frequency vo the photon 


energy is just equal to the 


work function of the 
photocathode. 


TABLE 474 Photoelectric Work 


Function of Some Metals 
(Electron Volts) 


Cesium 
Potassium 
Sodium 
Calcium 
Zinc 

Lead 
Aluminum 
Silver 
Nickel 


1.8 
L2 
2.3 
27 
F 
4.0 
4.1 
4.7 
5.0 
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Cathode 
Bucking 
Anode voltage 


FIGURE 17.3 
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EXERCISE 7 Plot the following photoelectric data in such a Way as to firad 
the work function of the metal: 


Wavelength of light A 500 400 nm 
Maximum kinetic energy of photoelectrons 0.68 1.30 eV 


(HINT: You have the choice of plotting either v = C/A, or just lA. 16 wou 
make the latter choice, the slope of the straight line will be he.) r 
(a) What is your result for hc, in eV meters? 

(b) Use Table 17.1 to identify the metal. 

(c) Calculate the threshold wavelength for this metal. 


EXERCISE § The sketch (Fig. 17.3) shows the essentials for measuring the 
photoelectric effect. The cathode is illuminated. The anode is in the dark- 
When the bucking voltage V is high enough, it cuts off the photocurre rit. 

That is, when eV > maximum kinetic energy, the photoelectrons are di vera 

back into the cathode by the electric field. 

(a) Put in the data from Exercise 7. What wavelength of light will have a 
cutoff of photocurrent when the bucking voltage is 0.3 volts? 
(HINT: The light is orange.) 

(b) If the bucking voltage is reversed, so it becomes an accelerating volta € 
predict how the current will depend on V. 


EXERCISE 9 What is the shortest wavelength that will excite the photoel=c— 
tric effect on zinc? 


EXERCISE 10 Chapter 12, Wa‘ e Optics, made a convincing case for a wa we 
model of light. There is no way a “particle model” of light could expla ix 
diffraction. Yet diffraction is a simple consequence of a wave model. With 
the photoelectric effect, an obvious experiment is to turn up the intensity of 
the light and see what happens to the photoelectrons. On a wave model, 

you would predict that their kinetic energy would also increase. That does 

not happen. The electron kinetic energy depends only on the wavelength 

(the color) of the light, not on how strong it is. What does happen with 

increasing light intensity is that the photocurrent grows; in fact, it increases 

in proportion to the light intensity. Now fill in the blanks: 


If the light intensity is doubled, the photocurrent is multiplied times 
, but the bucking voltage needed to cut off the photocurrent iss 
multiplied times 


E 


This exercise was intended to convince you that light really does come ita 
quanta. What you notice is that the quantum description is in a sensè a 
Particle picture. But it required the idea of wavelength (or frequency), ©o"— 
cepts intrinsic to the wave Picture. This wave-particle duality is an essential 
feature of what is called “quantum theory.” 
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Light: Waves or Particles? 


In Chapter 12 we studied the diffraction and interference of light. Those two 
phenomena can only be explained if light travels in the form of waves. Here 
we learn about the photoelectric effect. That phenomenon requires light 
quanta—we have called them photons—for its explanation. It tells us that 
light comes in packages. In order to account for all the properties of light, 
both the wave and the particle aspects are needed. But our idea of a particle 
is that it is in a particular place at any particular time. A wave, on the other 
hand, is continuous. It is distributed rather than localized. What happens in 
an experiment designed to localize the light in space and time? For example, 
what does a fast shutter do to a light beam? It chops it, you will say. But 
what if the light is very weak? Suppose that the light is so weak that, on the 
average, less than one photon gets through in the time the shutter is open. 

Can a photon be chopped in half? Surely not! A shutter cannot change the 

color of the light. The frequency and the wavelength of the light cannot be 

changed by the chopping. If we think of a photon as a train of waves, what 

a fast shutter can do is limit the number of waves in the train. But the total 

energy of the photon is still hv, quite independent of how many waves there 

are in the train. The faster the shutter, the smaller the probability that a 

photon will get through. Again, the quantum description allows only statis- 

tical prediction. On any particular opening of the shutter, there is no way 
to predict whether there will be a photon or not. 

eee 
ss 

EXERCISE 11 A light beam is so weak that it transmits only 10 photons per 

second. If the shutter is set at 1 second, the average number of photons that 

get through in one click is 10. With a shutter speed of 75 of a second, the 

average number is 1. With a speed of 1 millisecond, the average is roo of a 

photon. This means that the probability that any light gets through when 

the shutter clicks is 1 chance in 100. 

(a) At 1 millisecond, what is the probability that two photons get through? 
[Answer: Approximately 1 in 10,000.] 

(b) Three? k 4 
The point is that 1 millisecond is short enough so that it is quite unlikely 
that more than one photon will make it through: The probability of more 
than 1 photon in 1 ms = 10% + 10° + 108 +... . = 10710.99. 

(c) Can you prove that? If not, check it on your calculator. 


-e 


It is as though the photons resist being localized. If you insist on confining 
a photon within a narrow time interval, it responds by refusing to tell you 
in advance whether it is going to be there or not. You might wonder 
whether a diffraction experiment can still be performed with a beam of light 
so weak that on the average there is less than one photon in the apparatus. 
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Can one photon interfere with itself? Or does interference require at least 
.two photons? F 

Experiments have shown that interference effects occur no matter how 
weak the light, provided you wait long enough. In a double-slit experiment 
each photon seems to explore both slits. The fringe pattern results beca 
statistically, more photons end up at the interference maxima, fewer at 
minima. 

But what if someone really gets inquisitive and wants to know which slit 
of the double-slit apparatus the photon went through? What happens is that 
any device that could find that out spoils the interference pattern! This result 
can be stated more generally: Any experiment designed to investigate the | 
particle properties of light spoils the wave properties, and vice versa. That | 
generalization is called the Complementarity Principle. It Says, in essence, 
that the wave and particle descriptions can never contradict each other, An 
experiment to measure frequency or wavelength accurately requires a wave- 
train many waves long. Any attempt to localize the light in space or time 
shortens the wavetrain, spoiling the measurement of its wave properties, 
(See Problem 16, Bandwidth and Uncertainty.) 


17.3 LASER 


Remember, the photons come out of a conventional light source quite ran- 
domly. The atoms that radiate the light do so independently. Whether one 
atom is or is not radiating does not affect when a neighboring atom may 
start to radiate. We say “the photons are not correlated.” The technical term 
is to call them “incoherent.” If we think of each atom as emitting a wave- 
train with a beginning and an end, the wavetrains coming from different 
atoms are not in phase. 

A laser is a light source in which the individual atoms are made to radiate 
in phase. It may be useful to think of them as holding hands. The electro- 
magnetic field itself provides the coupling among the atoms that keeps them 
radiating coherently. The word laser means Light Amplification by Stimu- 
lated Emission of Radiation. The term stimulated emission is the key. The 
electromagnetic wave incident on an atom excites its oscillation, so that 
neighboring atoms oscillate in Phase. You can guess what is needed for laser 
action: bathing all the atoms in an electromagnetic wave of very high inten- 
sity, very well defined in direction as well as polarization. No attempt is 
made here to describe how the various kinds of lasers actually work. They 
all have an accurately plane end window. The light comes out of the end 
window essentially a plane wave so that the laser beam does not spread out 
much over short distances. 

In applications of lasers, the high intensity and the narrowness of the 
beam are both exploited. Of course, the high intensity is possible because the 
beam remains so narrow. But there is more to it. If 10 oscillators radiate 
together, so that the resulting electric-field amplitude is 10 times the ampl- 
tude of each, the intensity of the wave is 100 times the intensity each one 
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would radiate alone. Remember, the energy density of the field goes as the 
square of the field (Eq. 15.4-3). Power goes as voltage squared. But doesn’t 
that violate conservation of energy? Shouldn't 10 oscillators have 10 times 
the power of one oscillator? The answer is yes if you are concerned with an 
average over all directions. The answer is yes, if the oscillators have random 
phase. But if they are coherent, then in one direction they all interfere con- 
structively. In that “forward” direction, the intensity goes as the square of 
the number of oscillators. We met this argument back in Chapter 12, Wave 
Optics. We needed it to explain how the intensity of the principal maxima 
of a diffraction grating with N lines could be proportional to N°. The answer 
there was that the width of the principal maxima was proportional to 1/N. 
The total amount of energy still went as N. In the same way, when N atoms 
in a laser are radiating coherently, the intensity of the emerging light goes 
as N*, Again, you will worry about the energy bookkeeping. Note that the 
beam is confined to a very narrow solid angle, proportional to 1/N. 

You can understand why laser beams are used to guide the surveying 
teams in building straight tunnels. There, it is the narrowness of the beam 
that is exploited. Laser surgery exploits the high intensity concentrated in a 
small area. I had the sight of my left eye preserved thanks to laser surgery 


on the retina. 
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Laser light show. Strategically 
placed mirrors reflect the narrow 
and intense laser beams to make a 
spectacular display of colored 
lights. What makes the beams 
visible is scattering from dust, tiny 
water droplets, and from density 
fluctuations in the air (clumps of 
air molecules). If you don’t have 
occasion to see a laser beam, you 
may recall having seen a very 
intense searchlight beam. There 
you would notice appreciable 
spreading, almost absent in the 
laser beam. 


Laser surgery. 
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a — Force 


FIGURE 17.4 Momentum of 
radiation. Electromagnetic 
wave traveling to the right 
interacting with an electron, 
In an E-field directed up, 
electron accelerates 
downward. In moving 
down, in perpendicular B- 
field (out), force on electron 
is to the right. 
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17.4 THE MOMENTUM OF RADIATION 


People talk about the sun “beating down.” But you can’t actually feel ‘the 
physical pressure of sunlight. The pressure of light is so small that it & 
quires highly sensitive instruments to detect it. It turns out to be imp Ortan 
in astronomy. The large, hot stars are kept from collapsing by radia tan 
Pressure. They would be much smaller without the pressure of light coax 2am 
from the inside to keep the outside layers from falling in. 


travel of the wave. The Perpendicular component of the force averages tO 
zero because of the sinusoidal nature of the E field. But even though the B 
field is also sinusoidal, the Lorentz force is nonvanishing and alwaysim the 
forward direction. Problem 14 gives the argument that the momentura Of 
the wave is proportional to its energy. Indeed, the ratio is always the same: 


energy 


FROMMER Hina! E= speed: of electromagnetic waves in free space 
momentum 


Accordingly, if the energy of a photon is hv, its momentum is hv/c, 


EXERCISE 12 A photon of energy hv has wavelength \ = c/v. Write its n2o— 
mentum in terms of \. 
Œ- 4) 


[Answer: Photon momentum = h/\ 


Compton Effect 


has less energy. Lower energy means lower frequency, hence longer wave— 
length than the incident photon. F 

It is a remarkable feature of the Compton effect that the wavelength aS 
ference between the Compton-scattered photon and the incident photon = 
independent of the wavelength of the incident photon. Problem 19 gives am 


SR 
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17.5 X RAYS 


approximate derivation of that result. The derivation is based simply on the 
conservation of energy and momentum in the photon-electron collision as- 
suming that the electron is initially free. The discovery of the Compton ef- 
fect was therefore a compelling piece of evidence that the photon descrip- 
tion of radiation is correct. For straight backward scattering, what you might 
call a head-on collision, the wavelength difference is 


h 


Necattered — Ninddent: = 2 i (Eq. 2 
te q. 2) 
4.85 x 10° “m 


I 


for scattering by electrons. You may wonder, on seeing the small size of 
that wavelength change, how people were able to measure it. For visible 
wavelengths—around 5 x 10-77 m—the wavelength difference would be in 
the fifth significant figure. The answer is that the Compton effect was dis- 
covered with X rays, not with visible light. The wavelength increase pre- 
dicted by Eq. 2 is a larger fraction of a smaller incident wavelength. For a 
1-A X ray, we are talking about a 5% wavelength change. 


exercise 13 Show that the energy of a 1-A X ray photon is 12.4 KeV. Your 
dentist uses X rays with energies 5 or 10 times greater than that, that is, still 
shorter wavelengths. 


EXERCISE 14 What is the wavelength of a 100-keV X ray? If it were Compton 
scattered straight backward, what would be the wavelength of the scattered 
photon? The energy? How much energy would the recoiling electron carry 
off? 


17.5 X RAYS 


Even though they are invisible, you know a lot about X rays. For instance, 
you know that they penetrate solid objects much more easily than visible 
light does. The technical way to say this is that the absorption coefficient of 
most materials for electromagnetic waves decreases as the wavelength gets 
shorter, We talk about hard X rays (short wavelength, high photon energy) 
as being more penetrating than soft X rays (long wavelength, low photon 
energy). As a rule, materials with heavier atoms have larger absorption coef- 
ficients than those with lighter atoms. That is why a dental X ray shows the 
gum tissue as a gray area, the tooth as a slightly structured white shadow, 
and the silver filling as a completely unexposed gap. Laie 
You also know that exposing your body to X rays is dangerous. This is 
not just because the X rays get inside you. After all, visible light gets inside 
you too. Hold your hand up to a strong light and you can see that some red 
light gets through the soft tissue. But it is completely harmless. Unlike the 
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A dental X ray. 


An X ray of a human hand. 


visible rays, the X rays are an ionizing radiation. They are able to ter etec 
trons off the atoms and molecules of the materials they pass through- Ta 
intuit why X rays are ionizing and visible rays are not, remember that 2x2 OX 
ray photon carries much more momentum than a visible photon, 


E S l ë 
Se 
EXERCISE 15 A photon of red light has an energy around 2 eV. A pho tor 


of a dental X ray might have an energy of 80,000 eV. The ratio of wawe- 
lengths is 40,000:1, so the ratio of momenta is _—— 


_ 


Perhaps you do not know how the wavelengths of X rays are measured 
With visible light, the diffraction grating provided wavelength measta re— 
ments of great accuracy. Gratings can be ruled so that the “slit separaticoaa.** 
is just two or three wavelengths of light. That means two or three “ordea-s** 
of diffraction maxima can be seen on each side of the central maximum, Eww © 
or three complete spectra of the light being analyzed. An optical grati xa 
allows high dispersion, that is, large angles between spectral lines of differ 
ent wavelength. Those are closely ruled gratings, of course. If such gratings 
were to be used for X rays, with wavelengths thousands of times smaller, 
there would be thousands of orders, and very little dispersion. Good waw<=— 
length measurements require gratings with even closer spacing between thre 
“slits.” Nature has provided such gratings: crystals. Instead of manm Je 
tulings, there are rows of atoms, spaced with a regularity no ruling eng xe 
could achieve. Of course, the rows are in three dimensions, not just =~ 
That makes the diffraction patterns somewhat complicated. Instead of a pa- ®— 
tern of lines, we have a pattern of spots, called Laue pattern. Problem 21 


SUMMARY 


Laue pattern from sodium chloride crystal (ordinary table salt). 


shows how the positions of Laue spots can be used to interpret the spacings 
between planes of atoms in the crystal in terms of X-ray wavelength. Of 
course, once the wavelength of the X rays is known, the X-ray diffraction 
technique can be turned around and used to investigate the structure of 
crystals. 


SUMMARY 

Some wavelengths of electromagnetic waves are 
Typical AM radio station 300 m 
Typical FM radio station 3m 
Typical TV station 2m 
Microwave oven 12 cm 
Infrared greater than 700 nm 
Visible 400 to 700 nm 
Ultraviolet less than 400 nm 
Typical dental x-ray 0.01 nm 


Free-space speed is universal = 30 cm/nsec. 
Small antennas are best for radiating short wavelengths. 


Atoms and molecules radiate electromagnetic waves of well-defined fre- 
quencies. These spectral lines are highly specific identifiers of their source. 
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The spiky fluctuations of weak light are evidence of its discrete nature: Li 
comes in packages (photons). Each wavelength has a unique photon en. 
ergy: E = hv = hch. i 

According to Einstein's photoelectric equation hv = + K.E. maw the en 
of the photon goes partly into work to overcome the surface barrier, partly 
into kinetic energy of the photoelectron. 

Photoelectric measurements with several wavelengths give a straight-line 
graph whose slope gives Planck’s constant and whose intercept gives the 
work function. 

The chemically more reactive metals tend to have lower work functions, 


A photon cannot be chopped in half. But a shorter wavetrain has a less- 
well-defined frequency. 

The wave description and the photon description of electromagnetic radia- 
tion are complementary. The measurement of a particle property spoils 
the accuracy of a later measurement of a wave property, and vice versa, 

In a laser, the atoms radiate in phase. The emitted light beam can be very 
narrow and very intense. 

The momentum carried by an electromagnetic wave is proportional to its 
energy. 

In Compton scattering, the wavelength increase is independent of the inc- 
dent wavelength. Accordingly, the Compton effect is “big” for x rays. 

X rays are an ionizing radiation. 

X-ray diffraction is used to study the structure of crystals. 


KEY TERMS 


c Speed of electromagnetic waves in free Space = 2.9979 x 10° m/sec. 


ELF Extremely Low Frequency radiation. A few hundred hertz and below. Useful 
if penetration into seawater is desired, as in communication with submerged sub- 
marines. 


Radio wave An electromagnetic wave whose principal frequencies are in the range 
of a few kilohertz to a few hundred megahertz. 


J 
Microwave Electromagnetic wave whose principal frequencies are in the range 10 
to 10° Hz. 


Infrared I.R., also called heat radiation, Electromagnetic waves whose principal fre: 
quencies are in the range 10" to 0.5 x 19! Hz. Since the microwave and IR re- 
gions overlap, the distinction between them is based on source: Microwaves ate 
produced by manmade oscillators, infrared by molecules. 

Visible light Frequency range 0.4 x 10" to 0.7 x 10" Hz. The transition to the 
infrared on the long-wavelength end and to the ultraviolet on the short-wave 
length end of the visible Spectrum is different for different individuals. : 

Ultraviolet Frequency range 10" to 10" Hz. This is the part of the sun’s radiation 
responsible for the “gorgeous suntan.” 


KEY TERMS 


Xray Frequency range 10'° Hz and above. 


Gamma ray Electromagnetic radiation originating in the atomic nucleus. Frequen- 
cies usually above 10” Hz. 

AM Amplitude modulation. A common way of coding information to be transmit- 
ted via radio waves. The high-frequency sinusoidal “carrier” wave is multiplied by 
the low-frequency (usually audio) signal to be sent. 

FM Frequency modulation. Another way of coding. Instead of modulating the am- 
plitude of the carrier wave, the information (audio?) signal modulates the fre- 
quency of the carrier. 

Spectral line A radiation of sharply defined frequency. 4 

Line spectrum Radiation consisting of several sharply defined frequencies. Individ- 
ual atoms radiate line spectra. 

Band spectrum Radiation with closely spaced groups of spectral lines giving the 
appearance of a continuous range of frequencies. The rotational and vibrational 
motion of molecules gives rise to band spectra. 

Photomultiplier Light detector in which a photoelectron triggers an avalanche of 
secondary electrons, resulting in a pulse of current. 

Photon A quantum of electromagnetic energy. The energy of a photon is hv, where 
v is the frequency and h is Planck's constant. 

Planck’s constant h = 6.6256 x 107% joule sec 

= 4.1356 x 10°'° eV sec 

1.2397 x 10°° eV meter/c 

Photoelectric effect A photon is absorbed by a solid, resulting in the emission of 
an electron from its surface. 

Einstein’s photoelectric equation The maximum kinetic energy of photoelectrons 
from a given surface is hv — b, where b is the work function of the surface. 

Work function Energy need to pull an electron out of the surface of the solid. 
Related to threshold wavelength for photoelectric effect, Nmreshoia = Hcl. 

Threshold frequency The lowest frequency of light for which a particular material 
exhibits the photoelectric effect. Related to work function = JVinreshold: 

Wavetrain Sequence of repeated wave patterns. The phase of the oscillations ad- 
vances continuously and uniformly from the beginning of the wavetrain to the 
end, “without stuttering.” Two independently emitted photons are not, in general, 
in phase, so we speak of each as constituting a separate wavetrain. 

Laser Light Amplification by Stimulated Emission of Radiation. The term is used 
for a light source using this principle. The photons emitted by a laser are emitted 
in phase, that is, coherently. As a result of having long wavetrains, laser light has 
extremely sharp frequency definition, as well as accurate directionality. 

Stimulated emission An electromagnetic wave can excite an atom to radiate in 
phase with it. 

Radiation pressure A surface absorbing electromagnetic waves experiences a force 
in the direction of travel of the waves. A perfectly reflecting surface experiences 
twice as much force as an absorbing surface. 


Photon momentum ` hv/c. 
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Compton effect When a photon interacts with a free electron and imparts ma Os 
tum to it, another photon comes off. Energy and momentum are conseryec À E t 
interaction. As a consequence, the wavelength shift between the incidentara d = 
tered photon is independent of the wavelength of the incident photon, 


Ionizing radiation Photons in the far ultraviolet have enough energy to ara S€ 
ization when they are absorbed. So do x-rays and gamma rays. The tem is 
used for beams of particles (electrons, neutrons, alpha particles, ete.) of sa FFIEC 
energy to cause radiation damage. 

Laue pattern The diffraction pattern formed on a photographic emulsion by am 
ray beam scattered from a crystal. 

X-ray diffraction The study of crystal structure using X rays. By extensiox@- 
same technique applied to liquids, polymers, and other large molecules, 

Bragg’s Law md = 2d sin a, where d is the spacing between crystal planes, œ a= 
scattering angle, and n is an integer. š 

Complementarity principle The wave description and the particle descriptioza Of i 
physical situation never contradict each other, An experiment designed to mea ue 
a wave parameter destroys knowledge of the complementary particle pararme 
and vice versa. 

Uncertainty principle A measurement of the energy (e.g., of a photon) with > 
sion + AE introduces an uncertainty At into a subsequent measurement of the: 
it is emitted given by At = h/AE, where h is Planck’s constant. 


REVIEW QUESTIONS 4 


* Some books quote the speed of light as 1 foot per nanosecond. How far <> 
that? To 


If v is the frequency of a Periodic wave, then 1/v is called its 


In one period, a wave travels a distance equal to its 


* The product Av of the wavelength A times the frequency v is called 
For electromagnetic waves in free Space this is a universal constant ¢ = 


What is the period of a 1.5 MHz wave? Its wavelength? 


How far does it travel in one microsecond? In two-thirds of a microsecond? 


* The energy of a photon is Proportional to the frequency / wavelength / of 
the radiation. 


* Planck’s constant is: a universal constant / the same for all metals but difif—=,— 
ent for nonmetals / different for different metals. 


In the term work function, what work is meant? 


Which has the larger work function, tungsten or potassium? Which of those Ww» 
might you use for making a light meter for use in photography? 


* Ifa metal has its Photoelectric threshold in the ultraviolet, it does / does ROE 
show a photoelectric effect for green light. 


QUESTIONS FOR FURTHER THOUGHT 


e According to Einstein's photoelectric equation, plotting the maximum kinetic 
energy of photoelectrons versus —_______________ yields a straight 
line. The intercept of that straight line with the “energy” axis yields the 


* Describe an experiment for measuring the maximum kinetic energy of photoelec- 
trons. 


e Chopping a light beam with a fast shutter: can / cannot change the energy 
of the individual photons. It makes the energy: less well / better / 
defined. 


e Interference effects: require at least two photons / show up regardless of how 
weak the light. 


* The momentum transported by a light beam per unit time is proportional to: the 
wavelength / the energy transported per unit time. 


* What is the relationship between the momentum of a photon and the wavelength 
of the radiation? 


* In Compton scattering, momentum is transmitted by the incident photon to the 
recoil electron so that the scattered photon has: more / less energy than the 
incident. 


* The wavelength shift Nscatterea — Mincident in Compton scattering: 


is greater for high-energy photons. 
is smaller for high-energy photons. 
is independent of the energy of the incident photons. 


* Dental X rays: pass right through / are strongly attenuated by a silver fill- 
ing. 

* X-ray diffraction is a technique for the study of: cavities in teeth / fractured 
bones / crystal structure. 


C QUESTIONS FOR FURTHER THOUGHT 


a. TV Towers End-fed television antennas radiate most efficiently if they are 
about one-quarter of a wavelength long. The commercial TV stations broadcast 
on wavelengths between 1 and 6 meters. Why are the transmitting towers so 
tall—often over a thousand feet? (See photo on page 482.) 

You may need binoculars to convince yourself that the antenna is just a short 
vertical wire at the top. If you leaf back to the Wave Optics chapter (Chapter 12) 
to refresh your memory about diffraction of waves, you can convince yourself 
that waves a few meters in wavelength are transmitted essentially along the 
“line of sight.” Hills and tall buildings are many wavelengths tall and wide, so 
their “shadows” are quite sharp. Waves diffract around an obstacle only when 
the dimensions of the obstacle are comparable to, or less than, one wavelength. 
By reversing that same logic, you will conclude that AM radio stations can be 
received at much greater distances, distances so great that the curvature of the 
earth gets between the transmitting and receiving antennas. Use the sagitta for- 
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mula, y = $x"/R (Sec. 5-2), to calculate how far from a 300-meter-high TV EO 
a line-of-sight signal can be received at sea level. a 

Your rabbit-ear receiving antenna should also be approximately } wyveleng ih 
long. Argue that this is the distance between a node and the adjacent antinod 
of a standing wave. See Sec. 10.4 in the Sound and Hearing chapter to re view 
resonance and standing waves. 
Light or Sound? In vibrating, a molecule close to other molecules radiates etas 
tic waves together with electromagnetic waves. These infrared waves tav- ef b 
gether, and it is not even useful to try to distinguish them. The IR freqe nce 
are above the range of hearing and below the range of seeing. Yet peopl €e 
about infrared light rather than about infrared sound. Can you guess why Z 
Narrow Slit Bearing in mind how the wavelength of visible light is usura y 
measured, explain why the word spectral line is used for an electromagnetic ra: 
diation of sharply defined frequency. 


NOTE: When the frequency is not sharp, the word band is used. 

Signal-to-Noise Ratio At low light levels, the output of a light detector Like a 
photocell is noisy. At high levels of illumination, the electrical output pp ears 
very stable. Explain. 

Ultraviolet Light Visible radiation passes through transparent matter witout 
causing any appreciable ionization. Soft X rays ionize heavily along their path. 
How about ultraviolet, the frequency range between the visible and the X-ray 
region? Is UV ionizing radiation? 


NOTE: Some swimming pools use UV to kill germs in their filtering systems- 
People using sun lamps are instructed to wear dark glasses. 

Photographic Process The light-sensitive emulsion consists of tiny grains (Cry S— 
tallites) of silver bromide (AgBr) suspended in gelatin. Impurity atoms ha ve 
trapped some electrons so that some Ag* ions are reduced to Ag atoms. Wher: 
exposed, the absorption of each Photon on the grain frees an electron to mowe 
within the emulsion. That electron reduces another silver ion, which joins exist- 
ing silver atoms to form a silver speck on the grain. The collection of silver 
specks is called the latent image. Later, in the darkroom, the developer dissolves 
the silver bromide, and silver ions migrate toward the speck and stick to it. Each 
exposed grain becomes a grain of silver. The development process essentia Eby 
acts as an amplifier, putting millions of silver atoms where the latent image hadi 
only a few. 

(a) What is the purpose of the gelatin? 

(b) After developing, the unexposed parts of the film are quite transparent. In 
other words, the film becomes a negative. Why? 

(c) Why can the developing solution not be used over and over? 

Reflected or Absorbed Explain why the pressure of light exerted on a perfectly 
reflecting mirror is twice as great as the Pressure exerted by the same light bea zaa 
on a black object. k 

Color Television and X Rays Color TV tubes may use electron beams witha 
energies as high as 20,000 electron volts: 

(a) What is the shortest X-ray wavelength that could be emitted from the frora = 

of the tube? 


(b) Why are you advised not to sit too close to your color TV? 


PROBLEMS 


Can You Trick the Double Slit? In talking about photons in connection with a 
double-slit interference pattern, the question “Which slit did the photon go 
through?” is somehow forbidden. The Complementarity Principle says that it is 
a question we are not allowed to ask. What if we try to trick the photons by 
putting a photon detector into one of the two slits? Argue that the trick is self- 
defeating. If the detector is 100% efficient, that is, detects all the photons that 
go through that slit, that is just like closing the slit; so the interference pattern 
will disappear. If the detector is not 100% efficient, some of the photons will get 
past the detector without registering. We should get a blurry interference pat- 
tern. Of course, for those photons responsible for the pattern we have no infor- 
mation about which slit they chose. 

Photons and Double-Slit Interference You have read that any attempt to find 
out which of the slits the photon chooses results in destruction of the interfer- 
ence pattern. One way to think of that is as an aspect of the Complementarity 
Principle: Localizing the photon destroys knowledge of its wavelength, blurring 
the pattern. 

Don’t make the mistake of thinking that interference involves more than one 
photon. An early experiment to dispel the notion that it takes two photons to 
“interfere” used light of such low intensity that the probability that more than 
one photon be traveling through the apparatus at any given time was very 
small. Suppose that you had a picowatt (107 ”-watt) source of 500-nm (green) 
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photons. Then the average time between photon emissions is ——— seconds. 
If the apparatus is 1 meter long, the time a photon spends traveling through it 


is _ 


seconds. At any given instant, the probability that there be a photon 


in the apparatus is the ratio of the travel time to the average time between pho- 


tons, or 1 part in 


. You should have got a number less than 1%. Argue 


that the probability that there be two photons at any particular instant is less 


than 1 part in 10,000. 


n III 


PROBLEMS 


* 1. The Range of the Visible Visible light has a 
range of wavelengths from 400 nm (violet) to 700 nm (red). 
(a) What is the corresponding range of frequencies? 

(b) Suppose that we laid out the palette of spectral colors 
like a piano keyboard, that is, on a logarithmic scale (see 
Chapter 10). What fraction of an octave does the visible 
frequency spectrum span? Remember, an octave repre- 
sents a doubling (or halving) of frequency. 

[Answer: 0.8] 


* 2. Project Seafarer Radio waves do not penetrate 
far into good conductors of electricity. As a rule, the 
shorter the wavelength, the shorter the penetration depth. 
Project Seafarer uses signals at extremely low frequencies 
(E.L.F.) to communicate with submerged submarines. A 
typical frequency might be 76 Hz. 


(a) What is the corresponding wavelength? 

(b) Why do you think the Navy chose wilderness areas to 
bury the antennas for this communications system? 

(c) Pure water is actually not a good conductor of electric- 
ity. Why is seawater a good conductor? 


4k 3. Microwave Cooking Waves with wavelengths 
of several centimeters are efficiently reflected by metallic 
(very good) conductors but penetrate a few centimeters 
into ionic (less good) conductors. In a microwave oven the 
waves are focused so that they are most intense inside the 
wet food. Why can the food be cooked wrapped in dry 
paper without cooking the paper? 


* 4, Black-Body Radiation The radiation from a 
glowing coal is a blur of frequencies. In a solid or liquid, 
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there are so many degrees of freedom, so many possible 
motions that the sharp characteristic frequencies (spectral 
lines) of the individual atoms and molecules are broad- 
ened into wide frequency bands. A hot solid radiates a 
continuous spectrum of frequencies that is characteristic of 
the temperature of the solid, not of the material of which 
it is made. This spectrum is called the black-body radiation 
spectrum. The word black implies that the solid body is able 
to absorb radiation of all frequencies, not just of a discrete 
set of frequencies. You may have observed that the coal 
glows red when you cook hot dogs, and glows orange and 
then yellow as the temperature is raised in a glass-making 
furnace. The order of the spectral colors goes right along 
the frequency scale. The hotter the enclosure, the bluer 
the glow. That means there is a peak in the spectrum. The 
higher the temperature, the higher the peak frequency. 
The Wien displacement law states that the two are propor- 
tional: Stated in terms of the wavelength of the peak (À = 
c/v), it says 


—— = (1.034 x 10" Hz/Kelvin) T 
Na 
or 
= 4.97 kT 
N peak 


where k is Boltzmann’s constant 1.38 x 10°72 joules/Kel- 
vin. 

(a) Show that assigning a surface temperature just over 
6000 K to the sun puts the peak of the spectrum at the 
observed wavelength around 500 nm (green). 

(b) The 1978 Nobel Prize in physics was awarded to Pen- 
zias and Wilson for the discovery of the “three-degree 
background radiation” coming from all directions in space. 
At what frequency would that peak? Can you guess what 
kind of a detector they used? 


> 5. Black-Body Spectrum (a Numerical Calcula- 
tion) The distribution of radiant energy in frequency is 
given by ; 

8Thv’/? 


CAET 


where h is Planck’s constant, k is Boltzmann’s constant, c 
is the speed of light, and Av is a narrow band of frequen- 
cies centered at frequency v. How much more energy (%) 
is there in a 1-Hz band near the peak of the spectrum (see 
Problem 4) than in a 1-Hz band at twice the frequency, 
which would be in the ultraviolet? 

[Answer: 18 times as much, that is 1700% more.] 


ELECTROMAGNETIC RADIATION AND PHOT 


> 6. Random Events If photons are arriving at a de. 
tector at such a rate that, on the average, out of 4100 
secutive microsecond intervals only one has a pho tort 
riving during it, argue that the probability that no prot 
will arrive in any particular microsecond interval is 99%. 


%** 7. Poisson Distribution ( Mathematical!) 
purely random events, how are the times betwen eve 
distributed? If you know that the events occur] S€ 
apart on the average, then the probability of occua 
per unit time is one per second. In other words, the= 
ability that an event will occur in any particular m ic 
cond is one in a million. The probability that no evera t 
occur in a particular microsecond is 1 — 10~° = (9999F. 
That is close to exact, because the chance that twoor EIRO 
events will occur in the same microsecond is so sma Ei - 
probability of no event in two microseconds is (1 - 4O 
= 0.999998. The probability of no event in three micros 


CRS hh) E eaaaaniŘĖŘħii I 
probability of no event in a million microseconds is a 
r aai . If your ca Ecala: 


tor is not up to that kind of arithmetic, approach it gra 
ually. Work with tenths of a second, for example: ÇE — 
a (EDEA e = Then ty aaam 
dredths: (1 — 1077)! = . And 
so forth. This is called a limiting process. With patie nice, 
you can get as close to the “answer” as you like. The ari- 
swer has a symbolic name. It is called 1/e. Now yolk carn 
show that the probability that no event will occur in twa 
seconds is 1/ = . In general, 
the probability of having an “empty” time interval £ is 
e ‘74 The (remarkable?) conclusion is that the Dost 
likely time interval between events is zero. The figue is a 
graph of this decaying exponential. 


Probability 


Time 
PROBLEM 7 Probability distribution of intervals betweexa 
random events. 


NOTE: You may be worried that something was put over 
on you. Is the probability of no event in a time intervat £ 
the same as the probability distribution of time inteva ts 
between events? No, but the two are proportional. fe 
probability of no event for a million microseconds œ$- 
lowed by an event in the next (one-million-and-one EE) 


PROBLEMS 


microsecond is € 1 x 10-°. Also, whether an event did or 
did not occur just before the start of the one-second inter- 
val is irrelevant for a truly random process. 


xk 8. Photons from a Light Bulb 

(a) Try to estimate how many photons per second are 
emitted by a 100-watt bulb. Suppose that about 10% of the 
100 watts gets out as visible light. The light looks pretty 
yellow, so an average wavelength might be 550 nm. 

(b) Assume that the pupil of the eye has an open area of 
20 mm”, How many photons per second enter when the 
eye is 10 meters from a 100-watt bulb? (Hint: The area of 
a sphere is 4nr’.) 

(c) How far away from a 100-watt bulb would an eye re- 
ceive only 100 photons per second? At such low light lev- 
els you would start to notice the graininess of light, that 
is, you would see the bulb twinkle. 


nore: Faint stars twinkle because few photons per sec- 
ond get to your eye. Bright stars twinkle too. That is due 
to temperature and density fluctuations in the atmo- 
sphere. 

(d) We are 1.5 x 10" m from the sun and receive 1.4 X 
10° watts/m2 of radiant energy from it. How far away from 
a star of comparable luminosity would our eye receive 
only 100 photons per second? What assumptions did you 
make? 


* 9. Signal-to-Noise Ratio In Sec. 10-9 you learned 
that the random thermal motion of the air molecules limits 
the useful sensitivity of the ear. The same limitation ap- 
plies to the eye. A molecule of the retina has an average 
kinetic energy about two orders of magnitude below the 
energy of a photon. Planck’s constant is small but not too 
small for the eye to be a photon detector. Calculate the 
kinetic energy of a gas molecule ł kT, where k = 1.38 x 
107” joules/Kelvin and T is the absolute temperature, for 
a body temperature of 37°C (= 310 K), and express in eV. 


* 10. Photomultiplier In the photomultiplier tube 
an incoming photon strikes the photocathode and excites a 
photoelectron. This is accelerated by an electric field to 
strike an electrode called a dynode, where it excites sev- 
eral secondary electrons, which go on to the next dynode, 
and so on. Suppose that there are 10 dynodes, as in the 
figure, and each electron excites 4 secondaries on the av- 
erage. Then each photon results in 4° = over a million 
electrons out of the last dynode to hit the anode and con- 
tribute to the pulse of measuring current. 

(a) If the light signal is very weak—say 100 photons per 
second—what is the average measuring current? 

(b) Suppose that the accelerating voltage in the last stage 
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Photon PROBLEM 10 
Schematic of the 
photomultiplier. 
This one has 10 
stages of 


amplification. 


Dynodes 


Photocathode 


of amplification is 90 volts. How much energy is there in 
each “spike” or pulse in the output? 
0 


[Answer: 9 x 10 eV.] 
(c) What is the average power into the measuring circuit? 
watts 


* 11. Solar Battery A photodiode is a photon detec- 
tor that converts the energy of incident photons into elec- 
trical signals. In the dark, the sandwich of semiconducting 
layers having varying impurity content (the “p-n junc- 
tion”) is just a capacitor. In the light, a photon absorbed 
close to the junction can give its energy to an electron, 
which can cross the junction. This results in a brief burst 
of current. A silicon photodiode, for example, can absorb 
photons of energy greater than 1.1 electron volts. The 
voltage generated across the junction is somewhat less 
than 1 volt. To get an idea of the current and power such 
a device can supply, suppose that direct sunlight (energy 
flux approximately 1 kW/m’) falls on 1 cm’ of diode sur- 
face. Suppose that 5% of the incident photons each excite 
an electron across the junction at a potential of .75 volts. 
(a) The “average” solar photon has an energy of 2.5 eV. 
What is the maximum current that can be drawn from this 
solar cell? 

(b) How much power does it supply? 


> 12. Coherent Sources Three vertical radio anten- 
nas standing side by side are connected so that they ra- 
diate in phase. If turned on individually, at a distance of 
1 km each one radiates an electric field of amplitude 
1 mV/m. With all three connected, the electric field at s! 
km along the perpendicular (central maximum) direction 
is 3 mV/m. Remember that the intensity is proportional to 
the square of the electric field. 

(a) By what percentage is the intensity reduced if one of 
the three is turned off? 

[Answer: 55%] 

(b) By what percentage is the intensity further reduced if 
one of the remaining two is turned off? 


Æ>% 13. Laser Surgery Suppose that a 10-watt laser is 
2% efficient so that the beam carries 0.2 joules of light en- 
ergy per second. Assume that the tissue to be burned has 
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the density (1 gm/cm’) and specific heat (4.2 joules per 
gram per degree) of water. If the beam has a cross section 
of 10~™°mm? and penetrates 1 mm into the tissue, by how 
many degrees will a 5-millisecond pulse heat the tissue? 


«14. Momentum and Energy Transported by Elec- 
tromagnetic Waves An electromagnetic wave with an 
electric field amplitude E, has magnetic field amplitude 
B, = Ec. An electron in a field E, would experience a 
force eE,. If it moves in the direction of that force at speed 
, the work done by that force per unit time is eE,v. The 
magnetic force eB,v is in the direction perpendicular to 
both B and v, that is, along the direction of travel of the 
wave. So the momentum transferred from the wave to the 
electron is directed along the direction of travel of the 
wave. The ratio of the power eE,v supplied by the wave 
to the force eB,v it exerts is EJB, = c. Since power is en- 
ergy transferred per unit time and force is momentum 
transferred per unit time, we have that the ratio of the 
energy of the wave to its momentum is a universal con- 
stant: 


energy 
=g 


momentum 
= speed of electromagnetic waves in free space 


(a) If all the light from a 100-watt bulb (i.e., 10 watts) is 
concentrated in a parallel beam, how much force will it 
exert on an absorbing surface? 

(b) Argue that the force on a perfectly reflecting surface 
will be twice that. 


sun is 1.4 kW/m?. 

(a) Calculate the force per square kilometer of sail facing 
the sun. 

(b) Suppose that the sail material (aluminum-coated my- 
lar?) has a mass of 1 gram per square meter of sail. What 
is the maximum acceleration the vehicle could achieve, ne- 
glecting the mass of passengers and freight? Did you have 
to take into account the gravitational attraction of the sun 
(= 6 x 10°* newton per kilogram)? 


ELECTROMAGNETIC RADIATION AND PHOTONS 


This is because the ends of the wavetrain are not well de. 
fined. It is hard to tell whether there are 99 waves op 100 
or 101. Take a 500-nm photon (red) emitted in 10 nsec, 
(a) Show that its frequency is 5 x 10" Hz, Accordingly it 
10- seconds, a wavetrain 5 x 10° cycles long passes anf 
point. 

(b) A measurement of frequency would involve countin, 
waves and dividing by the time it took them to pass, Ne. 
glecting any error in timing 10 nanoseconds, the uncer 
tainty in the frequency measurement is 1 part in 5 x 196 
or Hz. 

(c) A measurement of wavelength would involve measur- 
ing the length of the wavetrain and dividing by the num- 
ber of waves in the train. Again neglecting any error in 
the length measurement, the way elength can be measured 
to 1 part in 5 million. For a wavelength of 5 x 1077 m, 
this gives a wavelength uncertainty of m. We 
now repeat the argument, letting N be the number of 
waves in the wavetrain, v the frequency, and A the wave- 
length. The uncertainty in N we call AN, and so forth. We 
set AN = 1. If the wavetrain takes a time t to pass, then 
its frequency is v = Nit, hence Av = 1/t, More carefully 
Stated, this is called the Bandwidth Theorem. The space 
occupied by the wavetrain is how far it travels in the time 
t, or L = ct. Since the wavelength is defined as à = LIN, 
show that Ad = )?/L. 

(d) The photon energy is hv, and it can also be known to 
an accuracy of one part in N. Show that the uncertainty in 
the photon energy is h/t. This is one form of the Heisen- 
berg Uncertainty Principle. 


* 17. Momentum Uncertainty, (Continuation of Pre- 
vious Problem) The momentum of a photon is hv/c, The 


uncertainty in the frequency is Av 1/t, where t is the 
time interval within which the photon is constrained, that 
is, the uncertainty in the time of its emission. In this time 


t it travels a distance L = ct. Show that the uncertainty in 
the photon’s momentum is h/L. This is another form of the 
Heisenberg Uncertainty Principle. 


** 18. Compton Effect A I-Angstrom x ray (À = 
10°’ m = 0.1 nm) has a head-on interaction with a st 
tionary electron. “Head-on” implies that the scattered x 
ray will go back the other way. 5 4 
(a) Show that the incident photon energy hv is 0.01 
MeV. ‘vided 
(b) Since the momentum of a photon is the energy divide 
by the speed of light, we can write the momentum of on 
incident photon as 0.0124 MeV/c. (Using eV/c asa mor 
tum unit is conventional in high-energy physics.) The to! 
ward momentum of the incident photon goes into forws 
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momentum p of the recoiling electron plus backward mo- 
mentum —/iv*/c of the scattered photon: 
hv hv* 


—=p-— 


c c 


The energy difference hv — hv* all goes into kinetic energy 
of the electron: 
yi oe 

hv — hv a 
Eliminate /rv* between these two equations to arrive at an 
equation for the recoil momentum of the electron. Show 
that the solution of this quadratic equation is p = 0.024 
MeV/c. Why do you not have to worry about the other 
root of the quadratic? 
(c) Find the wavelength hc/hv* of the scattered photon. 
You can use either the energy or the momentum conser- 
vation equation. 
(d) Show that the wavelength change is 0.0485 A. 


** 19. Compton Effect: Derivation We want to show 
that the wavelength difference Aà between the incident 
and scattered photons is independent of the incident 


wavelength: 
1 1 hv — hv* 
3 ie 3 i) ue ( : r) 


The numerator in that last parenthesis is just the kinetic 
energy K of the electron. To get the denominator, write 
the equations of energy and momentum conservation (see 
Problem 17) in the form 


AX = A*-—2X 


hv — hv* = K, hy + hv* = pe 


Then square them and subtract. Show that the denomi- 
nator comes out 4(p’c? — K’). Dropping that K° gives 
AX = 2 h/me. Show that. 


NOTE: In a proper relativistic derivation, kinetic energy is 
not p/2m but rather V/p'e + (m° — me. That makes 
the derivation exact. Relativistic mechanics is taken up in 
Chapter 20. 


hi 20. Production of X Rays The source of the X rays 
in an X-ray tube is a metal target bombarded by a beam of 
fast electrons. As these electrons are brought to a stop in 
the target, they radiate a continuous spectrum of frequen- 
cies. This radiation is called Bremsstrahlung, literally “brak- 
ing radiation.” High-energy electrons can also penetrate 
deep within the atomic core and excite high characteristic 
frequencies, lines of the X-ray spectrum of the target 
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Patient in a CAT 
(computerized axial 
tomography) scan 
machine. This is an 
x-ray machine that 
uses a computer to 
produce an 
essentially three- 
dimensional picture 
of an internal 
organ. 


metal. What is the shortest x-ray wavelength that can be 
excited by a 100-keV electron beam? 


Nore: That is a beam of electrons that has been acceler- 
ated through a potential difference of 10° volts in the elec- 


tron gun. 


> 21. Bragg’s Law In diffraction from a three-di- 
mensional crystal, the intensity maxima occur at those an- 
gles at which adjacent planes of atoms contribute con- 
structively interfering rays. If successive parallel planes are 
a distance d apart, then rays making an angle a with those 
planes interfere constructively, provided that the path dif- 
ference 2d sin a is an integer number of wavelengths of 
the X rays (see the figure). This is called Bragg’s Law: 
md = 2d sin a. In the cubic crystal NaCl (table salt), the 
planes parallel to the cleavage directions are 5.63 A apart. 
At what angle a is the Laue spot corresponding to n = 1 
for X rays of wavelength 1 A? Show that this spot is ac- 
tually at an angle 2a from the direction of incidence. If you 
have a magnifying glass, look at a grain of salt to see how 
beautifully perpendicular the cleavage planes are. 


PROBLEM 21 Show that the path difference between 
waves reflected from the upper plane and waves reflected 
from the lower plane is 2d sin a. 


- THE QUANTUM 
- NATURE 
OF MATTER 
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THE QUANTUM NATURE OF MATTER 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 


Explain how atomic energy levels give rise to sharp lines in the emission 
spectra of elements. 


If the wavefunction of a particle has a well-defined wavelength, how 
does the De Broglie relation determine the momentum? 


For a particle confined in one dimension, how much higher in energy is 
the first excited state than the ground state? 


For a hydrogen atom, how much higher in energy is the first excited 
state than the ground state? 


Explain how the Uncertainty Principle takes account of the perturbation 
the observer introduces into the system being observed. 


How is electron diffraction observed? 


Use the Exclusion Principle to argue that lithium (Z = 3) cannot have 
all its electrons in an n = 1 state. 


18.4 SOME PARADOXES 


The idea that an atom is something like a miniature solar system was prob- 
ably planted with you long ago. Was it in elementary school? All through 
your science courses you have seen pictures showing electrons in orbits 
around the nucleus, drawn in a way to remind you of the orbits of planets 
around the sun. There was a massive positively charged nucleus strongly 
attracting those light negatively charged electrons. The electrons managed 
to avoid falling in by whirling around at great speed. If you took a chemistry 
course, the pictures became less fanciful but perhaps a bit vague. Instead of 
talking about orbits, the chemists used words like orbital and electron 
cloud. If they turned mathematical, they used the term wavefunction. 

It certainly is an appealing model of the atom: Electrons revolving in sta 
ble orbits around a nucleus to which they are attracted by the electrostatic 
force. Such a model seems to explain how the atom can radiate light of à 
single frequency: According to the electromagnetic theory of Chapter 16, an 
accelerated charge radiates electromagnetic waves. If a charge moves ma 
circle, it should radiate electromagnetic waves whose frequency is precisely 
se frequency of the circular motion. But that argument contains some pal 
adoxes. 


Conservation-of-Energy Paradox 


If an atom radiates away electromagnetic energy, that energy has to com? 
from somewhere. Throughout this course, accurate energy bookkeeping E 
always been possible. Where does the atom get the energy it radiates away: 
Of course, it could get energy from the electrostatic field of the positive 
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nucleus and the negative electrons. The revolving electron could move 
closer to the nucleus as it radiates, lowering its electrical potential energy. 
The electrostatic force is attractive, so energy bookkeeping would be satis- 
fied this way. Such a spiraling in with a continuously shrinking orbit radius 
is what the laws of mechanics and electromagnetism predict. It is exactly 
what happens with artificial satellites when they lose energy through air 
friction. They spiral closer and closer to the earth. As the orbit gets smaller, 
the frequency increases. That is because the inverse-square force increases 
as the separation decreases. But there goes our model with its stable orbit! 
Stable orbits were needed to explain the sharp spectral lines. We confront 
an apparent paradox. 


Identical-Atoms Paradox 


Here is another one. How much alike are two atoms of the same element? 
The answer is that they are completely identical. They are so identical that 
we call them indistinguishable. Logically, the operation of interchanging 
two indistinguishable atoms is not an operation at all. There is no way to 
tell whether it has been performed or not! A quick digression: You have 
probably heard about isotopes. Those are atoms having the same chemical 
properties but different nuclear mass. So when we say atoms of the same 
element are indistinguishable, we should really say atoms of the same iso- 
tope. There is no way to distinguish one gold atom from another. They 
don’t wear shirts with numbers. 

As you know, there is a countable number of elements. Gold atoms are 
quite different from platinum atoms. Gold has atomic number 79. That 
means the gold nucleus has 79 protons and the gold atom has 79 electrons. 
Platinum has atomic number 78; the platinum atom has 78 electrons. There 
is no such thing as a slightly more goldlike atom of platinum or a slightly 
more platinumlike atom of gold. There are no in-between atomic species. 


Stability-of-Matter Paradox 


If the electrons could spiral in toward the nucleus, wouldn’t the atom even- 
tually collapse? There is nothing in the laws of mechanics or the laws of the 
electromagnetic field that explains why the positive and negative charges 
don’t just neutralize each other—with a bang—and wipe each other out. 
You probably learned in a chemistry course what holds a material like NaCl 
(table salt) together. The positive sodium ions, Na‘, attract the negative 
chloride ions, Cl~, and they form a regular crystal lattice. The electrostatic 
forces give a quantitative account of the chemical binding of the ions. You 
may have been taught that all chemical forces are essentially electrostatic in 
nature. But you probably did not learn why the Na* does not fall into the 
Cl~. You may have been told that they touch. What is “touching” all about? 
What is responsible for the short-range repulsive force between atoms? 
What keeps matter from collapsing? The ideas of “classical physics’””—me- 
chanics and electromagnetic theory—cannot explain the stability of matter. 
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THE QUANTUM NATURE OF MATTER 


Quantum Mechanics 


The paradoxes are resolved by the quantum theory of matter, also called 
quantum mechanics. The laws of the electromagnetic interaction, as we 
studied them in Chapter 13, are correct and useful in describing “large. 
scale” physics. Together with the laws of mechanics (F = ma), they could 
explain macroscopic phenomena. But on the atomic scale those laws seem 
to be violated. The microscopic world does not conform. Quantum theo 
seems to work all the time. It explains things down to the very smallest-size 
objects we know. Also, proceeding to larger and larger objects, the predic. 
tions of quantum theory agree more and more closely with those of the — 
classical laws. Classical physics may be considered the large-scale approxi- 
mation to quantum-mechanical physics. 


18.2 STATIONARY STATES AND STANDING WAVES 


If you have leafed through this chapter, you noticed how few Problems it 
has at the end. This is because quantum mechanics is more mathematical 
than this book wants to be. This chapter does not attempt to show you 
quantum-mechanical calculations. It remains rather descriptive and mostly 
qualitative. 

Here is the general idea: In classical physics, we talk about particles, each 
having a well-defined position and momentum. Those are idealizations, to 
be sure. In quantum mechanics, the particle is to be represented by an ab- 
stract something called a wavefunction. The wavefunction carries the infor 
mation for finding the probability of the particle’s havin g certain values of the 
position and momentum variables. You can see that quantum mechanics is 
intrinsically statistical. 

Those wavefunctions are the solutions of wave equations. A wave equa- 
tion is a partial differential equation with the space coordinates (x, y, z) and 
a time coordinate (t) as independent variables. The dependent variable, the 
wavefunction, is usually called W (pronounced psi). 

If a wavefunction V(x, Y, z, Ł) is a sinusoidal wave, that is, a wave witha 
sharply defined wavelength À, then the particle described by that wavefunc- 
tion has a sharply defined momentum p given by the De Broglie relation: 


p=r (Eq. 1) 


EXERCISE 1 Does the same relation hold between the momentum and the 
wavelength of a photon? Yes / No. (See Chapter 17.) 


48.2 STATIONARY STATES AND STANDING WAVES 


But suppose that we are interested in things that don’t change in time. 
Physicists use the term stationary states. Then the time variable t drops out. 
The wavefunctions for stationary states describe standing waves. Even with- 
out leafing back to Chapter 10, Sound and Hearing, you are likely to remem- 
ber a special feature of standing waves. Here was the one subject in physics 
where integers appeared! We counted nodes; we counted antinodes. A 
stretched string can vibrate with one antinode; that is called its fundamental 
mode. It can vibrate with two antinodes, an octave higher. But there is no 
standing wave with one-and-a-half antinodes. The statement itself is non- 
sense. Counting yields discrete numbers of nodes and antinodes. That is 
why standing waves are always characterized by integers. Now you know 
how integers get into quantum mechanics: They label the possible stationary 
states. Instead of having a continuous spectrum of allowed energies, an 
atom has a discrete spectrum. We use the term energy levels. The integers 
characterizing the stationary states of a system are called its quantum num- 
bers. 

That is all pretty abstract. An example may help. 


One-Dimensional Example 


Of course, there is no such thing as a one-dimensional atom. But just to be 
able to talk about something simple, suppose that an electron were to be 
confined to move between rigid walls a distance L apart. From Chapter 10 
you recall the argument about the possible standing waves. The fundamen- 
tal mode has the longest wavelength, dj. 


Fundamental: 
L = $y 
For the next-longest wavelength àz we have 
Second harmonic: 
L= J 
For the third harmonic we get 
Third harmonic: 
L = $3 


Figure 18.1 reminds you how that goes. Now bring in the De Broglie relation 
(Eq. 1) that gives the allowed values of the momentum. For the fundamental 


mode, the momentum is 
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One antinode 


Two antinodes 


Three antinodes 


FIGURE 18.1 Standing waves 
between rigid walls: (a) one 
antinode; (b) two antinodes; 
(c) three antinodes, 
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For the higher modes we get 
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The allowed values of the momentum are integer multiples of the lowest 
value. Now for the allowed values of the energy. The electron’s energy 
4 mv? can be written in terms of its momentum p as p°/2m. This gives an 
energy spectrum: 


E; = pi = eee 
2m 8mL 
Baie BB x 4h? 
2? 2m 8m 
Rew k 


=n = 
8mL? 


in which the allowed energies are 4, 9, 16, 25, and so on, times the energy 
of the lowest state. That lowest state is conventionally called the ground 
state. The higher states are called excited states: first excited state, second 
excited state, and so forth. | 

This one-dimensional example is fictional. Its use here is to develop a 
vocabulary. Its energy spectrum is quite unlike the spectra of real atoms. In 
real atoms, the energy difference between the ground state and the first 
excited state is larger than the energy differences between higher excited 
states. The higher the quantum numbers, the smaller the energy differences 
between successive excited states. Finally, there is an energy at which the 
electron is completely “free.” The work to free an electron from the ground 
State is called the ionization energy of the atom. 


Hydrogen Afom 


Hydrogen has only one electron. Not only is the hydrogen atom simple, but 
its energy spectrum is also the prototype for the more complicated 
electron atoms. Here is the model: The nucleus is a proton, with a single 
Positive charge e. It is 1836 times more massive than the electron (mass ") 
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which has a single negative charge —e. So the motion of the proton is quite 

negligible. The force pulling the electron in toward the nucleus when it is a 
distance r away is 

k 2 

electrostatic force = a 


The ground-state energy (see Problem 2) is 


-2mm (ke? 
eT = —1 Rydberg (Eq. 2) 


Note that this is negative. The energy scale has been chosen so that zero 
energy means “free electron” with negligible speed. All bound states are 
negative-energy states. The absolute value of the ground-state energy of hy- 
drogen is called 1 Rydberg and abbreviated 1 Ry. 


EXERCISE 2 Substitute the known values for the constants m, ke”, and h, 
and verify that the ground-state energy is — 13.6 electron volts. Here are the 
values: 

Melectron = 0.911 x 1052 kg 

ke? = 14.4 x 107 eV m 

h = 4.135 x 107” eV sec 


HINT: 1eV = 1.602 x 107” joules 


The formula for the energies of the excited states is 


energy spectrum of p _ _ 1 Eq. 3) 

the hydrogen atom En n? Ry (Eg 
The spectrum of allowed energies is shown in Fig. 18.2. Look how the ener- 
gies of the higher states get closer together: The first excited state has energy 
E, = —4 Ry; that is ł Ry above the ground state. The second excited state 
has energy E; = —$ Ry. That is only G — 4) Ry = $ Ry above Ep. 


FIGURE 48.2 Allowed energies of the hydrogen atom. The limit n —> ~ corresponds 
to ionization. 
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n=3 —— -1.51 ev 
n=2 —— -3.40 ev 
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EXERCISE 3 What is the energy difference E} — E3? Ry 

EXERCISE 4 Out of the infinite number of bound states in that 13.6-eV en- 
ergy range, all but nine states have energy levels in the upper 1% of the 
range. True / False. 


ae | 
[= = nee 


Notice that you have not been shown the calculation that gave that energy 
spectrum. What went into the calculation was the inverse-square force, also 
known as the Coulomb field, and a standing-wave condition. It goes with- 
out saying that everything about this atom is spherically symmetrical, What 
came out of the calculation—the solution of a differential equation—is a for- 
mula for the allowed energies with only one quantum number, n, It is called 
the principal quantum number, and it takes all integer values from 1 to infinity, 
When 1 is infinite, we say the atom is ionized: The electron’s energy is zero, 
Of course, there are positive energy states too, but they are not quantized. 
A free electron is not in a stationary state. Its wavefunction is not a standing 
wave. 


Transitions between States 


A quantum system can go from one stationary state to another by interact- 
ing with something outside itself. We shall be talking about an atom inter- 
acting with the electromagnetic field. If the interaction results in an atomic 
transition from a higher state to a lower state, that is radiation. If the tran- 
sition is from a lower state to a higher state, that is absorption. In either 
case, the total energy is conserved: The energy difference between the quan- 
tum states is the energy of the photon radiated or absorbed. 

Now you know how the energy levels of atoms are studied. For emission 
spectroscopy, a gas of atoms is somehow excited to higher states. One way is 
to use a gas discharge. The familiar neon tube is an example. The gas is put 
in a high electric field. Electrons accelerated by the field can collide with 
atoms and give up enough energy to excite the atoms to higher energy lev- 
els. When an atom makes spontaneous transition to a state having a lower 
energy level, it radiates a photon whose energy is equal to the difference 
between the two energy levels. For absorption spectroscopy, radiation with a 
continuous band of frequencies is passed through the gas to be studied. The 
spectral lines corresponding to the energy-level differences of its atoms will 
be missing from the radiation coming through. 


——_——— 
EXERCISE 5 For the hydrogen atom, a transition from the second excited 


state (energy E3) to the first excited state (energy E») results in the radiation 
of a photon of energy $ Ry (= 1.89 eV). 


18.3 UNCERTAINTY PRINCIPLE 


(a) Repeat the argument to show that. See Eq; 3: 


(b) Show that the wavelength of the photon is 656.1 nm (red). See also 
Problem 3, Balmer Series. 


a es 


In Chapter 16, we started to understand electromagnetic radiation in 
terms of changing electric and magnetic fields. In Chapter 17, we learned 
that the energy of electromagnetic waves is quantized. Now we have made 
the connection between the quantum states of the radiating atoms and the 
quanta of the electromagnetic field, the photons. 


18.3 UNCERTAINTY PRINCIPLE 


As long as the electron remains in one of the stationary states, there is no 
radiation. What is the electron doing while it is in a stationary state? It does 
not really do us any good to ask the question. There is no conceivable way 
of finding out. To find out, we would have to interact in some way with the 
electron. In interacting, we would perturb the stationary state. We are pre- 
sented with a fundamental barrier to finding out the answers to certain 
questions! 

This limitation is called the Heisenberg Uncertainty Principle. As you 
might guess, it has given rise to a good bit of philosophical speculation. For 
example: Is the limitation on our knowledge a temporary one, or is it per- 
manent? Is it just that at the present stage of our science this is the best we 
can do, or has Nature imposed the quantum-mechanical uncertainty on us 
forever? Most physicists believe that the quantum theory is indeed funda- 
mental, and that we are stuck with the limitations it imposes. No matter 
how closely we may observe, some phenomena will always be unpredicta- 
ble. 

The degree of uncertainty that has been imposed on us has to do with the 
size of Planck’s constant h. Suppose that we want to know where the elec- 
tron is. Speaking somewhat fancifully, we want to look at it, or take a snap- 
shot of it. That means illuminating it, shining light at it. If we use “light of 
long wavelength, we get a fuzzy picture. It is hard to localize an object to 
much better than one wavelength, just because of diffraction. (See Sec. 
12.3.) Good localization requires scattering a short-wavelength radiation. But 
here comes the catch: The shorter the wavelength of the photon, the larger 
its momentum (Sec. 17.4). In being scattered, the photon transfers momen- 
tum to the object doing the scattering. In being “seen,” the electron recoils. 
The more closely it has been localized, the more momentum has been trans- 
ferred to it during the scattering. By finding out about the electron’s posi- 
tion, we have had to sacrifice knowledge of its momentum. As stated here, 
the uncertainty in position Ax is approximately one photon wavelength i. 


The momentum uncertainty Ap is approximately the photon momentum 


h/\. (Eq. 17.2) Evidently, the two uncertainties are inversely proportional: 
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h 
Ap ~ Te (Eq. 4) 


The experimenter who does not want to spoil the electron’s momentum by 
bouncing a high-momentum photon off it is condemned to use a long-wave- 
length photon and gets a fuzzy picture. If he wants a sharp picture, he has 
to use a short-wavelength photon, but that transfers a lot of momentum to 
the electron. 

Equation (4) may be considered the quantitative statement of the Heisen- 
berg Uncertainty Principle. In the form presented here, it is not very quan- 
titative, though. The wiggly ~ sign means “approximately.” That is just be- 
cause we have chosen not to give a precise definition of the word 
“uncertainty.” The statisticians might talk about standard deviation or some 
other error estimate, some precise way of measuring the statistical spread of 
the measurements. They might come up with a formula different from our 
Eq. (4) by a factor 2 or m or perhaps 27, depending on the definition they 
chose for Ax and Ap. 

It might be useful to repeat Eq. (4) a few more times. If we write it 


Ax = id 
Ap 

it says that an experiment that measures the x-component of the momentum 
of our object (the electron) within a precision Ap spoils its position coordi- 
nate x so that it is uncertain by +h/Ap. It does not say anything about how 
bad the experiment might be. It does say that regardless of how good the 
experiment, subsequent measurements of the object’s position will show 
that minimum statistical scatter. 

Writing Eq. (4) in the form 


Ax Ap ~h 


makes it look more symmetrical. This emphasizes that position and momen- 
tum are complementary variables. Improving the measurement of the one 
implies sacrificing accurate knowledge of the other. It does not matter which 
measurement is done first. The second measurement is spoiled by the first. 
The observation has perturbed the object being observed. 

But isn’t that a universal problem? Doesn’t every experiment in some way 
spoil the thing being experimented on? Doesn't the act of putting a ther- 
mometer in the test tube change the temperature of the contents? Don't 
political pollsters subtly influence the opinions they are supposedly probing, 
just by the act of asking a question? Of course! Complementarity is every- 
where. There are uncertainty principles in all branches of learning. What is 
special about Heisenberg’s is the appearance of Planck’s constant h. It puts 
a universal lower limit on how little a measurement disturbs what it mea: 
sures. No matter how carefully the measurement is carried out, the mini- 
mum scale of graininess imposed by Planck’s constant sets a minimum for 
the uncertainty of complementary measured quantities. 


18.4 DIFFRACTION OF PARTICLES 


48.4 DIFFRACTION OF PARTICLES 


If the electron is a wave, then it should exhibit diffraction and interference 
effects. Since you know about electron microscopes, that is not news to you. 

What can a 40-keV electron microscope do better than a 10-keV electron 
microscope? You will say, the electrons are flying twice as fast. 


EXERCISE 6 Why not 4 times as fast? 


Twice the momentum means half the De Broglie wavelength (Eq. 1). A 
shorter wavelength means better resolution. The ability of a wave beam to 
resolve fine details is limited to a scale of detail not finer than about one 
wavelength. This is true whether it is a beam of light or a beam of electrons 
or any other wave. The image of two objects less than one wavelength apart 
blurs enough so that it is hard to tell whether there are two objects or only 
one. The 40-keV electron beam has twice the resolving power of the 10-keV 
beam. 


EXERCISE 7 Calculate the De Broglie wavelength of a 10-keV electron. 
[Answer: 0.012 nm] Compare with the wavelength of a 10-keV photon. Note 
that the electron has 10 times the resolving power of the X ray. 


Even the 10-keV electron microscope is 50,000 times better than an optical 
microscope at resolving details. 


EXERCISE 8 Where does that factor 50,000 come from? (HINT: Calculate the 
wavelength of green light, which is roughly in the middle of the visible 


Every household owns electron beams these days. There is at least one in 
your TV tube. But where is the evidence that those electrons are really dif- 


crystal. The patterns satisfied Bragg’s Law (Chapter 17, Problem 21), with À 
the De Broglie wavelength of the electrons. The photograph shown on page 
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505 compares an electron diffraction pattern with an X-ray diffraction pat- 
tern from the same crystal. You had a right to expect the pictures would 
look similar! The point is, the formalism of quantum mechanics is not just a 
successful prescription for explaining the properties of atoms. The electron 
waves are really waves. 

Quantum mechanics is not restricted to electrons, of course. Diffraction 
effects have been observed with heavier particles as well. Neutron diffrac- 
tion is a technique for studying the vibrations of crystals. There are proton 
microscopes. Also, diffraction of various ion beams has been used in the 
study of surfaces. Why not diffraction of baseballs? It is just that the mo- 
mentum—even for a slow pitch—is so large. That makes the wavelength 
very short, according to the De Broglie relation. For such a short wave- 
length, the separation between interference maxima and minima is too small 
to be observed. 


EXERCISE 9 A baseball has a mass of 0.2 kg. A slow pitch might have a 
speed of 10 m/sec, giving a momentum of 2 kg m/sec. Calculate the De 
Broglie wavelength. How closely ruled would a diffraction grating have to 
be to space the maxima 10~* radians apart? 


HINT: mÀ = d sin 6 


Philosophical Digression 


We have been talking about matter waves. What is waving? When we watch 
water waves on a pond or in the bathtub, the surface of the water is really 
moving. Those waves are a concrete thing. They can be seen and felt. But 
when an electromagnetic wave travels through free space, what is actually 
happening? What moves? When an electron wavefunction changes in time, 
what is it that is moving? The answer for the electromagnetic wave is that 
E-fields and B-fields are changing. The answer for the electron wave is that 
the psi-function is changing. If you do not find those answers deeply satis- 
fying, console yourself. The history of science represents a steady progres- 
sion toward more and more abstract explanations. Each generation of stu- 
dents finds itself confronted by more sophisticated abstractions. How well 
does our culture prepare us to deal with such abstract ideas? What each of 
us finds satisfying is, after all, conditioned by our culture. Science is part of 
that culture. 


18.5 THE EXCLUSION PRINCIPLE AND THE PERIODIC TABLE 


In your chemistry courses you may have learned that the stationary-state 
wavefunctions of an electron are characterized by four quantum numbers. 
In Sec. 18.2 you learned that only one quantum number determines the 
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energy levels of the hydrogen atom. In other words, different stationary 
states can have the same energy level. Such states are called degenerate. In 
the hydrogen atom, the electron moves in a 1/7 field. Some of the degen- 
eracy of the pure Coulomb field is lifted in the many-electron atoms. Less 
symmetry usually means less degeneracy. It turns out that the principal 
quantum number n can still be given meaning in the more complicated at- 
oms. The force acting on any one electron is not so very different from a 
nice spherically symmetric inverse-square force. 

Here is a table of the degeneracies of the first few energy levels of the 
Coulomb field: 


Principal quantum Number of states having 
number n the same energy 
1 2 
2 8 
3 18 
4 32 


That is a mathematical result. The proof is rather involved. But the result is 
intensely interesting for chemistry when combined with another principle: 
The Pauli Exclusion Principle. 


Exclusion No two electrons can occupy the 
Principle same quantum state. 


In one fell swoop the existence of the chemical elements is explained! Here 
is the story of the Periodic Table. 


Periodic Table of the Elements 


Hydrogen has only one electron. In the ground state, it is in the n = 1 
energy level. 

A nucleus with two protons in it can bind two electrons to form an atom. 
In the ground state they can both be in the n = 1 level. We know that 
because the table gives the degeneracy of the n = 1 level as 2. Do not be 
surprised that the electrons in the ground state of helium are more tightly 
bound than the electron in hydrogen. After all, there is twice as much 
charge in the nucleus attracting them. That makes for more compact electron 
wavefunctions, even though the two electrons do repel each other. Anyway, 
helium is chemically very different from hydrogen. 


How about a nucleus with three protons, atomic number Z = 3? It can 


hold on to three electrons to make an electrically neutral atom. According to 
there is room for only two 


the degeneracy table and the Exclusion Principle, r tv 
electrons in the n = 1 state. So the third electron has to go into an n = 


state. The n = 2 wavefunctions are much more spread out than then = 1 
2 electron has higher energy; 


wavefunctions. You already know that an n = à 
that is, it is less tightly bound. What you expect from this argument you 
probably know from chemistry: Lithium is chemically very reactive. 
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How much room is there in the states labeled n = 2, the n = 2 “shell”? 
The degeneracy table says it can hold 8 electrons. With 2 in the n = 1 shell 
and 8 in the n = 2 shell, an atom with 10 electrons would have the two 
inner shells filled. Atomic number Z = 10 is neon. As you might expect, 
neon is chemically rather inert. Having a filled shell, it is chemically similar 
to helium. 

The element with atomic number Z = 11 is sodium. With just one elec. 
tron in the n = 3 shell, it would be expected to show chemical properties 
similar to lithium. It does! 


WARNING: Don’t take sodium metal out of its bottle on a humid day, 


This section is starting to look like a chemistry course. The point was just 
to show how the Exclusion Principle explains (1) the diversity of the chemi- 
cal elements and (2) the periodic chemical similarities between elements as 
electron shells are filled and new ones begun. Look in the back* at the 
Periodic Table of the Elements. The column on the extreme right contains 
the atoms with filled shells: helium, neon, argon, krypton, xenon, and ra- 
don. They are called the noble gases. On the extreme left is a column of 
elements with just one electron in the outer shell: After hydrogen, there is 
lithium, sodium, potassium, rubidium, and cesium. All are highly reactive. 
Their hydroxides are corrosive bases. In column II are elements with two 
electrons in the outer shell: beryllium, magnesium, calcium, strontium, and 
barium. They are called alkali earth metals. Again, they show chemical sim- 
ilarities. 

You might be able to guess why the n = 3 shell does not fill up all the 
way before the n = 4 shell starts to fill. That has to do with the lifting of 
the “Coulomb” degeneracy by the mutual repulsion of the electrons. But 
enough chemistry for now. For the Purposes of this chapter, you need to 
know only enough chemistry to know that quantum mechanics works. 

You should know that quantum mechanics gives a prescription for cor- 
rectly calculating the energy levels of the atoms as well as all their other 
Properties. Quantum mechanics works for molecules; it works for crystals. 
Slowly people are learning how to make it work to explain the properties of 
disordered systems like liquids, and of the highly organized systems that 
make up living things. 


SUMMARY 


The planetary model of the atom contains some contradictions: 
1. It predicts electron orbits that spiral inwards toward the nucleus, ra- 
diating at increasing frequency, 
2. It predicts a continuous spectrum of energies. It cannot explain why 
the atoms of a given species are identical. 
3. It cannot explain the Stability of atoms, molecules, or solids. 


“Inside back cover 


KEY TERMS 


The quantum theory does not ascribe sharply defined position and momen- 
tum to a particle. It assigns it a wavefunction, which permits finding the 
probability distribution of position and momentum. 

If the wavefunction has a sharp wavelength, the particle has a sharp mo- 
mentum given by the De Broglie relation p = h/\. 

Stationary-state wavefunctions are standing waves. They are characterized 
by a set of quantum numbers, usually integers. 


The energy levels of the hydrogen atom depend only on the principal quan- 
tum number n, which takes on the values 1 to infinity: E, = —(1/n*) Ry. 
The higher levels get closer, converging asymptotically to zero energy. 
That corresponds to a free electron, that is, an ionized atom. 

The transition from a higher to a lower energy level is accomplished by the 
emission of a photon in such a way that energy is conserved. 

A wavefunction that is compact cannot have a well-defined wavelength. 
Conversely, the sharper the wavelength, the more spread-out the wave- 
function. This mathematical theorem results in the Uncertainty Principle: 
Sharp position implies fuzzy momentum, and vice versa. Ax ~ h/Ap. 

The wave nature of electrons was confirmed by the observation of diffrac- 
tion patterns formed by electron beams, with wavelengths given by the 
De Broglie relation. 

Diffraction patterns can be observed for electrons, protons, and neutrons 
because their De Broglie wavelengths are comparable to atomic dimen- 
sions. The De Broglie wavelengths of macroscopic objects like baseballs 
are too small to observe even at slow speeds. 

The Exclusion Principle allows only one electron in each quantum state. It 
explains the diversity of the chemical elements. 

Atomic number Z = the number of protons in the nucleus = the number 
of electrons in the atom. As Z increases, the filling of successive electron 
shells described by the principal quantum number n results in periodic 
chemical similarities of the elements. 

The n = 2 energy level is eightfold degenerate. That means that eight dif- 
ferent wavefunctions have the same energy. We say the degeneracy is 
lifted if some interaction causes those wavefunctions to have slightly dif- 
ferent energies. Adding more electrons lifts the Coulomb degeneracy. 


KEY TERMS 


Orbital Stationary-state wavefunction. Chemists’ terminology distinguishes atomic 
orbitals and molecular orbitals. 

Electron cloud The statistical distribution of electrons in an atom given by the total 
atomic wavefunction. 


Wavefunction Psi function, also called probability amplitude. A function of the 
space and time coordinates of one or more particles that contains the maximum 


information about the quantum system. 
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Isotopes Two or more atomic species having the same atomic number but different 
mass. 

Atomic number Z The number of protons in the nucleus = the number of electrons 
in the neutral atom. 

Quantum mechanics The complete formalism of theoretical physics valid on the 
atomic scale of sizes and beyond (i.e., still smaller). Developed by De Broglie, 
Schrédinger, Heisenberg, Born, Jordan, Pauli, Dirac, and others during the 1920s, 
Also called quantum theory or wave mechanics. 

Bohr theory A treatment of the hydrogen atom invented a decade before quantum 
mechanics to explain the atomic spectrum. The assumption was that the electron 
moves in orbits according to classical mechanics, but only those orbits obeying the 
“quantum condition” (mv)(2nr) = integer x h are allowed and stable. 


Correspondence Principle For large values of the quantum numbers the results of 
quantum theory must agree with the results of classical theory. 


Classical theory Electromagnetic theory together with Newtonian mechanics (F = 
ma). 

De Broglie relation The De Broglie wavelength of a particle is inversely propor- 
tional to its momentum according to \ = hip, where h is Planck's constant. (Pro- 
nounced: D’Broilya) 


Stationary state A standing-wave wavefunction. A quantum state that does not 
depend on the time. 


Wave equation Usually refers to the Schrédinger equation. In general, a partial 
differential equation whose solution is a wavefunction. 


Quantum number One of the labels of a stationary-state wavefunction. For a par- 
ticle moving in three-dimensional space, the wavefunctions are characterized by 
four quantum numbers. In atomic physics the following names are conventional: 


= principal quantum number 
orbital quantum number 
magnetic quantum number 
spin quantum number 


@ = wat 
iow 


Ground state The stationary state of lowest energy. 


Ionization energy The work needed to raise an electron from the ground state to 
the zero-energy (or “free”) state. 


Coulomb field A force field that is spherically symmetric and falls of as 1/7. 

Rydberg Abbreviated 1 Ry. The ionization energy of hydrogen = 27° m (ke) 7 = 
13.60 eV. Sometimes the definition is changed by dividing by hc, so the Rydberg 
is a reciprocal length instead of an energy: 13.60 eV/hc = 1.097 x 10’ m™'. In this 
form it is more useful to Spectroscopists, who deal in reciprocal wavelengths, 
called wavenumbers, rather than conventional energy units. 


Balmer series The spectral lines of atomic hydrogen corresponding to transitions to 
the n = 2 level from higher energy levels. The first four lines of the Balmer series 
are in the visible. The wavelengths \, are given by the formula 


1 e al 
ye 7 1087 x m (3-4), n= BPA... 


REVIEW QUESTIONS 


Emission spectrum The line spectrum of radiation emitted by a gas excited by an 
electric arc or spark or simply by being heated to high temperature. 

Absorption spectrum The wavelengths missing when radiation with a continuum 
of wavelengths is passed through a gas. 

Heisenberg Uncertainty Principle The statistical spread of a wavefunction in space, 
say in the x-direction, and the statistical spread of the x-component of the momen- 
tum are inversely proportional: Ax - Ap = h. Given the De Broglie relation, this is 
a mathematical consequence of the Fourier integral theorem relating the spectral 
composition of a wavepacket to its spatial extent. Alternative statement: A mea- 
surement of momentum spoils the sharpness of localization in space, and vice 
versa. 

Davisson—Germer experiment The first demonstration (1926) of electron diffrac- 
tion, which established the wave nature of the electron and the validity of the De 
Broglie relation. 

Pauli Exclusion Principle Each quantum state can contain at most one electron. 

Degeneracy When two or more quantum states have the same energy, they are 
said to be degenerate. The number of states having the same energy is called the 
degree of degeneracy. Thus the n = 1 level of hydrogen is doubly degenerate. The 
n = 2 level has eightfold degeneracy. A perturbation that breaks (spoils) a sym- 
metry is said to lift (spoil) a degeneracy. 

Periodic Table of the Elements A table of all the chemical elements arranged in 
order of atomic number Z in such a way that chemically similar elements appear 
in the same column. 

Complementarity Principle A wave picture and a particle picture are complemen- 
tary descriptions of any physical system. Which picture is needed depends on the 
measurement to be performed. For every particle variable (like position) there is a 
complementary wave variable (like wavelength or momentum). A precise specifi- 
cation of one of a complementary pair of variables spoils the precision of the other. 


Wave-particle duality A picturesque way of saying complementarity. 


REVIEW QUESTIONS 


* According to classical electromagnetic theory, if a charge goes around in circles 
taking time T for each revolution, what frequency of electromagnetic waves 
should it radiate? 


* According to a classical planetary model of an atom, explain why one would ex- 
pect the frequency to keep increasing. 


* Is such a model in conflict with the observation of sharp spectral lines? Explain. 


* Chlorine has atomic number 17. This means that all chlorine nuclei contain 
protons. Some have atomic weight 35; some have atomic weight 37. We 


say that there are two naturally occurring isotopes of chlorine, which are chemical- 
ly similar / very different. 


* Is there any way a chlorine atom can show its age? What is the point of the 
question? 
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* A wavefunction with a well-defined wavelength describes a Particle with a well. 
defined 5 


* If the momentum of a particle is doubled, its wavelength is multiplied times 


* The product of the momentum of a particle times its wavelength is a universal 
constant called 


* A standing wave cannot have less than one antinode. In quantum mechanics, that 
fundamental mode would be called the ground state / first excited state, 


* Two stationary states having different quantum numbers may have different en- 
ergy levels or they may have the same energy level. This latter case is called; 
degeneracy / decadence / moral turpitude 


* The higher states of the hydrogen atomare more / less degenerate than 
the lower ones. 


* As the principal quantum number gets larger and larger, the electron wavefunc- 
tion spreads out more and more. When the electron is free (n — ©) we say that 
the atom is: quantized / ionized / split 


* The ionization energy is the work needed to take an atom from its ground state 


to the state. 


* The ionization energy of hydrogen is 1 Ry. The nth energy level has energy 
—(I/n?) Ry. The energy needed to free an electron from the n = 2 level is 
Ry. 


* The photon emitted when hydrogen makes the transition from the n = 2 level to 


the ground state (n = 1) has an energy of — Ry. (HiNT: This is an ultra- 
violet photon.) 


* The photon emitted in the transition form the n = 3 to the n = 2 level 


„has longer / shorter wavelength than the photon corresponding to the 
transition from n = 4 to n = 2, 


* When a particle has a well-defined De Broglie wavelength, we say that it is in a 


state of sharp momentum. Explain. In this case we say that its wavefunction is 
widely extended or its position is quite fuzzy. The spatial extent of the wavefunc- 
tion is: 

proportional / inversely proportional 
to the statistical spread of the momentum. How does Planck's constant enter the 
relationship? 


* A clear electron diffraction pattern permits the measurement of wavelength, 


hence of momentum. The more sharp spots there are in a Laue pattern, the better 
the measurement of wavelength. Argue that the more Laue spots you see, the 
less well defined is the position of the electron. 


* A wave beam of width w spreads into an angle of minimum size @ given by sin 8 


= Mw (Chapter 12). Assume that the beam is many wavelengths wide. How 
much more / less does a 10*eV electron beam spread than a 10°-eV 
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« How much more does a 99-eV beam spread than a 100-eV beam? 


« Ifthe beam were a million wavelengths wide, how could diffraction be observed? 


Be quantitative. 


+ Then = 1 shell can hold only two electrons. Explain how the chemical properties 


of helium follow from its having a filled electron shell. 


11). 


Account for the chemical similarities between lithium (Z = 3) and sodium (Z = 
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** 1. The Size of Atoms from Dimensional 
Analysis The universal constants ke”, h, and m (= mass 
of the electron) can be combined in such a way as to yield 
a quantity having dimensions of length. How close does 
this come to the diameter (107 "° m) of the hydrogen atom? 


*+ 2. Bohr Theory In 1913, a decade before the in- 
vention of quantum mechanics, Niels Bohr explained the 
spectrum of the hydrogen atom using a planetary model 
with a “quantum condition” for stationary orbits. With 
hindsight, this “quantization of angular momentum” 


mor = (integer) X me 
2m 
is seen to be a standing-wave condition: The number of 
De Broglie wavelengths around the circumference 27r of a 
circular orbit has to be an integer: 2mr = nd = nh/mv. In a 
circular orbit, the electron’s acceleration is vir (Sec. 5.2). 
The centripetal force responsible for this acceleration is 


Designation 
fling Ha Hp i mHE By 


A (Å) 


Color Red Blue Violet 


= m— 
r 


ke o 
r 
or 


mor = ke? 


(a) Combine this with the quantum condition to show that 
the speeds in the various allowed orbits are 4, 4, ł, and so 
on, of the speed 2ak,e7/h in the first Bohr orbit (n = 1). 

(b) Show that the allowed orbit radii are 4, 9, 16, .. . 
times the radius of the first Bohr orbit. 

(c) Given the formula —4k,c’/r for the total energy of an 
electron in a circular orbit, show that the allowed energies 
are 4, 4, vs, . . . of the lowest allowed energy (n = 1). 

(d) Show that the energy of the first Bohr orbit is 
—2n'm(key/h?, in exact agreement with quantum me- 
chanics. 

*>* 3. Balmer Series The spectral range over which 
the eye is sensitive to light varies from individual to indi- 


Hz 


Balmer series. In the spectrum of 
atomic hydrogen, the first few 
Balmer lines (red, blue-green, violet) 
are in the visible. All of the other 
lines of the hydrogen spectrum are 
either infrared or ultraviolet. 


Near ultraviolet 


E 524 


vidual. In the spectrum of hydrogen, only transitions to 
the n = 2 level result in visible radiation. 

(a) Given the energy-level formula E,, = —(1/n?) Ry with 1 
Ry = 13.602 eV, calculate the wavelengths of the first four 
lines of the Balmer series, corresponding to transitions to 
n = 2 from n = 3, 4, 5, and 6, called Balmer alpha, beta, 
gamma, and delta, respectively. 

[Answer: Ngamer a = 656.2 nm is red; Balmer beta is blue- 
green; Balmer gamma is violet] 

(b) Is Balmer delta violet or ultraviolet? You will find dis- 
agreement on the answer. Some people can see it. 

(c) Prove the formula A, = 3646 A n*/(n? — 4). 


> 4. Singly Ionized Helium The energy levels of 
He* can be calculated in the same way as those of hydro- 
gen. The only difference is that the electrostatic force on 
the electron is 2k,e7/r’, that is, double that in hydrogen, 
because the nucleus contains two protons. 

(a) Show that the ground-state energy of He* should be 4 
times that of hydrogen (Eq. 2). 

(b) Write the formula for the excited levels analogous to 


Eq, 3. 

(c) Are any of the spectral lines corresponding to transi- 
tions to the n = 2 level in the visible? Show your calcula- 
tion. 


(d) Predict the energy levels of doubly ionized lithium, 
Li2* 


4 5. Isotopes Chlorine has two naturally occurring 
isotopes, “Cl and “Cl, The atomic weight of natural chlo- 
rine is 35.457. What fraction of natural chlorine is SCI? 


NOTE: If you want great accuracy, you can use accurate 
values of the two atomic masses: 34.969 and 36.966. There 
are no “formulas” in the chapter for this problem. Just fig- 
ure it out. (HINT: What is a weighted average? If you 
don’t know, Chapter 2, Problem 23.) 


x% 6. Electron Diffraction Davisson and Germer dis- 
covered electron diffraction using a 54-eV electron beam 
reflected from the surface of a nickel crystal. 

(a) Consider the nickel atoms as forming a “grating” with 
spacing s = 2.15 Å. Use the “grating equation” nì = 
s sin ọ to calculate the angle ọ for an n = 1 maximum, 
assuming normal incidence. (HINT: First calculate the De 
Broglie wavelength A.) 

(b) Since the beam penetrates several atomic layers into 
the crystal, the problem is actually three-dimensional. In- 
tense reflections are from entire planes of nickel atoms, 
with the angle of incidence equal to the angle of reflection. 
Constructive interference between beams reflected from 
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successive planes occurs when the angle a made by the 
beam with the planes satisfies Bragg’s Law, n\ = 24 sin a 
Here the distance d is the separation between Planes of 
atoms. For nickel this is 0.925 A. Verify that the angle a 
for ann = 1 reflection comes out 65°. 


NOTE: The calculation leading from the 2.15 A to the 
0.925 A has been left out. It is a little tricky. If you insist 
on knowing how to do it, your instructor can show you. 


* 7. There Are No Electrons in the Nucleus From 
atomic scattering experiments the diameter of the atomic 
nucleus is known to vary from 3 x 10° m for the proton 
to 18 x 10°" m for the uranium nucleus. Use an argu- 
ment based on the Uncertainty Principle with Ax = 2 x 
10>“ m to show that an electron confined to that small a 
space would have a momentum around 6 x 10’ eV/c. 


Note: The use of eV/c, where c is the free-space speed of 
electromagnetic waves, is conventional as a unit of mo- 
mentum in high-energy physics. At such high speeds, the 
formula p°/2m for the kinetic energy is no longer valid. 
The kinetic energy of such a fast electron would be around 
6 x 10’ eV. But the electrostatic potential energy —ke’lr 
with r = 10°" mis only 1.4 x 10° eV. (Show.) This means 
that electrostatic forces could not possibly confine an elec- 
tron in so small a space. The Uncertainty Principle thus 
Proves that there are no electrons in the nucleus, Yet elec- 
trons are known to come out of the nucleus in beta decay 
(radioactivity), The discovery of the neutron ( 1931) re- 
solved this paradox. The neutron can beta-decay into a 
proton and an electron. 


** 8. Size of Atoms from the Uncertainty 
Principle According to the Uncertainty Principle, it takes 
energy to confine an electron in a small space. In an atom, 
that is electrostatic energy. If the diameter 2r of an atom is 
taken to be the uncertainty Ax in a position coordinate of 
the electron, then P = +h/2r is the minimum x-component 
of the momentum. This gives a kinetic energy of p*/2m = 
1/8mr. 

(a) To estimate 2r, set that kinetic energy equal to the ab- 
solute value of the total energy of confinement at distance 
r from the nucleus, which is ker for hydrogen. The value 
you arrive at is only about 5 times too big for hydrogen. 
(b) Put in the numbers. 

(c) But compare, for example, with the size of the sodium 
atom, where you know something about the solid. So- 
dium has a density of 0.97 grams per cubic centimeter and 
an atomic weight of 23. That means 6.02 x 10” atoms (= 
1 mole) of sodium weigh 23 grams. To find the size of the 
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atom, make some reasonable assumption about how the 
atoms are stacked in the crystal. 


** 9. Energy-Time Uncertainty A perturbation can 
cause a quantum jump, that is, a transition from one sta- 
tionary state to another. In principle, a stationary state has 
a well-defined value of the energy. However, the proba- 
bility of a transition to another state implies an uncertainty 
in that energy. The greater the transition probability, the 
fuzzier the energy of the state: The energy uncertainty AE 
is inversely proportional to the mean lifetime At of the 
state according to AE At = h = Planck's constant. This is 
another form of the Heisenberg Uncertainty Principle. The 
spectroscopist conventionally calls AE the width of the 
state, because it is measured in terms of the width of a 
spectral line. 

(a) The lifetime of a typical excited atomic state is 107° sec. 
What is its width, in eV? 

(b) What is the uncertainty in the frequency of the photon 
emitted in the transition? _____ Hz. 

(c) A visible photon has an energy around 2.5 eV. What is 
the fractional uncertainty in its energy or frequency, ex- 
pressed in parts per billion? 

(d) Compare with Problem 17.16, Bandwidth and Uncer- 
tainty. Show that it makes sense to talk about the photon 
as a wavetrain 6-million waves long. 


** 10. Filled Electron Shells Carbon (Z = 6) has 
four n = 2 electrons. Silicon (Z = 14) has four n = 3 
electrons. 

(a) When carbon combines chemically with other ele- 
ments, why do the two n = 1 electrons not participate in 
the chemical bond? 

(b) Why are the n = 1 and n = 2 electrons not involved 
in the chemistry of silicon? 

(c) Why are carbon and silicon chemically similar? 


OOK 11. Strength of Materials by Dimensional 
Analysis In Chapter 3 we asked why we are not twice as 
tall as we are, That has to do with the strength of bone. It 
turned out that the strength (the yield stress) of all the 
tough materials is about the same, around 10° newtons per 
Square meter. Now we are in a position to look for the 
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fundamental reasons why there are no materials, say, a 
hundred times stronger. Put in only those constants of na- 
ture common to all materials: 


Coulomb’s Law constant kæ 


Mass of the electron m 
Planck's constant h 


Use dimensional analysis to combine these three constants 
in some way (k.c’)‘(m)(ii)° to make a quantity having the 
dimensions of a yield stress, N/m*. Remember, a ballpark 
figure is all you expect from dimensional analysis. 


> 12. Fine-Structure Constant from Dimensional 
Analysis The universal constants ke’, h, and c can be 
combined in such a way as to yield a dimensionless num- 
ber. With the ke? in the numerator, this is a rather small 
number. Multiplied by 27, it is called the fine-structure con- 
stant and has the value r}. 

(a) Show this. 

(b) Look at Problem 2, Bohr Theory, and verify that the 
s of the electron in the first Bohr orbit of hydrogen is 
ihe. 


Æ 13. Electron in a Box The energy levels of a par- 
ticle in a cubical box of dimensions L x L x L are given 
by the formula (nj + n3 + m3) W/8mL?. 

(a) How does this differ from our one-dimensional exam- 
ple? Conjecture why there are three quantum numbers in- 
stead of one. 

(b) Show that the energy of a quantum state having a par- 
ticular set of quantum numbers (n, nz, n) is proportional 
to the minus two-thirds power of the volume of the box. 


NoTE: This result of the “free-electron theory of metals” 
is closely obeyed by real metals. 


(c) Show that the level with mn = 1, m = 1, m = 2 (the 
first excited state) is triply (threefold) degenerate. That 
means there are two other stationary states having the 
same energy. 

(d) What is the degeneracy of the level with m = 1, m = 
2, and n; = 2? 

(e) Show that the level with m = 1, m = 2, m = 3 is 


sixfold degenerate. 
* 
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RADIOACTIVITY AND THE ATOMIC NUCLEUS 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 
How much ionizing radiation is good for you? 
What is meant by nuclear binding energy? 


If radium has a half-life of 1620 years and the earth is billions of years 
old, why does any radium remain on earth? 


Why can’t a nuclear power reactor using uranium fuel explode like an 
atomic bomb? 


How does a breeder reactor work? 


How many half-lives does it take for 99.9% of a radioactive sample to 
decay? 


If a radiation dose of 400 rem is 50% lethal, how is it possible to have 
radiation therapy with a dose of 5000 rem? 


In a Central-European mountain village there is a warm spring. Its water, 
rich in minerals, has been famous since prehistoric times for its miraculous 
cures. The patient bathes in the special water in order to treat any of a 
variety of diseases. Such mineral-water baths, generally called “spas,” exist 
in many countries. Some have been considered sacred for thousands of 
years. More recently, promoters have been advertising the radium content 
of their mineral waters. Medically, the therapeutic effects of the baths is not 
understood. Is it the radiation that heals? 

We don’t generally think of therapy involving radium as prehistoric med- 
icine. Using the invisible rays emitted by radioactive substances to treat can- 
cer is modern radiological practice. Yet we learn that the same rays that can 
arrest cancer can cause cancer. What is the nature of this radiation and how 
much of it is good for you? 

In this chapter you will learn about the origin of the various kinds of 
radioactivity. One of these is nuclear fission, which is the basis of the nu- 
clear reactor and the “atomic” bomb. You will learn about other applications 
of radioactivity. You will learn something about radiation protection and 
how we measure the amount of radiation the body receives in a given ex- 
posure. But you will not learn how much is “good for you.” Because even 
though we are constantly being bombarded by rays coming from the ground 
we walk on, the water we drink, and the air we breathe, we still don’t know 
if any of it is beneficial to health. 

This natural background radiation has always existed on earth. It is re- 
sponsible for some of the mutations; that is, it has provided many of the 
genetic changes for biological evolution. The nuclear bomb explosions of 
World War II were the first large-scale exposure of a human population to 
high doses of radioactivity. This was followed in subsequent years by 
smaller doses as a result of radioactive fallout from atmospheric testing of 
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nuclear weapons. Fallout has been strongly implicated as a cause of leuke- 
mia and chromosome breaking, and most above-ground nuclear tests have 
now been stopped by international agreement. Nevertheless, radioactive 
pollution represents a major health hazard. Among the potential polluters 
are the increasing number of nuclear power reactors, whose fuel and whose 
wastes are both radioactive. Their monitoring and control pose sensitive 
public-policy issues for the coming years. 

The invention of the nuclear reactor in the 1940s, with its ability to make 
artificial radioisotopes, has given the medical profession quite an arsenal of 
radioactive “sources” for use in both diagnosis and therapy. Today there is 
a specialty called nuclear medicine, but radioactivity is a common tool in every 
branch of biological and physical science. In the next section we single out 
two familiar radioactive species, uranium and radium, in order to talk rather 
generally about the disintegration of the atomic nucleus. 


19.1 UNSTABLE NUCLEI: URANIUM 


The basic fuel of the nuclear reactor is uranium. Look at the Periodic Table 
(inside back cover). Uranium, atomic number 92, is the heaviest naturally 
occurring element. This is the element that led to the discovery of radioac- 
tivity. In 1896 Becquerel noticed that a uranium salt had fogged a photo- 
graphic emulsion wrapped in black paper. The uranium had emitted invisi- 
ble radiation that could penetrate objects opaque to visible light. The 
photographic emulsion acted as a radiation detector.” It reminded Becquerel 
of X rays, which Réntgen had discovered the year before. From study of the 
radiation and careful chemical analysis, it is now known what happens 
when the uranium gives off its rays: It changes into another element. The 
nucleus transforms. 

If you wanted to go prospecting for uranium deposits, you would use a 
Geiger counter with a small loudspeaker, a radiation detector you can hear. 
As your search gets “hot,” its rate of clicking goes up. When your counter 
gets near a sample of uranium, what you hear is a jumbly rat-tat-tat, not 
rhythmical but obviously random. Sometimes there are long gaps between 
counts; sometimes they come in rapid-fire succession. Each click represents 
the disintegration of one uranium nucleus. 

Why do these nuclei come apart? To answer that question, we should 
really ask first, “What holds a nucleus together?” The nuclear “glue” is 
called the strong interaction or simply the nuclear force, a force tending to 
bind all nucleons (protons and neutrons) together. It is a most remarkable 
force. What is remarkable about it is how strong it is when the nucleons are 
close together and how weak it is when they are far apart. Also, that it 
keeps the nucleons from coming t00 close. Take uranium. The atomic num- 
ber Z = 92 tells you that there are 92 protons in each uranium nucleus. 


ion exposure. They are commonly worn by people 


"Film badges are still used to monitor radiati 
g radiation.” 


who work around radioactivity and other sources of “ionizin; 
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A Geiger counter shown held in 
hand. The electrical connection to 
the box (i) connects the counter’s 
electrodes to the high DC voltage, 
and (ii) allows the electrical pulses 
generated by the detection of 
ionizing radiation to be fed to a 
loudspeaker and to a small 
computer memory. On the model 
shown, the dial reads counting 
rate. The small instrument on the 
right is a dosimeter (see Section 
19.6). 
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FIGURE 19.1 


RADIOACTIVITY AND THE ATOMIC NUCLEUS 


Proton, alias hydrogen ion. Repels other protons electrostatically because of 
its positive charge. But when they get close enough, the nuclear force takes 
over and they attract both protons and neutrons. 


Neutron. Has no charge. Attracts both protons and neutrons. By itself un- 
stable, but needed to make larger nuclei stable. 


Deuteron. A stable nucleus, the nucleus of heavy hydrogen. It takes 2.2 
million electron volts (MeV) to pull it apart. 


Alpha particle, also known as a helium nucleus. So stable, it takes 28 MeV 
to pull it apart into four nucleons. 
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Those protons repel each other because each one has a positive electric 
charge. The closer they get, the stronger that electrostatic repulsion. In the 
isotope uranium-238 (written eet) there are also 238 — 92 = 146 neutrons. 
These 238 nucleons are crowded into a space less than 10° '* meters (= 10 
fm) in diameter. The electrostatic repulsion between any 2 protons that close 
together is gigantic, and the mutual repulsion of all 92 tends to blow the 
nucleus apart. The neutrons are uncharged, so they experience only the nu- 
clear force and help bind the whole thing together, but this is effective only 
when they all get close enough—around 10° '* m—from each other. It takes 
an enormous force to push a collection of protons and neutrons that close 
together, overcoming the repulsive electrostatic force (Fig. 19.1). But once 
they are close enough to stick together, once the strong interaction has dom- 
inated the electrostatic repulsion, it takes an even greater force to pull them 
apart again. They pop right into their closest-crowding configuration. Note 
that the hard-core repulsion part of the nuclear force at very small distances 
is essential to keep the nucleus from collapsing. 

This qualitative description of the nuclear force has said nothing about 
how it depends on the relative numbers of neutrons and protons. But just 
knowing, about its short range allows you to understand nuclear stability: 
There has to be a delicate balance between the short-range nuclear attractive 
forces and the long-range electrostatic repulsive forces. Too large a nucleus 
is unstable because nucleons on opposite sides of the nucleus are far apart 
and attract each other only weakly. Indeed many of the nuclei near the 
heavy end of the Periodic Table tend to be unstable, that is, radioactive. An 
unstable nucleus can make a quantum transition to a configuration of nu- 
cleons having a lower energy. It can do this in a number of ways: 

(a) It can throw off one or more nucleons, thus becoming smaller. Often 
what is emitted is a package of four nucleons called an alpha particle. This 
package consists of two protons plus two neutrons bound together to form 
the nucleus of ordinary helium, 4He. Because the radioactively emitted alpha 
particle has considerable energy, it is also called an alpha ray, and the radio- 
active process is called alpha decay. 

(B) A neutron inside the nucleus can change into a proton, or vice versa. 
When the neutral particle transforms into the positive particle, a negative 
particle has to be emitted to conserve charge. It is an electron. Such an elec- 
tron coming from a nucleus is called a beta particle or a beta ray, and the 
process is called beta decay. For the change of proton into neutron the emit- 
ted particle has to be positive. It is called a positron and is in every way like 
an electron except that it has the opposite sign of charge. Note that the mass 
of a beta-minus (electron) or beta-plus (positron) is tiny compared to the 
mass of a nucleon—about one two-thousandth. The transformation of a pro- 
ton into a neutron inside the nucleus can also be accomplished by the cap- 
ture of an electron from outside. . ey, 

(y) The nucleus can shift to a lower-energy configuration without emitting 
anything having mass. In this case the extra energy goes off as a photon. 
Such a photon is called a gamma ray, and the radioactive process is called 
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gamma decay. Often alpha decay and beta decay are quickly followed by 
gamma decay. In fact, what went through Becquerel’s black Paper wags 
gamma rays. The similarity to X rays was no coincidence. A gamma-ray 
photon and an X-ray photon are completely indistinguishable. They differ 
only in origin. The gamma ray comes from inside the nucleus, the X ray is 
produced outside. 

Please don’t think that those 238 nucleons in the uranium nucleus live 
happily together in that small space for a well-defined time period and then 
split. Each disintegration is completely unpredictable. The only kind of pre- 
diction one can make is a statistical one, a prediction about a large number 
of nuclei: Approximately one BSU nucleus out of every 6.4 billion will decay 
in a year. Half of them live almost 5 billion years. But there is no way to 
predict which uranium-238 nucleus will live another 5 billion years and 
which one will disintegrate in the next second. Radioactive decay is a ran- 
dom process, and there is no way to distinguish one **U nucleus from an- 
other. 


Radium—The Curie 


Radium, a radioactive element once widely used in medicine, is also an al- 
pha emitter. Its nucleus is less stable than 380, or perhaps we should say 
“shorter-lived.” The radium nuclei decay faster. If we had a large number 
of radium nuclei, half of them would disintegrate—give off an alpha parti- 
cle—in 1620 years. That may sound like a long time; but compare it with the 
uranium half-life of 5 billion years (4.47 x 10° years, according to recent 
measurements)! So the alpha radiation from a large number of radium nuclei 
is more intense than that from the same number of uranium nuclei. Their 
activity (= number of disintegrations per second) is almost 3 million times 
as great. (The ratio of the half-lives is 4.47 x 10° + 1620 - 2.76 x 10°) 
That high activity is one of the features that made radium so useful in med- 
icine. 

One gram of radium emits about 3.7 x 10!° alphas per second. Because 
of radium’s historical importance, that number has become the international 
unit of activity:? 


3.7 x 10" disintegrations per second = 1 curie = 1 Ci 


Thirty-seven billion events per second is, of course, an enormous rate. Hos- 
pitals are not likely to have that much radium in one place; it costs too 
much. Their sources will have activities in the millicurie or microcurie 
range: 


1 mCi = 3.7 x 10 disintegrations per second = 3.7 x 10” Bq 
1 pCi = 3.7 x 10* disintegrations Per second = 3.7 x 10* Bq 


Even so, such sources will be stored in thick-walled lead containers to pro- 
*Pierre and Marie Curie discovered radium in 1898. 


1 Bq = 1 disintegration per second. The unit of activity is named in honor of the French 
physicist Henri Becquerel, the discoverer of radioactivity, 
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tect hospital personnel against accidental exposure to the radiation (more 
about radiation shielding in Sec. 19.6). We now turn our attention to a fam- 
ily relationship between radium and uranium. 


19.2 RADIOACTIVE SERIES 


You may wonder how it is that there is any measurable radium left in the 
world if every 1620 years half of all the radium disappears. Perhaps 1620 
years sounds long enough so that we shouldn't have to ask that question. 
But if you think about the age of the earth—several billion years—you do 
wonder: After 1620 years, only half of the radium that was there originally 
was left. After another 1620 years, only half of that remained, or one-quarter 
of the original amount. After 3 times 1620 years, only one-eighth of the 
original amount of radium remained; 


after 4 times 1620 years > ts; 
after 5 times 1620 years > xz; 
after 6 times 1620 years > #i; 


after 10 times 1620 years > == 


That is still only 16,200 years, and yet less than one-tenth of one percent of 
the original radium remains undecayed. Even on a time scale of millions of 
years, hardly any of the “original” radium would be left. And the earth has 


been around for billions. 


exercis 1 What fraction of the radium would be left after 32,400 years (= 
20 times 1620 years)? 


The fact that we still find radium in the rocks of the earth suggests that 
Nature must have a mechanism for creating new radium. The clue to the 
mechanism is that radium is found in rocks containing uranium. Radioactiv- 
ity is a process in which one element is transformed into another: Uranium- 
238 goes through a series of radioactive transformations and eventually ends 
up as radium-226. The intermediate steps of such a radioactive series or 
chain can be alpha (a) decays or beta (B) decays, with gamma (y) decays 
interspersed. ? 

The radioactive chain that converts uranium to radium starts with that 
slow alpha decay in which the 2U nucleus loses 4 nucleons, leaving 234 
nucleons, of which 90 are protons. Atomic number Z = 90 means that this 
“daughter” nucleus is an isotope of thorium, written 35Th. (See the decay 
chart, Fig. 19.2). Thorium-234 is radioactive and emits a fast electron, a beta 
ray. A beta emission does not change the nucleon number but converts a 
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Nucleon number M 
206 210 214 218 222 226 230 234 238 


Proton number Z 


FIGURE 19.2 Uranium-radium radioactive series. The decay scheme starts with ura- 
nium-238 in the upper right-hand corner and ends with lead-206 in the lower left. 
Note that alpha decays decrease the proton number Z (= atomic number) by two 
and the nucleon number M (= mass) by four, Beta decays increase the proton num- 
ber by one and leave the nucleon number unchanged. The number in each box is 
the half-life of the nuclide, in years (y), days (d), hours (h), minutes (m), or seconds 
(sec). 


neutron into a proton inside the nucleus. In this chain, two beta decays 
follow in quick succession, leaving a nucleus still having 234 nucleons, of 
which 92 are protons. Atomic number Z = 92 means that it is an isotope of 
uranium again, 733U. After three radioactive transformations, we have gone 
from uranium back to uranium. We have two isotopes of the same element, 
SU the mother and 24U the great-granddaughter. Being isotopes of the 
same element they occupy the same place in the Periodic Table and have 
the same proton number Z. Consequently, they have the same chemical 
properties. They differ only in the number of neutrons in the nucleus, and 
hence in mass or nucleon number. 

Our chain continues with two more alpha decays: =“U has a daughter (230 
nucleons with Z = 90) called 2°Th, and a granddaughter (226 nucleons, 
Z = 88), which is “Ra, the common isotope of radium. That is the one 
whose radioactive half-life is 1620 years. : 

The radioactive chain goes on until a stable or nonradioactive nucleus is 
reached. In this case that is Pb, an isotope of lead." 


*We can analyze how much lead-206 is present in uranium ores and determine the age of those 
rocks by assuming that there was no lead and radium when they solidified, that is, roughly 
when the earth was formed. Such radioactive dating assigns the earth an age of 3.9 billion 
years. 
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Nuclear Systematics 


Please don’t try to memorize that decay scheme. By now, you know that 
physicists are not primarily interested in just knowing facts. We want to use 
facts to arrive at generalizations, and eventually at predictions. Why haven't 
we written down the laws that tell you, for example, what combinations of 
nucleons will cohere and make nuclei? What nuclei are radioactive? What is 
their decay mode? The reason is that nuclear theory is (a) difficult and (b) 
quantitatively still pretty rough. We can make some general statements 
about what nuclei are likely to exist and what decays are possible. 

Is there a nucleus consisting of two protons? It has not been found. That 
doesn’t surprise you. The short-range nuclear force, even though it is very 
strong, is not strong enough to overcome the electrostatic repulsion. But we 
also don’t find a nucleus consisting of two neutrons! We do find one made 
up of one proton and one neutron. That’s the deuteron, the nucleus of 
heavy hydrogen (7H), called deuterium, and it is stable. We find a nucleus 
consisting of two protons and a neutron, and it is stable (He). We find one 
consisting of one proton and two neutrons GH), but it is radioactive. This 
isotope is called tritium, and it likes to beta-decay: One neutron changes 
into a proton, and an electron is emitted. But it takes its time: Half of all “H 
nuclei live over 12.26 years. The nucleus with two protons and two neu- 
trons, on the other hand, is fantastically stable. That is the alpha particle, 
3He, the nucleus of the more prevalent helium isotope. 

You were promised generalizations; what you got was more facts. But 
now you might guess a rule: Having roughly the same number of neutrons 
and protons leads to stability. Too many neutrons, and you get beta decay. 
This rough equality of neutron and proton number turns out to be the sta- 
bility criterion for the light nuclei. But as you saw, lead-206 is stable, and it 
has 124 neutrons to 82 protons. Figure 19.3 is a chart of neutron number 
versus proton number for the stable nuclei. Note how it curves, favoring 
more neutrons for larger nuclei. 

If a nucleus has too many neutrons to be stable, are they thrown out? 
That can happen, but it is not usual. Usually, the neutrons are transformed 
into protons; they beta decay. If a nucleus has too many protons for stabil- 
ity, are they emitted? No, that seems to happen very rarely. An extra proton 
can change into a neutron, either by emitting a positron or by electron cap- 
ture. Alternatively, it can escape in company with three other nucleons, 
bound up in an alpha particle. ay : 

These are approximate rules and not very quantitative. The one quantita- 
tive rule that is always obeyed is that only those radioactive processes occur 
which lower the energy of the configuration of nucleons. The chemist would 
Say, only exothermic processes occur spontaneously. 
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EXERCISE 2 5 f~i 

(a) When a tritium nucleus ĜH, also called a triton) beta-decays, what is its 
decay product? 
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FIGURE 19.3 Stable 
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the beginning of 
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stability. 
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(b) When a helium-6 nucleus beta decays, what is its decay product? 
(HINT: Refer to the Periodic Table, inside back cover.) ae 


ee SS ee 
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Branching 


You may ask, how does a nucleus decide which decay mode to choose? 
Should it emit an alpha or a beta? Sometimes both are possible, that is, both 
lead to nucleon configurations of lower energy. Then there is no way to 
predict reliably which way a nucleus will go. All one can tell is the odds. 
Take the nucleus bismuth-214, which we meet in the radioactive chain going 
from uranium-238 to lead-206. (See Fig 19.2). Bi can alpha-decay to thal- 
lium-210, or it can beta-decay to polonium-214. The alpha decay is 50 times 
more probable than the beta decay. This means that 98 times out of a 100 
that nucleus will choose the alpha-decay route. We say there is a branching 
tatio of 50:1 in favor of the alpha decay. If that all sounds to you as though 
Nature is playing dice, remember, indeterminacy lies at the heart of the 
quantum theory. 

In the next section we discuss a branching in which there are more than 
two different ways a nucleus can come apart. 
Oni eee 
Ls 
EXERCISE 3 Radioactive Series 
Approximately 0.7% of the uranium found in nature is 733U, a radioactive 
isotope decaying by alpha emission with a half-life of 7.1 x 10° years. 
(a) What is its daughter nucleus? 
(b) The thorium isotope 231Th decays by beta emission. Its daughter nucleus 

decays by alpha emission. What is its granddaughter? 
(HINT: The element Z = 89 is called actinium (Ac).] 
(0) Ac beta-decays with a 21.6-year half-life. What is its daughter nucleus? 
(d) *’Th alpha-decays with an 18.5-day half-life. What is its daughter nu- 
cleus? 


NOTE: You get very good at this kind of hopping around the Periodic Table 
if you play “Disintegration,” a board game in which the random deal of 
a deck of cards, labeled “alpha decay,” “beta decay,” “neutron absorp- 
tion,” and so on, replaces the randomness of Nature.° A player “loses 


when he lands on a stable isotope. 


E 


Greensburg, Pa. 15601) or make your own 


6 
‘Available ivisti . O. Box 1064, k 
able from Relativistics, Inc., (P. available from Educational Relations, Gen- 


rules and play on a standard Chart of the Nuclides, 
eral Electric Co., Schenectady, N.Y. 
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19.3 NUCLEAR FISSION 


While 99.3% of the uranium in the rocks of the earth is **U, that long-lived 
alpha emitter (half-life 4.5 x 10° years), the other 0.7% is U. This isotope 
is also alpha-radioactive, with a half-life of 7 x 10° years. The nucleus with 
one additional neutron,*”U, is not found in nature. Yet in a way, *°U is the 
central character of our story. It is also unstable, that is, radioactive, and has 
several different ways of coming apart. It can disintegrate into two lighter 
nuclei, emitting a few neutrons in the process and a great deal of energy, 
This is called nuclear fission. *°U does this in a fraction of a second. That is 
why you won't find any “°U around. 

What makes fission so interesting is the possibility of a chain reaction, a 
self-sustained “burning”: *U is formed when the U nucleus absorbs a 
slow neutron. Because so much energy is released in the fission process, the 
neutrons come flying off at high speeds. After they are slowed down, other 
*5U nuclei can absorb them and undergo fission, releasing further neutrons, 
and so on. Such a self-sustained nuclear reaction heats up the steam that 
runs the turbines in our “atomic power” stations. In a nuclear reactor, the 
chain reaction is carefully controlled. An uncontrolled chain reaction is an 
“atomic bomb.” 


Political Digression on Nuclear Bombs 


Atomic power is in the news enough these days so that you are probably 
curious about the danger of nuclear explosions, whether accidental or delib- 
erate. You can’t get a self-sustained fission reaction in a small piece of *°U, 
because too many of the neutrons will escape through the surface. It's like 
trying to set a thin piece of twine on fire. You can’t, because it cools off too 
fast. But as you go to larger pieces of U, you reach a critical size at which 
neutrons are produced as fast as they escape. A larger piece will explode 
spontaneously. To make a bomb, you need to bring together two or more 
small pieces to make one large piece, and—bang. There is always a stray 
neutron around to set things going. 

If it’s so simple to make an atomic bomb, why hasn’t some band of ter- 
rorists long ago stolen some reactor fuel and held a city or two for ransom? 
The reason is that nuclear reactors don’t need pure 2351), In nature, the rare 
isotope *°U always occurs mixed with 138 times as much **8U, which is not 
readily fissile (does not undergo fission when bombarded with slow neu- 
trons). In fact, *8U is neutron-hungry, so it tends to quench the chain reac- 
tion. Getting rid of the >*U is not easy. Since ™°U and =U are isotopes of 
the same element, no chemical process can separate-them. Isotopic enrich- 
ment is an elaborate and expensive process carried out in huge factories, 
using a technique called gaseous diffusion. To make reactor fuel, which is 
about 3% 5U, only a four- to fivefold enrichment is needed. To make a 
bomb, you need much purer *°U. The conventional 35UJ reactor has its dan- 
gers all right. It might overheat; it might leak; it has radioactive waste prod- 
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ucts. But the reactor cannot be made into bombs by terrorists. (See Problem 
10, Spent Fuel Rods.) 


Plutonium 


Uranium-235 is not the only nucleus capable of fission when it absorbs a 
neutron. It happens to be the only one found in reasonable quantities in 
nature. Others can be made in nuclear reactors, that is, by bombarding 
heavy nuclei with neutrons. Of greatest military and industrial importance 
is the manufacture of plutonium (3{Pu), a trans-uranic element, not found 
in nature at all: 

238 1 239) Bo 239) B 239 

aU + ot —> 2U —> “93Np > “Pu 

23 min 2.3 days 


The arrow F, indicates a beta decay; the number underneath the arrow is 
its half-life. Plutonium, whose name evokes thoughts of the underworld,” is 
the material of choice for making nuclear fission weapons. It also makes a 
cheap fuel for nuclear power generation. Why cheap? 

A plutonium reactor can be a breeder. This means that the same reactor in 
which the fission of plutonium is used as an energy source also makes more 
plutonium out of natural uranium. The fission of plutonium is accompanied 
by the release of two or three fast neutrons. Slowing these neutrons—cool- 
ing them off—means transmitting their kinetic energy through heat ex- 
changers that power an engine, which can generate electricity. Most of the 
slowed-down neutrons are needed to keep the chain reaction going, that is, 
to cause more plutonium nuclei to fission. But some of the neutrons may be 
used to convert **U into more plutonium. Hence the name “breeder reac- 
tor,” In the long run, it may even produce more fuel than it uses. 


Another Political Digression 


If breeder reactors essentially make their own fuel, why do we talk about an 
energy crisis? Why aren't we quickly building breeders to satisfy the electric 
power needs of the future? The numbers are impressive: A ton of reactor 
fuel gives off as much energy in fission—nuclear burning—as 2 million tons 
of coal in oxidation—chemical burning. What are we waiting for? : 

This is a hot political question, and passions run high on both sides. A 
list of some of the reasons given for delaying large-scale construction of plu- 
tonium reactors for power generation follows. 

1. Plutonium-239 is radioactive, with a 24,000-year half-life for alpha de- 
cay. So it has almost 200-thousand times the activity of uranium, atom 
for atom. How can we be sure none will get into our food or water? 
Aside from the possibility of leaks, there is the worry about health haz- 
ards associated with radioactive dust in the air. 


‘In Roman mythology, Pluto was king of Hades. 
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2. The fission products of plutonium are extremely radioactive. How does 
one dispose of them safely? Burial in deep mines is one answer, but 
there are obvious problems in getting them there and storing them 
safely. Actually, this is an unsolved problem for uranium reactors as 
well. 

3. It is easy to make a nuclear bomb out of plutonium. Unlike *y, plu- 
tonium can be chemically separated from “*U. This raises the problem 
of guarding a plutonium reactor against malicious diversion of even 
small amounts of nuclear fuel. Enough plutonium for a bomb can prob- 
ably be carried in a brief case.” 


4. The technology of breeder reactors is recent and has had little time for 
testing. Yet it is much more novel, elaborate, and sophisticated than 
that of the uranium reactors used in power plants and nuclear ships, 
Estimates vary enormously both as to the probability of large-scale ac- 
cidents and the capital cost of “sufficiently safe” construction. None- 
theless, there are dozens of breeders in operation throughout the 
world. 


EXERCISE 4 Nuclear Fission 
A typical fission reaction using *°U is 


U + bn > HU > HBa + §2kr + 3 dn 


in which three neutrons are emitted, leaving radioactive barium and krypton 
as fission fragments. Since more neutrons are given off than are absorbed, 
this reaction could be self-sustaining. Verify that the number of protons and 
neutrons is the same on the right as on the left. 

Complete the following reaction, 


ZU + in — SU — Xe + Sr + 


in which the fission fragments are xenon and strontium. How many neu- 
trons are emitted? Could this become a chain reaction? 


EXERCISE 5 Breeder Reactors 

The name breeder reactor and the fact that it makes its own fuel tend to give 

the impression that we get something for nothing, possibly violating some 

conservation law. 

(a) What raw material is used up in the manufacture of plutonium? 

(b) Why is this so much cheaper than U? 

(c) The fission of one *’Pu nucleus results in the release of about 200 MeV 
of energy, which shows up as kinetic energy of the fast neutrons and 
the fission fragments. How much energy is released in the fission of 1 
mole (239 grams) of plutonium? (HINT: 1 mole = 6.02 x 10” atoms.) 


*Or better, in two brief cases. Safety first! Actually, critical size is still a military secret—highly 
“classified” information. 
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(d) How about one ton of plutonium? (Hint: 1 ton = 10° kg = 10° grams.) 
Express this energy in kilowatt-hours. (HINT: 1 eV = 1.6 x TEJ : 
1 watt hour = 3600 joules.) 

(e) In some cities, electric power costs around 5¢/kWh, delivered to the 
home. What fraction of this would be fuel cost if the fuel were uranium 
at $40 per pound? 


joule. 


note: With coal-fired power plants, over half the cost goes for fuel. As you 
see, virtually the entire cost of nuclear power would be capital cost. 
Then you have to ask not for the cost per kilowatt-hour, but rather for 
the cost per kilowatt. Current capital costs of generating plants are 
around $600 per kW of electric power for coal-fired, $1200 for nuclear 
plants. 
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In a nuclear power reactor, as in a nuclear bomb, what we are after is the 
heat given off in nuclear fission. The neutrons and the fission fragments 
come off at high speeds. As they are slowed down in being scattered by 
surrounding nuclei, these neighbors become hot. If you are designing a 
bomb, you want the chain reaction to proceed so fast that most of the fis- 
sions will occur before the high pressure has time to blow the thing apart. 
You want to attain temperatures of millions of degrees. If you are designing 
a power reactor, you want to control the rate of the reaction so the temper- 
atures are high enough to run a steam turbine efficiently but not so high as 
to melt the pipes. The intense flux of neutrons throughout the reactor core 
presents problems of safety for maintenance personnel and of radiation 
damage to the metal making up the structure. y 

The high-flux neutron beam is precisely what is exploited in other appli- 
cations of nuclear fission. Dozens of different radioisotopes can be made by 
putting nonradioactive materials in a beam of neutrons. A list of just a few 
of the uses for such induced radioactivity follows. Of course, the neutron 
beam is itself a research tool. For example, in the analytic technique called 
neutron activation, the secondary radiation following neutron bombardment 
has characteristic spectra for different elements. This can be used to identify 
even trace quantities of certain elements in a target sample. (See Problem 
13.) A medical use of neutron activation is given in Problem 12.) 


Diagnosis 


A gamma emitter can be injected into 
ing a photograph of that organ. The 
kinds of tissue for short-wavelength ph 
in this way. Many hospitals now replace t 


an internal organ as a way of obtain- 
different stopping power of different 
otons allows tumors to be detected 
he film with banks of gamma 
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counters hooked into sophisticated computers. One such technique, called 
computerized axial tomography (CAT or CT) has become very prominent, 


Tracers 


Tritium GH) is chemically identical to ordinary hydrogen (jH), but beta-de— 
cays with a 12-year half-life. Tritiating chemical compounds containing hy- 
drogen—replacing some hydrogen atoms by tritium—is a way of tagging or 
“labeling” those hydrogen compounds and following them through various 
chemical and biological changes. This is just one example of a radioactive 
tracer. Tracer techniques have proved useful in agricultural research, in reac- 
tionrate chemistry, in physiology, even in just finding gas leaks. 

Usually, the tracer is monitored with a radiation counter. Or it may be 
desirable to localize the tracer with a photograph, using autoradiography. 
When tissue containing radioactive tracer is placed in close contact with a 
photographic film, the precise structure in which the tracer has concentrated 
may be identified. Even the distribution of tracer with that structure can be 
resolved if the range of the ionizing radiation is sufficiently short. 


Therapy 


The radiologist now has a wide choice of alpha, beta, and gamma sources 
for radiation therapy. They differ in half-life, in the energy of the radiations, 
and in the rate at which they are eliminated from the body. Also, certain 
elements tend to concentrate in specific regions of the body. For example, 
iodine goes preferentially to the thyroid gland. Consequently, ™'I is partic- 
ularly useful for irradiating the thyroid while limiting the radiation dose to 
the rest of the body. 

The idea in radiation therapy is to destroy pathological growth. The pho- 
tons (gamma rays) or particles (alphas and betas) emitted by radioactive nu- 
clei have high-enough energies to create ion pairs in their path through mat- 
ter, that is, to break chemical bonds. A trail of ions in a living, cell is likely 
to damage the cell. One way is by breaking chromosomes. In the treatment 
of cancer with radiation the idea is to destroy the malignant cells. 


Radioactive Energy Source 


Most fission fragments have very short half-lives so that the core of a nu- 
clear reactor has high fluxes of beta and gamma radiation. In some of the 
radioactive chains by which they decay, nuclei occur with half-lives of a few 
months or years. An example is strontium-90, produced as a result of 
fission: 

7U + gn (slow) > M4Ba + YKr + 2 dn (fast) 


The beta decay of barium-144 is so fast that its half-life, probably millisec 
onds, has not been measured. The beta decay of krypton-90 has a 33-second 
half-life, and is quickly followed by another: 


| 
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33 sec 174 sec 

The chain does not end there, but ”Sr has a 28-year half-life for beta decay. 
It can be chemically separated from other material removed from the reactor 
and makes a lightweight energy source now used in artificial satellites. Ex- 
ercise 6 gives an idea of the power avaialble from just a few ounces of such 
a fission product. 

You may have read about strontium-90 in quite a different context. Its 

high specific activity made strontium-90 a particularly dangerous component 
of the radioactive fallout from nuclear test explosions. Settling over pastur- 
age and thus getting into the milk, strontium-90 was ingested by people 
who drank that milk. Since strontium is chemically similar to calcium, it 
tends to be incorporated into the bone. Children, of course, form bone rap- 
idly, so those who were children in the early 1960s, before atmospheric test- 
ing was banned by international agreement, may still carry some of that 
radioactivity around. 
a 
exercist 6 Radioactivity as an Energy Source 
This is just to give an idea of the power available, say, from 1 mole of stron- 
tium-90, just 90 grams. “Sr emits a 0.5-MeV beta ray, with a half-life of 28 
years. Compare this with radium, which has a half-life of 1620 years, whose 
activity we know: 1 gram of ”*Ra has about 3.7 x 10'° disintegrations per 
second; so 1 mole has 226 times that many. One mole of “Sr will have an 
activity 1620/28 times that, or disintegrations/sec. 
Multiply times 0.5 x 10° eV to get the energy per second (remember that 
1eV = 1.6 x 107” joules). This gives you the available power = 
watts. (1 watt = 1 joule/sec.) 
Note: The daugher nucleus 3Y is also a short-lived beta emitter. If we in- 
cluded its radiation, that would effectively double our estimate of the power 
available. Incidentally, that daughter also emits gamma rays, so you don’t 
want to sit too close. Gammas have a long range in air. 


ee 
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If a hospital owns a radium source, the knowledge that half of that valuable 
radium will have decayed in 1620 years probably doesn’t bother the hospital 
administrator too much. But if he buys some phosphorous-32, which has a 
half-life of 14.3 days, he knows he has a wasting asset. In two weeks, half 
of what he has bought will have decayed away. Ina month, three-quarters 
of his investment is gone. Of course, the rapid decay is the key to some of 
the uses for 2P and other short-lived radioisotopes. For example, they can 
be injected into the patient for radiation therapy, and the entire dose of 
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radioactivity is delivered in a short time period. Even if the chemical sub- 
stance is slow to be eliminated by the body—and phosphorous might well 
remain chemically bound—its activity will have decreased 75% after two 
half-lives. Repeat: After one half-life, half of the activity remains; after two 
half-lives, only half of that half is left, 25% of the original activity. One 
month after an injection of VP, the patient has received 75% of all the tadia— 
tion that sample of **P will ever emit—three times as much as it is destined 
to emit forever after. After three months—six half-lives down—only H% of 
the activity is left. 

The kind of arithmetic we have just been doing is made graphic by plot- 
ting a decay curve. If we plot the fraction of nuclei remaining undecayed 
versus time, we get the concave curve of Fig. 19.4. The rate at which nuclei 
disintegrate at any point in time is proportional to the number of nuclei you 
have left at that time. This law reflects the independence of the individual 
nuclei: The disintegration of one nucleus in no way affects the disintegration 
rate of its neighbors. So the time for half the population to decay is indepen- 
dent of the size of the population. That is the time we have called the half- 
life. 


Oo 
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FIGURE 19.4 Decay curve. Note that Fe 
moving the time origin to the right gives a È 1 
curve having the same shape, just scaled 1 “a 3 4 
down. Time, measured in halflives 


If you look closely at the decay curve of Fig. 19.4, you notice that the 
shape of the curve does not depend on when you start counting time. For 
instance, if you were to “start the clock” at the time called “1 half-life” in- 
Stead of at zero, the ordinate you used to call 50% would be called 100%, 
and all other values would just be scaled down by one-half. When time 
advances one half-life, the fraction remaining is cut by a half. 

Convince yourself that after 10 half-lives only one nucleus in 1024 re- 
mains: less than 0.1%. Argument: 


1 half-life — 1 in 2 
2 half-lives > 1 in 4 
3 half-lives > 1 in 8 


10 half-lives > 1in[___] 


That means that a radioactive sample is 99.9% “gone” after 10 half-lives. We 
say that the fraction remaining decays asymptotically to zero. 3 

Show that it takes 20 half-lives for 99.9999% of a sample to decay, that 1S, 
for only one nucleus in a million to remain. Here is the algebraic formalism: 
The symbol Thar represents the half-life: 
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Fraction remaining after 1 half-life is 


Kna) = 4 

Fraction remaining after 2 half-lives is 
Krna) = O =f 

Fraction remaining after 3 half-lives is 


fBtrax) = G = 4 


Fraction remaining after p half-lives is 


fna) = ° 


Try substituting p = 10 and verify what we said above about 10 half-lives. 
So the decay curve (Fig. 19.4) is a graph of the mathematical function f(t), 
the fraction of radioactive nuclei remaining after a time t = p half-lives: 


f(t) = (D'ha (Eq. 1) 


About 4 half-lives out, it becomes hard to draw the curve, just because of 
the scale we chose in order to fit our graph on the book page. The thickness 
of the line drawn through the points is comparable to the value of f we are 
trying to plot. 

The choice of the half-life as the time constant was just a convenience, of 
course. If the time for half the nuclei to decay is a constant, then the time 
for, say, three-quarters of the nuclei to decay is also a constant, namely 2 
half-lives. (OK?) But any other fraction would do as well for defining a time 
constant. 

Now you ought to worry about what happens if the time Prna is not an 
integer number of half-lives. For example, what fraction remains after half a 
half-life? 

fGtna) = ? 

You can try to read it from the graph, but that may sound like cheating. 
How was the smooth curve in the graph drawn, anyway? 

Let’s call the answer x. After half a half-life, a fraction x remains of the 
original number of nuclei. But another half a half-life later, what remains is 
a fraction x of that fraction. Repeat: After 2 half-lives, a fraction x? remains. 
But 2 half half-lives is 1 half-life, after which the fraction remaining is i: 

x= 4 


So x is the square root of 4, or 0.707. Look at the graph again. How well 
was the curve drawn? And the formula? If we set p = 4 in the formula 


fP) = (2)? 
we get 


fÈTna) = (sy? 
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Taking a number to the one-half power means taking its square root, That 
may not be news to you, but it does show you how to fill in the rest of the 
curve with nothing fancier than a square-root calculator. For instance, to 
find the fraction remaining after one-quarter of a half-life, you have to take 
the square root of the fraction remaining after one-half a half-life: 


fAthar) = $) = (H = 0.707 = 0.841 


Repeat: After one-quarter of a half-life, 84.1% of the nuclei remain, 


More Math: Logarithms 


If somebody asked you how long (how many half-lives) it takes until only 
10% remain, that is, how long it takes for 90% to decay, you could look at 
the curve and say, “just a little over three half-lives.” To do better, you 
could start on the square-root-taking process and get an answer by succes- 
sive approximations. Tiresome? You would see the advantage of having 
printed tables or a button on your calculator to solve this sort of problem to 
four or five significant figures. Chances are you are familiar with some tables 
you could use: tables of logarithms. 
The question being asked is: To what power do you raise } to get yh? 


O = 


The power p is the number of half-lives until only one-tenth of the original 
nuclei remain. How do you solve an equation like that for p? If you take the 
reciprocal of both sides, 

2? = 10 
the question becomes, to what power do you raise 2 to get 10? That is a 
question for a table of logarithms to base 2; you probably don’t have one of 
those. Your log table used base 10. It can answer the question, “To what 


power do you have to raise 10 to get 2?” That will get you the reciprocal of 
what you are after: 


10”? =2 


The answer is 0.301. If your calculator does not have a “log” function, you 
might try an old log table or slide rule to check this; the number 0.301 is 
called the common logarithm of 2. Repeat: 


10°! = 9 
Turn that around to read 
210.301 _ 49 
The reciprocal of 0.301 is 3.32. That answers our question: 
@y = 


It takes 3.32 half-lives until only one-tenth of the nuclei remain. 
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Let's go over that again quickly. You want to solve the equation 
G = vo 

Take the logarithm of both sides: 
-plog 2 = —log 10 


If your logs are to base 10, that is, common logarithms, the log of 10 is 1, 
the log of 2 is 0.301: 


0.301p = 1 or p=3.32 


The time for the population to decay to one-tenth of its original value is 3.32 
times the time to decay to half its original value. 


SS A 
exercise 7 We said it takes 10 half-lives for a population to decay to 1/1024 


of itself. That’s 0.00097656; awfully close to 0.001 or 107°. How many half- 
lives does it take to get 10°? 


27" ic 107° 


Take logarithms and solve. But before you do—Will the answer be more or 
less than 10? 


o 
Č 


Semilogarithmic Graph Paper 


Every 14.3 days the number of phosphorus nuclei in a sample of 2p is 
halved. Every 14.3 days the logarithm of that number falls by 0.301. (That's 
log 2.) While the population decays exponentially, its logarithm falls off lin- 
early. If we wanted to convert the decay curve (Fig. 19.4) into a straight-line 
graph, instead of plotting the fraction f versus the time, we should plot its 
logarithm. 

A good way to do this without much labor is to use semilog graph paper 
(Fig. 19.5). If you look at the vertical axis, you see that the numbered lines 
are not evenly spaced. But if you measure the distance between the 1 and 
the 2, it is the same as the distance between the 2 and the 4, the same as 
the distance between the 4 and the 8. It is also the same as the distance 
between the 5 and the 10. The 10? There is no 10 marked. The line we would 
call 10 is just marked 1 again, the 20 is marked 2, and so on. You have to 
put the powers of 10 in yourself. Try measuring the distance between the 8 
and the 16. Familiar? 

If you look at the straight line plotted in Fig. 19.5, the upper left-hand 
corner might represent 100%: At time zero, nothing has decayed, all the 
nuclei are still there. At time t = 14.3 days, the fraction remaining is 0.5. It 
looks as if we are plotting the decay curve of phosphorus-32, with a half-life 
of 14.3 days. If we had called the upper left-hand corner 1 million nuclei, 
then at time t = 14.3 days we would read half a million. 
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FIGURE 19.5 Decay of 
phosphorus-32. Semilog 1% 
plot. 


10 20 30 40 50 60 
days 


Notice that semilog paper has no “origin.” Every time the population is 
divided by 10, the ordinate (the reading on the vertical scale) falls down into 
the same spot in the next “decade”: From 100% to 10% to 1% to 0.1%, each 
step takes you the same distance down the vertical axis. Obviously, you 
never get to zero that way. From 0.1 to 0.01 is the same distance on the 
logarithmic scale as from 0.2 to 0.02 or from 200 to 20. That is what we call 
one decade. 


nn 

EXERCISE 8 

(a) What is the half-life of a decay curve that goes from 0.2 to 0.02 in 47.5 
days? 

[Answer: 14.3 days] (HINT: Use the semilog scale.) 

(b) What is the half-life of a decay whose slope on the semilog scale is twice 
as steep? 

(HINT: It drops from 0.2 to 0.02 in 4 x 47.5 days.) 


Decay Rate 


If you wanted to measure the half-life of a short-lived radioisotope like phos- 
phorus-32, you would set your sample near a counter, count for a minute 
or two, and repeat the procedure periodically to see how fast the activity 
fell. For ®P it would take a few days before you saw an appreciable decline. 
You would plot the activity versus time on a semilog scale to verify that it 
was indeed decaying exponentially—giving a straight line on the semilogat- 
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ithmic plot. Also, you would have no hesitation in setting the time in which 
the activity falls to half equal to the half-life, the time in which the number 
of undecayed nuclei falls to half. That the activity is proportional to the 
number of undisintegrated nuclei just reflects the mutual independence of 
the nuclei: The probability of decay of each nucleus per unit time is constant 
and does not depend on the presence of other nuclei. 

But how is the decay rate related to the half-life? What is the proportion- 
ality constant relating the activity of a sample to the number of undecayed 
nuclei in it? You can read it right from the graph of Fig. 19.4: The decay rate 
is the rate at which the number of undisintegrated nuclei decreases. So the 
fraction decaying per unit time is the slope of the decay curve right at time 
zero, when 100% remain undecayed. Try measuring it on the graph in Fig. 
19.4. Then compare your result with the formula we derive in Problem 18: 


Ry population 
decay rate = 0.693 half-life (Eq. 2) 
With a half-life Thay = 14.3 days for ”P, that formula gives a slope of 4.85% 


per day. 

Don’t make the mistake of multiplying 4.85% per day times 14.3 days (the 
half-life) and expecting to get 50%.” Remember, the decay curve is not lin- 
ear, but exponential. The first day, about 4.85% of the sample decays. The 
second day, about 4.85% of what is left decays. Fewer nuclei disintegrate on 
the second day than on the first; the decay curve gets flatter, less steep. But 
you don’t notice that it is curving until you get to time intervals which are 
an appreciable fraction of a half-life. 


Decay Constant and Mean Life" 

From Eq. 2, or from the decay curve, we obtained the proportionality con- 
stant relating the activity (or disintegration rate) to the population. For phos- 
phorous-32, this decay constant was 


disintegration rate _ 9 9485 per day 
population 


We could have written that as a fraction 


1 
20.6 days 
This means that the average “P nucleus decays in 20.6 days, or the average 
lifetime (also called mean life) of a 2p nucleus is 20.6 days. It should not 
surprise you that the mean life is longer than the half-life, 14.3 days. After all, 
10% of the nuclei live more than 3.32 half-lives, 1% live more than 6.64 half- 
lives, 0.1% live more than 9.96 half-lives, and so forth: The decay curve 
never really ends. Look at Fig. 19.4. It has a long tail. Any statistical distri- 


"You get 69.3%. OK? 
This section is rather mathematical. 
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bution skewed in that way is going to have its mean greater than its median, 
Going back to the formula, the mean life, which is the reciprocal of the 
decay constant, is the half-life divided by 0.693: 


3 — —thalf 
mean 0.693 


Equation 2 becomes simply 


lati 
decay rate = popuaton (Eq. 2') 


mean life 


Some books prefer to write the formula (Eq. 1) for the fraction remaining 
after time ¢ not in terms of the half-life Thalfr 


f(t) = 27 har (Eq. 1) 
but in terms of the mean life (ee ay 

f(t) = e~ "mean (Eq. 1) 
The number e thus defined is equal to 


e = 2.718 


which is known as the “base of the natural logarithms.” Note that to any 
base, we can write 


log 2 = 0.693 log e 


In particular, the ratio 0.693 of the half-life to the mean life is log, 2. 

What is the advantage of using e rather than 2, of using mean life rather 
than half-life? Not much, but you are likely to run across it. We should say 
this: If you want to measure the half-life of a long-lived species like radium, 
you don’t do it by counting for 1620 years. You measure the activity by 
counting for a few minutes, measure the population by doing quantitative 
ee and divide to find the decay constant, or its reciprocal, the mean 

e. 


M 


EXERCISE 9 Half-Life of Radium 
To measure the half-life of a radioisotope like radium-226 (Thar = 1620 


on an activity of 3.7 x 10 disintegrations per second (= 1 curie) from 1 
gram of radium: 


no. of atoms in 1 gram _ 6.02 x 10% atoms per mole 
of radium 226 grams per mole 
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Now use Eq. 2: 
E 3:7 x 10% no. of atoms 
activity = ~~ seca half-life 


and solve for the half-life. You get it in seconds and want to convert to 
years: 


1 year = 365 days x (24 hr/day) x (60 min/hr) x (60 sec/min) 


You expected to get 1620 years and are a bit disappointed. But remember, 
we called this “historic calculation.” The 2% discrepancy represents the state 
of the art half a century ago, when the curie was defined. 
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When you visit a nuclear-reactor facility, you register upon entering, and a 
radiation monitor is attached to your lapel. This may be a simple film badge, 
in which ionizing radiation causes a photochemical reaction in the emulsion. 
The film has to be developed before they know how much exposure you 
got. Or the radiation detector may be a dosimeter, from which the radiation 
dose you have received can be read directly. Looking something like a foun- 
tain pen, most dosimeters are essentially electroscopes, charged up to sev- 
eral hundred volts. Each ion produced inside by radiation allows one elec- 
tronic charge to leak off. When you leave, the charge remaining on the 
instrument can be measured. 

Why all the safety precautions? Surely you are not going to stand in a 
beam of neutrons emerging from the reactor! The danger comes from other 
things hit by the neutrons. Neutrons can be absorbed by stable nuclei, mak- 
ing these radioactive. And even a microgram of a short-lived radioisotope 
can be a dangerous source of ionizing radiation. 


Dose—Roentgen, Rad, and Rem 


How much radiation do you get from a dental X ray? How much lead will 
protect you from a “hot” source? How much does breathing radioactive dust 
hurt you? How much radiation will give you cancer, leukemia, ora cataract? 
In the technical literature, such questions are answered in technical jargon. 
Radiation dose is measured in roentgens, rads, or rem. The ratio of the rem 
to the rad is the RBE (relative biological effectiveness). How big a dose it 
takes to kill you is expressed in MLD (mean lethal dose). The thickness of 
lead to shield you is measured in HVL (half-value layer). 

Why the jargon? After all, energy flux is easy enough to measure—the 
number of watts striking per unit area of the beam—and we measure sun- 
shine that way: With the sun directly overhead, we get about 1 kilowatt per 
Square meter. Why don’t we talk that way about X rays? It is because our 
concern is not how much energy we are absorbing but rather how much 
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radiation damage. And damage has to do with ionization. It’s not just how 
warm the X rays make your insides, it’s how many electrons they Tip off the 
atoms there that matters. But the various X rays and alphas and betas and 
gammas and neutron beams are not the same in that respect. That is where 
RBE comes in—to translate energy absorbed into amount of ionization pro- 
duced. 

The roentgen is the amount of X ray exposure that produces a certain 
density of ion pairs (2.08 x 10° per cubic centimeter in air) irrespective of 
the intensity of the beam, the width of the beam, or the energy of each X- 
ray photon. That doesn’t tell you how much it ionizes human tissue, which 
turns out to depend on the X-ray energy. The energy deposited per gram of 
tissue irradiated is measured in rads. One rad is the radiation dose that 
deposits 100 ergs per gram of tissue (= 0.01 joule/kg). This definition was 
chosen so that, for medical X rays, an exposure of 1 roentgen represents a 
dose of about 1 rad. One hundred rads (= 1 joule/kg) is called 1 gray. 

For other radiations, it is useful to know how effectively they produce 
ionization, joule for joule, compared to X rays. The ratio is called the RBE. 
There are tables of this ratio for the emanations of the various radioisotopes 
used in biology and medicine. You multiply the rads by the RBE to get dose 
in rem (radiation equivalent:man). For example, the RBE of alpha rays is 10. 
One rad of alphas corresponds to a dose of 10 rem, One rad of alphas does 
as much damage as 10 rads of X rays, gammas, or high-energy betas. This 
means that the RBE of X rays, gammas and high-energy betas is 1.0. Low- 
energy betas have an RBE of 1.7; the RBE of thermal neutrons is 3. 

Now let’s use our new vocabulary. If you irradiate the human reproduc- 
tive organs with X rays, it takes an average exposure of 500 roentgens (writ- 
ten 500 R) to induce sterility. About the same dose of X rays generates a 
cataract in the cornea. Instead of saying exposure of 500 roenigens, we could 
have said dose of 500 rads or 500 rem. Those numbers probably don’t de- 
pend much on whether the radiation is absorbed over a few minutes or over 
many years. But if the whole body is irradiated, a dose of about 400 rem has 
50% probability of being lethal if absorbed over a short time. It is less lethal 
if it is spread over a long time. In other words, there is some healing of 
damaged tissue. The mean lethal dose (MLD) of whole-body irradiation is 
around 500 rem for one-shot exposure. For a whole-body dose of 100 rem 
the probability is about 50% that the victim will show symptoms of radiation 
sickness, which are nausea, fatigue, and greatly reduced white-corpuscle 
count in the blood. There is now considerable evidence that such doses of 
radiation shorten the average life span. There is no evidence that there is 
any threshold dose below which radiation has no harmful effects. An annual 
dose of 1 rem will, over a long time, induce about 2 fatal cancers in a pop- 
ulation of 10,000 people. 

Nonetheless there are so-called permissible doses, specified in laws and 
safety regulations. For workers in occupations using radiation, the MPD, or 
maximum permissible dose, is 5 rem per year. For exposure only to jhe 
hands, the MPD is 75 rem per year. For the general population, on the other 
hand, the MPD is 0.5 rem/year. Perhaps the logic is that the casual passerby 


49.6 RADIATION DOSE AND SAFETY 


is not being paid to be irradiated. You might want to compare these “legal” 
dose rates with those from “natural” causes, namely the cosmic rays from 
outer space and the radioactivity of the air, the water, and the soil. That is 
in the range 0.1 to 0.2 rem per year. If you live in a brick house, it can get 
as high as 0.5 rem/yr, because brick contains radioactive cobalt-60. 

A chest X ray can give as much as 50 millirem per film. A dental X ray 
can give 5 millirem. A course of cancer therapy can give a total as high as 
10,000 rem. Note that these are highly localized, not whole-body exposures. 

Two examples of radioisotope therapies illustrate this difference. Tumors 
in the thyroid gland, which has a mass around 40 grams, may be treated 
with iodine-131, which emits 0.6-MeV betas as well as 0.4-MeV gammas. 
Although its radioactive half-life is 8 days, iodine is excreted at such a rate 
that 5.5 days after administration its activity is down to 50%. So its effective 
half-life is 5.5 days. An initial activity of 3 mCi will deliver 6100 rem to the 
thyroid, about 60% of which happens in the first week. 

Compare with a whole-body treatment for leukemia with sodium-24, 
whose half-life is only 15 hours, emitting 1.4-MeV betas and 2.7-MeV gam- 
mas. Injecting 500 mCi of “Na into a 60-kg man will give him a total dose 
of only 0.4 rem. A much greater source activity (500 mCi vs 3 mCi), and 
greater particle energies. But because the activity is distributed over such a 
large volume and decays so rapidly, the total dose is quite small. 


Shielding 


Before the dentist takes an X ray, he may cover you with a “lead apron,” to 
reduce your exposure to stray radiation. Is the 2 or 3 millimeter thickness of 
lead embedded in his rubber apron enough to shield you from the harmful 
X rays? Again, you won't get a yes-or-no answer to such a question if you 
want scientific accuracy rather than a reassuring pat on the head. This kind 
of question is usually answered in terms of the HVL, the half-value layer: 
How thick a barrier of lead does it take to absorb half the X rays? That is 
the way to ask the question, because that is the way the absorption of a 
beam of photons of a well-defined energy works. One HVL of lead cuts 
the beam intensity in half. Two HVL’s cut it in half twice, so only one- 
quarter of the X rays get through. Through a thickness of three HVL’s 
only one-eighth of the X-ray intensity penetrates, and so forth. Sounds 
familiar? Absorption is an exponential process, like radioactive decay. Ten 
HVL’s cut the intensity to 1 part in 1024 (= 2'°). For 100-KeV X rays, the 
HVL of lead is about one-tenth of a millimeter. A one-millimeter layer 
would be 10 HVL‘s and would cut the intensity down to about one part 
in a thousand. Two millimeters of lead will let through about one X-ray 
Photon in a million. 

This is not written in ord 
you to wear lead aprons. It is inclu 
intuition about radiation shielding. 
the X-ray photons incident on it. But if 99. 
you, then you can get along with 10 HVL’s of 


er to make you feel good about X rays or to get 
ded in this chapter in order to build your 
There is no shield that absorbs 100% of 
9% absorption is good enough for 
shielding material. 
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Lead bricks shield against “hard” 
ionizing radiation in a “hot lab.” 
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X-ray technician wearing 
a protective lead apron. 


EXERCISE 10 Do the arithmetic to prove this. 


Lr 
—_—eew SS 


Here are some words of caution. “Harder” X rays—higher photon ener- 
gies—are more penetrating. For example, the HVL of lead for 2.5-MeV pho- 
tons is about a hundred times that for the 100-KeV photons. Two millime- 
ters of lead would absorb a negligible fraction of such rays. Yet some 
gamma-ray energies from radioactive substances are that high. Now you 
know why the lead bricks used for shielding in radiochemistry laboratories 
are over 2 inches thick. 


Range 


The absorption of alpha and beta rays works quite differently from the ab- 
sorption of photons. Unlike a Photon, an alpha can lose its energy a little 
bit at a time. It just slows down gradually and finally grinds to a halt. As it 
ionizes the material it passes through, it gives up its kinetic energy along its 
path. The higher the kinetic energy of the alpha, the further it can go before 
stopping. So the energy of an alpha can be measured by its range in air, 
using a “‘range-energy” table. Here is an example: 


Alpha-Particle Energy Range in Air 


5.3 MeV 3.6 cm 
7.6 MeV 6.6 cm 


Note that the range is not proportional to the energy: As an alpha slows 
down, it has time to create more ion pairs per centimeter of travel. The 
tange-energy relation is similar in animal tissue (or water), but the ranges 
are much shorter, typically less than a tenth of a millimeter. Betas have 
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longer ranges than alphas, but we are still talking about millimeters in ani- 
mal tissue. 


19.7 STABILITY IS RELATIVE 


When you first learned about the Periodic Table of the elements in your 
chemistry course, you may have wanted to ask why there are no elements 
in nature heavier than uranium. If you did ask, you may have been told that 
indeed, there are transuranic elements, but they are all man-made and all 
highly radioactive. Now you know why: Larger nuclei fall apart. The nuclear 
force is short-range; the electrostatic repulsion between protons is long- 
range. In Sect 19.3 (Fission), you learned that certain large nuclei can break 
up into smaller nuclei with the release of some neutrons and a lot of energy. 
The nuclear fission process was described as occurring when a large nucleus 
absorbed a neutron to become still larger. Is there any reason fission can't 
occur spontaneously? 

Spontaneous fission does occur. For some transuranic nuclides (nuclear 
species) it is the most likely decay mode. It is a possible mode of decay for 
most nuclei in the heavy half of the Periodic Table, including the ones 
marked “stable” or nonradioactive. It is possible; but mostly it is very slow. 

Take a familiar heavy element: gold. Only one isotope of gold occurs in 
nature, "Au, and no one has ever observed a gold nucleus decay. But a 
spontaneous fission process like 

Au — 121 + Fe + 14in 
in which gold splits into iodine plus iron plus neutrons, is theoretically pos- 
sible. It is highly improbable. Its halflife may be on the order of 10° years. 
Take all the gold in Fort Knox: The probability is tiny that even one gold 
nucleus there has undergone fission in all the years that gold has been 
stored, 

You might feel that such an improbable event is uninteresting. The point 
is that stability is a relative concept and can be made quantitative. Again, 
the discussion may strike you as nitpicking or overly philosophical. Is defin- 
ing stability something like trying to define honor or virtue? But bear in 
mind the slogan, “Anything that can happen will happen.” That quality of 
nature is inherent in the quantum theory. Any event that does not violate a 
law of physics has a certain probability per unit time of occurrence. When 
we say that a structure is stable, we mean that it probably won't come apart 
for a long time. In other words, its half-life for disintegration is very long 
on the time scale we happen to be considering. var 

Would you call something stable that has a 50% chance of decaying in 18 
nanoseconds (= 1.8 x 10 * sec)? You probably would not, until you com- 
pared it with something else with a half-life less than 10°” sec. The one is 
200 million times more stable than the other. We are talking about charged 
and neutral pions. These are particles emitted when two nuclei collide hard 
enough. They are part of the “nuclear glue” we talked about at the eal 
ning of this chapter, the strong interaction that binds nucleons into nuclei. In 
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studying the strong interaction, particles have been discovered with half- 
lives even shorter than the neutral pions. These “elementary-particle” dis. 
coveries have given new insight into the possibility of the breakup of that 
very stable particle, the proton. 

In the study of living things, the longest life spans we encounter are of 
the order of 10° years. The shortest time constants, characterizing the speed 
at which biological structures can respond to external changes, are measured 
in milliseconds. That seems like a large range, from 10~° to 10" sec: more 
than 13 decades, that is, 13 powers of 10. But compared with the enor- 
mously greater range of time constants found in the realm of the fundamen- 
tal particles, even that seems small. Life encompasses only a small fraction 
of the spectrum of nature. 
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Relation between decay rate and half-life. 
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Shielding against high-energy photons: How many HVL’s? 
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KEY TERMS 


Nucleus The part of an atom containing all the positive charge and almost ane 
the mass. It consists of protons and neutrons. An atom consists of a nucleus p 
a number of electrons equal to the number of protons in the nucleus. 


KEY TERMS 


Atomic number The number of protons in the nucleus. The elements are arranged 
in the Periodic Table in order of atomic number, Z. Hydrogen is Z = 1; uranium 
is Z = 92. ; 

Radioactivity Spontaneous disintegration of a nucleus, in which it emits an alpha 
particle, an electron (beta particle), a positron (B*) or a gamma-ray photon. The 
radioactive nucleus is thereby changed into the daughter nucleus. 

Nucleon Proton or neutron. 


Isotopes Two or more nuclear species of the same element (same number of pro- 
tons) having different numbers of neutrons. 


Alpha particle A nucleus of 3He, consisting of two protons and two neutrons. 
Emitted in alpha decay. 

Beta particle An electron emitted in beta radioactivity. 

Beta plus A positron. Has the same mass as the electron but an equal and opposite 
charge. 8' decay is positron emission. 

Gamma ray A high-energy photon emitted by a radioactive nucleus. 

Nuclear fission Disintegration of a heavy nucleus into two medium-heavy nuclei 
(the fission fragments) plus some neutrons. 

Radiation detector Ionization chamber, Geiger counter, scintillation counter, junc- 
tion detector, film badge, dosimeter. 

Half-life The time in which activity of a single species of radioisotope decreases by 
50%. 

Nuclear force Short-range attraction that binds protons and neutrons into nuclei. 
Also called strong interaction. 

Activity The number of nuclei disintegrating per second. The SI unit is the Bec- 
querel (Bq) = 1 disintegration per second, 

Curie Unit of activity = 37 billion disintegrations per second. Approximately the 
activity of 1 gram of radium. 

Radioactive series Chain of radioactive decays—alpha, beta, and gamma—by 
which a heavy unstable nucleus is gradually transformed into a lighter stable nu- 
cleus. Exampte: *“U goes in 14 steps to 2%Ph (Fig. 19.2). 

Radioactive dating A procedure in which monitoring the activity of a radioisotope 
and thereby determining its concentration permits finding the age of a specimen 
from a knowledge of the half-lives. 

Decay curve Plot of the activity versus time. For a single radioactive species, this is 
an exponential decay. 2 

Fissile nucleus A nucleus capable of undergoing fission rapidly upon absorbing a 
neutron. Uranium-235, uranium-233, and plutonium-239 are examples. 

Dose Measure of ionizing radiation absorbed, in terms of ionization per unit volume. 

Roentgen Unit of dosage for X rays and gamma rays. 1 R makes a density of ioni- 
zation in air of 2.083 x 10” ion pairs per cm’. 

Rad Unit of dosage in terms of radiant energy absorbed per gram 
= 100 ergs per gram. 

Rem Unit of dosage that permits comparing differen 
of their relative biological effectiveness (RBE). 1 rem 


of tissue. 1 rad 


t ionizing radiations in terms 
= 1] rad x RBE. 
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MLD Mean lethal dose. Whole-body exposure is assumed. 
HVL Half-value layer. Thickness of absorber that lets through half the incident in- 


tensity of radiation. 


MPD Maximum permissible dose, as determined by some regulatory agency. Usu- 


ally expressed in dose per month or per year. 


Transuranic element An element having atomic number greater than 92. These ele- 


ments are all man-made and all unstable. The one most in the news is plutonium, 
atomic number 94. 


REVIEW QUESTIONS 


The Periodic Table of the elements has mass numbers ranging from 1 up to 238, 
Where in that list is uranium? 


What does Z = 92 tell you about uranium? 


The sum of the number of protons plus the number of neutrons in a nucleus is 
called: number. 


A collection of nucleons consisting of two protons and two neutrons is stable, 
that is, stays together, if they all get close enough together. What is it called? 


Can a collection of 238 nucleons stick together for a long time? What is one way 
it could break apart? 


Nuclear fission converts a large nucleus into two medium-sized nuclei plus some 
leftover neutrons. What characteristic of the strong interaction tends to make me- 
dium-sized nuclei more stable than large? 


All the transuranic elements (elements with Z > 92) are radioactive. Can you use 
a property of the strong interaction to conjecture why? 


What is the probability that a uranium-238 nucleus stays together for more than 
4.5-billion years? 


What is the probability that a certain ™“U nucleus will disintegrate during the next 
year? 


In chemistry we learn that no chemical process can change an atom of one ele- 
ment into an atom of another element. Name two radioactive decay processes that 
do just that. 


What happens to the proton number in alpha decay? In beta decay? 
What happens to the neutron number in alpha decay? In beta decay? 
Why would you expect to find some lead in every sample of radium? 


If a magnet deflects alpha rays to the right, how would it deflect beta rays? 
Gamma rays? 


What does an alpha decay followed by two successive beta decays do to the pe 
ton number? How many neutrons lighter is the granddaughter than the mother? 
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* Why will a large piece of plutonium explode while a small piece won't? 
* Why won't a large piece of natural uranium explode? 


* To put out a fire, we take heat away faster than the burning produces heat. To 
quench a nuclear chain reaction, we need to absorb / accelerate neu- 
trons faster than the fission process releases them. 


* To sustain a chain reaction, at least one neutron from each fission reaction must 
be slowed down enough to start another fission before it escapes. To have a 
breeder, making more fuel than it consumes, at least two neutrons must be 
slowed down and absorbed before they escape. Explain. 


* Uranium-239 can be made in a nuclear reactor when **U absorbs a neutron. Show 
how two successive beta decays convert a Z = 92 nucleus to a Z = 94 nucleus: 
uranium to plutonium. 


* Explain the veiled joke in the footnote about “two brief cases.” Why is it danger- 
ous to carry a supercritical mass of plutonium in one briefcase? 


* How are neutrons used to make stable isotopes into radioisotopes? 


* How can radioactivity be used to find out how rapidly a drug is being eliminated 
through the urine? 


* Strontium-90 has a 28-year half-life. How is it that there is more of it on earth 
today than there was 100 years ago? 


* Why does a hospital get frequent deliveries of phosphorus-32, instead of buying 
a lot at one time? 

* During which period of time does a 2P source (two-week half-life) emit more beta 
rays, during the first two weeks after arrival, or during the second year? 

* Why do you use logarithms to plot a decay curve? 

* An exponential decay curve plotted on semilog paper becomes 


* On semilogarithmic graph paper 1 decade (the distance from 1 to 10) is also called 
1 “cycle.” To plot an exponential decay curve for three half-lives, you can get 
along with 1 cycle. For seven half-lives, you have to have at least ______ cycles. 


* Which is longer, the half-life or the mean life? 


* To measure how much radiation you have received, suppose you multiply the 
energy flux in the beam times the cross-sectional area of the beam, to get energy 
per unit time. If you multiply that times the exposure time, you get the oa 
radiant energy that bombarded you. Why is this not as useful as knowing the 
radiation dose? 


* Distinguish roentgen, rad, and rem. 


* Which is greater, MLD or MPD? 


* Which of the two treatments described in Sec. 19.6 delivers more pelaxay energy 
to the body, the 3 mCi of iodine-131 or the 500 mCi or sodium-24? 
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How much more radiation gets through three HVL’s than through four? 


How many HVL’s of shielding do you need to shield out 90% of the incident 
radiation (approximately)? 

Why do you need thicker shielding to protect against 1-MeV gamma rays than to 
protect against 100-keV gammas? 

Why does the concept of “range” not apply to gammas? 


One millimeter of lead will shield against virtually all the 3.5-MeV betas emitted 
by iodine-132. Why is it not a good shield against the 772-keV gammas that ac- 
company this emission? 


C] QUESTIONS FOR FURTHER THOUGHT 


a. 


re 


We find X rays and gamma rays so useful because they go through human tissue 
so much easier than visible electromagnetic rays (light). Conjecture why no liv- 
ing species has developed X-ray vision. 

Most alpha and beta decays are accompanied by a gamma decay. Was it alphas 
or gammas that fogged Becquerel’s photographic plates, which were wrapped 
in thick black paper? 

Near the low end of the Periodic Table, the stable nuclei tend to have roughly 
as many neutrons as protons. Nuclei with more neutrons than are needed for 
stability usually disintegrate by decay. This brings 
the neutron and proton numbers closer to equality. Some unstable nuclei with 
fewer neutrons than Protons may be made artificially. They usually disintegrate 
by converting a proton into a neutron. The particle emitted in this radioactive 
decay has the same mass as an electron and is called a positron. For example, 
sodium-21 (7{Na) is a positron emitter. Its daughter is stable. What is this daugh- 
ter called? 

Do you think that the dying of animals and humans obeys an exponential decay 
law? Is the probability of an individual’s dying in the next hour independent of 
his age? 

What about a colony of bacteria in an intense beam of ultraviolet radiation? Pres- 
ent an argument for the validity of an exponential decay law here. 

A neutron can emit an electron (beta decay) and become a proton, giving up 
energy in the process. The decay of a proton into a neutron with the emission 
of a positron (positive electron) only takes place inside a nucleus. Explain, in 
terms of what you know about the nuclear force. 


C LAB AT YOUR DESK 4. Cloud Chamber 


A cloud chamber allows you to see the tracks made in air by alpha and beta rays, 
much like a “condensation trail” made by a jet airplane. You can build your own. 


Materials: 


Styrofoam cup (large) or wide-mouth thermos bottle 
Open metal can, small enough to fit inside (orange juice can. . .) 
Transparent plastic cheese box 
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i 
Diffusion cloud chamber—a classroom version. The plastic cylinder with the metal 
cooling foot fits into the thermos filled with dry-ice-alcohol slurry. The little hole in 


the plastic cover holds the stopper-fitted glass rod containing the alpha source. The 
wool cloth is for rubbing the cover between experiments to charge it up and collect 
any stray ions still in the active volume. 


Blotting paper or filter paper 

Dry ice 

Alcohol (methyl is cheapest, but poisonous) 

Flashlight 

Alpha source (weak) (Your instruction will advise you about appropriate safety 
precautions.) 


Procedure: Make a dry-ice-and-alcohol slurry in the cup and invert the can into it, 
so the end gets cold. Cut a hole in the bottom of the plastic box (about 2 in.) and 
place it over the cold metal. Use the cover of the box to hold a ring of blotting paper, 
soaked in alcohol. 

Place the alpha source inside. As alcohol vapor condenses in the temperature gra- 
dient, you can see it diffusing down toward the cold metal surface if you shine the 
flashlight through the sides. Alpha tracks will become visible radiating out from the 
source. For better visibility it may help to blacken the metal surface with a candle 


flame or paint. 


Experiment: How thick a piece of paper is needed to stop the alphas? 


© LAB AT YOUR DESK 2. Luminous Dial 


lt used to be fashionable to make watches and clocks with numerals that glowed 
faintly. The luminous paint contains a “phosphor” like zinc sulfide and an alpha 
emitter like radium. When ZnS is bombarded with an alpha particle, it emits green- 
ish photons. A low-powered microscope allows you to see the individual flashes in 
a dark room. Allow a few minutes for your eyes to dark-adapt. 
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Experiment: Concentrate on a small area, a fraction of a square millimeter, and count 
flashes. Take several one-minute counts, and average. [This was the technique used 
in the early experiments (1911) in nuclear physics.] Use your readings to estimate 
how many Curies of radium are contained in the whole dial. 


-L 


PROBLEMS 


* 1. Thorium Breeders Uranium-233 is fissile, that 
is, it readily undergoes nuclear fission when it absorbs a 
slow neutron. This isotope is not found in nature but can 
be manufactured (“bred”) in a nuclear reactor from natural 
thorium: *3Th absorbs a neutron to become Th. 

Write down the succession of beta decays by which 8U 
is thus produced. 


> 2. Radiocarbon Dating Carbon-14 (half-life 5730 
years) is created in the upper atmosphere when cosmic- 
ray neutrons impinge on nitrogen to cause the nuclear re- 
action “N + n—> “C + 'H. In the air the atomic carbon 
is soon oxidized to carbon dioxide. In this form it can be 
taken up by green plants. When a tree is cut down for 
wood, it stops taking on new “C. 5730 years later, the '*C 
content of the wood will be half of that of living trees. By 
measuring the carbon-14 activity of old wood, its age can 
be determined. 

(a) What fraction of the initial C atoms will have survived 
11,460 years after a tree is cut down? 

(b) 2865 years? 

(c) Suppose that the neutron flux in the cosmic rays is 1% 
greater today than it was 11,000 years ago. How would 
that affect the accuracy of dating an 11,000-year-old piece 
of wood? 


Nore: There seems to be evidence of some variation in 
neutron flux. 


* 3. Half-Life What fraction of a sample of phos- 
phorus-32 remains undecayed six weeks after it is deliv- 
ered? (Half-life = 2 weeks.) 


XÆ 4. Half-Life The activity of a sample of “P is 10 
mCi. When it was delivered, there were 160 mCi. 

(a) How long ago was it delivered? 

(b) It took one day (24 hours) for those 160 mCi to get from 
the nuclear reactor to the receiving room. What was the 
activity upon removal from the reactor? 


* 5. Relative Stability The half-life of uranium-238 
is 4.47 x 10° years; the half-life of radium-226 is 1620 
years. 

(a) If the activity of 1 mole (6.02 x 10% atoms) of radium 
is 8.17 x 10” disintegrations per second, what is the activ- 
ity of 1 mole of uranium? (rT: Activity is inversely pro- 
portional to half-life.) 

(b) One mole of carbon-14 (half-life 5730 years)? 

(c) One mole of carbon-15 (half-life 2.4 seconds)? 

(d) What is the ratio of the activities of carbon-15 and car- 
bon-14? 

(e) Calculate the activities of 1 gram of “Ra, U, MC, 
and "C. 

(HiNT: Radium does not come out exactly 3.7 x 10'/sec.) 


* 6. Dating of Rocks The earth’s mantle solidifed 
about 3.9 billion years ago. That is about 0.87 of the half- 
life of *“U, which is 4.5 billion years. If 1 mole of U 
solidified in a rock, we would expect a fraction (3) of it 
to remain undecayed today, or 0,546 of a mole. (See Sec- 
tion 19.5 for help in checking this arithmetic.) The rest, or 
0.454 of a mole, will have decayed, most of it having un- 
dergone all the steps of the radioactive series to lead-206. 
(a) Verify that starting with 238 grams of molten ™U, we 
expect to find, 3.9 billion years later, 130 grams of *“U and 
108 grams of Pb, 

(b) What is the ratio of the number of lead atoms to the 
number of uranium atom? 

(c) If the rock was originally pure uranium dioxide (UO2), 
which is 88 percent uranium by weight (verify!), what per- 
cent lead would you expect to find now? (HINT: Oxygen 
has atomic weight 16.) 


** 7. Decay Rate The activity of a radioisotope de- 
creases 0.2% per hour. (HINT: That’s one part in 500 per 
hour.) 

(a) Show that its mean life is 500 hours. 

(b) What is its half-life? Express in days. 


PROBLEMS 


* 8. Radiation Dose A certain therapeutic X-ray 
treatment delivers a dose of 1 roentgen. 

(a) If the exposure time were doubled, the dose would be 
ME 

(b) If the current to the X-ray machine were doubled, 
keeping the voltage and the exposure time constant, the 
dose would be R. (HINT: Power = volts x 
amps.) 

(c) If the current were doubled but the exposure time 
halved, the dose would be ———— R. 

(d) If a diaphragm cut the area of the beam in half, so that 
a smaller region of the body is exposed, the dose would 
be ——— R. Explain. 


*% 9. Plutonium Pollution Plutonium-239 has a half- 
life of 24,000 years. Suppose that 1 gram of ™’Pu somehow 
got lost in your house. 

(a) How many alpha particles will it emit in 1 second? 

(b) How many alpha particles will it emit in 1 year? 

(c) How many curies in 1 gram? (HINT: 1 Ci = 3.7 x 10° 
disintegrations/sec.) 

(d) If you happened to breathe 1 microgram of it, how 
many alphas will irradiate your lung during the next 40 
years? 


xÆ 10. Spent Fuel Rods In a uranium-235 reactor, the 
fuel rods are roughly 97% uranium-238. The fission of *°U 
provides neutrons that can be absorbed by ™U to make 
plutonium. Plutonium can be chemically separated from 
uranium. 

(a) Argue that a sophisticated terrorist might attack an old 
uranium-235 reactor and steal old fuel rods, as a way of 
obtaining plutonium for a nuclear bomb. 

(b) Argue that this terrorist probably has to reprocess more 
than 30 kilograms of spent fuel rod to make 1 kilogram of 
plutonium 

(c) To see why the terrorist needs to be sophisticated, cal- 
culate the activity (= 0.693 N/half-life) of 1 kilogram of 
plutonium-239, (int; N = 6.02 x 10° x 1000/239.) 


> 11. Radioactive Generators For applications re- 
quiring short-lived radioisotopes it is obviously desirable 
to have the isotope produced near the location at which it 
is to be used. Every hospital can’t have its own nuclear 
reactor; it can have a “radioactive cow” that can be 
“milked.” 

Such a generator contains a long-lived isotope with a 
short-lived daughter. The daughter, chemically different 
from the mother, can be separated from the “cow” by dis- 
Solving it in an eluting solution. For example, cesium-137 
has a 30-year half-life for beta decay into “metastable” bar- 
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ium-137. The daughter decays into stable barium-137 with 
the emission of a gamma ray, with a 2.5-minute half-life. 
A slightly acid solution dissolves the barium, leaving the 
cesium behind. This is “milking the cesium cow.” 

(a) Suppose that you have 1 pCi of Cs (= 3.7 x 10° 
disintegrations per second). If the barium is allowed to ac- 
cumulate, its activity increases but only to the point where 
its rate of decay is equal to the rate at which it is replen- 
ished. Thus, in equilibrium, there will also be 1 pCi of 
radioactive '’Ba (written Ba). Show that now the total 
activity of the generator is 2 pCi. 

(b) You elute, taking away substantially all the barium. 
What is the activity of the solution emerging from the 
“cow”? 

(c) What is the activity of the “cow” right after elution? 
(d) What is the activity of the solution five minutes after 
elution? 

(e) Twenty-five minutes after elution? 


* 12. Neutron Activation Therapy A technique for 
treating brain tumors uses neutrons to produce a beta 
source right in the tumor. Boron-11, the more common 
isotope of boron, is neutron hungry: "B + n —> “B. Boron- 
12 beta-decays rapidly (half-life = 0.02 sec). Given intra- 
venously, boron goes preferentially to the brain. A narrow 
neutron beam is aimed at the tumor. Every time a ''B nu- 
cleus absorbs one of those neutrons, the tumor is irradi- 
ated with the 13-MeV electrons given off by °B. 

(a) Suppose 1 micromole of "'B (107° moles = 11 micro- 
grams) has been absorbed by the tumor; of these boron 
atoms one in a million will be neutron-activated. How 
many beta rays will bombard the tumor? 

(b) Why does therapy with beta radiation have to involve 
injecting something into the body? After all, we do 
gamma-ray therapy with external sources. (HINT: What is 
the range of betas in human tissue?) 


> 13. Neutron Activation Only one isotope of alu- 
minum is stable: AIl. If a sample of pure aluminum is 
irradiated with neutrons in a reactor, the heavier isotope 
284] is formed, which beta decays with a half-life of 2.3 
minutes. 

For a study in radiation damage, it was necessary to 
procure very pure aluminum and bombard it with neu- 
trons. Several days after removal from the reactor, the 
sample was still “hot,” emitting gamma rays with energies 
characteristic of scandium-46, which has an 83-day half- 
life. Evidently, the reputedly “pure” aluminum had some 
scandium-45 impurity, activated by the neutrons: 


BSc + on 215c 
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(a) Suppose that the neutron irradiation was sufficient so 
that 1% of the “Sc impurity nuclei in a 1-mole sample of 
aluminum was activated and became “Sc. The “Sc activity 
several hours after removal from the reactor was 1.5 Ci. 
Express the scandium impurity content in parts per mil- 
lion. (HINTS: According to Eq. 2, one mole of “Se would 
have an activity of 6.02 x 10” x (0.693/83 days). Convert 
the days to seconds, and remember that 1 Ci = 3.7 x 10° 
disintegrations/sec.) 

(b) The supplier had guaranteed the aluminum to be “5 
nines pure,” that is, 99.999% pure. Was it? 


> 14. Sodium-22 has a Half-life of 2.6 Years. 

(a) What fraction of a sodium-22 sample will decay in 10 
years? 

(b) What fraction will decay in 1.3 years? 


* 15. Decay Probability The probability that a ra- 
dioactive nucleus decay in one half-life is 4. Suppose that 
a radioactive sample is almost all decayed away. Only two 
undecayed nuclei are left. One half-life later, what is the 
probability that 

(a) Both have decayed? 

(b) Only one has decayed? 

(c) Both remain undecayed? (HINT: The sum of those 
three probabilities has to equal 100%.) 


xÆ 16. Tritium Dating Some radioactive 3H is con- 
stantly being produced by cosmic rays, so there is some 
tritium in the water we drink. It has a half-life of 12.26 
years. Suppose that the concentration of tritium in a bot- 
tled wine is 88.7% of the natural tritium concentration 
found in the grapes from which the wine was made? How 
old is the wine? 


>k 17. How to Take Square Roots on a Four-Function 
Calculator If your calculator has a square-root key, this 
recipe may not be useful to you—unless you need more 
accuracy! It starts with a guess. You guess the square root 
of your number, divide your number by the guess, and 
average the quotient and the guess to obtain a better 
guess. You repeat this until two successive approxima- 
tions are as close to each other as you desire. 

EXAMPLE: Try taking the square root of } this way. Sup- 
pose that your guess is 0.8: 


0.5/0.8 = 0.625 


Average 0.625 and 0.8 to get 0.7125, an improved guess. 
Next: 


0.5/0.7125 = 0.70175 
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Average 0.70175 and 0.7125 to get 0.70713. 

Even starting with a poor guess we got four Significara £ 
figures in two steps. 

(a) Do the next approximation. (HINT: It turns out tobe 
good to eight significant figures. To check that, do one 
more.) 

(b) Take the square root of the number you got, that is, 
the fourth root of 4, good to five decimal places, 

The better your first guess, the faster you get there. 
When the fifth decimal place no longer changes, try rais— 
ing your result to the fourth power to see how close that 
is to 4. 


* 18. Deriving the Decay-Rate Formula The activity 
or decay rate of a radioactive sample is proportional to the 
population of radioactive nuclei. We want to calculate the 
proportionality constant, starting from the exponential de- 
cay law 

f(t) = ($) ray (Eq. 1) 
If we put in the time t = Trait = One half-life, then the 
fraction remaining is 0.5, and the average decay rate dur- 
ing this time is 


no. decayed original population 
A =05x 


time ; half-life 


That is not a good estimate of the decay rate at the begin- 
ning of the time interval, which is surely greater. To get a 
better estimate, we should use a shorter time interval. For 
half a half-life, the fraction remaining will be the square 
root of 0.5, as shown in Sec. 19.5, so the fraction decaying 
will be 1 — (0.5)? = 1 — 0.707 = ____.. This gives an 
average decay rate 


no. decayed _ 0.293 x original population _ 0.586 No 


time 0.5 x half-life Thalf 


over a time interval of half a half-life. 
(a) Verify. 
(b) Again, you know that the initial activity is greater than 
this average. The task is to halve the time interval, which 
means taking square roots and to keep doing it until the 
proportionality constant “settles down” to the accuracy 
you need. Let’s try for three significant figures. You will 
find that you need to carry at least six significant figures 
in your square-root taking. 

To hasten the task, here are the successive square roots. 
You fill in the average decay rate. 


PROBLEMS 


Time in Fraction 
half-lives remaining 


1 0.5 

0.70710678 
0.84089642 
0.91700404 
0.95760328 
0.97857206 
0.98922801 
0,99459942 
0.99729606 
0.99864711 
rea 0.99932333 


Average 
decay rate 
0.5 No/Thait 
0.586 No /Tnait 


gh g m ee 


0.693 No/Thair 


Convince yourself that going further in this process will 
not change the third significant figure; that is, the process 
converges. 

(c) (Optional) What you did in part (b) is to take the deriv- 
ative of the function (4) with respect to time t, numer- 
ically. Perhaps you know how to differentiate an exponen- 
tial function formally. If so, do it, and check your result in 
part (b). (HINT: The number 0.693 is the natural logarithm 
of 2.) 


>> 19. Radiation Dose Which creates more ion pairs, 
a dose of 100 rads localized in a 60-gram organ, or a 1 rad 
whole-body exposure to a 60-kilogram man? Explain. 


*** 20. Half-Life 


Natural 
Isotope Abundance Half-life 
Sy 99.3% 4.47 x 10° yr 
see 0.7% 7.1 x 10° yr 


What were the natural abundances of the two isotopes 3 
billion years ago? 


*% 21. Labeling Causes Splitting DNA molecules are 
long strands (“double helix”) with molecular weights in 
the millions or billions. Some of the strongest chemical 
bonds in these molecules are the so-called phosphate 
bonds. DNA synthesized by bacteria growing on nutrients 
containing radioactive phosphorus GP) will have a molec- 
ular weight that decreases with time: When a phosphorus- 
32 nucleus beta-decays, it transforms into a sulfur-32 nu- 
cleus. 


The phosphate bond of which it was a part breaks. The 
molecule comes apart at the break. On the average, each 
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“eh iH cuts the molecular weight of the DNA in 
alf. 

Suppose that the average “labeled” DNA molecule con- 
tains 100 radioactive phosphorus-32 nuclei. How much 
will the average molecular weight have decreased by the 
time 1% of the *P have decayed? 

By the time 2% have decayed? 


Dr. Rosalyn Yalow. 


* 22. RIA—A Diagnostic Tracer Technique The 
1977 Nobel Prize in Physiology or Medicine was awarded 
to Rosalyn Yalow for the development of a technique 
called radioimmunoassay (RIA). It uses radioactive label- 
ing to measure the concentration of a specific hormone in 
an “unknown” of biological origin. lodine-125 is a fre- 
quently used label. First, one “labels” a tiny sample of the 
hormone, highly purified. Meanwhile, in an experimental 
animal, an antibody for the specific hormone has been de- 
veloped. A mixture containing the labeled hormone and 
the unlabeled unknown is then reacted in vitro with an 
appropriate dilution of the antibodies, so that the labeled 
and unlabeled hormones compete for binding sites on the 
antibodies. After a suitable incubation period to allow the 
hormone-antibody reaction to proceed, the bound hor- 
mone (the part that has reacted) is separated from the free 
(the unreacted fraction). The free fraction is placed in the 
radiation counter. Its activity is compared with the activity 
of samples prepared in the same way by mixing the same 
labeled hormone with a set of unlabeled “standard” hor- 
mone preparations and reacting with the same amount of 
antibody. 

Suppose that the hormone concentration in unknown A 
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is greater than in unknown B. For which unknown would 
the measured activity of the free fraction be greater? Pre- 
sent the argument carefully. 


> 23. Radioactive Heating How much heat does the 
earth get from radioactivity? To get an order-of-magnitude 
estimate, let's suppose that there is only uranium-238. The 
earth contains an average of 4 grams per ton. The mass of 
the earth is 6 x 10% kg, or 6 x 10” tons. This gives us an 
estimate of grams of uranium in the earth, or 
———— moles, at 238 grams per mole. Multiply times 
6 x 10” (Avogadro's number) to get the number of U-238 
nuclei. Their decay rate is 0.693/4.5 x 10° yr = 
per second for each nucleus. Multiply times the number 
of nuclei to get the number of disintegrations per second. 
If each disintegration gives off 4 MeV, the rate of heating 
is ______ MeV/sec or watts. (Remember, 
1 MeV = 1.6 x 10°" joules, and 1 watt = 1 joule/sec.) 
Compare your answer with the energy we get from the 
sun, about 2 x 10” watts. 


** 24. Nuclear Fusion In nuclei near the heavy end 
of the Periodic Table the nucleons are less tightly bound 
than in nuclei near the middle of the Periodic Table. This 
is what you expect, knowing about the short range of the 
nuclear force: The heavier nuclei are bigger. This size ef- 
fect is reflected in the possibility of spontaneous nuclear 
fission (Sect. 15.7). In nuclei near the light end of the Pe- 
riodic Table the nucleons are also less tightly bound than 
in those near the middle. Each nucleon does not have as 
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many neighbors to grab on to. This size effect is reflected 
in the possibility of nuclear fusion: Two light nuclei can 
react (fuse) to make a heavier nucleus. For example, two 
isotopes of hydrogen can fuse to form helium, emitting a 
neutron: 


5H + °H > *He + 'n 


Energy is released in the process; that is, the reaction is 
exothermic. For each helium nucleus thus formed, 17.6 
MeV of energy is released, shared between the helium and 
the neutron. Since the two hydrogen nuclei repel each 
other electrostatically, at least one of them has to be mov- 
ing very fast in order for the two to get close enough to 
react, for the short-range nuclear force to take over, 

(a) How much energy (in joules) is released from the fu- 
sion of 3 grams of °H (tritium) with 2 grams of °H (deute- 
rium) to form 1 mole of “He? 

(b) Suppose about half of that energy goes into heating up 
the helium gas. How hot would it get? The specific heat 
of helium is 3 calories per mole per degree (= 12.5 joules! 
mole degree). 

(c) Invent a fusion bomb. Suggest you use a fission bomb 
as a trigger. Outline the important design features. 

(d) The burning of hydrogen with oxygen to form water 
releases 2.5 eV of energy per molecule of water. How 
many joules are released with the formation of 1 mole of 
water vapor? We generally think of hydrogen as burning 
with a very hot flame. Contrast with nuclear fusion. 
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SOME QUESTIONS THIS CHAPTER WILL ANSWER 
What is the Principle of Relativity? 


Electric charge is the source of electric and magnetic fields, which both 
obey inverse-square laws. How do the two universal constants involved 
in those laws combine to give the speed of light? 


How much faster does the light signal from an approaching airplane get 
to you than the light signal from a receding airplane? Assume that the 
airplanes are traveling at 300 miles per hour. 


What is the Einstein time dilation? 
What is the Lorentz length contraction? 


Is it true that when traveling at 97% of the speed of light your clock 
appears to run only one-quarter as fast as stationary clocks? 


What is meant by proper time? 


How fast do you have to move to travel 4 light-years while you age only 
1 year? 


Argue that repeated doubling of the momentum of a body increases its 
speed very little after the first few doublings. 


Explain why kinetic energy is proportional to v? only at nonrelativistic 
speeds. 


What is meant by E = mc? 


Argue that it is unlikely that we will ever get rich enough to travel to 
planets outside our solar system in a few days. 


20.1 THE UNIVERSAL CONSTANT AND T INCIPLE OF 
RELATIVITY ee a PENG 


In Sec. 16.5, Changing Electric and Magnetic Fields, we arrived at a constant 
of nature having the dimensions of a velocity: meters per second. On the 
scale of everyday experience, that characteristic velocity c seemed incredibly 
fast: 3 x 10° m/sec. We showed that ‘this is the speed at which electromag- 
netic waves travel in free space. 

You might enjoy reviewing the argument. But you get the force of the 
ideas even from dimensional considerations. Only two numbers went into 
that speed of travel, They were the Coulomb constant k, and the Biot-Savart 
constant k,,. Remember, ke describes how strongly electric charges push on 
each other via their electric fields. The constant k,, describes how strongly 
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charges in motion push on each other via their magnetic fields. The values 
are 


pi o Newtons m? -7 Newtons 
k = 9.0 x 10 eonia and km = 10 ea 


respectively. Their ratio does have the dimensions of m2/sec2. If you take the 
square root of the quotient k/k,,, you get the familiar c = 3 x 10° m/sec. 
You might want to convince yourself just by dimensional analysis that there 
is no other way to get meters per second from combining those two electro- 
magnetic constants. Don’t misunderstand. We are not claiming that dimen- 
sional analysis can deliver the exact number; only that it puts us in the 
ballpark and indicates where the number comes from. 

It comes from the laws governing electromagnetic fields in free space. 
Those laws don’t play favorites among different observers or different labo- 
ratories. An observer in a-traveling laboratory expects to find—and finds— 
the same results from electrical experiments as the “stationary” observer. 
But the words traveling and stationary seem to imply that we know which 
one is traveling and which is stationary. Those words seem to say that there 
is some preferred frame of reference we can call “at rest.” If nature really 
plays no favorites, then those words have meaning only relative to each 
observer. A laboratory on a spacecraft is described as stationary to the ob- 
server on the spacecraft. To an observer back on earth it is described as 
moving. If the two laboratories agree on the “universal constants” k, and Ky, 
then they should agree on the speed of light. 

As long as the relative velocity of the two observers is uniform, that is, 
without any acceleration, all those numbers turn out the same for both. The 
Principle of Relativity puts that even more starkly: It says: No experiment 
can distinguish between two observers in uniform relative motion. 

That is a strong statement. If you have seen the movie “Frames of Refer- 
ence,” you may remember the situations where one man says, “You're mov- 
ing,” and the other answers, “No, you're moving.” It’s not just the laws of 
electricity and magnetism that display this remarkable lack of prejudice for 
one frame of reference over another. According to the Principle of Relativity, 
all physical laws are so even-handed. All instrument readings have a valid- 
ity and a meaning that is independent of the relative motion of the instru- 


ments, 


Speed of Light for Different Observers 


Suppose that you are on a bus moving at 30 miles per hour down a straight 
toad and you start walking forward at 1 mph down the aisle. You would 
not hesitate a moment to tell me that your speed in the reference frame of 
the road is 31 mph. Similarly, if you were walking toward the back of the 
bus at 1 mph, you would tell me that your speed, as measured by an ob- 
Server standing on the road, is 29 mph. You have learned how to do vector 
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addition of velocities to solve this kind of problem. And now we are telling 
you that, according to the Principle of Relativity, a light signal measured to 
be traveling forward at speed c by an observer on the bus is also traveling 
at speed c when measured by an observer on the road, not at c + 30 miles 
per hour! , 

Not surprisingly, such a dramatic symmetry principle has dramatic con- 
sequences for all of our ideas about space and time. The rest of this chapter 
will explore those consequences. The theoretical structure that emerges is 
called Special Relativity. It was discovered by Albert Einstein and published 
in two very readable papers in 1905. You can see why the theory is called 
Relativity. The word “Special” refers to the restriction that the velocity of 
the two observers must be uniform. In other words, Special Relativity is 
concerned with observers who are not accelerating. In the jargon of Chapter 
2 we could say the theory is restricted to inertial frames of reference. 


20.2 EINSTEIN TIME DILATION 


One of the dramatic consequences of the Principle of Relativity is that a 
clock in motion keeps time differently from a clock at rest: Moving clocks 
run slow! Before we present the proof, we should say that this relativistic 
effect is very small unless the speed of the clock’s travel gets reasonably 
close to the speed of light. The “slowing-down factor” for a clock moving at 
speed v is 


v 1/2 
(1-3) ee 


also called the Lorentz factor. Even for something as fast as a satellite in 
orbit close to the earth, that square root differs from unity by only three 
parts in 10'°. (The arithmetic is done in Problem 2.) So we are not going to 
notice relativistic effects in household or highway situations. They have ac- 
tually been verified by an atomic clock carried aboard a coast-to-coast jet- 
liner. But there are very fast particles in the cosmic rays. Some of them are 
unstable—they undergo radioactive decay. Their average lifetime can there- 
fore be used as a clock. It turns out that the faster ones live longer than the 
slower ones. They behave according to our Lorentz square-root formula. 
That is, particles moving at speed v live longer, on the average, than the 
same particles at rest by a factor 


"Try to see the film “Time Dilation,” which shows an experiment with fast muons (Modern 
Talking Pictures, 1962.) 
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EXERCISE 1 Show that particles traveling at 96.82% of the speed of light live 
4 times as long as the same particles at rest. 


Intuitively, you may object to having the interval between two events be 
4 times as long in one reference system as in another. Doesn’t the Principle 
of Relativity say that different reference systems can’t give different an- 
swers? Isn’t there a violation here of the symmetry that implies? No. The 
method of timing the interval between two events is different in the two 
frames. It matters whether the interval is timed by a clock present at both 
events rather than by two different clocks at two different locations. We 
need to distinguish between a “one-clock time” and a “two-clock time.” 
What will now be proved is that the one-clock time interval between two 
events is always less than the two-clock time interval. 


Proof of Time Dilation—Einstein’s Thought Experiment 


Imagine a very simple clock, designed to time nanoseconds (10~° sec). For 
this idealized experiment it will be a “light clock.” At a speed of 3 x 10° 
meters per second, light travels 0.3 meters in 1 nanosecond—about a foot. 
If a light is flashed at the bottom end of a foot rule, the signal will get to a 
mirror attached at the top end in 1 nanosecond. It will be reflected back and 
arrive at its starting point in another nanosecond. To make the device seem 
more like a clock, you can think of saying “tick” when the signal hits the 
mirror and a second “tick” when it gets back, so “flash, tick, tick” represents 
2 nanoseconds. Notice that the “flash” and the second “tick” are events 
occurring at the same place in the foot-rule frame of reference. 

The thought experiment is to have a traveler carry this foot-rule clock 
while moving in a straight line at some uniform speed v. The foot rule is 
held perpendicular to the direction of travel and is used to time the trip. 
Think of yourself first in the traveler's reference frame and focus on the two 
events 2 nanoseconds apart—the emission of the light signal (“flash”) and 
the reception of the light signal after being reflected (the second “tick’’). In 
your frame of reference the light signal first travels up 1 foot and then, 
having been reflected, travels down 1 foot, retracing its path. We call that 2 
nanoseconds a “one-clock time.” 

We now analyze those two events in the laboratory frame of reference. 
The foot rule moved from left to right. A glance at Fig. 20.1 shows the di- 
agonal path of the light signal in getting from “flash” to “reflect” and again 
from “reflect” to “receive.” If the height of each of those right triangles is 1 
foot, the hypotenuse is surely more than 1 foot long. Yet those two hypo- 
tenuses represent how far the light signal traveled, and we know it travels 
at 1 foot per nanosecond. The light path is more than 2 feet long, so the 
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Reflect 
1 foot 


Flash Receive 
FIGURE 20.1 Einstein thought 
experiment. The footrule is carried 
by the traveler. Here is how 
things appear viewed in the 
laboratory reference frame. At the 
“flash” instant the mirror on the 
end of the footrule is just 1 foot 
from the source of the flash. By 
the time the signal is reflected, the 
mirror has moved to the right. 
When the signal is back at the 
source end of the footrule 
(“receive”), that has moved 
further to the right. The light path 
is along the hypotenuses. 
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ct lcnsec 
= 1 foot 


vt 
FIGURE 20.2 The left half of Fig. 
20.1, with the lengths of the sides 
labeled. The footrule is 1 foot (= 1 
light nanosecond) long in the 
traveler's as well as in the lab 
reference frame, That is because it 
is carried at right angles to the 
direction of travel. 
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time interval is more than 2 nanoseconds. A clock stationary in the labora- 
tory reference frame located at the position of the “receive” event will read 
a time greater than 2 nanoseconds for that event. 

We now calculate that two-clock time. In order to do the algebra, all we 
need is Pythagoras’s theorem for those right triangles. Call the lab time of 
the “receive” event 2t and let the speed of the foot rule be v. Then the foot 
rule traveled a distance 2vt between the two events. The light, traveling at 
1 foot per nanosecond along the hypotenuse, traveled a distance (1 foot/ 
nsec) X 2t. If we concentrate on only one hypotenuse, those 2's drop out 
(Fig 20.2). Square the hypotenuse and set it equal to the sum of the squares 
of the legs: 


2 
(3 ee) x P = (1 foot)? + (vt)? 
nsec 


Now solve for t. Notice that we have to collect terms in 2 from both sides 
of the equation: 


2 
I fon) = | P= (1 foot)? 
nsec 


Divide through by the expression in the brackets: 


Ae (1 nsec)? 
~ [1 = v7/(1 foot/nsec)] 


Finally, take square roots: 


RM 1 nsec 
[1 — v°/(1 foot/nsec)]”? 


That square-root expression in the denominator is the slowing-down factor 
we have been talking about. Since it is less than 1, the “two-clock time” 2t 
between “flash” and “receive” is greater than 2 nanoseconds regardless of 
the speed v. Of course, the closer v is to the speed of light, the longer that 
two-clock time. 

It may be useful to repeat what it is we have proved and to point out how 
general the proof really is. To measure our “one-clock time,” we used a 
“light clock.” That was convenient for our proof. But the conclusion has to 
hold for any clock. The trip was arranged so that our clock was present at 
both of the events. The events take place at different places in the laboratory 
frame of reference, so the time interval between them has to be measured 
using two different clocks in the laboratory frame. The conclusion is that the 
two-clock time is always longer than the one-clock time. The ratio is that 
Lorentz square root: 


Fone-clock S (ı x 5) pe 


ftwo-clock e 
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EXERCISE 2 Review this proof and point out where it uses the constancy of 
the speed of light in different reference frames. 


The technical term for the one-clock time between two events is proper 
time. This is the time someone riding along with the ruler would measure. 
Some people prefer to call it local time. Evidently, the proper time is the 
shortest time any observer measures for the interval between those two 
events. The farther apart those two events take place, that is, the greater the 
distance between the two clocks on which the events register, the longer the 
time interval between the events. The lab-frame observer located at the sec- 
ond event will always say to the traveler, “Hey, buddy, your clock is slow. 
Tread it as you whizzed past, and it was slow by the factor (1 — v*/c?)!2,” 


——— ee ee eee eee 
BES O O 
EXERCISE 3 Suppose that our foot rule is moving at 80% of the speed of 
light: v = 0.8c. In the time ¢ that it takes the light signal to get to the mirror 


at the top, the light goes a distance ct, while the ruler travels a distance 
0.8ct. Pythagoras says 


(1 foot)? + (0.8ct)? = (ct)? 


Do the algebra to prove that ct = 1 foot/0.6 = 1.67 feet, or t = 1 nanose- 


cond/0.6 = 1.67 nsec. A 
(HINT: (1 — 0.8°)'? = ? In other words, the proper time is only three-fifths 


of the two-clock time at a speed of 0.8c.) 


Lorentz Contraction 


Let's go on with that exercise. In the 1.67 nsec that elapsed between the two 
events (two-clock time) the foot rule traveled a distance vt = (0.8 feet/nsec) 
x (1.67 nsec) = 1.33 feet. If you were traveling with the foot rule, how far 
would you say the lab traveled during a nanosecond you measure on your 
foot-rule clock? The Principle of Relativity tells us that the speed of the lab 
is also 0.8c. If I see you moving at speed v, then you see me moving at 
speed v the other way. If you are moving at 0.8c to the right in the lab frame 
of reference, then the Principle of Relativity says that in your frame of ref- 
erence the lab is moving to the left at 0.8c. So in 1 nanosecond (foot-rule 
time) the lab travels 0.8c nanoseconds or 0.8 feet. The distance the foot rule 
traveled in the lab frame of reference was 1.33 feet. The distance the lab 
traveled in the foot-rule frame of reference was 0.8 feet—shorter by that 
Lorentz shrinking factor (1 — 0.8)? = 0.6. Check that: 0.8/1.33 = ? 
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Here is some jargon: The distance between the two laboratory clocks is 
called a proper distance. That was the 1.33 feet. By measuring that distance 
“in flight” at speed v, the value is reduced; the distance is contracted by the 
factor (1 — v?/c°)"?. The closer v gets to the speed of light c, the smaller the 
contraction factor. 


ee rere, 
EXERCISE 4 Verify that at 99% of the speed of light, distances measured 
along the line of travel are contracted to 14% of their proper lengths. 


LE 


Let's review the argument that gave us the length contraction. In the pro- 
cess, we might warn against some common conceptual errors. The Principle 
of Relativity says that all inertial frames are indistinguishable. A by-product 
of this principle is that the speed of light c is the same in all inertial reference 
frames. Using a “light clock” to time the interval between two events—the 
sending and the receiving of a light signal—we established that the one- 
clock time between the two events is shorter than the two-clock time by the 
Lorentz square-root factor (1 — v*/c*)". Here v is the speed of the traveler 
relative to the “two clocks.” But the traveler measures the two clocks to be 
moving at this same speed v—the other way, to be sure. So the measure- 
ment of the distance they move is shorter than their proper distance by that 
same Lorentz-square-root contraction factor. 

Now for the warnings. It would not be correct to say that the moving 
observer measures the “contracted” distance between the two events. After 
all, in the traveler’s frame of reference the two events occur at the same 
place. For the traveler, the distance between the two events is zero. That is 
exactly why the time measured between the two events by the traveler is a 
proper time. The Lorentz-contracted distance is a distance between two mov- 
ing clocks. The left-hand clock was present at the first event; the right-hand 
clock was present at the second event. If the traveler's clock agrees with the 
left-hand clock at the time of the first event, it disagrees with the right-hand 
clock at the time of the second event. To measure the distance between 
those two clocks the traveler could not use a yardstick, because they are 
rushing past. He had to make a speed measurement and a time measure- 
ment and multiply them together. Of course, his time measurement has to 
be made on his (one) clock, not on two different “moving” laboratory clocks. 
That is why his result for their distance apart is less than their proper dis- 
tance. Indeed it is exactly the same fraction of their proper distance as his 
one-clock time is of the two-clock time between the two events. 


Synchronize Your Watches 


If you set your clock to agree with somebody else’s, will your two clocks 
still be in agreement some time later? If you can’t answer Yes, at least one 
of those clocks is not very good. Well, we are not talking about defects in 
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workmanship. Assume that you have both bought reliable instruments. 
What we have learned, though, is that you can only answer Yes if the other 
clock is not in rapid motion relative to yours. There is no problem in syn- 
chronizing clocks at different locations as long as they are not in relative 
motion. Just send time signals. Problems 8 and 9 show that there is no con- 
ceptual difficulty here. The only requirement is that there be some reliable 
way to measure distance. Being able to time light signals between two dis- 
tant points satisfies that requirement. 

You may wonder why we bother saying these rather obvious things here. 
Well, it is quite likely that your intuition suffered a bit of a jolt as you read 
in this section about time dilation and length contraction. We want you to 
be quite confident that we are not talking about any mysterious inability to 
measure time or distance reliably. On the contrary, you should be on the 
road to the conviction that space and time are inexorably woven together. 
You might even want to say that space and time are just two aspects of the 
same thing. Groping for a name, you might be tempted to call it “space- 
time.” That is good scientific jargon. You are now in a position to try to 
impress your friends with a casual allusion to the four-dimensional space- 
time continuum. The risk you take is that the other guy may counter with a 
sly reference to world lines on the Minkowski diagram (Problem 14). 

To aid in good, intuitive relativistic thinking, we shall try as much as pos- 
sible to use easily convertible units for time and distance. For example, as- 
tronomers like to measure distances between stars in light-years. A light- 
year is the distance light travels in a year. In the same way, since light 
travels at about 1 foot per nanosecond, 1 foot is equal to 1 light-nanosecond. 
Repeat: 1 foot = (1 foot/nsec) x (1 nsec) = 1c nsec. 


exercise 5 Verify that there are 3.1 x 10’ seconds in a year. How many 
feet in a light-year? 


Problem Solving with the Triangle Mnemonic 


Having thought through the Einstein thought experiment with the light 
clock, you will find it convenient to use the same logic for other problems È 
involving two events. Always let the vertical leg of your right triangle rep- J 
resent the proper time t, between the two events (Fig. 20.3). Saying this 
more precisely, let the vertical leg represent the distance ct, light travels in FIGURE 20.3 
the proper time. The horizontal leg is the distance moved by the traveler. If 
this speed is v, that distance is vt. That is the proper distance between the 
two events. Note that the time t (no subscript) is a two-clock time. The time 
at the beginning of the trip is read on a clock at the starting point; the time 
at the end of the trip is read on a clock located at the destination. The hy- 
potenuse of the triangle represents the distance ct traveled at the speed of 
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FIGURE 20.4 (a) Nonrelativistic 
(slow) traveler; (b) relativistic (fast) 
traveler. 


et =1ly 


af 
etoroper = ? 


vt = 0.8 ly 
FIGURE 20.5 Triangle mnemonic 
for the space-traveler in Exercise 
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light in the two-clock time t. A quick look at the triangle is all it takes to 
convince you that the two-clock time between two events is always longer 
than the one-clock (proper) time: The hypotenuse is always longer than ei- 
ther leg of a right triangle. 

The triangle is a mnemonic (memory aid) for the relationships between 
one-clock and two-clock times. From Pythagoras, 


(vt)? + (cto)? = (ct)? -| t = proper time 
prop! 
t = two-clock time 


we can solve for the ratio of the proper time to the two-clock time: 


fon ENS 
s- (1-3) 


That is the Lorentz square root. The angle @ made by the hypotenuse with 
the horizontal becomes smaller the faster the speed of travel v. Evidently, 


So a tall, thin triangle (Fig. 20.4a) corresponds to a slow trip, a nonrelativ- 
istic speed. A long, flat triangle (Fig. 20.4b) corresponds to a relativistic 
speed. As the speed v approaches c, the length of the horizontal leg ap- 
proaches the length of the hypotenuse. As they both get longer, their ratio 
approaches unity. 


Ce 
EXERCISE 6 Here is another one about the Space traveler going in a straight 
line at speed 0.8c. As shown in Fig. 20.5 above, in one year as measured on 
earth clocks he travels 0.8 light years. 

(a) Show that his clock only registers 0.6 years at the end of the trip. Use 
the triangle mnemonic to do the bookkeeping. The horizontal leg is the 
distance traveled as measured in an earth-frame laboratory = speed x 
time = 0.8 ct. Note that this time t is a two-clock time. That is, the time 
at the start of the trip is read on an earth clock; the time at the end of 
the trip is read on a clock at the destination. The hypotenuse of the 
triangle is the distance light travels in that time t. The vertical leg is the 
unknown, the distance light travels in the proper time between the be- 
ginning and end of the trip. 

(b) Show that, in the traveler's reference frame, the earth has receded 0.48 

ly during that time. (HINT: In the traveler's frame, the earth is receding 

at 80% of the speed of light.) 

Show that the 0.48 ly is shorter than the earth-frame distance between 

the departure and arrival events by the factor (1 — 0.87)'2. 


(c 


YL 


EXERCISE 7 How fast would a space ship have to travel to go 0.8 light-years 
while its own clock advances 0.6 years? Use the same triangle as in Exercise 
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6 to show that the answer is 0.8c. (HINT: Avoid the knee-jerk reaction that 
to go 0.8 ly in 0.6 years requires a speed of 0.8 ly/0.6 years = 1.33 c. That’s 
faster than the speed of light! What is wrong? What is wrong is that you 
have taken a distance in one frame of reference and divided it by a time in 
another frame of reference.) 


jr 
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20.3 THE RELATIVITY OF SIMULTANEITY 


The sections you have just read were intended to convince you that the 
results of measurement of distance and time between events depend on the 
reference frame of the observer. One consequence of the time dilation asso- 
ciated with speeds close to the speed of light c is that the order in which 
events take place need not be the same in all reference frames. If event A 
occurs before event B in one reference frame, it might well be described as 
occurring after event B in some other reference frame. That also says that 
events described as simultaneous in one frame are not simultaneous in an- 
other 

Talking about events like the receiving of light signals makes this partic- 
ularly easy to see. The argument will again rely on the fact that light travels 
at the same speed c in all reference frames. In Figure 20.6 the upper sketch 
represents the sending of a light signal from the midpoint of the rocket. The 
signal goes out in all directions. We have sketched in an observer standing 
outside the rocket, essentially in the same place as the “sending” event. This 
observer can synchronize his clock with the rocket clock that records the 
time the signal is sent. The lower sketch represents the receipt of the signal 
by observers in the nose and tail of the rocket. In their (rocket) frame of 
reference, the forward and backward signals have traveled equal distances, 
so their times for the receiving events surely agree. 


ae — ft 
FIGURE 20.6 (a) Signal emitted at midpoint of rocket. The 
lab observer is right there. (b) Signal received at tail and 
nose. The lab observer standing at the “flash” event is still 
standing where he was. Note that he is closer to the tail 
receiver than to the nose receiver. 
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But how about observers outside, at rest in the lab frame of reference? We 
have sketched in lab observers essentially in the same place as the nose and 
tail observers riding the rocket. The one next to the nose just as the signal 
gets to the nose measures the light path as much longer than the one shown 
next to the tail. So his clock will read a later time for the “signal received’ 
event. Lab-frame observers will insist that the signal gets to the tail before it 
gets to the nose. Of course! It doesn’t have as far to go. The failure of the 
signals to be measured as simultaneous by the lab-frame observers is a sim- 
ple consequence of the constancy of the speed of light in all reference 
frames. 

You may well criticize the bottom sketch. It shows the rocket as being to 
the right of its former position. So you are tempted to think that it repre- 
sents a “snapshot” taken from the lab frame. On the contrary, it shows the 
tail and nose events as occurring simultaneously. That is only correct in the 
rocket frame. A correct “rocket-frame” picture would have shown the rocket 
in the same place and the lab observer displaced to the left. Could we have 
drawn a correct “lab-frame” picture? We would have needed two: one show- 
ing the receipt of the signal at the tail and a later one showing the receipt of 
the signal at the nose. If you want to go through the calculation of the var- 
ious times algebraically, try Problem 10, The Relativity of Simultaneity. 


20.4 VELOCITY OF RELATIVE MOTION 


Universal Speed Limit 


You may have enough “relativistic intuition” by now to reject the possibility 
that an observer could travel at the speed of light c. Is it obvious that speeds 
greater than c are impossible? You may well have looked at the Lorentz 
square root (1 — v*/c*)!? and seen that it has no physical meaning for v 
greater than c. All the same, if there is a universal speed limit, how is it 
enforced? 

Let's grope toward answering that question by thinking about the Einstein 
thought experiment again. The light clock would break down at speed c! If 
the foot rule were to travel at the speed of light, a light signal from one end 
could never reach the mirror at the other end. A nanosecond for the traveler 
would be an eternity of two-clock time. Another way to say this is that the 
Lorentz square root would vanish if a speed v = c were permitted by the 
laws of physics. So the time dilation predicts an infinite time before arrival. 

Your intuition about speed c as a speed limit was probably stimulated 
when you read about the 30-mile-an-hour bus. A light signal moving for- 
ward in the bus travels at speed c in the bus frame of reference. In the 
earth’s frame of reference, does the signal travel at 30 mph + c? No. An 
observer standing in the road also measures the speed of that signal as €. 
What kind of velocity addition formula would give that kind of automatic 
“enforcement” of the speed limit guaranteed by the Principle of Relativity? 
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Velocity Addition Formula 
Here it is in one dimension: (For proof see Problem 16.) 
u' +v 


Let v be the 30-mile-per-hour velocity of the bus. Let u’ be the 1-mile-per- 
hour velocity at which you walk forward in the aisle. Then your road veloc- 
ity Vrelative Should come out 31 miles per hour. 


exercise 8 Verify that our formula does give 31 mph, good to 15 significant 
figures, (HINT: c = two-thirds of a billion mph.) 


But suppose that u' is the speed of light: u' = c. Then the speed v,e; of that 
light signal measured by earth-frame observers also comes out equal to c. 


Indeed that result is independent of the 30-mile-per-hour figure you put in 
for v. This is exactly what the Principle of Relativity requires! 
To get a feeling for our velocity-addition formula try a few more exercises. 


EXERCISE 10 Letv = 0.5c; that’s an awfully fast bus! Let u’ = 0.5c also, to 
see how velocities close to the speed of light transform according to our 
formula. Verify that the road speed vrei is 0.8c. 

EXERCISE 11 Letv = 0.5c and u’ = 0.99c. Calculate v,e and express it as a 
fraction of c. (HINT: It comes out faster than 0.99c but slower than 0.999c.) 
For more practice, see Problem 18, Velocity Addition. The proof of the ve- 
locity-addition formula is given in Problem 16, Proof of the Velocity-Addi- 
tion Formula. 

EXERCISE 12 Prove that for any choice of the velocities u' and v whose ab- 
solute values are less thañ c, the relative velocity v,e, has absolute value less 
than c. If you find this difficult, convince yourself with the calculator: Try 
values of u' and v closer and closer to +c or —c¢. 
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20.5 RELATIVISTIC DYNAMICS 


Thus far this chapter has been concerned with relativistic kinematics, That 
means the description of motion, the relation between space and time coor- 
dinates without reference to force or mass. You may be wondering how 
familiar laws like F = ma and conservation of momentum have to be modi- 
fied so that our universal speed limit is enforced. The answer is that in order 
to have momentum conserved, the definition of momentum has to be mod- 
ified. Of course, the new definition has to be such that it reduces to the old 
one for speeds slow compared with the speed limit c. The relativistic me- 
chanics that comes with that new definition turns out to have some elegant 
symmetries. In the same way in which space and time have been rolled into 
one comprehensive concept space-time, relativistic mechanics combines en- 
ergy and momentum. It also includes the prediction that mass can be con- 
verted into energy according to the formula E = me. That prediction has 
been accurately confirmed. 
Here is the new definition of momentum: 


mov 
momentum p = U- vA” (Eq. 1) 


You can see that in the nonrelativistic limit v << c this reduces to plain old 
mv. But for speeds approaching c, the momentum grows dramatically with 
increasing v. Expressed somewhat differently, it takes large increases in mo- 
mentum to achieve small increases in speed. Indeed, no finite addition of 
momentum can ever get a body up to speed c. You can keep hammering 
away, adding and adding momentum, and the speed will keep increasing, 
getting closer and closer to c. But it will never equal c; it will never exceed c. 
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EXERCISE 13 Set m = 1 kg and v = 1 m/sec so that the momentum is 1 kg 
m/sec. If you doubled that momentum, what would be the new speed? 


NOTE: The 1 kg is irrelevant, of course. 


EXERCISE 14 Set m = 1 kg and v = 0.1c so that the momentum is 0.1005 
kg c. Verify. (Note how convenient those unfamiliar units are.) If you 
doubled that momentum, show that the new speed would be 0.197c. (HINT: 
1? = 1c? + mip.) 


EXERCISE 15 Set m = 1 kg and v = 0.9c so that the momentum is 2.065 
kg c. (Verify.) If you doubled that momentum, show that the new speed 
would be 0.972c. (For more practice at seeing how much momentum in- 
crease is needed to get closer and closer to speed c, see Problem 29, Dou- 
bling the Momentum Increases the Speed by. . .) 


TE 


20.5 RELATIVISTIC DYNAMICS 


Relativistic Energy and Momentum 


Section 20.2 showed how the intimate connection between space and time— 
the laws of relativistic kinematics—followed from the Principle of Relativity. 
These laws were formulated using our convenient right triangle as a mne- 
monic (Fig. 20.7 a): The ratio of the horizontal side to the hypotenuse rep- 
resents the speed of the particle in speed-of-light units. We shall formulate 
the laws of relativistic dynamics using the same triangle, that is, a triangle 
of the same shape for a particle of the same speed. The formulation will 
require a new concept, the relativistic energy E. Its zero-speed value E, you 
may be tempted to call the “proper energy,” by analogy with the proper 
time in kinematics. The convention is to call it rest energy Eo. 

The law relating the relativistic energy E, the rest energy E,, and the 
momentum p is formulated by assigning these quantities to the sides of our 
triangle (Fig. 20.7 b): Pythagoras’s theorem says that 


E? + (pc)? = E (Eq. 2) 


From the shape of the triangle we recall that the ratio of the horizontal side 
to the hypotenuse represents the speed of the particle: 


En? (Eq. 3) 


The vertical side E, represents an invariant property of the particle. You 
guessed it: The invariant is proportional to the particle’s mass. Again note 
the analogy to relativistic kinematics. The vertical leg represents an invariant 
in both triangles. Whenever a physicist sees an invariant, he knows that 
some law of nature is reflected in it. What law? Here, it is the Principle of 
Relativity. 

Now let’s give meaning to our new terms. You already know about the 
momentum. The rest energy is simply the particle's mass” expressed in 
speed-of-light units: 


Ę& = me 


The relativistic energy E has been defined is such a way as to give us a 
work-energy theorem. The theorem says that the difference between E and 
E, is the work done on the particle to get it up to speed v. That is what we 
are used to calling the particle’s kinetic energy. We do use the term Kinetic 
energy for E — E, in relativistic dynamics. Just don’t be surprised that it is 
not equal to ¿mv? except in a low-speed approximation. 


Eee ES 


EXERCISE 16 Try v = 0.01c, a nice nonrelativistic speed. Using Eq. 1 you 
find that the momentum is a bit greater than 0.01mc. Equation 3 gives the 


*Some people prefer the term rest mass. See end of KEY TERMS list. 
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FIGURE 20.7 (a) Triangle 
mnemonic for relativistic 
kinematics; (b) triangle mnemonic 
for relativistic dynamics. 
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relativistic energy E. Calculate the kinetic energy E — E.. How far off is the 
nonrelativistic approximation $mv* = 0.00005mc?? 


EXERCISE 17 Now try v = 0.6c. Verify that the momentum is 0.75mc, and 
the relativistic energy is 1.25mc. That gives a kinetic energy E — E, = 
0.25mc?. Note how far off the approximation 4mv* would have been. 


SSS ë O 
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Notice that the kinetic energy E — E, is the difference between the hy- 
potenuse (E) and the vertical leg (E,) of our triangle. For nonrelativistic 
speeds, meaning tall, thin triangles, that difference is small compared to the 
rest energy. For speeds close to c, meaning long, flat triangles, the hypoten- 
use is much longer than the vertical leg. The rest energy represents only a 
small part of the total relativistic energy. Problems 25 and 26 show that the 
kinetic energy is proportional to the square of the momentum at these low 
speeds but becomes directly proportional to the momentum at relativistic 
speeds. 


How Relativistic Dynamics Automatically Enforces the 
Speed Limit 


Our triangle mnemonic shows how the relativistic energy E depends on 
speed v: The ratio of the vertical leg to the hypotenuse is the Lorentz square 
root: 


Es v\ 2 
#-(1-5) 


It is exactly the same as in kinematics, where t/t is equal to the Lorentz 
Square root. If you remember that the rest energy E, is an invariant, that is, 
is independent of observer, then you see that the total relativistic energy 


Eo 
(1 — vIe 


increases without bound as v approaches the speed limit c. In other words, 
the speed limit c is enforced simply because it would require an infinite 
amount of energy to accelerate any mass up to speed c. 


-O a 
M 
EXERCISE 18 Rapid interstellar travel is fashionable in science fiction. Let’s 
calculate the energies required. Our nearest star is 4 light-years away. In the 
pulp magazines, such trips are accomplished in hours or days. That would 
require shortening time by two or three orders of magnitude. For a Lorentz 
square root of tõ, we need a speed of 0.99995c. 

(a) Verify. 

(b) Fora shortening factor of tdw, the speed has to be 0.9999995c. Verify. 


20.5 RELATIVISTIC DYNAMICS 


(c) Let's stick with the more conservative case (a). If the Lorentz square root 
is yoo, the energy of a space ship is 100 times its rest energy. That says 
it takes an amount of work equal to 99 times its rest energy to accelerate 
it from rest up to that speed. Let’s be conservative again and take a small 
spacecraft. Make it only 1 ton (m = 10° kg). Its rest energy me is almost 
10” joules. (Verify!) So we need almost 107 joules to attain cruising 
speed. That is two orders of magnitude more than the total annual en- 
ergy output of all the power plants in the whole world. Note that we 
have neglected the work needed to accelerate the fuel, which would be 
necessary if we used a rocket. That would give another factor of 10 or 100. 


The Rest Energy of Composite Systems 
The formula relating rest energy to mass, 
E, = me 


may be said to be an expression of the “equivalence of mass and energy.” 
So far we have used it in our relativistic dynamics formalism only as a defi- 
nition, as the zero-speed remainder of the total relativistic energy. This gave 
meaning to our kinetic-energy expression E — Eo. Now we want to widen 
the scope of the rest-energy concept. For a system with internal degrees of 
freedom, the internal energy is a part of the rest energy. This is true 
whether the energy in the internal degrees of freedom is kinetic or potential. 


EXERCISE 19 For example, a hydrogen atom consists of a proton and an 
electron, bound together by their Coulomb attraction. The rest energy of a 
free proton is 938.3 MeV; the rest energy of a free electron is 0.511 MeV. 
The sum of their kinetic energies plus the potential energy of the electrical 
attraction (<0) is —0.0000136 MeV. How much of an error do we make if 
we add the mass energies and forget to subtract the 13.6 eV? Answer in the 


form “1 part in ue 


Problem 28, Inelastic Collision, demonstrates how the mass of a system 
containing a spring is increased by compressing the spring, that is, by stor- 
ing potential energy in the spring. For 10-gram marbles the effect is rather 
small, to be sure. For atoms or nuclei it can be significant. One experimental 
test involved a nucleus that emitted a gamma-ray photon. After the photon 


emission, the nuclear mass was measurably less. 


EXERCISE 20 An iron-57 nucleus emits a 14-KeV photon. To what Pee 
(how many parts in 10 million) must a mass measurement be made in order 
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to detect the change in mass? (HINT: The rest energy is 57 x 931.5 MeV.) 
[Answer: 3 parts in 10’] The 14-KeV “spectral line” is sharp enough (narrow 
enough) so that an energy change less than one part in 10" can be mea- 
sured. This measurement turns out to give a quantitative test of E = me, 


SEER SSS Se 
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In your chemistry course you were probably taught that mass is con- 
served. Now your physics course is telling you it’s not. Let's analyze a 


chemical reaction in which we know that light (photons!) can be emitted to 
see how much mass is actually lost. 


———————— ee 
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EXERCISE 21 Try the burning of coal, 

C + O> CO, 


The energy released in burning one carbon atom, which can go off as light 
and/or heat, is about 4 electron volts. To what precision would you have to 
weigh the carbon and oxygen before, and the carbon dioxide after the reac- 
tion in order to detect the change in mass? Here are some conversion fac- 
tors; you may not need them all: 1 eV = 1.6 x 107" joules. One mole of 
carbon is 12 grams, and that is 6.02 x 10” carbon atoms. The rest energy 
of 1 atomic mass unit (1 dalton) is 931.5 MeV, repeat, 931.5 10° eV. Car- 
bon has mass 12 and oxygen (O,, that is) has mass 32, expressed in atomic 
mass units (daltons). [Answer: The weighing would have to be done to bet- 
ter than 1 part in 10 billion. Weighings on laboratory balances can be good 
to 6 or 7 significant figures, but not to 10. So it is not surprising that the 
chemistry books don’t say anything about such small changes in mass]. 


ee a 


The situation is different with nuclear reactions, just because the energy 
released per atom is so much greater than with chemical reactions. The typ- 
ical nuclear fission reaction releases on the order of 200 MeV, or about 50 
million times as much energy as a chemical reaction. That puts the mass 
change into the measurable range. 


ca LS 
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EXERCISE 22 If the fission of uranium-235 releases 200 MeV, to what preci- 
sion must you be able to weigh to detect the mass change? (HINT: The rest 


energy is 235 x 931.5 MeV.) [Answer: About 1 part in a thousand. Even a 
crude balance can measure a difference of 1 gram out of 1 kilogram.] 


ee o 
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Now you see why people start to talk about E = me? in connection with 
nuclear energy, while they forget all about it in connection with chemical 


20.7 THE ROLE OF SYMMETRY IN PHYSICS 


energy. Here we have used the physicist’s colloquial jargon “E = m” to 
mean the equivalence of mass and energy. 


20.6 IS RELATIVITY REALLY TRUE? 


That's a funny question to ask about any scientific theory. A theory that 
makes correct predictions about nature and doesn’t contradict some other 
generally accepted theory is usually accepted until such time as one of its 
predictions turns out to contradict experiment. Truth in science is just that 
temporary. We learn to be skeptical of even the oldest and most revered 
“laws.” 

With the theory of relativity the question seems to have more punch. It’s 
not as if you asked, “Is Archimedes’ Principle really true?” Once you found 
out about Archimedes’ Principle, its truth became immediately intuitive for 
you. You quickly had the “‘I-knew-it-all-the-time’-feeling. You may have felt 
that if Archimedes hadn’t discovered it, you would have discovered it your- 
self. You may not have welcomed Special Relativity in the same way. At 
first, it may even have seemed counterintuitive. The idea that different 
clocks keep time at different rates may have seemed strange. The same for 
the idea that different observers get different results when they measure the 
same length. 

Certainly, the reason the ideas of relativity are not as intuitive as, say, the 
ideas of hydrostatics, is that in our everyday lives we don’t encounter 
speeds near c. The fastest speeds we perceive from close up are in the 
hundreds-of-miles-per-hour range, many orders of magnitude slower than 
the speed of light. The speed of sound in air is one ten-thousandth the 
speed of light, and nothing in our immediate environment moves that fast. 

The reason Special Relativity is just as well accepted a part of physics as 
Archimedes’ Principle is that on the microscopic level, things do move at 
speeds close to c. Their motions would be completely mysterious without 
relativistic kinematics and dynamics. All our experience with machines like 
electron accelerators confirms Special Relativity. There is no mystery about 
the dynamics of fast electrons. : ( 

Yet relativity is a product of the twentieth century. There are still stories 
around—left over from 75 years ago—that “only Einstein and five other sci- 
entists understand relativity.” Those stories weren’t true when they were 
invented. Nowadays every practicing physicist in the world “understands 
relativity.” : ed 

One of the fine fringe benefits that comes with this understanding is an 
added appreciation of the role that symmetry plays in physics. 


20.7 THE ROLE OF SYMMETRY IN PHYSICS 


Science is concerned with looking for regularity in nature. Much of nature’s 
regularity—what people call the laws of nature—can be expressed as sym- 


metry principles. Some people think of symmetry as meaning simply that 


585 E 


E 586 


RELATIVITY 


something looks the same as its mirror image. That is one kind of symmetry, 
It is called right-left symmetry, or invariance under the transformation of 
right into left, and vice versa. Invariance under other transformations also 
constitutes symmetry. For example, the homogeneity of space means invar- 
iance under spatial translations. We accept that symmetry of nature almost 
as a matter of course, until we realize it is really an expression of the con- 
servation of momentum. In other words, if space had “rough spots,” mo- 
mentum would not be conserved near them. In the same way, symmetry 
under time translations (setting the clock forward or back) is an expression 
of energy conservation. Symmetry under all rotations is an expression of the 
conservation of angular momentum. 

In this chapter, the symmetry of nature that is being advertised is invari- 
ance under transformation from one inertial frame to another. The technical 
term for this symmetry is Lorentz invariance. What we have seen is that it 
implies a unification of space and time. For motion in one dimension, that 
unification was expressed by the invariance of the quantity (AH? — (Ax)? 
between two events. That was the square of the vertical leg of our triangle, 
(cAt,)°. Similarly, there is a unification of momentum and energy. The quan- 
tity E? — p’c is an analogous invariant under transformation to a moving 
reference frame. 

The search for symmetry has been a fruitful point of departure for scien- 
tific research for centuries. It has been remarkably successful in elementary- 
particle physics during the past few decades. One might even say it char- 
acterizes the style of currently fashionable physical theory. (See Chapter 21.) 


SUMMARY 


The universal speed limit c can be derived from the two constants k, and ky. 


The Principle of Relativity states that experiments performed in different 
inertial reference frames give the same results. 


In particular, all such observers measure the same speed of light in vacuo: 
0.30 meters per nanosecond. 


One consequence of the Principle of Relativity is that moving clocks run 
slow by a factor (1 — v/e)". 


A more precise way to say that is that the one-clock time (proper time) be- 
tween two events is shorter than the two-clock time by the Lorentz 
square-root factor. i 

Distances parallel to the direction of travel are shortened for the moving 
observer by that same Lorentz square-root factor. This is called the Lor- 
entz contraction. 


The various relationships constituting relativistic kinematics can be repre: 
sented on a right-triangle mnemonic. In describing two events, the verti- 
cal leg represents the proper time between them; the hypotenuse repre- 
sents the two-clock time; the horizontal leg represents the distance 


KEY TERMS 


between them in speed-of-light units. The cosine of the angle the hypo- 
tenuse makes with the horizontal is the speed in speed-of-light units. 


If event A occurs before event B in one reference frame, it might occur after 
event B in another reference frame. Events that are simultaneous for one 
observer are not generally simultaneous for another if the two observers 
are in relative motion. 


The relativistic velocity-addition formula assures that if one observer mea- 
sures a velocity less than c, all other observers measure that velocity as 
less than c. 


The relativistic definition of momentum has that Lorentz square root in the 
denominator. This modification of the nonrelativistic expression mv is nec- 
essary in order to have conservation of momentum in the interaction be- 
tween two relativistic particles. 

For a mass m, the quantity mc? is an energy called the rest energy. In trans- 
forming to a moving reference frame, the rest energy transforms in the 
same way as the proper time. That is, the relativistic energy is the rest 
energy divided by the Lorentz square root. It follows that the rest energy 
is the smallest energy that mass m can have. With the relativistic energy 
E defined in this way, a work-energy theorem holds: E — mc’ is equal to 
the work done in accelerating the mass m to energy E. 

If a body emits (or absorbs) energy, its rest mass decreases (or increases) by 
an amount Am such that Amc? is equal to the energy change. In particular, 
if a system emits a photon of energy hv, its mass will decrease by hv/c*. 
(The particle recoils, so the decrease is slightly less.) 

Because E is inversely proportional to our Lorentz square root, it increases 
without bound as v —> c. The requirement of energy conservation thus 
keeps the speed of any object having mass from ever attaining the value c. 


KEY TERMS 

Inertial reference frame Any frame of reference traveling at a constant velocity rel- 
ative to some “standard” reference frame. The “standard” frame can be any frame 
in which momentum is conserved. 

Speed of light in vacuo c = 2.998 x 10° meters per second. 


Special Relativity The kinematics and dynamics of objects described in inertial ref- 
erence frames. The term is usually reserved for situations in which speeds close to 


the speed of light are encountered. 
General Relativity A theory of gravitation and motion in accelerated reference 


frames. (Not mentioned in the text.) 
Muon An elementary particle similar to the electron but about 250 times as mas- 
sive. Muons decay into electrons with a half-life of about 2.2 microseconds. 


Light clock A device in which time is measured by counting how many times a 
light signal traverses a given closed path. 
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Proper time The time between two events as measured on a clock that is present 
at both events and has not been accelerated. Called “one-clock time” in the text. 
Proper distance The greatest distance between two events measured by any inertial 
observer. Colloquially called “lab distance,” because it is the distance measured (in 

principle) with a meter stick. It is the rest length. 

Lorentz square root (1 — v‘/c’)’”, the Lorentz contraction factor for distances mea- 
sured parallel to the direction of travel. Also the time-dilation quotient: Dividing 
the one-clock time by the Lorentz square root yields the two-clock time. 

Gamma (1 — v*/c’)~'*. Used in Problems 15 and 16. 

Light-year Distance light travels in one year. 

Light-second Distance light travels in one second. The conversion formula 


1 c nanosecond = 1 foot 


is less than 2% off. 

Velocity-addition formula v, = (v; + v2)/(1_ + vivè) for combining two parallel 
velocities. 

Relativistic theory A part of physics that remains valid at speeds close to the speed 
of light c. 

Relativistic speed A speed that is an appreciable fraction of c. For example, 0.99c 
is obviously relativistic. On the other hand, 0.141c would be called nonrelativistic, 
because the Lorentz square root differs from unity by only 1%. 


Space-time The four-dimensional continuum in which each event is represented by 
a point, so each mass point has a world line. 


World line The graph of an object's position x versus time t is a curve (colloquially, 
a line) on a piece of paper. The position (x, y, z) versus time t, which requires four 
dimensions for plotting, is called the object's world line. 

Minkowski diagram A geometric representation of relativistic transformations. If 
one-dimensional motion of a point is represented on perpendicular x and t axes, 
then the space-and-time coordinates x’, t’ in some other inertial reference frame 
are given by letting the x’ axis make an angle @ with the x axis and the ?' axis 
make the angle —@ with the t axis, where tan @ = v/c. This makes the x’ and t' 
axes oblique, of course [Problem 14]. 


Total relativistic energy E = mc’/(1 — v/e)? 

Rest energy E, = mc’. This concept has no nonrelativistic counterpart. 

Kinetic energy E — E,. Only in a nonrelativistic (low-speed) approximation does 
this become mo’. 

Relativistic mass E/c*. To avoid confusion, this term is not used in the text. When 


the text uses the word mass it always means the invariant mass, also called the rest 
mass. 


REVIEW QUESTIONS 


The Coulomb constant k, = 9.0 x 10° newtons m?/coulomb? and the Biot-Savart 
constant k„ = 1077 newtons/A? can be combined in a simple way to yield a quan- 
tity having the dimensions of a speed. Explain and calculate that speed. 


PROBLEMS 


« The Principle of Relativity has been paraphrased, “Nature plays no favorites.” 
Explain why this is an apt statement, In what way is it imprecise or wrong? 


+ If an observer on a spaceship receding from the earth at 90% of the speed of light 
were to measure the speed of a light signal originating on earth, what result 
would he obtain? Would he measure time on his clocks or on earth clocks? Would 
he measure distance with his meter sticks or earth-frame meter sticks? Why do 
we bother asking? 


+ Describe the Einstein light-clock thought experiment to prove the time-dilation 
formula. Extend the argument to derive the Lorentz distance contraction. 


» How precisely would you have to measure time to detect the relativistic time 
dilation at a speed 1% of the speed of light c? 


+ Explain what is meant by the relativity of simultaneity. 


+ How does the velocity-addition formula “enforce” c as a universal speed limit? 
That is, show that a velocity measured in one frame of reference (less than c) is 
measured in any other frame of reference in uniform relative motion as having a 
value less than c. 


* Explain the “triangle mnemonic” for energy and momentum. Point out the anal- 
ogy to the triangle mnemonic for time and distance. 


* For a slow particle (v much less than c) the distance traveled (proper distance) is 
much less than ct,. That is, the horizontal leg of our triangle is much shorter than 
the vertical leg (the “invariant’). The analogous statement for the dynamical 
quantities is that pe is much less than 


* Present an argument that vacation travel to parts of our galaxy that are light-years 
away would only be possible if we were much richer. Explain the precise use of 
the word “richer.” 


Argue that the Principle of Relativity is a symmetry principle. 
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PROBLEMS 


* 1. Practice with (1 — v/e? Calculate that 
expression for v = 0.01c, that is, a speed 1% of the speed 
of light. 


> 2. Time Dilation for an Earth Satellite Calculate 
how much the “slowing-down factor” (1 — v°/c*)'? differs 
from unity for an object traveling at 7.5 km/sec. 
(HINT: You may find that your calculator does not keep 
enough significant figures to do this arithmetic. The ratio 
vlc is 7.5/3 x 10° = 2.5 x 10°. Square that and you get 
6.25 x 107™, Most calculators will only keep 9 or 10 sig- 
nificant figures. So if you subtract that small number from 


1, your calculator may just answer “1,” instead of 
0.999999999375. To take the square root of a number like 1 
— 6 x 10°", you can use the binomial theorem, Convince 
yourself that the answer is 1 — 3 x 10". To how many 
significant figures is that answer correct? Try it: (1 ~ 3 x 
10-1 — 3 x 10°) =1-2x3x 107” +9 x 10°”. 
Keeping only the first-power term in the binomial expan- 
sion resulted in an error in the twentieth decimal place.) 

The answer to our problem is that the satellite’s clock 
runs slow by 3.12 seconds in 10'° seconds, or about 1 sec- 
ond in a hundred years. Show your arithmetic neatly so 
you can go back and check it. 
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** 3. Light-Seconds and Light-Years Our nearest 
star (the star closest to our solar system) is Alpha Cen- 
tauri. It is about 4 light-years away. Light takes about 5 x 
10° seconds to reach us from the sun. So the sun is about 
500 light-seconds away. 

(a) How many earth-sun distances (Astronomical Units) is 
4 light-years? 

(b) As the earth moves in its orbit, an observer on Alpha 
Centauri would see our position in the sky change by a 
maximum angle (measured in radians) of 5 x 10° light- 
seconds/4 light-years = . Show that this takes 
half a year, Sketch! 


NOTE: That is too small an angle to resolve with the na- 
ked eye but well within the capability of our larger tele- 
scopes. 

(c) How can we use measurements of stellar positions at 
various times of the year to find stellar distances? 


Nore: The technical term is parallax. 


xÆ 4. The Muon Movie “Time Dilation” If you have 
had a chance to see the film “Time Dilation—An Experi- 
ment with Muons,” then the numbers in this problem are 
already familiar. The particles selected for the experiment 
had a rather narrow range of speeds close to 0.9938c, mak- 
ing the Lorentz square root equal to 4. 

(a) Verify. 

(b) What the movie shows is that these muons survive 
about 9 times as long as muons at rest. It does this by 
counting muons on top of Mt. Washington (altitude 6300 
feet) and again at sea level. Traveling close to 1000 feet per 
microsecond, the muons took about 6.3 microseconds to 
make the 6300-foot trip as measured on earth clocks. Yet 
from the statistics of muons counted at sea level, the frac- 
tion surviving corresponded to a muon time of 0.7 micro- 
seconds. Identify the one-clock time (the proper time) and 
the two-clock time. 

(c) In the muon frame of reference, sea level approaches 
at speed 0.9938c, and the trip is timed at 0.7 microseconds. 
In the muon frame of reference, what is the distance be- 
tween the top of the mountain and sea level? 

(d) What fraction is this of the proper height of the moun- 
tain? 


4 5. More Decaying Muons Muons at rest have a 
mean lifetime of 2.2 microseconds. If we were to make a 
“light clock” 2.2 light microseconds long, we could de- 
scribe the Einstein thought experiment by drawing our tri- 
angle with an altitude of 2.2c microseconds. That is about 
2200 feet. Let the muons have a speed v = 0.8c = 800 feet 
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per microsecond. In a time t (two-clock time) they travel a 
distance 0.8ct, while a light signal travels a distance ct. 
(a) Draw the right triangle with the legs and hypotenuse 
obeying 


(0.8ct)? + (2.2c microseconds}? = (ct)? 


Solve for t. Verify that it is what you get if you divide the 
2.2 microseconds by the Lorentz square root (= 0.6). What 
you have solved is the two-clock time corresponding to a 
one-clock time of 2.2 microseconds. 

(b) How far did the muons move during that time? An- 
swer in thousands of feet, remembering that 1000 feet = 
lc microsecond. 

(c) A measurement in the muon frame of reference would 
say that the second clock is approaching at 0.8c. Its time 
of travel between the two events being clocked is 2.2 mi- 
croseconds, muon time (proper one-clock time). So that 
clock traveled 0.8¢ x 2.2 microseconds 1.76c microse- 
conds = 1760 feet in the muon frame of reference. Com- 
pare that distance with the answer to part (b). Is it short- 
ened by the Lorentz square-root factor? 

(Hnt: (1 — vie)? = 0,6.) 


* 6. Time Dilation Here is another one about the 
space traveler going in a straight line at 0.8c. In one year 
(earth-clock time) he travels 0.8 light-years 

(a) Show that his clock only registers 0.6 years by the end 
of the trip. Use our handy triangle to do the bookkeeping. 
The horizontal leg is the distance traveled as measured in 
an earth-frame laboratory = speed v x time ż, Note that 
this time t is a two-clock time. The hypotenuse is the dis- 
tance light travels in that time. The vertical leg is the un- 
known in this problem, the distance light travels in the 
proper time between the beginning and end of the trip. 
(b) Show that in the traveler's reference frame the earth 
has receded 0.48 light-years during that time. (HiNT: In 
his frame, the earth is receding at 80% of the speed of 
light.) 

(c) Show that the 0.48 ly is shorter than the proper dis- 
tance between the departure and arrival events by the fac- 
tor (1 — 0.8°)!2, 


** 7. Time Dilation—Travel Keeps You Young How 
fast would a spaceship have to travel to go 0.8 light-years 
while its own clock advances 0.6 years? Use the same 
handy triangle as in Problem 6 to show that the answer is 
0.8c. (HINT: The horizontal leg vt is 0.8; the vertical leg 
Ctoroper, the invariant, is 0.6. Avoid the knee-jerk reaction 
that 0.8 light-years in 0.6 years requires a speed of 0.8c 
years/0.6 years = 1.33c, That is faster than the speed of 
light! What is wrong?) 


PROBLEMS 


[Answer: What is wrong is that you have taken a distance 
in one frame of reference and divided it by a time in an- 
other frame of reference.] 


* 8. Clock Synchronization In the Einstein thought 
experiment with the foot-rule light clock, the imaginary 
laboratory was populated with clocks all over the place. At 
least there had to be a lab clock at the position of the sec- 
ond event, the receipt of the light signal. It was the read- 
ing of that right-hand clock (see the figure) that is com- 
pared with the (shorter) reading of the traveling clock. The 
implicit assumption is that the right-hand lab clock was 
previously synchronized with the left-hand lab clock, even 
though they are at different locations. One way to accom- 
plish this synchronization is with a light signal. In the ex- 
ercise we had v = 0.8c. The receipt-of-signal event oc- 
curred a distance 2.67 feet from the initial “flash.” Argue 
that if a flash occurs at noon and the light signal travels 
straight to the right, it will arrive at the right-hand clock 
2.67 nanoseconds after noon. 


* 9. Another Way to Synchronize Clocks Let a 
flash occur at the midpoint between the two distant 
clocks. Argue that in this case you don’t even have to 
know the distance between the clocks in order to synchro- 
nize them. 


Æ> 10. Relativity of Simultaneity Refer to Fig. 20.6, 
which shows a signal sent from the midpoint of a rocket 
to observers in the tail and in the nose. The “lab frame” 
observers outside are assumed to be “right there.” This 
just means that longitudinal distances (right-left) may be 
large, while transverse distances are negligible. It means 
you don’t have to worry about the angle of the signal path 
to get to the outside observers. 

Let the rocket have length L—as measured in its own 
frame. That means L is its proper length. It means the tail 
and nose “signal-received’’ events occur at time 4L/c, as 
measured on rocket-frame clocks. We now calculate the 
time fa that it takes the signal to get to the tail observer 
as measured on lab-frame clocks. During that time the 
rocket, traveling at speed v, goes a distance vf, to the 
right. The light signal goes a distance Cha to the left. The 
sum of those distances is half the length of the rocket as 
measured in the lab frame, which is 


Meontracrea = IL — oie) 


(a) Write this as an equation, and solve for ttait- l 

(b) Now do the same thing for the time those that it takes 
the signal to get to the nose observer. But now the dis- 
tance the rocket goes has to be subtracted from the dis- 
tance the light signal goes. The difference is 4Leontracted- In 
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part (a) you had ¢ + v in the denominator when you 
solved for the time. Here you get ¢ — v in the denomina- 
tor. Which is the later time, trose OF trai? 


4% 11. The Light Cone If the position x of an object 
is plotted versus the time t, the resulting graph will be a 
straight line for an object having constant velocity. 

(a) Show that the straight line representing the arrival of a 
light signal at position x always has slope c if the signal 
travels in the +x direction or slope —c if the signal travels 
in the —x direction. 

(b) For a light signal emitted from x = 0 the coordinates 
of the arrivals at other values of x are given by x° = c’?’. 
Show that this equation represents two intersecting 
straight lines. 

(c) Show that the straight lines representing the constant- 
velocity trips of material objects always have slopes in be- 
tween those two limiting lines. 

(d) Add another dimension; call it y. For a light signal 
emitted from the origin, the equation of the wavefront is 
x + y? = CP. Show that this is the equation of a cone. It 
is called the light cone. 


**%* 12. The Order of Events Event A (receipt of the 
signal at the tail) occurs before event B (receipt of the sig- 
nal at the nose) for lab-frame observers. For observers in a 
reference frame moving to the right at a speed faster than 
the rocket speed the order would be inverted, How about 
event O, the sending of the signal? Prove that the order of 
events O and A is the same in all reference frames. This 
just amounts to proving that a light signal cannot be re- 
ceived before it is sent. 


> 13. Twin Paradox Twin A takes off on a trip at a 
speed close to the speed of light, say 0.99875c. When he 
returns home 2 years later as measured on his own clock, 
twin B, the stay-at-home, is old and gray, having aged by 
40 years. [HINT: (1 — v%/c*)!? = ah]. Now for the paradox. 
Doesn’t the Principle of Relativity say you can’t distin- 
guish reference frames? After all, from twin A’s point of 
view, isn’t it twin B that was traveling? 


RESOLUTION: Twin A had to accelerate. Unlike B, he did 
not remain in an inertial reference frame. The symmetry 
between the twins is broken. 

Now we shall formulate the problem in a way that does 
not involve acceleration. At time t = 0, twin A is already 
moving at velocity v = 0.99875c and passes twin B, who 
is stationary. They synchronize their clocks at this instant. 
When A has traveled 1 year (as measured on his clock) he 
meets, by prearrangement, a look-alike A* traveling the 
other way at velocity —v. They synchronize their clocks at 
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the time of meeting, whereupon A* travels back to 
“home,” arriving there in one year (on his clock). Use the 
argument of the Einstein thought experiment to show that 
at the time of arrival, B is 40 years older than A was when 
A and B parted. Note that in this formulation, there is not 
even an apparent paradox. The symmetry between A and 
B is broken by the substitution of A* for A, which avoids 
having to accelerate A. 


Ææ 14. Minkowski Diagram Here is a graphical rep- 
resentation of the transformation of the coordinates (x, £) 
of events in one reference frame (S) to coordinates (x', t) 
of those same events in a reference frame S' moving at 
velocity v relative to S. The oblique axes x' and t’ make 
angles 6 and —06 with the perpendicular axes x and t, re- 
spectively, where tan @ = v/c. The transformation equa- 
tions are 


fee: 


fi = OF ks 
(L= tan? 07 


~ = T- ao 


t 


We have chosen the same units for time and space, setting 
c = 1. We might, for example, measure t in seconds and 
x in light-seconds. Nore: The dilation factor (1 — vic?)~ 
is often called y = Greek gamma. 


t 


PROBLEM 14 
Minkowski 
diagram. Note 
that the axes in 
the traveler’s 
reference frame 
z  (S') are oblique. 


(a) Show that this transformation leaves a proper time in- 
variant, that is, °? — x°? = P- p = t. The invariance of 
the quantity c’(At)* — (Ax)? between two events described 
in different reference frames is logically equivalent to the 
invariance of the speed of light, that is, to the Principle of 
Relativity. 

>2k>k(b) Give a geometrical proof of the transformation 
equations. (HINT: 1 — tan? @ = cos26/cos? 8.) Note that 
the scale on the primed axes is stretched by a factor 
(1 + IEPA — vic)? = cos"? 26. It may be easier to 
prove the inverse transformation: 


x = y(x' + ot’) 
BAF ex) 


RELATIVITY 


Ææ 15. Lorentz Transformation The Minkowski dia- 
gram (Problem 14) gives us the transformation equa- 
tions: 


x = yx- v), v= x(' = Za) 


where y = (1 — v/c*)~'? is the reciprocal of the Lorentz 
square root. In the y and z directions perpendicular to the 
velocity v distances transform unchanged: 


Yry =z 


These four equations have the property that they leave in- 
variant the “interval” between the two events, 


(At)? — (Ax)? — (Ay)? — (Az)? 


That property is required by the Principle of Relativity. 
(See the Einstein thought experiment in Sec 20.2.) 

(a) Do the algebra to prove the invariance 

(b) The equation of the wavefront of a light signal emitted 
at the origin is x7 + y? + 2? = @P, Argue that the distance 
from the origin to the wavefront is ct. 

(c) Write the corresponding, equation in the primed coor- 
dinates x’, y’, z’, t’. That distance is now ct’. 

>>«>«(d) Argue that no other algebraic expression substi- 
tuted for gamma (y) would have the invariance property 
proved in part (a). 


* 16. Proof of the Velocity-Addition Formula In 
reference frame S’, a particle moves at speed w’ to the 
right along the x-axis. For two close-lying events x’; and 
x'2 we can write 


Xp — x") = ul(t's — t) 


or, more briefly, Ax’ = u’ At’. Use the Lorentz transfor- 
mation (Problem 15) to find the speed u relative to frame 
S moving to the left relative to S’ at speed v. Proceed as 
follows: The coordinates transform according to the Lor- 
entz transformation, 


Ax = y(Ax' + o At’), At = y (AF + v Ax‘) 


(Note the + signs for S’ traveling to the right.) Divide the 
two equations: 

Ax Ar'+oar' 
At AF + vA Ie 

(AXIA) + 0 

1+ v(Ax'Arye 


Show that this is equivalent to the equation of Section 20.4. 


PROBLEMS 


* 17. Velocity Addition—Baseball in a 747 Imagine 
pitching a ball at 90 miles per hour from the tail toward 
the nose on a jet airplane traveling at 600 miles per hour. 
(a) Argue that the ball’s ground speed is 690 mph. 

(b) _ is the ground speed for the same pitch from nose 
to tail? 

*%* (c) An electron gun pointed toward the nose shoots 
an electron at 0.8c. What is the electron’s ground speed? 
(Hint: 600 miles/hour = 0.896 x 10~°c.) 

[Answer: 0.8000002c] 


* 18. Velocity Addition—Practice with the 
Formula Let v = 0.8c and u’ = 0,9c. Calculate u. 
(Hint: If your answer is greater than c, you have made a 
mistake.) 


** 19. Velocity Addition—Left Becomes Right Letv 
= 0.8c and u' = —0.9c. Find u. Be sure to get the sign 
right. Remember that + is right, — is left. 


Æ 20. Velocity Addition in Two Dimensions From 
the Lorentz transformation it is easy to prove that a veloc- 
ity vector u = (u,, uy) transforms according to 


uy +v u’ 
EaR U EE 
1 + uwi? Y (1+ uwe) 


u; = 
Let v = 0.8c and u’ = u’, = 0.9c. 

(a) Verify that you get u, = 0.8 c. Is that what you would 
have guessed without doing any algebra? 

(b) Find u,. Are you surprised that it is so much less than 
0.9c? Don’t forget time dilation! 


* 21. Velocity Addition with Light 
(a) Let v = 0.8c and u’ = u’, = c. A light signal is travel- 
ing perpendicular to the x-axis. Find u = (uz + u)”. 

(b) Show that u = c for all possible values of v. 


* 22. A Michelson-Morley Boat Race Two boats 
each travel at 5 miles per hour in still water. But the race 
is to be held on a river flowing at 3 mph. Boat A starts by 
going 1 mile downstream, then returning 1 mile upstream 
to the starting point. 
(a) What is A’s ground speed on the downstream leg? 
(b) How long does it take? 
(c) The upstream leg has a ground speed of 2 mph. Verify! 
How long does this take? 
(d) How long does A’s round trip take? 

Boat B starts along a perpendicular path, traveling 
1 mile across the stream. Note that to keep from being 
swept downstream, B actually has to head at an angle up- 
stream. 
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PROBLEM 22 Vector addition 
of velocities needed to go 
straight across. 


Downstream —<—$<$_—__ 
w 


(e) Draw the vector diagram showing the addition of the 
velocity vectors, the 3 mph downstream and the 5 mph 
angling upstream. The vector sum has to point directly 
across the stream. What is the net cross-stream speed? 
(HINT: Pythagoras.) 

(f) How long does it take B to go 1 mile over? 

(g) How long does B’s round trip take? 

(h) Who wins the race? 

(i) What is the ratio of B’s time to A’s time? 

© (j) Write down a general expression for this ratio in 
terms of the river speed v and the still-water speed Choat. 
Note that the ratio is independent of the length of the 
course. 


> 23. Michelson—-Morley Experiment (Do the Boat- 
Race Problem First.) A Michelson interferometer (see 
Problem 12.22) has two perpendicular arms with mirrors 
at one end. A 45-degree mirror in the middle is half-sil- 
vered so that the light beam is split and half the light goes 
along each arm. The reflected beams rejoin so that they 
can interfere coherently, making an interference pattern of 
concentric bright and dark rings. The locus of points for 
which the travel time along both arms is the same is a 
bright circle—an interference maximum. The locus of 
points for which the travel times differ by exactly half a 
period of the light wave is a dark circle. A time difference 
of a whole period gives a bright circle again, and so on. 
All integer multiples of a period correspond to bright 
fringes. All half-integer multiples correspond to dark 
fringes. 

We know that the earth travels around the sun at 
roughly 30 kilometers per second. Suppose that you didn’t 
know about the relativistic velocity-addition formula. Na- 
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Pi tas, say that light travels “downstream” in 
eit o E orbital velocity atc + 30 km/sec, and 
Stier nine i the opposite direction at c — 30 km/sec. In 
did th » you would solve the problem the way you 
a es e oa ace problem. 
ow long would it t i 
an d | back? cnn lane eos to travel 10 meters down 
y 2 y long would it take light to travel the perpendicu- 
path, 10 meters across and back? 

a oe the difference between the travel times. 

aie Xpress this time difference as a fraction of the period 
o en light, 2 x 19-15 sec. [Answer: 3] 
S es. and Morley floated their interferometer in a 
sce, di a Ap naar any vibration or mechanical 
the doun oi i n the interferometer through 90° so that 
madina acx arm became the across-and-back arm, 
Erea a. How much of a “fringe shift” would they 

pected, according to your calculations? Their optics 


ek 24. Speed as a Function of Momentum 
arting from the definition of the momentum, 


Se 
(1 ~ vie 


show that the s 
given by 


peed v asa function of the momentum is 


= c 
wN 
(1+ mep = 


(b) Sketch the function v = 2p), and show that v ap- 


Proaches ¢ asymptotically as p goes to infinity. 


v 


25. Kineti 
Kinetic Energy—Nonrelativistic Approxima- 


relativistic approxi 
(c) [More diffi 


Oh si ok ty E 


to verify your answe 


mv? give too litera T to part (b) Does the approximation 


T too small an answer? 


RELATIVITY 


(d) At what speed is the ¿mv? formula 1% off? 


* 26, Kinetic Energy—Relativistic Approximation 
(a) Calculate the kinetic energy of a mass m moving at 
speed v = 0.9c. 

(b) Its momentum is 2.06mc. Verify. How far off is the ap- 
proximation E — E, = pe — E, for the kinetic energy? 

(c) Repeat for v = 0.99c. 

(d) How much work is required to accelerate the mass 
from 0.9c to 0.99c? Express as a fraction of the rest en- 
ergy mc’. 


> 27. Is kinetic energy proportional to p or to p? 
(a) Nonrelativistically, we can write 


m 


How many % off is the kinetic energy this formula pre- 
dicts at a speed v = 0.02c from the correct relativistic ki- 
netic energy? (HINT: p = 0.02mc/[1 (0.02)?! = 
0.020004mc.) The kinetic energy E— E, is correctly given by 


[ES + (pc)’]"* — E, 


> gfi + EJ AA 


(b) Use the binomial expansion of that square root to ver- 
ify your answer to part (a). Notice that pc/E, is the ratio of 
the horizontal to the vertical leg of our triangle. 

(c) At relativistic speeds the horizontal leg is much longer 
than the vertical. If we want a binomial expansion to con- 
verge, we have to expand in powers of a ratio less than 1, 
that is, in powers of E,/pe. Writing 


ee ET 


show that the kinetic energy becomes proportional to p as 
the ratio E,/pc becomes negligibly small. 


FFK 28. Inelastic Collision The potential energy of a 
compressed spring is shown to be part of the rest energy 
(and hence of the mass) of a composite system of two 
masses plus spring [see Figure (a)] 

The two indentical marbles (each of mass m) approach 
the spring (of negligible mass) with equal and opposite 
velocities +v. Their combined kinetic energy 


2mc* 


a@- oa ~ 2mc? 


is converted into potential energy as they stick to the 


QUESTIONS FOR FURTHER THOUGHT 


Before Or 60000) -0 


m m 


After 


Before @-— ww au 


After 


PROBLEM 28 (a) Inelastic collision as viewed in 
the center-of-mass reference frame. The balls 
stick to the spring and the spring has a catch to 
keep it compressed after the impact; (b) the same 
inelastic collision viewed in the reference frame 
of the left-hand ball. 


spring. We assert that this potential energy is added to the 
rest energy of the system. So the old mass 2m has added 
to it a mass increase 


otential ener, 2m 
, = Potential energy 2 


-2 
č mec 


An 
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(a) Let m = 10 grams and v = 100 m/sec. Calculate Am. 
[Hint: If you can’t carry enough significant figures on 
your calculator, use the binomial expansion (1 — x) '? = 
Dare. | ol 
(b) Now look at the collision in the reference frame of the 
left-hand marble before the collision, and worry about 
conservation of momentum [see Figure (b)]. The spring 
now moves to the left at speed v before the collision, while 
the right-hand marble moves to the left at speed 
v! = (v + v)/(1 + vlc’), according to the velocity addition 
formula (Sect. 20.4). So its initial momentum is mv'/(1 — 
vic)". To conserve momentum, this has to be equal to 
the final momentum Mv/(1 — v°/c’)!?. Accordingly, the 
final mass M exceeds the initial mass 2m by the amount 
Am = M — 2m. Use the conservation of momentum to 
solve for M. Then show that Amc? is equal to the kinetic 
energy we wrote down at the beginning of the problem. 
(HiNT: There is a lot of algebra here. Don’t be afraid to 
substitute for v’ inside the square-root sign. It stops look- 
ing messy quite soon after some least-common-denomi- 
natoring.) 

What we have shown is that the rest energy E, = Mc* 
really included the potential energy. It simply means that 
the terminology is consistent. 


* 29. Increasing the momentum increases the speed 
| fac do 
‘os m = 1 kg (just to make the arithmetic easy) and 
v = 0.99c. 

(a) Show that the momentum is 7.02 kg c. 

(b) If the momentum is doubled, show that the speed is 
increased to 0.997 c. 


ae Ee Ő—— 


© QUESTIONS FOR FURTHER THOUGHT 


a. Symmetry in Electromagnetic Theory—M 
Electromagnetic Waves so 
pointed out. For example, 


agnetic Monopole In Chapter 17 on 
me near-symmetries of electromagnetic theory are 
a changing B-field gives rise to (is equivalent to) a 


circulating E-field. A changing E-field gives rise to (is equivalent to) a circulating 


B-field. These induced E and B 
lines that close on themselves. But we also know 


fields both have nonending lines, that is, field 
E-lines that start and stop. 


Their sources and sinks are positive and negative charges, respectively. We are 


tempted to ask whether the E/B s 
sinks for B lines? At the time of writing, 
been found. 

(a) Argue that their existence would make 
metric. 

(b) Why are electric forces in 


netic forces? (HINT: Remember that all chemical bindin; 


ymmetry still holds. Are there sources and 
such “magnetic monopoles” have not 


electromagnetic theory more sym- 


familiar situations usually much greater than mag- 
g is essentially electrical. 
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This question is intended to stimulate original thought. It is likely to engender 
controversy. Surely it has more than one answer.) 

Light Cone in Four Dimensions For motion in three dimensions, the kinematic 
invariant is cf? — x° — y? — 2’. If this invariant happens to be zero (proper time 
between the origin and the event at x, y, z, t is zero), the two events can be 
connected by a light signal. The equation ĉP — x° — y? — 2? = 0 represents a 
surface in four-space called the light cone. Argue that this is an appropriate 
name. 


ELEMENTARY 
PARTICLES 
AND COSMOLOGY 
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ELEMENTARY PARTICLES AND COSMOLOGY 


SOME QUESTIONS THIS CHAPTER WILL ANSWER 


The term strong interaction refers to the vestige of the force that binds 
nucleons into nuclei. What phenomena display the weak interaction? 


Is it possible for a proton-proton collision to create a pair of pions? 


The three kinds of charged leptons have masses of 0.511, 105.7, and 
1784 MeV/c’, respectively. What name is given to the neutral leptons? 


What is meant by quark confinement? 


Why did the quark-gluon plasma “freeze out” about 1 microsecond after 
the Big Bang? 


The quark model and the theory of the Big Bang correctly calculate the 
relative abundances of the two most abundant elements in the universe, 
What epoch in the history of the universe determined that ratio? 


Does the quark model allow magnetic monopoles? How about free 
quarks? 


21.4 THIS CHAPTER IS DIFFERENT 


This chapter looks different from all the others, different in several ways. 
You leaf through it and you see that there are no EXERCISES and just a hand- 
ful of PROBLEMS at the end. That tells you it is going to be less “skills” ori- 
ented. Indeed, it is less quantitative, more descriptive, and admittedly a bit 
superficial. On the other hand, it is the first place in the book where you 
read about what physicists do now, rather than generations ago. It takes 
you to the frontier of knowledge. That also means that things are not so 
certain. Some “facts” presented in this chapter may turn out to change as 
new experiments are reported. 

We choose one area of physics—elementary-particle physics—or this visit 
to the frontier. To be sure, only a small fraction of all physicists work in this 
area. Every area of physics has a frontier, a hazy boundary between the 
known and the unknown. Choosing elementary-particle physics was arbi- 
trary but not random. The choice has to do with the deeply human drive to 
find out what happens if you take things apart. If you keep taking apart the 
parts of what you have taken apart, where does it end? Is there a smallest 
part, something that can’t be taken apart? Or does it never end? Does every 
particle, no matter how small, have some structure? 

We don’t know the answers to these questions. But there is a model (a 
theory) that successfully describes the properties of all the particles that 
have been discovered in our giant high-energy accelerators. It is a neat pic- 
ture, described in the section called Quarks, and you should feel free to go 
and read it right away. The next two sections supply a bit of background. 


21.2 THE FOUR INTERACTIONS 


21.2 THE FOUR INTERACTIONS 


We all love to take things apart to see what makes them tick. If something 
holds together strongly, what was the glue? In the nineteenth century, the 
chemists learned to take molecules apart to find out what atoms they are 
made of. Early in the twentieth century, physicists found out that the atom 
has a nucleus surrounded by a cloud of electrons. Later, “atom smashers” 
were able to break nuclei apart, to convert one nucleus into another. By 
shooting beams of fast electrons or protons at nuclei, the structure of the 
various nuclei was investigated. Well, as you know, all the nuclei turned 
out to be made of protons and neutrons (nucleons). What glue holds them 
together? 

In Chapter 19, Radioactivity, we talked about the nuclear force. You 
learned that the nuclear force—the force that binds anywhere between 2 
and 250 nucleons together—is weak at large distances and becomes a very 
strong attraction at distances of less than 2 fm (= 2 x 107" m). Around 0.5 
fm the force suddenly becomes a strong repulsion, as though the nucleons 
had hard, impenetrable centers. How very different that behavior is from 
the simple 1/r behavior of the Coulomb force! And how much stronger the 
force! The nuclear force between two nucleons in a nucleus is so much 
stronger than the electrostatic force between two elementary charges at the 
same separation that the nuclear force has been named the strong interaction. 

Of course, the main message of Chapter 19 was that many nuclear species 
are unstable. They decay radioactively. Indeed one of the nucleons is itself 
somewhat unstable. The neutron beta-decays with a half-life of around 10 
minutes. The interaction responsible for beta decay is called the weak inter- 
action, and its laws are now understood well enough so that many quanti- 
tative predictions are possible about the half-life of various radioactive spe- 
cies. 

We count three different interactions: 


1. The strong interaction, responsible for the attractive force between nu- 
cleons. 

2. The electromagnetic interaction, responsible for all chemical forces, for 
adsorption, for the sticking together of flat surfaces, indeed, for the 
shapes of all objects we see around us. 

3. The weak interaction, responsible for only a tiny fraction of the nuclear 
binding energies, showing itself in beta decay. It makes possible the 
fusion reaction of hydrogen into helium that fuels the heat of the sun. 


But aren’t we forgetting an interaction we have known for a long time? 
What about gravity? Of course, there is the gravitational interaction. We 
almost forgot it because it is so much weaker than the others. It shares with 
the electromagnetic interaction the feature that it falls off as the inverse 
square of the particle-particle distance. To give an idea of how weak it is, 
the gravitational attraction between two electrons is less than 10 of the 


electrostatic repulsion. 
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ELEMENTARY PARTICLES AND COSMOLOGY 


It is now believed that the quantum theory of these four interactions: 


strong 
electromagnetic 
weak 
gravitational 


can explain all forces in nature. It may be useful to make a catalogue of all 
that is to explained. The next section may seem a bit like a tour of a zoo in 
which all you see is the names of the animals. 


241.3 THE PARTICLE ZOO 


When two protons crash into each other at high speeds, all kinds of debris 
are observed to come out of the collision. The more energetic the collision, 
the greater the number and variety of the particles observed to speed away 
from the crash site. At low collision energies, of course, what comes out of 
a proton-proton collision is just two protons. At energies of several hundred 
MeV, there may be additional particles called pions or pi mesons. At higher 
energies there are K mesons, or kaons. At energies of several GeV there are 
antiprotons and antineutrons. At still higher energies there are hyperons. 
The tables in Problems 6 and 7 list 17 different particles. Most of these par- 
ticles are radioactive, with very short half-lives—some on the order of 10-3 
seconds. At this time, you may not even want to bother learning their 
names. In the problems we list the various particles and their decay prod- 
ucts. Some years ago, the big question seemed to be which of them were, 
in some sense, “fundamental” and which were “composites.” How about 
the proton itself, is it fundamental or does it have structure? Was all that 
debris inside it in the first place or did the collision create it? 

From Chapter 20, Relativity, you know that mass can be created out of 
energy. So the kinetic energy of the colliding protons can be converted into 
the rest energy of the Particles created in a collision. For example, a pion 
has a rest energy of 140 Mev. If two colliding protons each have a kinetic 
energy greater than 140 Mev, a pair of pions (7* and m ) can be created in 
the collision. The greater the available energy, the more massive the parti- 
cles that can be created. The same is true of collisions of electron beams and 
of beams of the various particles created in collisions. 


Classification of Particles 


The so-called elementary particles are of two kinds: hadrons and leptons. 
The hadrons interact via the strong interaction; the leptons don’t. On the 
other hand, for reactions governed by the weak interaction, at least two 
leptons are involved: one with mass and one massless one. The electron is 
a lepton. You already know that it has an antiparticle, the positron. Each 
particle in the zoo has an antiparticle, having the same mass and opposite 
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Inside the ISR (Intersecting Storage Rings) building at CERN. (For an overview, see 
the photograph at the beginning of Chapter 20.) In the background are magnets to 
make the proton paths curve. In the middle of the picture is an intersection of the 
two evacuated tubes containing the two beams of high-energy protons going around 
in opposite senses. The proton bunches may be timed to miss each other at the 


intersection or timed to collide. 


charge. When a particle and its antiparticle come close, they can annihilate 
each other, creating at least two photons, or possibly other particle-antipar- 
ticle pairs. 

Other leptons are labeled mu (p) and tau (7), in order of increasing mass. 
Muons decay into electrons with the simultaneous emission of an electron 
antineutrino and a muon neutrino. Those neutrinos have no electric charge 
and are massless, or nearly so. The decay of tau leptons (or tauons) results, 
analogously, in the emission of tau neutrinos. What all six leptons have in 
common is that they seem to have no structure; they are essentially point 


particles. We say six leptons: 


If you counted the antiparticles, you would say 12. 
Now for the hadrons. There are two hadron families: baryons and me- 


sons. The proton is a baryon; so is the neutron. The other baryons are more 
massive (therefore called hyperons) and rather short-lived. The mesons, as 
a group, are less massive than the baryons. The pion, for example, has one- 
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seventh the mass of the proton. Problem 6 gives a table of mesons and talks 
about their decay. 

How about structure? Electron beams have been used to explore the pro- 
ton, and it does have structure. It has what you might call a size. In other 
words, it makes sense to talk about the way the proton’s charge is distrib- 
uted in space. The proton is not a point particle. 

So now let us ask those fundamental questions: “Is the electron made up 
of some smaller-scale entities?” “Does the electron have constituent parts?” 
The present-day answer is No. Leptons have no structure. On the other 
hand, ask: “Is the proton made up of some smaller-scale entities?” “Does 
the proton have constituent parts?” The answer is Yes. Hadrons do have 
structure. The section entitled Quarks is about their constituent parts. 


Does It Ever End? 


Great fleas have little fleas 
upon their backs to bite ‘em, 

And little fleas have lesser 
fleas and so ad infinitum. 


A. DEMoRGAN 


Some people feel that physicists have no business trying to answer the 
“Does-it-ever-end?” type of question. They say that predicting the future of 
our science is not part of our job. As the tools are developed for investigat- 
ing ever smaller scales, isn’t it pretty certain that more structure will be 
discovered? An answer like, “No, we have reached the final constituents of 
matter” seems arrogant, presumptuous. Is it possible that the quarks and 
leptons and the fields that describe their interaction are “fundamental” in 
the deep sense that they have no structure? 

A century ago, physicists thought that all that was left to discover was 
some details, that the basic questions had all been answered. That was be- 
fore relativity, before quantum theory! So maybe these “presumptuous” 
present-day theories will turn out to be just as wrong. It seems just as excit- 
ing to speculate that they may be right. 


21.4 QUARKS 


We are now ready to describe the structure of the proton and all the other 
hadrons. 

The fundamental constituents of all strongly interesting particles are six 
quarks. They are called u, d, s, c, t, and b. But it does no good to ask, “What 
are quarks?” That is because quarks are never found alone but always is 
either groups of three to make a baryon or groups of two to make a meson. 
Now you can play combinatorial games like figuring out how many different 
baryons there can be. (See Problem 5.) However, there is more to the quark 
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model than combinatorial games. There is a field theory for the interaction 
among, the quarks. 


About Field Theories and Gauge Particles 


It may be useful to say a few words about quantum field theories in physics. 
You know all about the electromagnetic field, and in the chapter on Quanta 
you read about photons, the quanta of the electromagnetic field. The elec- 
tromagnetic field is the concept we use to describe how charges act on each 
other at a distance. The idea of action at a distance was viewed as a paradox 
two centuries ago. What is it that reaches out? What is it that grabs? Our 
answer is “the field.” With the field quantized we want to ask, “How does 
it do it?” Our answer is “by exchanging quanta.” The interacting charges 
are constantly exchanging photons. One charge emits a photon. A distant 
charge absorbs the photon. Don’t we get in trouble with conservation of 
energy? After all, the photon carries energy! The answer is No, there is no 
trouble; the uncertainty principle permits just the right amount of violation. 
The in-flight time of the photon allows just the required energy uncertainty 
needed to create the photon—for the short time between its emission and 
its absorption. 

When people ask how the exchange of a gauge particle (the photon is the 
gauge particle of the electromagnetic field) can result in a force, the tempting 
picture is that of the two skaters on very slippery ice. One skater throwing 
a package to the other is pushed backward when she imparts momentum to 
the package. The skater catching the package is pushed backward when he 
absorbs the momentum of the package. One trouble with this kind of expla- 
nation of how the exchange of gauge particles transmits forces is that it 
explains repulsive forces only. Another trouble is that it is just too simplistic. 
Quantum field theory is not quite that simple. But it is universal, in the 
sense that all forces are indeed “action at a distance” and all fields are quan- 
tized. 

But let’s get back to the field that describes the interaction of quarks. The 
quanta of this field are appropriately called gluons. The field theory is more 
elaborate than, say, the theory of the electromagnetic field. The require- 
ments that have to be met by such a field theory are symmetry requirements 
at every point in space and time. To the extent that such symmetry require- 
ments are man-made, there is, of course, some arbitrariness. From the sym- 
metry requirements plus some good guessing about the number of dimen- 
sions in which the fields are defined (not necessarily four = number of 
dimensions of space-time), the properties of the quarks and gluons can be 
calculated. The kinds of questions that are still being answered about, en 
a 10-dimensional gauge field is how the extra six dimensions manage to hide 
themselves from us. After all, our space-time does seem quite four-dimen- 


sional. 
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QCD 


To describe the nature of gauge field theories requires some fancy mathe- 
matics, so no details are presented here. But one feature of a theory called 
quantum chromodynamics (QCD) is particularly elegant and illustrates how 
symmetries appear. In the quantum theory of the electromagnetic field 
(quantum electrodynamics, or QED) electric charge was a conserved quan- 
tity. Processes that violate charge conservation are not allowed. In QCD, 
another kind of charge is defined, also indestructible. Instead of there being 
two kinds of charge (called + and —) as in QED, this field theory requires 
three kinds of charge. The three have arbitrarily been called red, blue, and 
green, and the new kind of charge is called color. Please don’t think that a 
red quark looks red. Remember, you can’t see quarks. This is just a way of 
naming a quantum number that takes on three values. The rule is that any 
object made of quarks (any hadron) has to be color neutral. 

Here is what that means. All the quarks can come in red, blue, or green. 
Antiquarks come in antired, antiblue, or antigreen. An observable (i.e., a 
free) particle could be composed of a red quark, a blue quark, and a green 
quark. That would be color neutral (red + blue + green = neutral). The 
particle would be a baryon. Or an observable particle could be composed of 
a red quark and an antired quark. That would also be color-neutral (red + 
antired = neutral). The particle would be a meson. The requirement of color 
neutrality restricts the number of possible hadrons. It also explains why we 
never observe free quarks. One of the requirements on the field theory (in 
this case, QCD) is that at every point in space and time there be symmetry 
with respect to permuting the colors. It is actually stronger than that: There 
must be symmetry with respect to mixing the colors. Mathematically, that 
means there is a three-dimensional “color space,” and the theory has to be 
invariant under rotations in that space. 

Isn't all this pure fantasy? You can’t observe the quarks. You can’t observe 
the gluons that bind them. You can’t observe the thing we have called color. 
What lends legitimacy to a theory that is so distant from observable phe- 
nomena, so removed from experiment? The answer is that the theory was 
able to predict new phenomena. It was able to make a table of particles and 
their properties, a table with some entries for particles that had not been 
observed. When experiments were designed to look for the particles with 
the predicted properties, the particles were found. That is, after all, what 
theory is for—to organize and explain existing observations and predict new 
ones. 


The Role of the Leptons 


Let’s repeat the “neat picture” of the fundamental constituents of all matter, 
as it has been roughly described above. There are six kinds of quarks. The 
word for 
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is six quark flavors. Each flavor comes in three colors. The quarks interact via 
a field whose quanta are the gluons. There are also six flavors of leptons, 


They interact via a field whose quanta are called vector bosons. Even though 
they are quite massive, these vector bosons have now been observed in ex- 
periments at the huge proton accelerators. 

What happens in a weak interaction is that a quark can change its flavor. 
In other words, interaction with leptons can cause a quark of one flavor to 
turn into a quark of another flavor. Take, for example, the beta-decay of the 
neutron: 


n>pte +w 
quark composition 
neutron: udd proton: uud 


The decay involves the conversion of a d-quark into a u-quark. This is made 
possible by the two leptons, e` and V, (electron antineutrino), which are 
created in the weak decay. Note that the neutron mass is just a bit greater 
than the proton mass so that not only is there enough energy to create the 
electron, but also some energy is left over for all three product particles to 
carry off in three different directions. 


Asymptotic Freedom 


Quark confinement, by the requirement that an observable particle be color- 
neutral, presented us with a tricky solution to the “Does-it-ever-end?”” ques- 
tion. “Do the quarks have structure?” is a hard question to answer if it is 
not possible to observe a free quark. Remember, the only free particles that 
QCD permits are three-quark particles (baryons) and two-quark particles 
(mesons). But there is a way out of quark captivity. The “ransom” is en- 
ergy—a lot of it. Built right into QCD is the prediction that when quarks get 
very close, the interaction forces become color-blind. The jargon is asymp- 
totic freedom, asymptotic as energies get high enough to allow the quarks 
to get close enough. When lots of quarks are brought very close, it is no 
longer possible to say to which hadron a given quark belongs. What results 
is a soup, called quark-gluon plasma. ep 

It is considered likely that such a quark soup actually exists in places that 
are hot enough and dense enough: supernovas and neutron stars. But the 
interest in quark soup is even more fundamental. According to the cosmol- 
ogists, the early universe was nothing but quark soup. 

That conjecture brings us to the meeting-ground between elementary-par- 


ticle physics and cosmology. 
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Robert W. Wilson (with beard) 
and Arno A. Penzias discovered 
the three-degree cosmic 
background radiation by using the 
radio telescope shown. Their 
Nobel Prize in physics is in 
recognition of this discovery, 
which supports Big-Bang 
cosmology. 


ELEMENTARY PARTICLES AND COSMOLOGY 


21.5 COSMOLOGY—THE ORIGIN OF THE UNIVERSE 


Some of the old textbooks tell about the quandary posed by the “birth of the 
universe.” If there was a beginning, what was there before? The answer 
“nothing” seemed implausible. How could something arise out of nothing? 
The idea of a “steady-state” universe was therefore very appealing. “On the 
cosmic scale, things have always been pretty much the way they are 
today,” that was an idea people could live with. It even went well with the 
expanding-universe picture with which the astronomers explain the red shift 
of spectral lines from distant galaxies. The more distant galaxies recede from 
us faster than the nearer galaxies. How does that fit with a steady-state 
density of matter? People used to say that as the distance between stars 
increases, new matter is created everywhere, feeding on the gravitational 
energy of its interaction with distant matter. Just another example of 
E = me"! 

Then, in 1965, came a discovery that gave steady-state cosmology the kiss 
of death. The microwave-astronomers discovered the “three-degree back- 
ground radiation.” You might think of it as the fossil record of something 
very, very hot that happened very, very long ago. That something was the 
birth of the universe, commonly called the Big Bang. 

How long ago? Here is one way to date the event. The red shift of a 
distant galaxy turns out to be proportional to its distance from us. Red shift? 
We are talking about the Doppler effect, familiar from sound radiated by a 
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moving object. The frequency of the horn of a receding car is lower than the 
on-board frequency of that horn. The frequency lowering is proportional to 
the speed of the car. In the same way, the red shift (frequency lowering) of 
an identifiable spectral line from a distant galaxy measures the speed of the 
fleeing galaxy. The quotient of distance/speed gives a time: how long ago 
that galaxy was here. There is pretty good agreement (+ 20%) on those times 
for different galaxies. The answer is around 13 billion years. That gives us 
an approximate date for the Big Bang. 


After the Big Bang 


Right after the Big Bang, the entire universe occupied a volume many times 
smaller than, say, the size of a proton. That means we are talking about 
enormous mass density and enormous energy density. Ever since, the uni- 
verse has been expanding and cooling. 

The rate of expansion and the rate of cooling can be calculated from 
theory. In particular, during most of the first microsecond of its existence, 
the universe was quark soup, with most of the energy in the form of pho- 
tons. At age 1 microsecond, it had an average temperature around 1.5 x 
10" K. As it cooled and expanded further, the quarks coalesced into baryons 
and mesons. No nuclei yet! It is still too hot. 

At age 3 minutes, the protons and neutrons started to fuse. First, deute- 
rium formed: 

H + n>?H 
Then tritium, the radioactive isotope of hydrogen: 

°H +n23H 
Then helium: 

°H + 'H > “He 
Helium-4 is very stable, and the nucleon density was great enough so most 
of the deuterium and tritium was fused into helium. Heavier nuclei—the 
rest of the Periodic Table—were later formed by further fusion, but their 
abundance in the universe is much less than that of hydrogen and: helium. 

The relative abundance of hydrogen and helium can be calculated from 
the model using the kind of statistical ideas developed in Chapter 9, Entropy 
and Information. The prediction is that there should be 12.7 times as many 
protons as helium nuclei. Astronomical data (i.e., optical spectroscopy) from 
various parts of the universe—nearby stars, distant stars, and distant gal- 
axies—all cluster close to that ratio. This agreement of theory with observa- 
tion is one of the triumphs of theoretical physics. A theory that was P 
lated to explain the physics of the very small—the elementary partic m 
turns out to make correct predictions about an observable universe 
light-years in radius. 
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Atoms, Galaxies, and Stars 


The correct prediction of the abundance of helium in the universe is such a 
spectacular achievement that there is some temptation to end the book here, 
But you might be interested in what happened after the formation of the 
nuclei. When did the universe get cool enough so that electrons would stick 
to those nuclei and make neutral atoms that could survive for a while? The 
answer is that the proton-helium-electron soup we call plasma persisted for 
about half a million years. By that time, the universe had expanded enough 
and cooled enough so that an atom, once formed, would not immediately 
be ionized by a high-energy photon. It is actually this transition from an 
ion-electron plasma to a gas of uncharged atoms that released the energy 
we now observe as the 3-degree microwave background radiation. Repeat: 
It took a microsecond to freeze the quark-gluon plasma. It took half a million 
years to freeze the proton-helium plasma. 

After this time the gravitational attraction of the swirling gas could take 
advantage of density fluctuations to make galaxies—regions of space with 
higher gas densities separated by enormous regions with very low gas dens- 
ities. Within the galaxies, further fluctuations resulted in the formation of 
stars, clumps containing upward of 10” atoms, collapsing under their mu- 
tual gravity. As a star collapses, the gravitational acceleration heats up the 
gas again. Soon it reverts to the plasma state and glows brightly, because 
near its center it is millions of times hotter than most of the volume of its 
galaxy. 


21.6 SUCCESSES AND LOOSE ENDS 


The neat theory outlined in Sec. 21.4 has had a number of remarkable suc- 
cesses. The particle zoo of several dozen diverse “elementary” particles has 
been “explained” in terms of quarks and leptons and their interactions. 
Also, the model predicted the properties of new particles that were later 
observed. 

Aesthetically, the theory has given physicists the satisfaction that it got 
simpler as it developed. First, there was the unification of the electromag- 
netic and the weak interactions into the electroweak interaction. Using gi- 
gantic accelerators, the vector bosons predicted by this unification were 
found! Then came the proposed unification of the electroweak with the 
strong interaction, into what is called Grand Unified Theory (abbreviated 
G.U.T.). Both of these unifications were the result of a clever use of gauge 
theory. The last unification, that of G.U.T. with a quantum theory of grav- 
ity, is in progress. The current jargon terms (which here will remain unde- 
fined) are Supersymmetry, supergravity, and superunification. The predic- 
tion is that at higher and higher energies, which also means shorter and 
shorter distances, the strong interaction gets weaker and the gravitational 
interaction gets stronger. At sufficiently high energy the distinction between 
interactions vanishes. At those high energies, so does the distinction be- 
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tween quarks and leptons. We are left with one kind of particle and one 
kind of force: the ultimate in simplicity and elegance. 

This simplicity is attained high in the energy scale, to be sure. It is much 
too high to ever be available from a man-made accelerator. But it actually 
corresponds to an epoch in the history of the universe. Supersymmetry pre- 
sumes to describe the events between 10° and 107% seconds “after crea- 
tion.” 

We have mentioned the triumph of the theory in calculating the hydro- 
gen-to-helium ratio of the universe. The theory does make some predictions 
that have not been confirmed. When we listed the quanta of the interactions 
governing the quarks and leptons, we mentioned the photon, the gluons, 
and the vector bosons. We failed to mention the Higgs bosons, necessary to 
the theory but as yet unobserved. They may be too massive to be produced 
in the laboratory. The theory also predicts that there should be some very 
massive particles that are magnetic monopoles. (See Sec. 15.3 and Chapter 
20, Question for Further Thought a.) It permits rough estimates of their 
density, which turn out to be so small that these particles should be ob- 
served very rarely. So the search for magnetic monopoles is justified not 
merely by a longing for symmetry in the equations of electromagnetism! 

As for the probability of finding free quarks, the theory is pretty silent on 
that. At the temperatures available in the laboratory, quarks cannot escape 
their confinement inside the baryons and mesons. But might there be relic 
quarks, left over from that first microsecond before the quarks froze out? 
Quarks carry a characteristic signature: charge 7% or 4 of an elementary 
charge. This section is called “Successes and Loose Ends.” Maybe by the 
time you read this, the question of the existence of free quarks will no longer 
be a loose end. 

Among the many loose ends not mentioned here so far, there is one that 
may turn into a major success. It has to do with the existence of antimatter 
in the universe. The ratio of the number of photons to the number of bar- 
yons in the universe is pretty well known. Most of the photons are in the 3- 
degree background radiation. Most of the baryons are protons. The ratio of 
photon density to proton density in the universe is somewhere around 10 A 
give or take a few powers of 10. There are very few antiprotons, at least in 
our galaxy. Any antiproton has an awfully good chance of meeting a proton 
and being annihilated, usually with the emission of two oppositely charged 
pions. When these meet, they in turn annihilate, with the emission of two 
or more photons. Now suppose that during that first microsecond there 
were more baryons than antibaryons. There would have been a flurry of 
annihilations, leaving behind the excess baryons and lots of photons from 
all the annihilations. An asymmetry of about one part in a billion in the 
baryon/antibaryon ratio at that early time would explain the observation. 
Actually, G.U.T. calls for such a fundamental asymmetry between matter 
and antimatter. Part of that story is the prediction that the proton is itself 
unstable and can decay. A u-quark turns into an anti-u-quark! It is not sup- 

ften, perhaps once every 10° years in the life of a 
posed to happen very often, perhap 
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proton. Experiments looking for traces of proton decay are in progress, If 
successful, they might give us an estimate of the half-life of the proton. 
There is, of course, another possibility. Suppose there was no baryon-anti- 
baryon asymmetry. Will we find that some distant galaxies are actually 
made of antimatter? 


SUMMARY 


The four interactions are called strong, weak, electromagnetic, and gravita- 
tional. The last section of the chapter, Sec. 21.6, describes their mathe- 
matical “unification.” 

The so-called elementary particles are classified into leptons and hadrons, 
The hadrons are either baryons (three quarks) or mesons (quark + anti- 
quark). 

There are six quark flavors, and each comes in three colors. Free particles 
are color-neutral. 

One role the leptons play is to change the flavor of a quark. This is what 
happens in beta decay (weak interaction). 

The three-degree microwave background radiation is conclusive evidence for 
Big-Bang cosmology. 

In cooling after the Big Bang, the first freezing-out was the quarks condens- 
ing into baryons and mesons (age 1 microsecond). 

The second freezing-out was the nucleons fusing into helium-4 (age 3 min- 
utes). The theory predicts the observed proton/helium abundance ratio. 
The third freezing-out was the formation of neutral atoms (age 5 x 10° 

years). Only after that would the gas form galaxies and, later, stars. 

The photon-to-proton ratio of 10° indicates that there were more baryons 
than antibaryons around during that first microsecond. Is this evidence 
for a fundamental lack of symmetry? 


KEY TERMS 


Nuclear force The force that keeps the nucleons (protons and neutrons) together in 
the nucleus. Arises from the strong interaction. 


Radionuclide Any species of atomic nucleus that is radioactive. 
Weak interaction One of the four fundamental interactions, the one involved in 
the interaction of leptons. The weak interaction is responsible for beta decay, in 


which a neutron decays into a proton. More generally, the weak interaction can 
change a quark’s flavor. 


Antiparticle Every particle has an antiparticle having all the same properties but 
Opposite sign of charge. When particle and antiparticle meet, they annihilate each 
other in a burst of two or more photons (or particle-antiparticle pairs). 


KEY TERMS 


Leptons Literally, “light ones.” The family (of six) consisting of the electron, the 
muon, and the tau, and their respective neutrinos. The leptons interact via the 
weak interaction. Charged leptons also interact via the electromagnetic interaction. 


Hadrons Literally, “strong ones.” The family consisting of the mesons and baryons. 
They interact via the strong interaction. Charged hadrons also interact via the elec- 
tromagnetic interaction. 


Baryons Literally, “heavy ones.” The nucleons and hyperons. Made of three 
quarks. 


Mesons Literally, “medium ones.” Particles exchanged between nucleons to give 
rise to the nuclear force. The earliest mesons to be discovered were the pions: 7*, 
a, and 7°. A meson is made of a quark and an antiquark. 


Quarks Point particles having a charge +%e or —¥%e, of which all hadrons are 
composed. There are six quark flavors, called u, d, c, s, t, and b. Quarks have 
another quantum number called color, which has three values called red, blue, and 
green. 

Gluons The quanta of the interaction between quarks. 


QCD Quantum chromodynamics. A gauge field theory of quarks, which explains 
their interaction and their confinement. The prefix chromo comes from the term 
color. 

QED Quantum electrodynamics. Quantum field theory of the electromagnetic field, 
which explains the interaction of photons with charged matter. 

Asymptotic freedom A property of the way quarks interact, which reduces their 
attractive force at high-enough energies (close-enough crowding). 

Cosmology The study of the origin and fate of the universe. 

Steady-state cosmology A theory that, on the cosmic scale, the universe looks 
much the same today as it ever did or ever will. 


Big-Bang cosmology The theory that the universe began at an instant, all contained 
in a very small volume, and has been expanding and cooling ever since. 


Three-degree background radiation Microwave radiation from all parts of the sky 
having the characteristic spectrum of a body at a temperature of 3 K. 
Red shift Doppler shift, or frequency lowering due to a receding source of light. 
Deuterium Heavy hydrogen, ?H, being the bound state of a proton plus neutron. 
Tritium The radioactive isotope of hydrogen, 3H, being the bound state of a proton 
plus two neutrons. 
Helium-4 The bound state of two protons plus two neutrons. The second most- 
abundant element in the universe. by ak 
i ining many stars, separated from other galaxies by extensive 
sree Ps cedar eee cee se of ce Our galaxy is the Milky Way. 


Plasma A state of matter which is so hot that all atoms are completely ionized. 
Electroweak interaction The unification of the electromagnetic and the weak inter- 


action. 
G.U.T. Grand Unified Theory. The unification of the electroweak and the strong 


interaction. 
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Supergravity The unification of G.U.T. and quantum gravity. 
Planck time The shortest time that has any meaning in a quantum theory of gravity 


=5x 10°“ sec. 


Planck length The shortest distance that has any meaning in a quantum theory of 


gravity = 1.6 x 107% m. 


Boson A particle that does not obey the Pauli exclusion principle. Quantum theory 


distinguishes between two kinds of particles: those symmetric under exchange of 
identical particles (bosons), and those antisymmetric (fermions). “Antisymmetric” 
means the sign of the wavefunction changes when identical particles are inter- 
changed. Fermions obey the Pauli principle; bosons do not. Electrons, nucleons, 
and neutrinos are fermions. Mesons, photons, and gluons are bosons. 


REVIEW QUESTIONS 


. 


All forces are due to one of the four interactions: strong, weak, electromagnetic, 
and gravitational. Which of these four governs the interaction of a neutrino with 
matter? 


All hadrons are composed of either two or three quarks. Each baryon consists of 
two / three quarks, and each meson consists of two / three 
quarks. Explain how all hadrons can be color-neutral. 


Explain how the red shift of light from distant galaxies makes it possible to assign 
a date to the Big Bang. 


Explain how protons and neutrons can fuse into helium in three steps. 


Why does the fusion reaction °H + 'H — ‘He not take place at low temperatures? 
(HINT: What is the charge of a tritium ion?) 


At a temperature of 3 K, you would expect much more helium than hydrogen in 
thermal equilibrium. Then why are there 13 times as many protons as helium-4 
nuclei in the universe? 


———————— O ZOMM 
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PROBLEMS 


Æ 1. Mesons Are Quark Pairs 
(a) Show that four different mesons can be made out of u 


Table of Quarks 
eee ee epee N 


and d quarks. The rule is that a meson always contains Name Charge 


one quark and one antiquark so that the combinations ud 
and di are different mesons. 

(b) The ud is the pi-plus meson, while the di is the pi- 
minus. Argue that the m* and a are each other's anti- 
particles. 

(c) How many different mesons can be made out of the six 
quark flavors u, d, c, s, t, and b? 


u % 
d =y 
c % 
s “6 
t -% 
b es) 


PROBLEMS 


“> 2. How Many Baryons? How many baryons can 


be made out of the two quark flavors u and d? Make a list. 
Remember the rules: A baryon has three quarks. To be 
color-neutral, there are either three quarks or three anti- 
quarks (making an antibaryon), never a mixture. 


COMMENT: Specifying a quark combination does not 
uniquely describe the particle. For example, uud can be 
either a proton or a delta-star-plus. They differ in a quan- 
tum number this chapter has not mentioned. 


>» 3. How Many Baryons? How many baryons can 
be made out of the three quark flavors u, d, and s? Make 
a list. 


COMMENT: Both the lambda-zero and the sigma-zero hy- 
perons correspond to the quark combination uds. So there 
are actually more different baryons than quark combina- 
tions. There are other quantum numbers (beside flavor) 
this chapter has not mentioned, 


*>* 4. How Many Baryons? How many baryons can 
be made out the four quark flavors u, d, s, and c? Make a 
list. (See the COMMENTS in Problems 2 and 3.) 


> 5. How Many Baryons? How many baryons can 
be made out of all six quark flavors, u, d, s, c, t, and b? 
Don’t bother with a list. Just show your calculation. 


* 6. Table of Mesons (Incomplete) Even the long- 
est-lived mesons have mean lifetimes of only a few dozen 
nanoseconds. The eta mesons have lifetimes less than 
107" sec, If a proton-proton collision creates lots of meson 
pairs, few survive to be detected in counters or spark 
chambers. 

An accelerator with a storage ring can have two oppo- 
sitely directed proton beams colliding. In that way the en- 
tire energy of both colliding protons is available for con- 
version to rest energy of the products. 
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(a) Argue that at a beam (kinetic) energy of 139.6 MeV, it 
would be possible to produce a pair of charged pions at 
rest. 

(b) At a beam energy of 150 MeV, how much kinetic en- 
ergy would each pion of a pair carry off? Assume that they 
carry off equal energies and the protons are brought to 
rest, that is, collide head-on. 

(c) As the beam energy is increased above 500 MeV, some 
charged pions are seen to travel away from points at 
which there was no charged-particle track. What is hap- 
pening? 

(d) Refer to Problem 1 for the charges of the four quarks 
involved in these mesons. Verify that the charges of the 
quark-antiquark pairs add up correctly for all nine pairs. 


Note: Nine? Count them: pi-plus, pi-minus, K-plus, K- 
minus, and so on. 


* 7. Table of Baryons (Incomplete) The table below 
lists the two kinds of nucleons (protons and neutrons) and 
eight different kinds of hyperons. Since each baryon also 
has an antiparticle, this should be considered a table of 
twenty particles. 


(a) The Z° hyperon, which you might think would be 
called the chi-zero, is usually called the cascade particle, 
because its decay products are themselves so short-lived. 
It decays with a mean life of 0.3 nanoseconds, which in- 
dicates a “weak” decay. Argue that baryon number is con- 
served in this decay, but meson number is not. 


Nore: The conservation of baryon number is an old and 
respected principle that is currently being subjected to se- 
rious doubt. At present writing, no violation has been re- 
ported. But note the question mark after the word “stable” 
for the proton “decay mode.” Meson number is not a con- 
served quantity. Since mesons are quark-antiquark pairs, 
this lack of conservation is not surprising. 


Table of Mesons 


Mass Quark : 

Name Symbol Antiparticle (MeVic*) Combination Decays into 
Pion at 7 139.6 ud pty, 

7 Self 135.0 uu A WR 
Kaon Kt ‘KS 493.7 us: Bry, OF wm 

pe K 497.7 ds and ds minm or n ‘ 

Ke Ke 497.7 ds and ds mie v. or TEV 

L A 

Eta me Self 548.8 dd yy or TTT 

n’ Self 957.6 ss NTT 
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Table of Baryons 


ELEMENTARY PARTICLES AND COSMOLOGY 


Mass 

Name Symbol (MeV/c*) Charge Decays into 
Proton p 938.3 P: stable ? 
Neutron n 939.6 0 pe Ve 
Lambda-zero ike 1115.6 0 pr 
Sigma-plus a 1189.4 +1 pr° 
Sigma-zero x 1192.5 0 A°y 
Sigma-minus > 1197.3 Sy na 
Cascade-zero BP 1314.9 0 An? 
Cascade-minus E 1321.3 =1 Am” 
Delta-star A* 1385 various pr, na 
Omega-minus Q 1672.2 ili EK 


(b) Here is the principal decay mode, 
EP —> Ao + a? 
written in terms of quark combinations: 
uss > uds + ut 
Show that one quark changes flavor in the decay. 


NOTE: Flavor changes occur only in “weak” decays, never 
in “strong.” 


(c) The delta-star hyperon can have four different charge 
states, +2, +1, 0, and —1. For example, the A*** has 
quark makeup uuu. It decays with a mean life of 6 x 107% 
seconds, 


Att > p+ at 
written in terms of quark combinations 
uuu —> uud + ud 


The short lifetime indicates a “strong” decay. Show that 
this decay does not involve any quark changing flavor. 


x 8. Planck Units The “natural” units for cosmol- 
ogy are combinations of the universal constants for relativ- 
ity, for quantum theory, and for gravitation: 


Universal speed limit fe 
Planck’s constant h 
Gravitational constant G 


= 3.00 x 10° m/s 
= 1.24 x 10° meVic 
6.67 x 10°" Nm*/kg” 


defined by the Universal Law of Gravitation: 


force of attraction between 
two mass points at a distance r 
_ Gmm 
P 
NOTE: å = h/2m 


Verify the arithmetic for the following units: 
(a) Planck mass Mp = (fc/G)!* = 1.2 x 10° eV/c? 
(b) Planck time tp = h/Mpc* = (hG/c?)'!? = 5 x 10°“ sec 
(c) Planck length Lp = ctp = (hG/c’)'? = 1.6 x 10°” m 


NOTE: When the average particle energy of a collection of 
quarks and leptons is greater than 10” eV, the distinction 
between quark and lepton disappears. Similarly, there is 
no distinction between strong, weak, electromagnetic, and 
gravitational interactions. Applying the Uncertainty Prin- 
ciple, it becomes meaningless to inquire into the structure 
of the universe less than 10~* seconds after its creation. If 
it turns out that quarks and leptons have structure, this 
“earliest time” may be rolled back. 


*%* 9. Helium Abundance The text states that almost 
all of the nuclei in the universe are hydrogen and helium, 
in the ratio 12.7 to 1. Less than 1% of the mass of the 
universe consists of heavier nuclei—our own surround- 
ings notwithstanding! Show that this implies that the mass 
of the universe is 24% helium. 
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APPENDIX A: Vectors 


The intuitive way to think about a vector is as an arrow. The length of the 
arrow represents the magnitude of the vector. Think about a displacement 
vector. If I walk 1 mile east and then 1 mile north, I get to the same place 
as by walking V2 miles northeast (Fig. A.1). Remember Pythagoras? 


(1 mile)’ + (1 mile)? = (displacement) 


or |displacement| = VZ. We say that the magnitude (or absolute value) of 
the displacement vector is 1.414 miles. Its direction is 45° north of east, or 
45° east of north. That description is equivalent to the description in terms 
of the components! 


(x,y) = (1 mile, 1 mile) 


Of course, there has to be previous agreement that x means east and y 
means north. For any x and y, the magnitude of the displacement vector 
would be 


Vety 
A A A SD IS ET EF 


EXERCISE 1 If I go 3 miles east and 4 miles north, we write 


(x,y) = (3 miles, 4 miles) 


The magnitude of the displacement is miles. Note that the displace- 
ment is the same going 4 miles north and then 3 miles east. Is it the same as 
going 3 miles north and then 4 miles east? Yes or No? Note that there the 
magnitudes of the displacements are the same but the displacement vectors 


are not. 
EXERCISE 2 If I go 2 miles east and 2 miles north, this is a displacement 
twice that of the (1 mile, 1 mile) displacement. I end up 

V2 +2? = V8 miles 


northeast. Is V8 equal to twice v2? Yes or No? í 
I have added the two displacements by placing the tail of the second arrow 
at the head of the first one (Fig. A.2). That turns out to be the same as 


adding the respective components. 
EXERCISE 3 If I go 3 miles west and 4 miles south, I could write, that 


(x,y) = (—3 miles, —4 miles) 
Verify that this displacement vector is indeed the negative of the one in 


'KEY TERMS defined in Chapter 4. 


North: 


East ——> 


A4 IfI walk 1 mile east and 
1 mile north, my net 
displacement is. . . . 


A.2 If I go 2 miles east and 
2 miles north. . . . 
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APPENDIX A: VECTORS 


Exercise 1, (3 miles, 4 miles). Do this by putting the two arrows tail-to-head 
and showing that the resultant is zero. 
exercise 4 Add the displacement (1 mile, 1 mile) to the displacement 


(1 mile, —1 mile). Show that the resultant of two 1.4-mile displacements jg 
a 2-mile displacement in this case. It is toward: the East / the North 


Velocities add in the same way as displacements. If I am on a bus going 
east at 4 miles/hour and walk forward at 3 miles/hour relative to the bus, 
then in the road’s frame of reference I am moving at 7 miles/hour. We just 
add the velocities. But if I walk sideward, say north, at 3 miles/hour relative 
to the bus, then my resultant velocity is 


V4 + 3° miles/hour = 5 miles/hour 


EXERCISE 5 You are on a bus traveling east at 12 mph and move north 
relative to the bus at 5 mph. What is the magnitude of your velocity relative 
to the road? 


VECTORS VERSUS SCALARS 


You will soon develop a sense of which physical quantities are vectors and 
which are scalars. A vector has a direction; a scalar does not. Displacement 
is a vector. Velocity is the rate of change of the displacement vector, so it is 
also a vector. By the same kind of reasoning, acceleration is a vector. It is 
the rate of change of velocity. Force is proportional to acceleration, accord- 
ing to Newton’s Second Law. Indeed, force is also a vector. Mass has no 
direction associated with it. It is a scalar. Momentum is mass times velocity; 
it is a vector. 

The foregoing statements are intuitively good. You believe them easily. 
That is not what makes them true. They are actually statements about the 
physical universe. There is no philosophical guarantee that an object has to 
have the same mass for northward accelerations as for eastward accelera- 
tions, nor that this mass is independent of velocity and independent of the 
object’s history. It is simply a fact of experience, what we call a law of na- 
ture. It also makes the mathematics simple: The three components of the 
displacement vector can be treated independently of each other. The same 
holds for the velocity vector and the acceleration vector. 


COMPONENTS OF A VECTOR 


To read this section, you should be familiar with enough trigonometry 50 
that “cosine of an angle” immediately says to you something like “adjacent 
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over hypotenuse” (see Appendix B). Look at Exercise 1 again. Suppose that 
you are given that the displacement s is 5 miles in a direction making an 
angle 0 with (north of) the x-axis whose cosine is 0.8. Then you can imme- 
diately say that the x-component of that displacement vector is 


x = 5 cos ð = 5 miles x 0.8 
= 4 miles 


Similarly, the y-component is 


y = s sin ð = 5 miles x 0.6 
= 3 miles 


You need that kind of reasoning, for example, in Sec. 4.5, to calculate the 
work done in climbing stairs. Work is force times displacement, to be sure, 
but “displacement” here really means the component of the displacement 
parallel to the direction of the force. In that example the force is a vertical 
force, the force needed to support my weight. So the relevant component of 
the displacement is the vertical component. If the stairs go up at a 45° angle, 
then sin 0 = sin 45° = 0.707, and the vertical component of the displace- 
ment is 70.7% of the displacement. 


EXERCISE 6 Suppose that the stairs rise 7 inches per step and each step is 

10 inches deep. 

(a) Show that the displacement vector of a person climbing the steps makes 
an angle of 35° with the horizontal. 

(b) Show that the vertical component of a 1-foot displacement along the 
staircase is 0.57 feet. 


In Sec. 15.2 the force of a charge q moving in a magnetic field B is written 


F = qBv, 
where v, is the component of the velocity vector v perpendicular to the 
direction of the B-vector. The force F is itself a vector, of course, and there 
is an elaborate prescription for finding its direction (right-hand rule and all 
that). This example is quite different from the previous one. Work is a sca- 
lar; force is a vector. The mathematicians have given us a jargon for the two 
different ways of “multiplying two vectors.” The product of a force times a 
displacement that gives work is called scalar product. The product of mag- 
netic field times velocity that gives force per unit charge is called vector 
product. This book avoids using this terminology. What it emphasizes is 
that in writing the formula for work, it is the component of the displacement 
parallel to the force that counts; in writing the formula for magnetic Abe pa 
unit charge it is the component of the velocity perpendicular to the field that 


counts. 


FIGURE A.5 


FIGURE A.6 
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ADDITION OF VECTORS 
If you think of a vector simply as a row (or column) of numbers, like the 
(x, y) = (3 miles, 4 miles) 


of Example 1, then the recipe for addition of vectors is pretty obvious. You 
just add the components: 


(Ax, Ay) + (By, By) = (Ay + By, Ay + By) 
The extension to three dimensions is trivial: 


(Ax, Ay, Az) + (Bx, By, Bz) 
= (A, + Ba Ay + By, AZ + Bi) 


But if you think of a vector as something having a magnitude and a direc- 
tion, then the recipe no longer looks so obvious. Here it is. Represent the 
vector as an arrow. Remember that the arrow has magnitude and direction; 
it does not have a location. So the arrow can be moved around. To add A 
+ B, move the tail of B to the head of A and connect the tail of A to the 
head of B to make a new arrow. This new arrow is the resultant, the vector 
sum A + B. 


Ee 
NE 
EXERCISE 7 By drawing an appropriate sketch, convince yourself that A + 
B is the same as B + A, that is, vector addition is commutative. The sketch 


you have drawn is a parallelogram, so the rule for adding vectors is called 
the parallelogram rule. The vector sum is the diagonal of the parallelogram. 


Se 
o_O 


In adding an eastward displacement of 3 miles to a northward displace- 
ment of 4 miles, as in Exercise 1, both ways of looking at the addition give 
easy numbers. In x and y components, we have 


(3 mi., 0) + (0, 4 mi.) = (3 mi., 4 mi.) 


Figure A.3 represents the tail-to-head recipe for the eastward northward ad- 
dition. Figure A.4 shows it for the northward + eastward addition. The 
parallelogram (Fig. A.5) isa 3 x 4 rectangle. 

In Problem 20.22 (see also Problem 4.25) a boat with still-water speed of 5 
mi/hr crosses a river flowing at 3 mi/hr. Its heading is such that the boat 
actually moves straight across the river, that is, in a direction perpendicular 
to the flow direction. Figure A.6 shows the two ways in which the two 
velocity vectors can be added. The resultant velocity vector is shown in 
color. Here is an example where the tail-to-head recipe is much easier than 
the add-the-components recipe, because it was the direction of the resultant 
that was given. Your experience with right triangles and Pythagoras is 
surely sufficient so that you had no trouble arriving at 4 mi/hr for the mag- 
nitude of the resultant. 


APPENDIX B: Trigonometry 


If your work is going to involve the mechanics of teeth or bones, you will 
need to know some trigonometry. It is very likely that the box (below) la- 
beled All the Trig You Need will really suffice. To do Problem 4.29, all you 
need is the definition of the sine of an angle. That problem derives an 
expression for the range of a throw in terms of the initial speed v, and the 
angle 9 the initial velocity makes with the horizontal. 


ALL THE TRIG YOU NEED 
hypotenuse = Vx + y° 


y _ opposite leg 


oe i x adjacent leg 
: y opposite leg 
sin ð = Sa ere 
ev +y hypotenuse 
x adjacent leg 
cos ð = = 


x +y hypotenuse 


ANSWERS TO ODD- 
NUMBERED PROBLEMS 


Chapter 1 


1.(b) 25 cm/sec 
(c) 25 cm/sec 
(d) 47.5 cm for 0.19 sec, or 25.0 
cm/sec, but don’t trust last 
significant figure. 
3. (a) 3600 m 
(b) 60 m 
(c) 75 steps/min 
(d) 0.80 sec/step 
(e) 1.25 steps/sec 
5.(a) 2.5m 
(b) 12.5 m 
7.(a) 25 sec 
(b) 37.5 sec 
(c) 2.7 m/sec 
(d) 33.3 sec < 37.5 sec 
(e) 20.9 sec 
9. 660 m 
11. (a) 80 cm/sec 
(b) 1.9 sec 
(c) 1 m/sec 
(d) 5 cm 
(e) 4 
(2) (2)? of 1.41 
13. (a) 0.5 hr 
(b) 40 mi/hr 
15.(a) 1.6 m/sec 
(b) 1.6 m/sec? 
(c) 8 m/sec 
(d) 4 m/sec 
(e) 20 m 
17.(a) 6 m/sec 
(b) —2 m/sec? 
(c) —2 m/sec 
(d) 3 m/sec 
(e) 15m 
19.(a) 2.3 x 107° sec 
(b) 2.9 x 10° m/sec? = 3 x 10° 
g's 
21.(a) 0.0833 mi 


23.(a) Yes, 2.23 m/sec’. 
(b) No, not an acceleration. 
25.(a) (0; + opt 
(c) 2v/a 
(d) % = —v; no 
27.(a) 5.0 sec 
(d) 10.0 sec 
(e) 4.0 sec 
(h) 117.6 m 
29.(a) 11.4 sec 
(b) 101 
(c) 637 km, about 4o of the 
earth’s radius 


31.(a) 2.5 m/sec” 
(b) 0.8 sec 
(c) 0.2 m down, 0.2 m up. 
(d) 0.2 sec 


33.(a) 136 lb 

(b) 0.37 mi/hr sec 

(c) 0.55 mi/hr sec 
35.(a) 6.4 ft/sec A 

(b) 3.2 ft/sec 

(c) 3.2 ft 

(d) 1.6 ft/sec 

(e) 0.8 ft 

(f) 4.8 ft 

(g) 2.4 ft 

(h) 4 
37.(a) 50 Ib 

(b) 100 Ib 

© 1g 

(d) zero 
39.(a) 10% 

(b) 0.22 mi/hr sec 
41.(a) 10° sec, or 12 days 

(b) 500 km, or 300 miles 

(c) Fermi questions don’t have 

exact answers. 

43.(a) 6250 Ib sec’/ft 

(b) 7.04 x 10! Ib ft/sec 


45.(a) 0.27 sec 
b) -5.78 


(c) 5.8 mg 
(d) 80° 
47. (a) 0.32 m/sec 
(b) 0.32 m 
(c) —0.05 g 
(d) 118 N 
(e) The springs decouple the 
patient + mattress from the 
frame, so the practical 
answers will be smaller. 
49.(a) 5 x 10° m/sec 
(b) 5 x 10° 
51.(a) 4 g's 
(b) 4 
53. 20 g's 
55. (b) 20 
(c) 34% 
57.(a) 1 cm/sec” 
(b) 0.5g 
59.(b) 233 Ib 
(c) 369 Ib 


Chapter 2 


1.(a) 1 m/sec? 
(b) 1 m/sec 
(c) 1 kg m/sec 
(d) same 
3.(a) 150 kg m/sec, no change. 
(b) tripled 
7.(a) 0.5 m/sec 
(b) 0.67 m/sec 
(c) zero 
(d) 0.5 m/sec north 
11. 72 newtons 
13.(b) forward 
15. vi — v = v -0 
19. —5 cm/sec, + 5 cm/sec 
21.(a) zero 
(b) v 
25. 72 
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25.(a) 5.0 x 10° leg m/sec 
(b) 16.7 m/sec 
27.(a) 12 m from the 50 or 8 m from 
the 75 
(b) 3 m/sec”, 2 m/sec? 
(c) 3 m/sec, 2 m/sec 
(d) 10.5 m 
29.(a) —6.68 kg m/sec 
(b) 2930 N 
(c) 0.19 cm 
(d) The shoulder is soft. 
31. Some copies have typo: Jacket 
thrown at 5 m/sec. 
(a) No external forces. 
(b) 5 kg m/sec down 
(c) 4.25 kg m/sec down 
(d) 0.057 m/sec down 
(e) 18% too big 
33.(a) 1.0m 
(b) 0.45 sec 
35.(b) 2Mg(M — m)/(M + m) 
() %g, “Mg 


Chapter 3 


1.(a) 3% 
(b) 3% 
3.(a) ).79 cm? 
(b) 0.033 cm? 
(c) 96 
(d) 1.41 cm 
(e) 1600 Ib 
(f) 1.41 cm 
5.(a) 2% 
(b) 3% 
(© 1% 
(d) 44% 
(e) 73% 
(f) 20% 
7. Vf = 1, sof = 2 
9.(a) 800 kg 
(b) 1250 cm? 
(c) 14.3% 
11.(a) stress x 80/3. 
(b) 13.5 x its weight. 
13.(a) 0.98 mm 
(b) 9.8 x 1074 
(c) 2 x 10" N/m? 


15.(a) 9.8 x 10’ N/m? 
(b) 4.9 x 10°* 
17.(a) 2 x 10° dynes 

19.(a) 4 
(b) 1.41 
(©) 2% 
(d) 0.5% 
23. 5.8 psi 
25.(a) 0.252 kg/m 
(b) 184.N 
(c) 0.75 g 
29.(b) 0.2%, no 
33. PPM PL? 


Chapter 4 


1. 33 lb 
3.(a) 1000 J 
(b) 1000 J 
5. 10 ergs or 10° joules 
7. 450 N 
9.(c) 0.56 m/sec 
11.(a) 4.9 x 10°7J 
13.(a) 0.20 m 
(b) 0.20 sec 
(c) 0.20 sec 
(d) 2.0 m/sec 
15.(b) —98 m/sec* = —10 g’s 
(©) 11 
(d) 4410 J 
(e) 4410 J 
17. 221 W 
19.(a) 184 W 
(b) 284 W 
(c) 2.5 m 
21.(a) 2.24 x 10*J 
(b) 5.36 kcal = 5.36 Cal 
(c) 102 m 
23. (a) 24.5 kW 
(b) 14.7 kW 
25.(a) 0.25 hr 
(b) no 
(c) 5 mi/hr 
(e) 0.8 
27.(a) 9.8 J 
(b) 4.9 m/sec? 


ANSWERS 


(c) 0.90 sec 
(d) 4.41 m/sec 
(e) 9.8J 

31. 100.4 m, 97.0 m 


Chapter 5 


3. 10° 
5.(a) Clockwise 
(b) 2 
7.(a) 8.0 km/sec or 17,700 mph 
(b) 85 minutes 
9.(a) 47° (1 AU)*/(1 yr)? 
(b) 0.72 AU 
13.(c) 0.5% 
15.(d) 3.1 x 10” J/kg, 
or 8.6 kKWH/kg 
17.(b) 893 J; lost 217 J 
21. 22°, I haven't 
23.(c) 2.2 rad/sec or 0.35 rev/sec 
(d) yes 
(e) 38.9 J 
27. 668 N or 150 Ib 
29. 0.35% 


33.(a) 4.55 x 10° kg m? 
(b) 2.72 x 10°" 


Chapter 6 


1.(a) 1000 kg 
(b) 10 m° 
(c) 0.018 1 
(d) 3.0 x 10°* cm* 
(e) 3.1 x 10° cm 
3.(a) 1.025 kg 
(b) 0.976 1 
5.(b) 9.1% by mass, 15.5% by 
volume 
7.(a) 1.051 
(b) 0.951 cm? i 
(c) good to 2.5 parts in 10°. 
9.(a) 0.15 
(b) 1.5 cm 
(c) 0.15 kg g 
(d) 0.85 kg g 
11. (a) 1.75 cm 
(b) 6.9 N 


ANSWERS 


(c) 0.0173 N/cm?, note mixed 
units! 
(d) 700 cm?, no 
13. 0.903 or 90.3% 
15. zero 
17. 1.06 
19. 0.98 N or 0.22 Ib 
23.(a) 7.9 atm 
(b) 0.9 tons 
25.(a) 1.1 tons 
29.(a) 14.6 atm 
33. 10 N/m? or 1074 atm 
35.(a) 8 cm 
(b) Small wetting angle 
39. (a) Yes 


(b) 0.4 atm 

(c) 0.25 atm 
41. 17% 
43.(a) 1% 

(b) 1% 

(c) 0.1% 

(d) 2% 
(e) 33% 
(f) 100% 
( 


45. 0.06% occupied, 99.94% empty. 


51, 27.3% 
53.(b) —0.76% Hint: H,O is 18; air 
is 29. 
55.(a) 3.1 x 107” kg m/sec 
(b) 6.1 x 107° sec 
(c) bull ITAN 
(d) 2.7 x 10” 
(e) 0.45 atm 
57. Assume speed of sound 
proportional to rms speed. 
59.(a) 96 atm 
(b) 0.48% 
(c) 1027 cm/atm 
61.(a) 22.5 Ib 
63.(a) 20.1 layers 
(b) 210.6 layers 
(c) 1386 layers 


65.(a) 0.0126% 
67.(a) 3.34 km 


Chapter 7 


1.(a) 400 cm*/sec 
(b) 2.5 sec 
(c) 2.5 min 
3.(a) 2 x 10* cm*/sec 
(b) 20 kg 
(c) 400 kg m/sec 
(d) 400 N 
(e) 90 Ib? Sure! 
5.(a) to the floor 
(b) yes 


(c) It warms the shoulder. 


(d) 0.5 watts/jet 
7.(a) 300 cm?/sec 
(b) 3 m/sec 
(c) 4 
(d) 1.125 x 107° J/cm? = 
1.125 x 10° J/m? = 
1.125 x 10* ergs/cm? 
(e) 3375 N/m? less 
9. —2 x 10° N/m? 
11.(a) 12.5 m/sec 
(b) 1.77 atm 
13.(c) Clockwise 
17. 0.6 N/m? 
21. 4 x 107° watts 
23.(a) 1.1 watts 
25.(b) 30 m/sec 
27.(a) m?/sec 


(b) vd 
(c) 41 cm/sec, 3420 


29. (b) 0.8 N viscous force 
31. 0.3 N 
37.(a) 1.41 
(b) 0.5% 
43.(a) Increasing 
œ) 1 
47.(a) x 0.71 
(d) 23.1 cm/sec 
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Chapter 8 
3. 90 cm 


7. Brick house loses heat faster, 
but has larger heat capacity. 


9.(a) 7/cm 
(b) 0.2/cm 
(c) 0.7/cm 
11.(a) 37] 
(b) 110 watts, 20 min 
13. (a) 30°C 
(b) 33.3°C 
(c) 36.8°C 
(d) 34.5°C 
15. 61 W for 75-kg walker 
17.(a) 116 kcal 
(b) 1.6°C 
19. (b) 0.03 cal/gm°C 
(c) 0.33 cal/gm°C 
23. 1.7 x 10° liters 


27.(a) 1.000024 cm 
(b) 0.0024% 
(c) 0.0048% 
(d) 0.0072% 
(f) B = 3a 
(h) Most of the mercury is in the 
bulb. 
29.(a) 822 
(b) 0.32 cm? 
31. Positive 
33.(c) 19.9 kW/m’, 100 
(d) 0.1°C/mm 
(e) 21.2°C 
(£) 200.1°C 
(g) 9.5°C 


Chapter 9 


1.(a) 1001 
(b) 16 
(c) 1001 + 10 = 1011 
1001 + 110 = 1111 
(a) 1111101000 


5.(b) 1014 
7. 65,536, 2 


9.(a) 8192 bits 
(b) 2” bits 
(c) 512 pages 
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11.(a) 4 bits 
(c) Ye 
13.(b) 0.037 J/K 
15. 1.16 x 10-5 J/K 


17.(a) 1437 cal 
(b) Yes 
(c) Solid 


21. 8.51% 1077 
23.. 1092 xte 
25.(a) —4.7 x 10” J/K mole 


27. (a) 22,400 cm? 
(b) 6.02 x 10% 
(c) 1.01 x 10° N 
(d) 10.1 J 
(e) 1630 J vs. 1570 J exact 


Chapter 10 
1. c, = 330 m/sec, X = 0.33 m 
3.(a) No 
(b) c, = const. x VT 


5.(a) 0.75 m 
(b) 3.39 m 
(c) 13.1 m 


7.(a) 0.45 m 
(b) 33 kHz 


9. 10 kHz 


11. (a) 3.48 m/sec °C 
(b) 3.8% low 


13.(a) 1.4983, 0.11% low 
(c) 0.7 beats/sec 
15. 0.9% low 
19.(a) 2 
(b) 4 
(c) 250, 500, 750, 1000 Hz 
21. 13 db 


23.(a) Teenager 
(b) Eardrum 


27.(a) 0.25 Hz 
31.(a) 2.3° 
33.(b) 5% high 


35.(a) 0.1 W 
(b) 0.025 W 
(c) 25% 


37.(a) 532 Hz 
(b) 6%, 6% 
39. 0.0083, yes 
(b) 0.44 
43.(c) No 
45.(a) 0.94 m/sec 
(b) 660 kW/m? 
(c) 1.4 x 10° N/m? 


Chapter 11 


1.(a) 1.05 cm from lens, or 0.5 mm 
below the book. 
(c) Yes 
(d) Yes, 15 cm from book. 
3.(b) 50 cm 
5. Double 
13.(c) f/2.8 
(d) f/16 
(e) 35.7 mm 
15.(b) Hint: offset = d(sin i — cos i 
tan r) 
17.(a) No 
(b) Yes, i = 81° 
21.(b) 3.0m 
(c) 2.51 m 
25. Less 
27. (a) 52.0 mm 
(b) 22.6° 
(c) 0.92° = 0.016 radian 
31. (a) 48.8° 
(d) 63.4° from vertical. 


Chapter 12 


1. 0.8 octave 
5.(a) 1.5 x 1074 rad 
(b) 15 km or 9 miles 
7. 0.029 mm 
9.(b) 18.1° 
(c) 38.3° 
(d) 68.4° 
11.(b) 2.5 mm 
(c) 5 parts in 10° 
(d) Less 


ANSWERS 


15.(b) Oist min Stays same, Oian 
moves out. 
(d) Oistmin = A/w. 
17. (b) 2.915 mrad 
(c) 2.08 mrad 
(d) 0.8 mrad 
19. (b) 0.03° 
21. (b) 0.21 um 
25.(b) 120°, 240° 
(e) Yes 
27.(a) 50% 


Chapter 13 


1.(a) 2 eV 
(b) 2eV 
3.(a) 90 eV 
(b) 9 eV 
(c) 10 eV 
(d) 5 cm 
(e) 1.11 cm from ~ plate 
5.(a) -1 eV 
(b) 1.11 mm 
(c) 1.44 x 10°" N 
(d) Same 
7.(a) 4.4 x 10°" cm 
(b) No, too small. 
13.(a) V is halved. 
(b) Q is doubled. 


15.(b) 8.85 x 10°" C/m? 


(c) No 

17.(a) 2.7 x 107° C/m? 
(b) 1 mm 

19.(a) 1.76 x 10" m/sec? 
(b) Same 


(c) 1.87 x 10° m/sec 
21.(a) 6.1 x 10’ V/m 
(b) Yes 
23.(a) Remove %o, keep Yio 
(b) 1000 V 
(c) 1900 V 
25.(b) 5 pF 
(d) Yes 
27.(a) 9 x 10° V/m 
(b) 18 x 10* V/m 
© 2 


ANSWERS 


29.(a) 0.0855 uF 
(b) 100 cm? 
31.(a) 900 uC 
(b) 18 V 
(e) In series, + to —. 
33. 100 capacitors in parallel. 
35. (b) 16% 
39. (b) 4.52 x 107” cm, 107* C/m? 
(c) 10™ V/m 
41.(a) 7.8 x 10° V/m 
(b) 0.21 pC, 1.3 x 10° ions 


43.(b) 2.6 x 10% 
(d) 0.01 
) 5.8 x 10°°N 


(e 

45.(a) 3.6 x 10°*N 
(b) 10'° 

49. 2.9 x 1077 V/m 

53. 8k,q/d? 


Chapter 14 


1.(a) 1.5 joules 
3.(a) 2.6 A 

b) 44.2 ohms 

c) 5.2 A, 1200 W 


( 
( 
5.(c) Na + H,O —> NaOH + %H, 
7.(a) ves 
(b i 
(c) 
(d) $ 3 A 
9. (b) 1440 W 
11. (a) 0.6 A 
(b) 3.6 W 
13.(a) 0.8 A 
(b) 1.6 W, 1.6 W, 6.4 W, 9.6 W 
total 
(c) 4V,4V,8V 
(d) V° 
15.(c) 60 
17. 6hr 
19.(a) 1.3 x 10° moles 
(b) 8 
21.(a) 2430J 
(b) Alcohol stores 75 


25.(b) 200 Q, 60 mA, 0.36 W 
(c) 50 Q, 240 mA, 1.44 W 
(d) You have the idea now. 

31.(a) 12R,/(8Q + R,) 

(b) 4V 
(c) R, = 40 

33.(b) 0.404 A 
(c) 4.79 V 
(d) 11.86 Q 
(g) First circuit: R = 542 0; 


Second circuit: R = 1201 Q. 


Chapter 15 


ETSIN 
3.(a) 3.9 x 107° N/m west; wind 
is stronger, same direction. 
(b) Yes 
5.(a) East 
(b) More near the poles. 
7.(a) 3.6 x 1077 sec 
(b) 21.2 m 
9.(a) Independent 
(b) Double it. 
11.(b) 1.22 MHz 
(d) 0.51 m 
13.(a) 1.28 x 107” N east 
(© 1.25T 
(d) 1.25 V 
(e) 80 uV 
15.(b) N 
(c) Down 
(d) Up 
17.(a) Attract 
(b) Repel 
19.(b) East 
(c) No 
23. 1.3 x 107° tesla 
25.(a) 6.3 x 10°" T 
(b) 3.4 x 10” electrons 
(© 28.7 A 
27.(a) 0.0126 T 
(b) 10 
(c) 0.05 N 
29.(a) 2.6 x 107” N west 


(b) 9 x 10° 
(c) 3 x 10° m/sec 
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31.(a) 8 x 10°°T 

(b) 107°? Bearin 
33.(a) 1 statcoulomb = 
3.336 x 10°" C 


37. 1.26 x 10°°T 


39.(a) 0.020 H 
(b) 0.039 H 
(c) 0.079 H 


45. (a) 0.04 J 
(b) x4 
(c) 2% increase 


49. 4.4 x 107" J/m? vs. 
2.5 x 107° J/m? 


51.(a) Bin 
(b) p = 2u 


Chapter 16 
3.(a) 0.71 V 
5.(a) 5V 
(b) 7V 
(c) 350 W 
(d) Yes, >250 W 
(g) Less 


9.(a) 1.3 x 107° N/A 
(b) 1.13 x 10" V m/sec 
(c) 3 x 10° m/sec 


Chapter 17 
1.(a) 7.5 x 10" to 4.3 x 10" Hz 


7. 0.999997, 0.3679, 0.3487, 0.3660, 
0.1353 


9. 0.04 eV << 2 eV (photon) 


11.(a) 2 mA 
(b) 1.5 mW 


13. 240°C 


15.(a) 9.3 N 
(b) 3.4 x 107° m/sec’, yes 


a asp i 


Chapter 18 
1. 21 x 107m 
3.(a) 656, 486, 434, 410 nm 
5. 75.6% ”CI, 24.4% "Cl 
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9.(a) 4.1 x 10-7 eV 
(b) 1 x 10° Hz 
(c) 160 in 10° 


11. (ke?) m'h? = 1.2 x 10 N/m? 


13.(c) (1,1,2), (2,1,1), (1,2,1) 
(d) 3 


Chapter 19 


1. Th > gPa + e`, gPa > 


aUn pe 
3. % 


5.(a) 2.96 x 10° Bq 
(b) 2.31 x 10” Bq 
(c) 1.74 x 108 
(d) 7.53 x 10° 
(e) 3.61 x 10'° Bq, 1.24 x 10* 
Bq, 1.65 x 10'' Bq, 1.16 x 
10” Bq 
7.(b) 346 hours = 14.4 days 
9.(a) 2.31 x 10°/sec 
(b) 7.28 x 10'/yr 
(c) 0.062 Ci 
(d) 2.91 x 10% 


11.(b) 1 aCi 
(©) 1 pCi 
(d) 0.25 aCi 
(e) 1 nCi 

13.(a) 96 ppm 
(b) No, barely 4 

15.(a) Vs 
(b) % 

() % 

17.(a) 0.707106781 
(b) 0.8408964 

19. 1 rad whole-body 

21.(a) to% 

(b) to% 

23. 2.4 x 107 gm = 1.0 x 10” 
moles, 2.9 x 10%/sec, 1.2 x 107 
MeV/sec = 1.9 x 10'* W, about 
10° of solar power. 


Chapter 20 


1. 0.99995 


3.(a) 2.5 x 10° AU 
(b) 7.9 x 10>° rad 


ANSWERS 


5.(a) 3.67 usec 
(b) 2.93 x 10° ft 
(c) 1760/2933 = 0.6 


WO x? + y'? + 2!? = chy? 
17.(b) 510 mi/hr 

19. —0.357c 

21.(a) c 


23.(a) 66.66666733 nsec 
(b) 66.66666700 nsec 
(c) 0.00000033 nsec 


25.(a) 2.0006 x 10~* me? 
(b) —0.03% 
(c) Yamvy? is always too small 
(a) 0.12c 

27.(a) 0.03% low 


Chapter 21 
1.(c) 36 
3. 10 
5. 56 
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Italic page numbers refer to KEY TERMS as well as definitions in the text. 


A-440, 295 
AA battery, 394, 423 
Aberration, chromatic, 336 
spherical, 325, 329, 333 
Absolute pitch, 270, 295 
Absolute pressure, 154 
Absolute temperature, 150, 166, 224 
Absolute zero (temperature), 150, 166, 225, 
226 
Absorption, acoustic, 271 
Absorption coefficient, 491 
Absorption neglected, 289 
Absorption spectrum, 512, 521 
Abstraction in science, 516 
AC (alternating current), 373, 392, 417, 468, 
475 
AC over DC, advantage of, 475 
Accelerated charge, field of, 454 
Accelerated reference frame, 119 
Accelerated running, 110 
Accelerating the car, 31 
Accelerating at 20 g’s, 85 
Acceleration, 2, 22 
of free fall, 12 
of gravity, 13, 13, 22 
Accelerator, 608, 613 
Accelerator, ion, 450 
Accidents, auto, 36 
Accidents from electric shock, 414 
Accommodation, 27, 311 
Acetone, 168 
viscosity of, 189 
Acoustic impedance, 297, 306, 307 
Acoustics, 269 
Action at a distance, 437, 603 
Action potential, 380, 393 
Action and Reaction, Law of, 48-50 
Active transport, 264, 380, 393 
Activity, 532, 557, 562 
Addition of velocities, vector, 111 
Adenine, 262 
Adhesion, 6 
Adiabatic, 259 
ADP (adenosine diphosphate), 380 


Adrift, 63 
Adsorption, 599 
Aerodynamicist, 101 
Aerodynamics, 196 
Age of the earth, 534 
Agriculture, 542 
Aiming error, 40, 334 
Air: 
density, 176 
weight of, 171 
Air bags, 36 
Air conditioner, primitive, 233 
Air drag, 37 
Air embolism, 155 
Air foil, 202 
Airlines, 38 
Airplane, 24, 37 
Airplane power requirement, 111 
Airplane wings, 202 
Air resistance, 32, 37 
Air table, 6 
Air track, 6, 7, 22, 24 
accelerating, 40 
elastic collision, 96 
explosion on the, 59 
glider, 40 
Albuquerque balloon fiesta, 139 
Alien life forms, 83 
Alkali earth metal, 518 
Alkali metal, 518, 523 
Alopecia, 81, 88 
Alphabet, 240 
Alpha Centauri, 590 
Alpha decay, 531 


Alpha particle, 34, 450, 530, 557, 607 


Alternating current, 416 
Aluminum, 74 

heat conduction, 213 
Aluminum-28, 563 
Aluminum-silver battery, 378 
Alveoli, 155 


AM (amplitude modulation), 482, 495 


Ambient, 166 
Ambient pressure, 154 


Ambiguity, 239 
Amino acid, 262 
Ammeter, 422 
Amp (ampere), 374, 392 
Ampere, 374, 406 
Ampere hours (storage battery), 422 
Ampere’s Law, 445, 454 
Amplifier, 484, 498, 501 
mechanical, 292 
Amplitude: 
oscillation, 276, 778 
voltage, 470 
Anemia, 203 
Angle of incidence, 335 
Angle of refraction, 335 
Angstrom unit (0.1 nm), 502 
Angular acceleration, 135 
Angular frequency, 276 
Angular momentum, 116, 117, 128 
bookkeeping, 135 
earth’s rotation, 138 
quantization, 136 
quantized, 137 
of rigid body, 128 
Angular velocity, 117, 128, 130 
Animals of different sizes, 69, 161m 
Anisotropic crystals, 142 
Ankles have to support, 34 
Anode, 486, 501 
Antenna, 365, 482, 498, 501 
Antennas, directional, 481 
Antibody, 565 
Antifreeze, 170 
Antilogarithm, 243 
Antimatter, 609 
Antineutrino, 601 
Antineutron, 600 
Antinode, 278, 296 
Antiparticle, 600, 610, 612 
Antiproton, 600 
Anti-prowler weapons, 415 
Antiquarks, 604 
Antisolar direction, 364 
Aorta, 65, 186, 196, 200 
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Aquarium, glass, 335 
Aqueous humor, 328, 339 
Archimedes, 141 
Archimedes’ Principle, 141, 165, 170, 585 
and surface tension, 179 
Architect, 77 
Area of a triangle, 9 
Argon, dielectric constant, 400 
Armature, 431, 452 
Arterial blood flow, 65 
Arterial walls, 201 
Artery, speed of blood flow in, 463 
Artificial gravity, 125, 129 
Asbestos, thermal conductivity, 214 
ASCII code, 262 
Aspherical lens, 325, 329 
Aspirator, 201 
Astigmatism, 329 
Astronauts, 3, 6 
future, 24 
looks at the moon, 339 
sees sky black, 343 
Astronomical telescope, 330, 337 
Astronomical unit (A.U.) 130, 132, 590 
Asymptote, 544 
Asymptotic freedom, 605, 611 
Atmosphere: 
Law of, 157, 167, 178 
as lens, 335 
standard, 147, 165, 259 
thickness, 158 
Atomic bomb, 538 
Atomic number, 557 
Atomic number Z, 519 
Atomic pile, 33 
Atomic spectra, 483, 506 
Atomizer, perfume, 175 
Atom smashers, 599 
ATP (adenosine triphosphate), 380 
Attenuate, 197 
Attenuation, 297 
Atwood machine, 64 
Audiometer, 303 
Auditory nerve, 292 
Auditory range, 270, 294 
A.U. (astronomical unit), 130, 132, 590 
Auto accidents, 36 
Automobile battery, 421 
Automobile tire, stress on, 72 
Automobile, electric, 422 
Autoradiography, 542 
Average acceleration, 7 
Average force, 60 
Average velocity, 8 
Average, weighted, 62, 524 


Avogadro's Law, 151 

Avogadro's number, 34, 151, 159, 166, 192, 
220, 228, 246, 258, 374, 421, 550, 
566 

Avoirdupois pound, 20, 22, 37 


B-field, 441 
B-lines, 457, 473 
B.T.U. (British thermal unit), 214, 227 
Babies, keeping warm, 216 
Baby’s head, hairless spot on, 81 
Back e.m.£, 467, 475, 478 
Background radiation, 528 
three-degree, 606 
Bacteria colony, irradiated, 560 
Bag of tools, 62 
Balancing organ, 38, 122 
Ball, golf, 35 
Ballisticardiogram, 65 
Ball off a cliff, throwing, 113 
Balloon: 
helium, 174, 176 
hot air, 139 
Balmer series, 513, 520, 523 
Balsa wood, 169 
Banana recoils, 54 
Band: 
frequency, 498 
spectrum, 495 
Bandwidth, 296, 488 
Bandwidth theorem, 282, 296, 502 
Banked curves, 121, 135 
Bar stool, 117, 135 
Barge, 11, 19, 33 
Barometer, 146, 165 
Barometric pressure, 140 
Barrel distortion, 325 
Baryon, 601, 611 
Baryon number, conservation of, 613 
Baryon-to-antibaryon ratio, 609 
Baryons, table of 614 
Baseball, 53, 62, 103, 112, 201, 516 
catcher, 34 
in a 747, 593 
pitcher, 104 
Basilar membrane, 344 
Basketball, 2, 3 
Base of logarithms, 244 
Bat, 62 
Bathroom scale, 12, 13, 20, 39 
dial jiggle, 65 
on the elevator, 32 
metric, 20 
units, 18 
weight, 137 
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Bath tub, 199 
waves in, 207 
Bats’ sonar, 303 
Batter, 62 
Battery, 374 
automobile storage, 421 
charging a storage, 422 
flashlight, 407 
resistance, 412, 422 
solar, 501 
Beat frequency, 285, 296 
Beats, 284, 302 
Becquerel, Henri, 529, 532, 560 
Bed sores, 87 
Bed springs, 35 
Beer: 
bubbles in, 174 
glass, German, 171 
Bees eyes of 369 
Bel (10 db), 287 
Bell, Alexander Graham, 287 
Bending a beam, 84 
Bending the tibia, 84 
Bends (diving), 140, 155, 166 
Bergmann’s Law, 235 
Bernoulli's Principle, 185, 196, 201, 208, 209 
Beta: 
decay, 524, 531, 599 
of neutron, 605 
particle, 531, 557 
radioactivity, 33 
ray, 531 
Beta-plus (positron), 531, 557, 
Bicycle pump to lift a car, 172 
Bicycle tire, 175 
Bicycle wheel with handle, 118, 135 
Bicyclist, 41 
Bifocals, 334 
Big Bang, 606 
Big-Bang cosmology, 611 
Billiard ball, 82 
Binary arithmetic, 240, 261 
Binary digit, 240 
Binaural, 297 
Binaural location, 291, 303 
Binding energy, 379 
Binocular microscope, 337 
Binoculars, 330, 337 
Binomial expansion, 589, 594 
Bioelectricity, 393 
Biological effects of magnetic field, 455 
Biomagnetism, 430, 444 
Biot-Savart Law, 439, 444, 453 
Bird accelerates in flight, 58 
Bird navigation, 430, 459 
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Birds: 
big vs. little, 90 
flight of, 208 
fly like the, 101 
how they supply enough power, 102 
metabolic rate, 102 
metabolism, 216 
Bit, 240, 258 
Black-body radiation, 499 
Blast-off, 4, 11, 13, 33, 48 
Blind spot, 328 
Block and tackle, 92, 105, 108 
Block on inclined plane, 111 
Blood, conductivity of, 463 
Blood flow: 
arterial, 65 
measure speed of, 463 
venous, 65 
Blood pressure, 172 
at blast-off, 33 
in the brain, 12 
during jump, 38 
in the swimming pool, 173 
Blood pressure gauge, 146 
Blowing, 202 
Bluing (laundry), 345 
Boat race, a Michelson-Morley, 593 
Boat, speed of, 206 
Body fluids, 5 
Bohr magneton, 445, 452 
Bohr theory, 136, 520, 523 
Boiling point, 220 
Boiling point of water, 150 
Boltzmann’s constant, 150, 166, 168, 250 
Bone, 74 
conduction, 303 
density of, 141 
dog vs. mouse, 69 
rupture strength, 74 
strength of, 71 
Bones, 5 
Boot-straps, pulling yourself up by the, 49 
Boson, 612 
vector, 605 
Boundary layer, 201 
Bow wave, 206 
Bowling ball, 112 
Boxing, 35 
Boyle's Law, 148, 154, 165, 174 
Bq (Becquerel) unit of activity, 532, 557 
Bragg’s Law, 496, 503, 515, 524 
Brahe, Tycho, 132 
Braking acceleration, 32, 36 
Branching ratio, 537 
Breathing, 203 


Breathing, heat loss due to, 232 
Breeder reactor, 222, 539, 540, 562 
Bremsstrahlung, 503 

Brewster's Law, 362, 369 
Brownian motion, 176 

Brushes (electric motor), 434 
Bubbles in blood, 155 

Bucking voltage, 486 

Bulb, flashlight, 408 

Bulk modulus, 273 

Bullet, 26, 27, 47 

Bulletin-board magnet, 430, 447, 453 
Buoyancy change, 141 

Buoyancy of air, 170 

Buoyant force, 141 

Burn, 4 

Burning aircraft, 75 

Bus rounding a curve, 121 

Butter gun, 401 

Byte, 262 


C (degree Celsius), 141 
c (speed of electromagnetic waves) , 474, 476, 
494, 568 

C, middle, 269 
CPU (central processor unit), 261 
Calculator, use, by trial and error, 112 
Calculus, no fair using, 112 
Calorie, 213, 227 

average, 218 

international, 218 

nutritionist’s, 217 
Camera, 312, 338 

cheap, 313, 321 
Camouflage, 363 
Cancer radiation therapy, 542 
Cannot-let-go current, 414 
Canoe, 130 

paddling the, 116 

step out of a, 63 

stern of the, 57 
Cantilever beam, 85 
Capacitance, 381, 393, 397 
Capacitance of a sphere, 382, 389 
Capacitance, energy stored in, 398 
Capacitive coupling, 416 
Capacitor, 427 
Capacitors in parallel, 398 
Capacitors in series, 398 
Capillaries, 191, 203, 204 

close to skin, 212 

rise, 173 

tube, 179, 228 
Car: 

in ditch, 59 
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at highway speed, 109 
pushing, 108 
stalled, 59 
Carbohydrates, metabolism, 161 
Carbon dioxide in blood, 155, 161 
Carbon disulfide, 335 
Carbon-14, 562 
Cardiac catheter, 417 
Cardiac cycle, 65, 200, 209 
Carnot: 
cycle, 259 
efficiency, 254, 259 
formula, 253, 262 
Carnot, Sadi, 254 
Cartesian diver, 172 
Cascade particle, 613 
Castor oil, viscosity of, 189 
CAT (computerized axial tomography), 503, 
542 
Catalyst, 423 
Cataract, 327, 551 
Catcher's mitt, 34 
Catheter, cardiac, 417 
Cathode, 485, 501 
Cathode-ray tube, 435 
Cattle prod, 415 
Causality, 591 
Cavendish experiment, 390 
Cavitation, 307 
CB (citizen’s band), 483 
Ceiling, hit the, 39 
Cell: 
chemical e.m.f., 378 
electric, 374 
living, 379 
membrane: 
electric field in, 400 
Cellular materials, 142 
Celsius, 217 
Celsius degree, 141, 226 
Celsius-to-Fahrenheit, 223 
Cent (interval), 302 
Center of gravity, 126 
Center of mass, 49, 56, 62 
Center of mass: 
blood, 65 
high-jumper’s, 63 
moving, 62 
raise your, 98 
velocity of, 52 
Center-of-mass frame of reference, 45, 47, 
56, 63 
Centimeters of water, 144, 165 
Centipoise, 188, 202 
Central forces, 97 
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Centrifugal, 129 
Centrifugal force, 119 
Centrifuge, 136 

experiments, 38 

large, 76 
Centrigrade (Celsius), 223 
Centripetal, 128 
Centripetal acceleration, 119, 122 
Centripetal force, 119 
CERN (Centre Européen de Recherche 

Nucléaire), 567 

Cesium-137m, 563 
CGS (centimeter-gram-second) units, 146 
Chain reaction, 33, 538 
Change of Scale (film), 69, 87 
Changing speed, 25 
Characteristic height kT/mg, 159 
Charge conservation, 604 
Charge: 

accelerated, 506 

electric, 373 
Charged capacitor, energy of, 386 
Chemical e.m.f., 378 
Chemical energy, 98 
Chemical energy, converting, into work, 109 
Chest x-ray, 552 
Chip, computer, 237 
Chirality, 432, 444 
Chirp, sonar, 303 
Chlorine gas, 421 
Chlorine isotopes, 521, 524 
Choke, 443, 446 
Chromatic aberration, 336 
Chromosome breaking, 542 
Cigarette smoke, 177 
Cilia, 35 
Circuit, 408 
Circuit breaker, 417, 420, 476 
Circular motion, uniform, and S.H.M., 277 
Circular path (ion in B-field), 450 
Circulation of B-field, 479 
Circulatory system, 65 
Classical mechanics, 3, 22 
Classical theory, 520 
Clausius (2nd Law of Thermodynamics), 255 
Climbing stairs, 99 
Climbing stairs and mountains, 109 
Clock: 

light, 587 

in motion, 570 

moving, runs slow, 590 
Clock synchronization, 591 
Clothing 212 
Cloud chamber, 560 
Clouds, 734 


Coal burning, 584 
Coal-fired power plant, 541 
Coccyx, 87 
Cochlea, 292, 344 
Code, comma-less, 262 
Codon, 263 
Coefficient of friction, 109 
Coefficient of reflection, 329 
Coefficient of thermal expansion, 223, 228 
Coefficient of viscosity, 188, 196 
Coffee tilt, 38 
Coherent signals, 367 
Coherent sources, 501 
Coil: 

inductance of, 441 

magnetic field inside, 456 
Coin in the fountain, 335 
Coin toss, 261 
Collapse, gravitational, 137 
Collapse, stellar, 608 
Collimator, 289 
Collision, 60 
Collision: 

automobile, 36 

elastic, 56, 61, 96 

head-on, 36 

inelastic, 56, 61, 594 

symmetric, 61 

two-car, 61 
Color (QCD), 604 

addition, 345 

blindness, 360, 363 

discrimination, 344 

quark, 611 

space (QCD), 604 

subtraction, 345 

vision, 344 

wavelength, 342 
Colorado River, 461 
Colored quarks, 604 
Comma-less code, 262 
Commutator, 434, 444, 467 
Compass, 430, 444, 447 
Complementarity, 514 
Complementarity Principle, 488, 496, 499, 

521 

Complementary quantities, 514 
Component of a vector, 102, 106, 111 
Composite systems, rest energy of, 583 
Compound microscope, 330, 333 
Compressibility, 141, 165 
Compressibility of water, 169, 177 
Compressional wave, 273 
Compressive stress, 73, 76 
Compton effect, 490, 496, 502 
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Compton scattering, 490 
Computer chip, 237 
Computer design, 242 
Computer languages, 239 
Computer memory, 459 
Computer, 16-bit, 261 
Computer-controlled machinery, 325 
Concentration gradient, 199, 264, 379 
Concrete, density, 169 
Concrete floor, 76 
Condensation (sound waves), 273, 295 
Condenser (capacitor), 443 
Condensing lens, 330 
Conduction, 213 
Conduction, heat, 227 
Conductivity, 409, 419 
Conductivity, thermal, 213 
Conductor, 373, 392 
Conductor moving in B-field, 466 
Cones (retina), 328, 344 
Configurations, counting, 261 
Confinement, quark, 609 
Consciousness, loss of, 12, 76 
Conservation of angular momentum, 116 
Consonance, 286 
Constant acceleration, 8, 10 
Constant speed, 25, 41 
Constriction, flow through, 200 
Constructive interference, 348, 361 
Convection, 213, 227 
Converging lens, 313, 329 
Converting units, 10 
Convex lens, 319 
Cooling, rate of, 212 
Cooper, H.S.F., 6 
Coriolis force, 121, 129, 137 

drives the weather, 137 
Corking machine, 171 
Cornea, 327, 339, 552 
Corner kick, 202 
Correspondence Principle, 520 
Cosine, 173, 277 
Cosmic rays, 449, 562 
Cosmology, 605, 611 
Coulomb, 374 

balance, 401 

constant, 382, 389 

degeneracy, 517 

field, 511, 517, 520 

film, 401 

Friction, 109 

Law, 390, 393, 396, 400 
Counterclockwise winds, 115, 137 
Coupling, capacitive, 416 
Cousteau, Jacques, 156 
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Crab Nebula, 597 
Crab Nebula, pulsar in, 137 
Crash, satellite has to, 134 
Critical angle, 329, 335, 337 
Critical size, 538 
Crown glass, 335 
Crown, king’s, 141 
CRT (cathode-ray tube), 435 
Crystal lattice, 221 
CT (computerized tomography), 542 
Cube, 70 
Culture, science is part of, 516 
Cupula, 122 
Curie, 532, 562 
Curie, Pierre and Marie, 532 
Current, 406 
Current loop, field of, 453 
Current sheet: 

field of, 439, 445 

magnetic field of, 456 
Current-voltage relation, 408 
Curvature, 328 
Curvature of wavefront, 314 
Curvature, negative, 320 
Curve ball, 201 
Curves, banked, 121 
Cyclotron, 450 
Cyclotron orbit, 444 
Cylinder, volume of, 143 
Cylindrical lens, 329, 335 
Cylindrical mirror, 322 
Cytosine, 262 


D'Alembert force, 14, 22 
Dalton (atomic mass unit), 584 
Dam, Hoover, 461 

Dam, Shasta, 469 

Damper (piano) , 282 
Damping, 271 

Dating, radioactive, 562 
Daughter nucleus, 533, 542 


Davisson and Germer experiment, 524, 521 


db (decibel), 287 

DC motor, 452, 467 

DeBroglie relation, 508, 520 
DeBroglie wavelength, 515, 524 
Decay constant, 549 

Decay curve, 544, 557 

Decay rate, 562, 564 

Decay scheme, 534 
Deceleration, 27, 34 

Decibel, 287, 297, 302 
Decimeter, cubic, 145 
Decompression sickness, 155, 166 
Deep-sea diving, 155 


Dees, cyclotron, 450 
Defibrillator, 414 
Deformation, rate of, 188 
Degeneracy, 517, 521, 525 
Degeneracy of a code, 263 
Degree (temperature), 226 
Delta-star hyperon, 613, 614 
DeMorgan, A., 602 
Density, 140, 165, 273 
Density (table), 74 
Density fluctuation, 343 
Dental X ray, 492, 551 
Depolarizing field, 400 
Depth of field, 325, 338 
Derivative, 565 
Destructive interference, 348, 361 
Detached retina, 35 
Detector, 484, 498, 500, 501 
Deuterium, 535, 607, 611 
Deuteron, 450, 530 
Development (photography), 498 
Diamagnetic, 448 
Diaphragm, sensing, 177 
Diastole, 197, 201 
Diastolic, 209 
Diatomic gas, 228 
Diatomic gases, specific heat, 220 
Dictionary, quaternary to binary, 242 
Dielectric, 394, 399 
Dielectric breakdown, 394, 397, 400 
Dielectric breakdown of skin, 414 
Dielectric constant, 394, 399 
Dielectric strength, 394, 400 
Dielectric, nonlinear, 399 
Difference frequency, 285 
Differential equation, 161, 163 
partial, 508 
Differentiate, 277 
Diffraction, 289, 297, 343, 361, 513 
by circular hole, 341 
grating, 351, 361 
Diffuse scattering, 311 
Diffusion potential, 379, 393 
Diffusion vs. osmosis, 192 


Diffusive transport across membranes, 156 


Digit, 239 

Dike, finger in, 171 

Dimensional analysis, 78, 81, 87, 189, 194, 
206, 207, 277, 458, 472, 478, 523, 525, 
569 

Dimensional gauge field, ten-, 603 

Dinosaur, 84, 231 

Diopter, 315, 328 

Dip angle, 449 

Dipole moment, 399, 438 
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Dipole, magnetic, 437, 445 
Disintegration (game), 637 
Disorder, 250 
Dispersion, 207, 327, 342, 360 
Dispersion of grating, 367 
Dispersive medium, 295, 299 
Displacement, 8 

current, 476 

vector, 106 
Dissipation, 248, 259, 264, 407 
Dissipative structure, 257, 259 
Distensibility of.arteries, 201 
Distortion, 325 
Ditch, car in the, 59 
Diurnal rotation, 55 
Dive, after a long, 155 
Diverging lens, 319, 329 
Diverging pencil of rays, 320 
Dizzy, 117 

does astronaut get, 125 

on a merry-to-round, 121 
DNA, 242, 262, 565 
Doctor's office, 20 
Doctor's scale, 39 
Dog vs. mouse, 69 
Doll dress, 71 
Domain, magnetic, 448 
Doppler effect, 305, 606 
Dose, 557 
Dose, radiation, 551, 563, 565 
Dosimeter, 529, 551 
Double-glider, 11 
Double slit, 348, 364, 499 
Double slit (exact), 365 
Double-slit interference, 499 
Drag, 106 
Drag force, 37, 101 
Drag race, 28 
Drag racer, 7, 49 
Drift mobility, 451 
Drink, weight change when you, 179 
Drinking, 5 
Driving pressure, 191, 197 
Drop, RI- or IR-, 418, 473, 477 
Drop, water, 342 
Dry cell, 373 
Dry-ice pucks, 137 
Dulong and Petit, Law of, 228, 233 
Dust, density, 177 
Dying, 560 
Dynamic range, 287 
Dynamics, relativistic, 580 
Dyne, 23, 81 
Dynes per square centimeter, 146 
Dynode, 501 
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e (base of natural logs), 163, 178, 245, 258, 
550 

e (electronic charge), 389 
E=mc’, 580, 584, 595, 600, 606 
Ear: 

ache, 162 

frequency range, 268 

left and right, 122 

nonlinearity of, 287 

sensitivity of, 287 
Ear drum, 162, 292 
Eardrum, amplitude of vibration of, 303 
Eardrum, punctured, 299 
Earth in its orbit, angular momentum, 130 
Earth's: 

core, 263 

earth's magnetic field, 448 

earth’s radius, 127 
Earth: 

age of, 534 

earth, fly off our rotating, 137 

earth, mass of, 401, 130 

earth sun distance, 127, 130, 132 
Earthing (grounding), 417 
Eating, 5 
Echo location, 303 
Edema, 205 
EEG (electroencephalogram), 381, 419 
Effective radius, 118 
Egg, 6 
Egocentric, 127 
Einstein thought experiment, 571, 578, 591 
Einstein’s photoelectric equation, 485, 495 
Einstein, Albert, 466, 570, 585 
Ejection velocity, 48 
EKG (electrocardiogram), 380, 416, 419 
Elastic collision, 56, 61, 96, 106 
Elastic deformation of the ball, 35 
Elastic modulus, 73, 81, 295 
Elastic waves, 272 
Elasticity, 73, 81, 271 
Electroencephalogram, 419 
Electric: 

blanket, 410 

electric switchyard, 469 

electric utility, 99 

electric vector, 359 

fence, 415 

field, 377, 393 

field energy, 471 

field lines, endless,+466 

flux, 396 

iron, 420 

power: 

cost, 541 


generation, 461 
long-distance transport, 468 
Electrical contact, good, 412 
Electrical forces, 55 
Electrical injury, 414 
Electrocardiogram, 373, 380, 416, 419 
Electrochemical equilibrium, 379 
Electrocution, 414 
Electrode, 373 
Electroencephalogram, 380 
Electrolysis, 421 
Electromagnet, 429, 431 
Electromagnetic: 
induction, 466. See also Faraday induction 
interaction, 432 
spectrum, 483 
Electrometer, 395 
Electromotance, 393, 464 
Electromotive force, 464, See also e.m.f. 
Electromyogram, 380, 419 
Electron: 
cloud, 506, 519 
diffraction, 505, 515, 524 
gun, 397 
mass, 397, 511 
microscope, 515 
paramagnetic resonance, 446 
shell, 523, 525 
spin resonance, 446, 455 
volt, 374, 392, 395 
Electronegativity, 378, 393, 485 
Electronic charge, 389, 397 
Electronic conduction, 373, 412 
Electrons in the nucleus, no, 524 
Electroscope, 395 
Electrostatic induction, 390, 394, 395, 416 
Electrostatic shielding, 391, 394 
Electrostatic voltmeter, 473 
Electrostatics, 371 
Electroweak interaction, 608, 611 
Elementary charge, 373, 388, 392 
Elementary particle, 556 
Elementary-particle physics, 598 
Elements, Periodic Table of the, 517 
Elephant: 
African, 84 
can support its weight, 84 
jumping, 97 
lying on its stomach, 69, 161 
Elevator, 4, 5, 31, 49 
Elevator, your weight on the, 33 
ELF (extremely low frequency radiation) 
494, 499 
Ellipse, construction of, 303 
E-field, 396 
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E-lines, 457, 473 
Elongation, fractional, 73 
Elution, 563 
Embolism, air, 155 
e.m.f., 393, 419, 475 

chemical, 378 

induced, 466 
EMG (electromyogram), 380, 419 
Emission spectrum, 512, 521 
Emissivity, 232 
Emulsion, photographic, 498, 529 
Endolymph, 122 
Energy balance, 263 
Energy bookkeeping, 92 
Energy flux, sound, 304 
Energy storage, magnetic, 458 
Energy velocity, 272, 295 
Energy, kinetic, 93 
Energy, relativistic, 581 
English units, 33 
Enrichment, 5U, 538 
Entropy, 249, 259, 262 
Entropy of mixing, 264 
Entropy units, 250 
Envelope, 285 
EPR (electron paramagnetic resonance), 446 
Equilibrium, chemical, 379 
Equilibrium, electrochemical, 379 
Equipartition Theorem, 219 
Equipotential spheres, spacing of, 388 
Equipotential surface, 375, 388, 393 
Error-proof, 239 
Escape velocity, 29, 129, 133, 134 
ESR (electron spin resonance), 446, 455 
e.s.u. (electrostatic units), 455 
Ethylene glycol, 170 
Ethylene glycol, viscosity of, 189 
Eureka, 141 
European department stores, 20 
European household voltage, 469 
European household wiring, 415 
Eustachian tube, 153, 162, 166, 177 
Eutectic, 170 
eV (electron volt), 374, 392 
Evaporation, 149 
Everest, Mount, 161 
Evil eye, 310 
Evolution, 257 
Excitable cells, 380 
Excited state, 512 
Exclusion Principle, 516, 521 
Exothermic, 566 
Explosion has no pitch, 274 
Explosion on the air track, 59 
Exponential decay, 167, 179, 234, 544, 560 
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Exponential fall-off, 157 
Exponential functions, 161, 243, 565 
Extensive variable, 259 
External force, 6 
Extracellular fluid, 264 
Extrapolation, 26, 301; 485 
Eye, 333 

frequency range of, 363 

glasses, 320 

lens, 311 

loupe, 331 

muscles, 312 
Eyepiece, 330, 333 


F=ma, 20, 31, 48, 119, 183, 193, 275 
F=ma in nuclear physics, 34 
f-number, 330, 338 
f-stop, 334, 338 
Fahrenheit, 217 
Fahrenheit degree, 226 
Fahrenheit-to-Celsius, 223 
Falling: 
without accelerating, 37 
from great heights, 75 
from height, 86 
from tower, 58 
Fallout, 528 
Farad, 382, 478 
Faraday (unit of charge), 394, 395, 421 
Faraday induction, 466, 472, 475 
Farsighted, 312, 320, 329 
Fat, density, 141, 179 
Fata Morgana, 339 
Faucet, water, 208 
Favorite clothes, 20 
Feather, 13 
Feedback stabilization, 456 
Female partner, 69, 161 
Fermi question, 33 
Fermi, Enrico, 33 
Fermion, 612 
Ferromagnetic, 448 
Fibrillation, 414, 419, 424 
Fibula, 72, 81 
Fictitious force, 14, 22, 30, 55, 119 
Field, 431 
Field glass, 330 
Field lines, 377, 393 
Field map, 457 
Field quantization, 603 
Field theory, 603 
Field, electric, 377 
Fifth (interval), 271, 280 
Filament, flashlight bulb, 408 
Film badge, 529 


Film plane, 312 

Fine-structure constant, 525 
Finite-amplitude, pendulum with, 86 
Fire hose, 183, 204 


First Law of Thermodynamics, 97, 221, 228, 


258 
Fish’s view, 338 
Fish, live and dead, 170 


Fissile (capable of undergoing fission), 538, 


557 

Fission, 557. See also Nuclear fission 
Fission fragment, 540 
Fission products, 540, 563 
Fission, spontaneous, 555 
Fist on the chin, force of the, 57 
Fitzgerald, Ella, 267 
Flashlight, 420 
Flashlight battery, 373 
Flavor, 605, 612 
Flavor, quark, 611 
Flea jump, 97 
Flea vs. man, 113 
Flea, man vs., 110 
Fleas, great (poem), 602 
Flight, human-powered, 101, 113 
Floating-point, 261 
Flow, 196 
Fluctuation, 247, 299, 343, 500, 608 
Fluid, 166 
Fluid pressure, 5 
Fluorocarbons, 403 
Flux: 

electric, 401, 460 

magnetic, 441, 445, 457 

rate of cutting magnetic, 465 
Fly, acceleration of the house-, 35 
Fly landing, 35 
Fly's weight, 35 
Fly-wheel, 135 
Flying, 101 
FM (frequency modulation), 482, 495 
Focal length, 312, 319, 327 
Focal plane, 312, 327 
Focal point, 312, 327 
Focus (ellipse, parabola), 303 
Focus (optics), 327 
Focus, principal, 318 
Foot-pound, 34, 90 
Foot-rule clock, 571 
Football, 43 
For Whom the Bell Tolls (film), 87 
Force(s), 10 

average, 60 

electrical, 55 

fictitious, 55 


635 E 


of gravity falls off, 29 
magnetic, 55 
proportional to a velocity, 124 
Fork, 26 
Formants, voice, 302 
Fourier: 
analysis, 284, 396 
Fourier, J.B.J., 284 
Law, 214 
series, 284, 306 
Theorem, 284, 296 
Fourth (interval), 271 
Fovea, 328, 334, 344 
Frame of reference, 40, 45 
Frame of reference: 
center-of-mass, 52 
earth as inertial, 54, 466 
providing a privileged, 55 


Frames of Reference (film), 124, 137, 569 


Franklin, Benjamin, 396 
Fraunhofer diffraction, 355, 361 
Free fall, 1, 4 
Free fall on earth, 29 
Freezing point, 221 
Freezing point of water, 150 
Freighter, 58 
French Revolution, 20 
Frequency and wavelength, 482 
Frequency band, 482 
Frequency range of ear, 268 
Frequency scaling, 77 
Fresnel diffraction, 355, 361, 366 
Friction, 6, 7 
against the tires, 59 
coefficient of, 109 
rolling, 35 
static, 34 
tire and air, 109 
work done by, 109 
Frictional force, 40 
Fringe, interference, 347 
Frisch, Nobel prize to, 369 
Frostbite, 235 
Fuel cell, 423 
Fuel rods, 563 
Fundamental (mode), 509 
Fundamental frequency, 279, 296 
Fur coats, 83 
Fuse, 15-amp, 417, 420 
Fusion bomb, 566 
Fusion reaction, 612 
Fusion, entropy of, 263 
Fusion, nuclear, 137, 566 


g, 12, 14, 15, 17, 20, 22, 68, 194 
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G (gravitational constant), 132, 401 

g, effective, 125 

8, least noticeable difference in, 38 

g- value for Paris, 37 

G.E.K. (geomagnetic electrokinetrograph), 
477 

G.F.1, (ground-fault interrupter), 419 

G.U.T. (Grand Unified Theory), 608, 609, 611 

Galaxy, 55, 607, 608, 611 

Galilean telescope, 330, 334, 337 

Galilean transformation, 54, 56, 

Galvanic skin resistance, 412 

Gamma, 588, 592 

Gamma decay, 531 

Gamma ray, 483, 495, 531, 557 

Gamma-ray imaging, 542 

Garden hose, 199, 201 

Garden hose, stepping on, 171 

Gas, dissolved, 155 

Gases, mixture of, 152 

Gas laws, 148 

Gas leaks, tracer detection of, 542 

Gas molecules, resistance from, 133 

Gas thermometer, 226 

Gauge particle, 603 

Gauge pressure, 154, 166 

Gauge theory, 608 

Gauss, 433, 448 

Gauss’ Law, 396, 402, 445, 457 

Gaussian units, 445, 455 

Geiger counter, 529 

General Relativity, 587 

Generator, electric, 467 

Genetic code, 242, 262 

Geomagnetic electrokinetograph (G.E.K.), 
477 

Geomagnetism, 444 

Geometrical optics, 310 

Geothermal energy, 256, 259, 263 

GHz (gigahertz), 295 

Giants, 68, 160 

Glass, thermal conductivity, 214 

Glasses (spectacles), 320 

Glasses, thick, 326 

Glucose, viscosity of, 188 

Gluon, 603, 611 

Gold atom, 507 

Gold density, 169 

Golf ball, 35 

Goose pimples, 235 

Gossamer Condor, 101 

Grad (vector operator), 227 

Gradient, 196 

Gradient, pressure, 203 

Graduated cylinder, 143 


Gram, 23 

Gram molecular weight, 166 

Gram weight, 142, 165 

Grand Unified Theory (G.U.T.), 608, 611 
Graph, speed vs. time, 25 

Grating, diffraction, 351, 366 
Gravitation, Law of, 614 

Gravitation, Newton's Law of, 390, 401 
Gravitational collapse, 608 
Gravitational constant G, universal, 132 
Gravitational field, 126, 136 
Gravitational force, 6 

Gravitational interaction, 599 
Gravitational mass, 16 

Gravity on the moon, 86 

Gravity waves, 195, 207 

Gravity, simulate, 124 

Grocery stores, 20 

Ground, 375, 393, 417 

Ground state, 510, 520 

Ground-fault interrupter, 419 

Group velocity, 295 

GSR (galvanic skin resistance), 412 
Guanine, 262 

Guitar, 274 

Guitar strings, 87 

Gulf Stream, 256 

Gun, machine, 60 


h (Planck's constant), 484, 511, 514, 523 
Hadron, 600, 611 
Half- pressure altitude, 168 
Half-silvered mirror, 362, 367, 593 
Half-value layer, 157, 158, 167, 178 
Halflife, 234, 532, 542, 543, 549, 557 
Halfwidth, 355 
Hall angle, 451 
Hall effect, 451 
Hall mobility, 451 
Hammer throw, 136 
Handedness, 432 
Hardware, errors, 262 
Harmonic analyzer, 284 
Harmonic content, 283 
Harmonics, 509 
of a fundamental, 296 
of a string, 280 
Harmony, theory of, 285 
Headlight resistance, 422 
Headlights, resolved, 364 
Head motion in boxing, 35 
Head motions, 124 
Head, pressure and, 143 
Head-on collision, 36 
Heaping, 6 
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Hearing threshold, 303 
Hearing, human, range of, 363 
Heart as a pump, 200 
Heartbeat, 65 
why we don’t hear, 299 
Heart not firmly anchored, 65 
Heat, 227 
form of energy, 217 
Heat capacity, 217, 228 
Heat engine, 253 
Heat exchanger, 252 
Heat flow, 214 
entropy of, 263 
Heat loss, 212 
Heat pump, 262 
Heat wave, 307 
Heating, hot-air, 200 
Heating, warm-water, 173 
Heisenberg Uncertainty Principle, 502, 514, 
521 
Helium: 
abundance of, 607, 614 
effect on voice, 302 
helium balloon, 176 
helium filled balloon, 144 
ionized, 524 
pumping on liquid, 233 
Helium-4, 607 
Helmholtz coils, 457 
Hemolysis, 205 
Henry, 446, 478 
Henry (unit of inductance), 442 
Henry’s Law, 155, 166 
Hertz, 86 
Hertz (cycle per second), 269, 294 
Hidden internal work, 97 
Hieron’s crown, 169 
Hieron, King, 141 
Higgs boson, 609 
High jump, 63 
Hologram, 356, 361, 368 
Homogeneous medium, waves in, 273 
Homoiothermic (warm-blooded), 228 
Hooke’s Law, 275 
Hoover Dam, 461 
Horse-and-wagon paradox, 50 
Hospital, 532 
Hospital bed, 34 
Hot lab, 554 
Hot-water heating, 173 
Hovercraft, 6, 22 
Human body, capacitance, 382 
Human body, density, 179 
Human-powered flight, 113 
Hume, J.H.P., 277 
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Humidity, 176 
Hummingbird, 89 
Humor, aqueous, 328 
Humor, vitreous, 328 
Hurricanes, 137 
HVL (half-value layer), 551, 553, 558 
Hydraulic conductance, 190, 196, 205 
Hydraulic filter, 201 
Hydraulic resistance, 189, 196, 203 
Hydrodynamics, 182, 196 
Hydrogen and helium, abundance of, 607 
Hydrogen atom, 400, 510, 523, 583 
Bohr theory, 136 
Hydrogen bubbles, 421 
Hydrogen chloride molecule, 399 
Hydrogen fuel cell, 423 
liquid: 
viscosity of, 189 
Hydrogen molecule, spectrum, 137 
oxidation of, 176 
Hydrogen-to-helium ratio, 609, 614 
Hydrometer, 170 
Hydrostatic pressure, 191 
Hydrostatics, 182, 196 
Hyperon, 601, 613 
Hyperopia (farsighted), 320, 329 
Hypertonic, 205 
Hypotenuse, 571 
Hypotonic, 205 
Hysteresis, 459 
Hz (Hertz), 86, 269, 274, 294 


I-beams, 72 

Ice, 221, 263 

Ice-hockey, 34 

Iceberg, 33, 170 

Ideal fluid, 197, 208 

Ideal gas, 149, 165, 229, 249, 259 

Ideal gas constant (R), 151, 166, 220 

Ideal gas law, 156, 165, 192, 233, 423 
deviation from, 175 

Ideal gas temperature, 150, 224 

Ideal refrigerator, 259 

Idealization, 55 

Identical twin, 45 

Igloo, 230 

Image formation, 323 

Image upside down, 313 

Image, virtual, 314 

Impedance, acoustic, 297 

Impedance matching, 292 

Impermeable, 197, 379 

Impermeable membrane, 191 

Implosion, 156, 167 

Improbable event, 555 


Impulse, 56, 60, 133 
Incandescent bulb, 422 
Incidence, angle of, 322 
Incidence, plane of, 329 
Inclined plane, 108, 111 
Incoherent, 488 
Incubator, 231 
Incus (anvil), 297 
Index of refraction, 322, 327 
Index, summation, 52 
Indistinguishable atoms, 246, 262, 507 
Induced electric field, 464 
Induced e.m.f., 466, 475 
Inductance, 440, 445 
Inductance of a coil, 457 
Induction, electrostatic, 390, 394, 395, 416 
Induction, Maxwell, 473 
Induction, proof by, 243 
Inductive coupling, 417 
Inelastic collision, 56, 61, 594 
Inequality, 62 
Inertia, moment of, 118 
Inertial frame of reference, 54, 56, 466, 
570 

Inertial mass, 16 
Inertial reference frame, 587 
Infinity (optics), 312 
Inflection, point of, 207 
Information content, 238, 258 
Infrared, 336, 344, 360, 483, 494, 498 
Infrared-sensitive film, 211 
Initial velocity, 102 
Injury, electrical, 414 
Insulation, acoustic, 271 
Insulation, home, 230 
Insulator, 373, 392, 399 

thermal, 213, 227 
Integer, 509, 523 
Intensity of principal maxima, 353 
Intensity, light, 486 
Intensity, sound, 271, 296 
Interactions, four, 599 
Interference, 279, 361 
Interference of photons, 488, 499 
Interference pattern, 347 
Interference fringe, 363 
Interferometer, Michelson, 367, 593 
Internal combustion engine, 228 
Internal degrees of freedom, 233, 292, 583 
Internal reflection, total, 329, 342 
Interplanetary gas density, 158 
Interpolation, 26 
Interstellar travel, 582 
Interstitial fluid, 204 
Introduction to Optics (film), 338 
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Invariance, time-reversal, 60 
Invariant, 15, 581, 586, 592, 596 
Inverse-cube law, 453 
Inverse-square law, 235, 288, 302, 387, 401, 
439 
law of gravitation, 133 
lodine, 542 
lodine-131, 553 
lon, 392 
lon-electron plasma, 608 
Ton gun, 450 
Ionic bond, energy of, 402 
Tonic conduction, 373 
lonic conductor, 412, 499 
lonization energy, 510, 520 
lonize, 372, 392 
Ionizing radiation, 492, 496, 498, 551 
IR (infrared), 344, 360, 498 
Iris (eye), 328 
Iron core (transformer), 468 
filings, 431 
specific heat, 219 
Iron-core coil, 457 
Iron-57, 583 
Irreversibility, 247 
Irreversible process, 259 
Irrigation, 263 
Isothermal, 248, 259 
Isothermal expansion, 251, 262, 264 
Isotope, 507, 520, 531, 557, 624 
Isotopes of helium, 450 
Isotope uranium, 565 
Isotropic stress is pressure, 143 
Isotropy, 142, 288 
ISR (Intersecting Storage Rings), 567 
Ivey, D.G., 277 


Jacket, takes off his, 63 
Jar lid, force to pry off, 175 
Jet airplanes, 156 
Jet boat, 199 
Jeweler’s eye loupe, 332 
Jogging, 110, 232 
Jogging speed, 87 
Joints, 5 
Joule, 99, 106 
Joules, watts, and calories, 110 
Jug and rug blurred, 325 
Jump: 
how high can I, 97 
vertical, 110 
Jumper cables, 421 
Jumping, work in, 110 
Jumping: man vs. flea, 110 
Junction, p-n, 501 
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Jupiter, 14, 15 


K (Boltzmann's constant), 166, 250 

K (Kelvin), 226 

Kangaroo, 231 

Kangaroo mouse, 69, 215 

Kaon, 600 

Kcal (kilocalorie), 214 

ke (Coulomb constant), 382, 389, 473, 479, 
511, 523, 568 

Kelvin (2nd Law of Thermodynamics), 255 

Kelvin (temperature unit), 150, 225, 250 

Kelvin circulation theorem, 208 

Kelvin degree, 226 

Kennedy, President, 63 

Kepler's First Law, 133 

Kepler's Second Law, 133, 133 

Kepler's Third Law, 132 

Kepler, Johann, 132, 133 

kHz (kilohertz), 295 

Kidney, 191 

Killing curve, 560 

Kilobyte, 262 

Kilocalorie, 217, 227 

Kilogram, 2, 15, 22 

Kilogram weight, 142 

Kilowatt-hour (KWH), 99, 106, 262 

Kilowatt-hour, cost of, 541 

Kinematic viscosity, 196, 203 

Kinematics, 8, 22, 26 

Kinetic energy, 93, 106, 581, 588, 594 

Kinetic energy of rotation, 134, 136 

Kinetic theory, 149, 152, 166, 176 

King Kong, 69, 159 

Kirchhoff’s Laws, 424, 425 

km (Biot-Savart constant), 439, 445, 473, 478, 
568 

Knees, bend your, 72, 76 

Korotkoff sounds, 209 

kT, 159, 192, 247, 272, 293, 500, 501 

KWH (kilowatt-hour), 106, 262 


Labeling causes splitting, 565 
Labyrinth, 122, 129 

Lake Mead, 461 
Lambda-zero, 613 

Laminar flow, 197 

Landing acceleration, 110 
Laser, 356, 361, 488, 495 
Laser light show, 489 

Laser surgery, 334, 489, 501 
Latent heat, 220, 228 

Latent image, 498 

Latitude effect (cosmic rays), 449 
Laue pattern, 492, 496, 522 


Launching angle, 103, 112 
Law of Atmospheres, 152, 157 
Law of Conservation of Momentum, 48 
Law of Gravitation, Newton’s, 133, 390, 
401 
Law of Malus, 359, 362, 368 
LC circuit, 471, 476 
Lead, 169 
apron, 554 
brick, 13, 554 
shielding, 553 
Lead-206, 534 
Leakage currents, 416 
Least noticeable difference in g, 38 
Left- ventricular contraction, 65 
Leg bone, 69 
Legs, fly's, 35 
Lemming, 235 
Lemonade, sugar at bottom of, 192 
Lens, 311, 327 
crystalline, 328 
of the eye, 328 
negative, 319 
positive, 313 
thick, 318 
Lens diameter, 312, 326, 334, 338 
Lens equation, 314, 328, 334 
Lens Maker's Formula, 326, 329, 336, 338 
Lenz's Law, 471, 475 
Lepton, 600, 611 
Lethal dose (MLD), 551 
Leukemia, 529, 551 
Level road, 59 
Level, sound, 287 
Lever, 108 
Lie detector, 413 
Life, characteristic times for, 556 
Lift, 106, 202 
Lift-off, 20 
Lift-over-drag ratio, 101, 111, 113 
Lifting force, 101 
Light clock, 571, 587, 591 
Light cone, 596 
Light rays, 310 
Light scattering, 489 
Light second, 588, 590 
Light wave, 342 
Light year, 575, 588, 590 
Lighter at noon than at midnight, 125 
Lightnanosecond, 575 
Lightning, 372, 403, 452 
Lightning over New York City, 371 
Limit, passing to, 120, 353 
Line spectrum, 495 
Linear spring, 109 
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Lineary system, 295 
Linearity, 194, 271, 399 
Lines of force, 457 
Liter, 20, 141, 145 
Liter atmosphere, 249, 259 
Localization of photon, 499 
Logarithm, 160, 163, 242, 258, 262, 546, 564 
Logarithmic scale, 499 
Longitudinal wave, 273, 296 
Loop, two, circuit, 426 
Lorentz: 
contraction, 573 
factor, 570 
force, 433, 444, 450 
square root, 570, 572, 582, 588, 589 
transformation, 592 
Loudness, 299, 303 
Loudness and intensity, 287 
Loudspeaker, directionality of, 304 
Loupe, 332 
Low-calorie diet, 232 
Luminosity, 501 
Luminous dial, 561 
Lunar gravity, 86 
Lunar tide, 127, 129 
Lung volume, 169 
Lymph, 413 
Lymphatic, 205 


Machine gun, 60 
Machine, simple, 106 
Macula, 328 
Magnet, 444 
Magnetic: 
beam deflection, 435 
compass, 430, 444, 447 
domain, 448 
energy, 442 
energy density, 458 
field: 
biological effects, 430 
energy, 458, 471 
source of, 437 
uniform, 440 
flux, 441, 445 
force on current, 431 
forces, 55 
lines of force, 457 
moment of current loop, 453 
moment of electron, 445, 452 
Magnetohydrodynamics, 477 
Magneton, Bohr, 445, 452 
Magnetotactic bacteria, 430 
Magnification, 317, 328, 332 
Magnifying glass, 312, 331 
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Magnus effect, 197, 202 
Malleus (hammer), 297 
Malus, Law of, 359, 362, 368 
Man vs. flea, 110, 113 
Manometer, 188 
Map, 83 
Maple, density of, 83 
Marsupial, 231 
Martini, onion in the bottom of, 336 
Mass, 2, 15, 17 
Mass relativistic, 588 
Mass of the earth, 401 
Mass spectrograph, 450 
Massless rod, 78 
Maunaloa, 130 
Maxima: 

principal, 352 

subsidiary, 365 
Maximize the range, 112 
Maximum, central, 348 
Maxwell induction, 473, 476, 478 
Mean greater than median, 549 
Mean life, 549 
Mechanical advantage, 90, 106, 108 
Mechanical equivalent of heat, 217, 228 
Mechanics, 22 
Megabyte, 262 
Melting, point, 221 
Membrane, 191 

potentials, 413 

voltage, cell, 373 


Membranes, diffusive transport across, 156 


Meniscus, 179 

Mercury, meniscus, 179 

Mercury thermometer, 223, 234 
Mercury vapor, 146 
Merry-go-round, 117 

Meson, 600, 601, 611, 612 

Mesons, table of, 613 

Message length, 238 

Metabolic rate, 235 

Metabolism, 227 

Metabolism (table), 231 

Meter, 22 

Meter stick, wooden, 82 

Meters per second per hour, 25 
Meters per second per second, 28 
Metronome, 86 

MHD (magnetohydrodynamics), 477 
MHz (megahertz), 295 

Michelson interferometer, 362, 367, 593 
Michelson, A.A., 332, 594 
Michelson—Morley experiment, 111, 593 
Microcoulomb, 383 

Micron (10° meters), 385 


Microphone, directional, 299 
Microscope, compound, 330, 333 
Microscope, oil-immersion, 333 
Microwave, 493, 494 
Microwave astronomy, 606 
Microwave cooking, 499 
Middle C, 269 
Middle ear, 153 
bones of, 297 
Middle ear squeeze, 168, 177 
Midnight, lighter at noon than at, 125 
Miles per hour, 10 
Miles per hour per second, 2, 11, 27, 28 
Milk (calories), 109 
Millikan oil-drop experiment, 397 
Milliliter, 141 
Millimeters of mercury (torr), 146 
Mineral water, 528 
Minkowski diagram, 575, 588, 592 
Mirages, 339 
Mirror, cylindrical, 322 
Misconceptions, overcoming, 40 
Missing maxima, 355 
Mississippi River, 34 
Mixture of two gases, 246 
Mixtures, heat capacity of, 232 
MKS, 23 
MKS unit of angular momentum, 130 
ML (milliliter), 141 
MLD (mean lethal dose), 551, 558 
Mnemonic, triangle, 575 
Mobility, electron, 451 
Modulus, elastic, 81 
Modulus, Young's, 81 
Moisture, conductance of film of, 407 
Mole, 151, 166, 228 
Molecular hydrogen, spectrum, 137 
Molecular spectra, 483 
Molecular volume, 168 
Molecular weight, 175 
Molecular weight of air, 176 
Moment arm, 129 
Moment of inertia, 118, 128, 130, 135 
Momenta, 56 
Momentum, 45, 56 
conservation, 45, 452, 595 
deficiency, 191 


and energy of electromagnetic wave, 502 


of fluid, 182 

of photon, 498 

of radiation, 490 

relativistic, 580, 594 

of water jet, 200 

of wave, 193, 208 
Monatomic gas, 228 
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Monatomic gases, specific heat, 219 
Monochromatic (wave), 360 
Monopole, 437, 445, 460, 595, 609 
Moon, 2, 15 
Morley, E., 594 
Motional e.m.f., 463, 475, 477, 479 
Motor, direct-current, 452 
Motor, electric, 434 
Mount Hekla, 131 
Mountain climbing, 151, 156, 232 
Mountain roads, 135 
Mouse, 67 

vs. dog, 69 

terminal velocity, 82 
MPD (maximum permissible dose), 552, 

558 

MRI (magnetic resonance imaging), 438 
Mt. Washington, 590 
Multi-exposure photo, 7 
Muon, 570, 587, 590, 601 
Muscle, density of, 141, 179 
Muscle, strength of a, 68, 160 
Muscle-powered flight, 113 
Muscles, 5 
Musical instruments, 270 
Musical sound, 269 
Myopia, 329 
Myopic (nearsighted), 320 


N.A.S.A., 134 
Nabla (grad), 227 
Natural frequency, 278 
Natural logarithm, 163, 245 
Natural selection, 68, 160 
Nausea at high altitudes, 161 
Neap tide, 129 
Nearsighted, 312, 320, 329 
Negative areas, 8 
Negative lens, 328 
Negative- energy states, 511 
Neglect, knowing what to, 26 
Nernst equation, 380 
Neural membrane, 377 
Neurons, auditory nerve, 292 
Neutral surface, 73, 81 
Neutral, color, 604 
Neutrino, 33, 601 
Neutron, 524, 530 
activation, 541, 563 
bombardment, 541 
star, 137 
Neutrons, fast, 538 
Newton, 2, 17, 18 
Newton, Isaac, 132, 133 
Newtonian fluid, 196 
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Newton's: 
First Law, 2, 6, 7, 22 
Newton’s form of lens equation, 318, 329 
Newton’s law of cooling, 234 
Newton’s Law of Gravitation, 133, 390, 614 
Newton's Law of Universal Gravitation, 
132 
Newton's proof of equal areas, 133 
Newton’s rings, 361, 363 
Newton’s Second Law, 10, 13, 18, 21, 22, 
29, 48 
Newton's Third Law, 48, 56, 59, 452 
Nichrome wire, 409 
Nickel (5-cent piece), 347 
Nickel-cadmium battery, 423 
Nitrogen in blood, 155 
NMR (nuclear magnetic resonance), 438, 446 
455 
Nobel prize, 500, 565, 606 
Noble gas, 518 
Node, 278, 296 
Noise, 239, 299, 498 
electrical, 391, 460 
signal-to-, ratio, 293 
thermal, 292, 460 
white, 293 
Non-conservation of mechanical energy, 
96 
Non-dispersive, 281 
Non-inertial frame of reference, 55 
Nonlinear circuit element, 409 
Nonlinearity of ear, 285 
Nonmagnetic materials, 429 
Nonrelativistic approximation, 594 
Nose, stopped-up, 153 
Nuclear bomb, 538, 563 
Nuclear fission, 528, 538, 557 
Nuclear force, 529, 557, 599, 610 
Nuclear fusion, 566 
Nuclear fusion in star, 137 
Nuclear magnetic resonance, 438, 446, 455 
Nuclear magneton, 445 
Nuclear medicine, 529 
Nuclear reaction, 562, 584 
Nuclear reactor, 529, 538, 551, 563 
Nuclear weapons testing, 528 
Nuclear-fission bomb, 33 
Nucleation, 167 
Nucleon, 529, 557, 599 
Nucleon number, 534 
Nucleus, 510, 556 
Nuclides, Chart of, 537 
Number density (gas), 175 
Nurse, 35, 146, 208 
Nylon carpet, 381 
charge from, 372 


Oak: 
density of, 83 
specific gravity, 142, 169 
Object and image, 313 
Ocean: 
currents and winds, 124 
ocean temperature, 263 
ocean thermal energy of, 256 
ocean tides, 128 
ocean waves, 193, 199, 205 
Octave, 269, 295, 499 
Ocular, 337 
Oersted, H.C., 459 
Offset, 335 
Ohm, 472, 478 
Ohm’s Law, 408, 419 
Ohm's Law Problems, 421 
Ohmic, 418 
Oil drop experiment, Millikan, 397 
Oil drum raft, 169 
Oil-immersion microscope, 333 
Omega (angular frequency), 276 
Omega (angular velocity), 117 
One-clock time, 571 
Opera glass, 330, 337, 334 
Opthalmic lens, 329, 334 
Opthalmologist, 35 
Oppossum, 231 
Optical instruments, 314 
Orbit, 3, 22, 129 
Orbit, go into, 4 
Orbit, stable, 506 
Orbital, 506, 519 
Orbital revolution, 55 
Orbiting, 3 
Orbiting space craft, 44 


Order (of interference maximum), 349, 


364 
Order, work to create, 248 
Order-of-magnitude questions, 33 
Ore boat, 58 
Oscillation amplitude, 78 
Oscillations, small, 79 
Oscillator frequency, 475 
Oscillator, electric, 471 
Oscilloscope, 300 
Osmosis, 191, 197, 204 
Osmotic hemolysis, 205 
Osmotic pressure, 191, 197 
Otoliths, 122, 129 
Oven, 230-volt electric, 421 
Ox on the treadmill, 264 
Oxygen content of the air, 140 
Oxygen masks, 156 
Oxygen, half-value layer, 161 
Ozone, 178 
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Ozone layer, 403 


p-n junction, 501 
P.E. (potential energy), 95, 106 
p-s.i. (pounds per square inch), 146 
Paddle, ping-pong, 61 
Paddling the canoe, 116 
Panting, 233 
Parabolic path, 395 
Parachute, 1, 75 
Paradox, 506 
Paradox, momentum-conservation, 452 
Parallax, 590 
Parallax test, 319 
Parallel connection, 398 
Parallel plates, 395 
Parallel plates, capacitance of, 382 
Parallel rays, 313 
Parallel-plate capacitor, 396 
Paramagnetic, 448 
Paramecium, 35 
Paraxial rays, 330 
Paris, 15, 20, 37 
Parity bit, 262 
Parlor trick (inverted bottle), 173 
Partial pressure, 155 
Particle classification, 600 
Particle in a box, 525 
Particle zoo, 600 
Pascal (unit of pressure), 145, 165, 202 
Pascal's Principle, 142, 165 
Pauli Exclusion Principle, 517, 521, 612 
Peak-to-peak voltage, 470 
Pencil of light, 313, 327 
Pendulum, 78 
Pendulum as S.H. oscillator, 302 
Penguin, 235 
Penzias, A.A., 500, 606 
Percentage change, 25 
Perfume atomizer, 175 
Period, 78, 81, 197, 274 
frequency, 86, 300 
of pendulum, 86 
of the rotation, 117 
of S.H. oscillator, 277 
12-hour, 127 
of wave, 193 
wavelength, 205 
Periodic Motion (film), 277 
Periodic Table, 378, 517, 521, 555, 607 
Periodic wave, 274 
Permeability, 197 
Permeability (magnetic), 445 
Permeability (membrane), 205, 379, 
393 
Permeability of free space, 439, 445 
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Permeable membrane, 191 
Permissible dose, 552 
Perpetual motion, 222, 233 
Perspiration, 232 
PET (positron emission tomography), 527 
Pharynx, 153 
Phase lag, 272 
Phase transition, 228 
Phase velocity, 272, 295 
Phase: 
in, 296 
out of, 277 
stay in, 128 
Philosophical digression, 516 
Phonograph record, 301 
Phosphorus-32, 543, 565, 652 
Photocathode, 501 
Photocoagulation, 334 
Photocurrent, 486 
Photodiode, 501 
Photoectric equation, Einstein’s, 495 
Photoelectric effect, 484, 495 
Photoelectron, 485, 501 
Photographic process, 498 
Photomultiplier, 484, 495, 501 
Photon, 484, 495, 603 
-to-baryon ratio, 609 
electron interaction, 490, 502 
momentum, 490, 495 
Photons (film), 484 
Photons, interference of, 499 
Photosynthesis, 256 
Piano, 270 
Picofarad, 382 
Pimple on the sphere, 402 
Pincushion distortion, 325 
Ping-pong, 61, 201 
Ping-pong ball, 33, 82, 103, 112 
Pinhole camera, 332 
Pinhole, diffraction by, 346 
Pion, 555, 600, 611, 612 
Pitch, 295 
and frequency, 269 
of spiral path, 449 
standard, 295 
Pitch, absolute, 270 
Pitch, relative, 270 
Pitcher, 62 
Pitot tube, 188, 196 
Planck: 
length, 612, 614 
mass, 614 
time, 612, 614 
units, 614 
Planck's constant h, 452, 484, 495, 500, 501, 
511, 514, 523 


Plane wave, 328 
Plane, inclined, 108 
Plane-polarized light, 362 
Planing (boats), 206 
Planoconvex lens, 332 
Plasma, 608, 611 
Plasma generator, 477 
Plates, capacitance of parallel, 382 
Platinum catalyst, 423 
Plosives, 299 
Plug, 3-prong, 420 
Pluto (mythology), 539 
Plutonium, 539, 563 
Plutonium breeder, 222 
Poikolothermic (coldblooded), 228 
Point charge, 387 
Point mass, 78 
Point molecules, 149 
Point particle, 601 
Poise, 188, 196, 202 
Poiseuille’s Law, 190, 196, 202 
Poisson distribution, 500 
Polar bear, 235 
Polarization: 
circular, 307 
electric, 394, 399, 400 
optics, 357 
plane of, 307, 358 
by reflection, 362, 369 
of transverse wave, 273 
of wave, 307 
Polaroid, 362 
Polaroid sunglasses, 357 
Polaroid windshield, 368 
Poles of a magnet, 431, 444 
Police cruiser, 28 
Political digression, 538, 539 
Pollution, air, 344, 423, 529, 563 
Polycrystalline aluminum, diffraction pattern 
from, 505 
Polygraph, 413, 419 
Polymers, elastic properties, 85 
Pop the ears, 162, 177 
Pore, 192, 205 
Positron, 531, 560, 600 
Positron emission tomography (PET), 
527 
Potential, 374, 392 
Potential difference, 374 
Potential energy, 94, 106, 595 
gravitational, 133 
negative, 133 
Potential of a point charge, 389 
Potentiometer, 425 
Pound: 
mass, 20 
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mass or weight, 19 

weight, 20 
Poundal, 34 
Pounds per square inch, 74, 146 
Pouring, 6 
Powder pattern, 505 
Power, 99, 106 
Power dissipation, 407 
Power line, high-voltage, 405 
Power line, magnetic field of, 454 
Power of a lens, 324, 328 
Power output, human, 102 
Power requirement, airplane, 111 
Power, easy PROBLEMS, 110 
Power, sound, 304 
Power-line hum, 449 
President's head, 63 
Pressure, 165 

decreases exponentially, 157 

density not sensitive to, 141 

gradient, 203 

of light, 498-502 

negative, 201 

units of, 144 

wave, 273 
Pressure and buoyant force, 142 
Pressure cooker, 234 
Pressure cuff, 147, 208 
Pressure-sensing diaphragm, 154 
Pressurized cabin, 156, 162 
Primary (of transformer), 468 
Principal focus, 318 
Principal maximum, 361 
Principal quantum number, 512 
Principle of Equivalence, 2, 13, 14, 16, 22, 

38 

Principle of Relativity, 569 
Prism, 336 
Prism and lens, 334 
Prism binoculars, 337 
Probability of getting through shutter, 487 
Probability of occurrence, 499, 500, 564 
Proper distance, 574, 588, 590 
Proper time, 573, 588 
Proportions, 16 
Protein in the blood, 205 
Proton, 400, 510 

accelerator, 450, 567 

beam, 613 

decay, 556, 609, 613 

resonance, 456 

structure of, 602 
Proton—proton collision, 600 
Protons and neutrons, 529 
Protons, cosmic-ray, 449 
Protozoa, swimming, 35 
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psi (pounds per square inch), 154, 172 
Psychoacoustic measurement, 299 
Pulley, 108. See also Block and tackle 
Pulleys, ropes and, 92 

Pulmonary edema, 205 

Pulsar, 137 

Punch on the jaw, 35 

Pure tone, 283, 296 

Pushups, 31 

Putty, work done on the, 97 
Pyramid, volume of, 79 

Pythagoras, 37, 120, 436, 572 


QCD (quantum chromodynamics), 604, 611 
QED (quantum electrodynamics), 604, 611 
Quadratic equation, other root of, 503 
Quality, tone, 270 
Quanta, exchanging, 603 
Quantization of angular momentum, 136, 
523 

Quantum, 484 
Quantum chromodynamics (QCD), 604, 611 
Quantum effects, 22 
Quantum electrodynamics (QED), 604, 611 
Quantum field theory, 603 
Quantum jump, 512, 525 
Quantum mechanics, 516, 520 
Quantum number, 509, 520, 613 

principal, 512 
Quantum statistics, 33 
Quantum theory, 233, 486, 508, 612 
Quark, 611 

confinement, 605 

pair, 612 
Quark-gluon plasma, 597, 605, 608 
Quarks and leptons, 602, 608, 614 
Quarks, free, 604, 609 


R (ideal gas constant), 151, 159 
R-value, 227 
R.M.S. speed, 177, 272 
Rabbit (coat), 83 
Rabbit-ear antenna, 498 
Rad, 551, 557 
Radian, 128, 364, 590 
Radiation (heat transfer), 213, 227 
Radiation: 
damage, 542 
detector, 557 
dose, 551 
field, 454 
mechanism of electromagnetic, 473 
monitor, 529 
pressure, 495, 502 
shielding, 532 


sickness, 552 

Stefan- Boltzmann law, 232 
Radiator (automobile), 230 
Radio antenna, 365, 501 
Radio station, 482, 497 
Radio telescope, 481, 606 
Radio wave, 494 
Radio-immunoassay (RIA), 565 
Radioactive: 

dating, 534, 557, 562 

decay modes, 531 

dust, 540 

generator, 563 

heating of earth, 566 

series, 533, 537, 557 

tracer, 542 

wastes, 538 
Radioactivity, 528, 557 
Radioactivity, induced, 541 
Radiocarbon dating, 562 
Radioisotopes, 529 
Radionuclide, 610 
Radium, 528, 532, 533 
Radium-226, 550 
Rainbow, 342, 360, 364 

primary, 360 

secondary, 360 

at sunset, no, 364 
Raisins soaked, 191 
Rake’s Progress, 222 
Random events, 500 
Random process, 484, 499, 532 
Random thermal motion, 501 
Range vs. launching angle, 112 
Range, maximize the, 104, 112 
Range-energy table, 554 
Rarefaction (sound waves), 273, 295 
Rate of change of momentum, 183 
Rate of change of velocity, 12 
Ray diagram, 313, 327 
Ray optics, 310 
Ray tracing, 313 
Ray, light, 327 
Rayleigh criterion, 347, 361 
Rayleigh scattering, 360 
Rays of sunlight in fog, 309 
RBE (relative biological effectiveness), 551, 

557 

Reaction-rate chemistry, 542 
Real image, 312 
Rear-wheel transmission, 59 
Rechargeable battery, 423 
Reciprocity, 334 
Recoil, 47 
Recoil electron, 491, 503, 513 
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Recoil of the head, 63 
Recoil, rifle, 62 
Rectilinear propagation, 327 
Red blood cells, 205 
Red shift, 606, 611 
Red sunset, 361 
Redundancy, 239, 258 
Reference frame, 466. See also Inertial frame 
Reference frame, inertial, 587 
Reference frame, preferred, 569 
Reflection, 310 

coefficient, 306, 329 

grating, 361 

law of, 327 

in a window, 311 
Refraction, 321, 327 

angle of, 322 

index of, 322 

law of, 322 

of sound, 301 
Refractive index, 327, 329 
Refractive index of air, 335 
Refrigerator to cool kitchen, 261 
Refrigerator, ideal, 251 
Refrigerator, work to run, 251 
Regulator mechanism (scuba), 154 
Regulator valve, scuba, 177 
Relative pitch, 295 
Relativistic, 503 

approximation, 594 

energy, 581, 588 

mass, 588 

speed, 588 

theory, 588 
Relativity, 454, 455, 466, 474 
Relativity of simultaneity, 577, 591 
Relativity, Principle of, 466, 569 
Relativity, Special, 570 
Rem, 551, 557 
Remanence, 444, 448 
Replica grating, 352 
Reptiles, temperature regulation in, 233 
Resistance, 408, 419 
Resistance, temperature-dependent, 422 
Resistances: 

in parallel, 410 

in series, 410 

in series and parallel, 424 
Resistivity, 409, 419 
Resolution, 345 
Resolving power, 361, 515 
Resolving power of grating, 367 
Resonance, 274, 281, 471 

frequency, 296 

sharpness of, 282 
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Resonant circuit, 478 

Rest energy, 581, 588, 595 

Rest length, 588 

Rest mass, 588 

Retarding force, 37 

Retina, 312, 327, 334, 344 

Retina, detached, 35 

Retina, laser surgery on, 489 

Retro-rocket, 46, 56 

Reversible process, 258 

Reversible work, 249 

Reynolds number, 197, 203 

RF (radio frequency) currents less 
dangerous, 415 

RF (radio frequency), 419 

Rhombus, 112 

RIA (radio-immunoassay), 565 

Rifle bullet, 27 

Rifleman’s shoulder, 62 

Right-hand rule, 432, 436, 444 

Rigid body, 117, 128 

Ringing and resonance, 282 

Ripple, 197 

Ripple tank, 300 

Ripples, 193, 195, 207 

River, waterfall warms, 111 

RMS (root mean square) voltage, 470, 475 

Road, level, 59 

Rocket boosters, 30 

Rocket fuel, 46 

Rods (retina), 328, 344 

Roentgen, 551, 557, 563 

Rogers, Eric, 401 

Rolling friction, 35 

Röntgen, 529 

Root mean square (RMS) voltage, 470 

Rope, strength of, 83 

Rope, tension in the, 64 

Rope, throw him a, 39 

Ropes and pulleys, 92 

Rotating frame of reference, 137 

Rotating reference frame, 125 

Rotation axis, 119 

Rotational degrees of freedom, 220 

Rotational spectrum, 137 

Rubber, 74, 85 

Rug and jug blurred, 325 

Run up a flight of stairs, 90 

Running, 232 

Running speed, 86 

Running, accelerated, 110 

Rupture strength, 72 

Rydberg (unit of energy), 511, 520 


S.H.M, (simple harmonic motion), 277 


S.T.P., 176 
Saccule, 122 
Safety, electrical, 423 
Sagitta formula, 120, 129, 172, 498 
Sailboat, blowing on the sails of the, 49 
Salinity and specific gravity, 169 
Saliva as electrolyte, 387 
Salt in sea water, 141 
Salt shaker, 5 
Sand, thousand pounds of, 90 
Satellite photograph, 115 
Satellite spiralling in, 132, 133 
Satellite weather photograph, 137 
Satellite, speed of an earth, 132 
Scalar, 106 
Scalar wave, 307 
Scalars, vectors vs., 307 
Scale model, 77, 81 
Scale, musical, 269 
Scaling, 68, 70, 161 
angular momentum, 130 
frequency, 77 
time, 77 
Scaling in two dimensions, 83 
Scaling principles, 81 
Scaling time, 87 
Scattering, 310 
Scattering (light), 327, 343, 489 
Scattering neglected, 289 
Schlieren photography, 305 
Scientific supply houses, 20 
Sclera, 334 
Screw, 108 
SCUBA, 152, 154, 166, 168 
Scuba regulator valve, 177 
Sea water, density of, 141, 169, 170 
Seafarer, Project, 499 
Seat belts, 36 
Seawater, conductivity of, 499 
Second Law of Thermodynamics, 246, 258, 
261, 264 
does life violate, 257 
Secondary (of transformer), 468 
Secondary electrons, 501 
Self-inductance, 441, 457, 458 
Semicircular canals, 122, 129 
Semilogarithmic graph paper, 547 
Semipermeable membrane, 191, 264 
Semitone, 301 
Sensitivity, noise-limited, 293 
Series connection, 398 
Servomechanism, 456 
Sevres, France, 22 
Shadows, sharp, 289, 497 
Shasta Dam, 469 
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Shear wave, 273, 296 
Sheep (coat), 83 
Shielding, electrostatic, 391, 394 
Shielding, radiation, 532, 553 
Ship, how to weigh a, 179 
Ships are made of steel, 140 
Shivering, 229 
Shock front, 305 
Shoes stayed behind, 36 
Short-wave radio, 483 
Shower, 182, 209 
Shutter, fast, 487 
SI (Systeme International), 17, 23, 440, 445 
Sibilant, 299 
Sigma-zero, 613 
Sign convention (Jens equation), 328 
Sign convention, current, 406 
Signal-to-noise ratio, 293, 297, 501 
Significant figures on calculators, 589 
Silent World (Jacques Cousteau), 156 
Silicon photodiode, 501 
Silver bromide, 498 
Silver, density of, 169, 170 
Simple harmonic motion, 275, 477 
Simple harmonic oscillation, 296 
Simple machine, 106 

six classes of, 108 
Simple pendulum, 78 
Simplest description, 45 
Simultaneity, relativity of, 577, 591 
Sine, 276, 322 
Sine curve, 193 
Sinusoid, 275 
Sinusoids, superposition of, 285 
Size of atoms, 523, 524 
Sizes of man and animals, 68, 160 
Skater, 47 
Skater, spinning, 116 
Skeleton, animal, 84 
Ski binding, 74 
Skidding, 32 
Skin diving, 153, 174 
Skin is a conductor, 381 
Skin resistance, 412 
Skin, electrical contact to, 412 
Sky light, polarization, 369 
Sky, color of, 343 
Skylab, 2, 5, 22 

floor, 25 

walking in, 25 
Sled, 40 
Slide projector, 330 
Slinky toy, 277, 281 
Slip, rate of, 188 
Slit, single, 353, 366 
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Slits, hundred, 366 
Slits, six, 366 
Slug, 34 
Snell's Law, 322, 327, 335, 336 
Snorkel, 177, 178 
Snow: 
frictional force of, 40 
thermal conductivity, 214 
Snowy ravine, 75 
Soap bubble, 173 
Soccer, 202 
Socorro, New Mexico, 481 
Soda straw, inhaling through, 177 
Sodium chloride: 
crystal, 400 
electrolysis, 421 
molecule, 402 
Sodium hydroxide, 421 
Sodium lamp, 363 
Sodium metal, 524 
Sodium-22, 564 
Sodium-24, 553 
Sodium-potassium pump, 264, 380, 393 
Soft landing, 85 
Solar battery, 501 
Solar collectors, 256 
Solar constant, 232, 263, 501 
Solar energy, 263 
Solar sailcraft, 502 
Solar tide, 127, 129 
Solenoid, 456 
Solid-liquid-gas interface, 179 
Solute, 199 
Solvent, 191, 198 
Somewhere over the rainbow (song), 270 
Sonar, 290, 303 
Sone, 297, 303 
Sonic boom, 269, 295, 305 
Sound barrier, breaking, 206, 305 
Sound intensity, 287 
Sound speed, temperature dependent, 300 
Sound system, electronic, 299 
Sound, locating source of, 291 
Sound, speed of, 273 
Soup, quark, 605 
Space platform, 2 
Space station: 
cylindrical, 130 
rotating, 124 
Space traveler, relativistic, 576 
Space traveller, 4 
Space walk, 44, 62 
Space-time, 575, 580, 588, 603 
Spacecraft, 3 
Spacecraft, floor of the, 28 


Spark, 372, 397, 407, 415 
Special Relativity, 570, 585, 587 
Specific gravity, 140, 165 
Specific heat, 217, 228 

human body, 219 

table, 219 
Spectral line, 495, 498, 520 
Spectral lines, sharp, 507 
Spectral range, 363 
Spectrum, electromagnetic, 483 
Specular reflection, 311, 327 
Speed limit, 454 

universal, 474, 578 
Speed of a lens (f-number), 330 
Speed of light, 329, 332, 585 

in vacuo, 587 
Speed of sound, 176, 585 

in air, 295 

in water, 295 
Speed vs. energy, 395 
Speed, average, 26 
Speed-vs -time curve, 8 
Speeders, catching, 28 
Sphere moving in fluid, 203 
Spherical aberration, 325, 329, 333 
Spherical surface, image formation, 323 
Sphygmomanometer, 144, 146, 165, 208 
Spider, poisonous brown, 84 
Spin (of ball), 201 
Spin-lattice relaxation time, 456 
Spinning skater, 116, 117, 130, 131 
Spiral path, 436, 449 
Spray cans (fluorocarbons), 403 
Spring balance, 59 
Spring constant, 277 
Spring tide, 129 
Spring, linear, 109 
Square miles per second, 28 
Square root, how to take, 564 
Squeeze (diving), 166 
Squeezebottle, 5 
Squeezing, 12 
Squeezing, how much can we stand, 38 
Stability of matter, 507 
Stability, nuclear, 555, 562 
Stairs, climbing, 99 
Stall on landing, why, 113 
Stalled car, 59 
Stalling speed, 101, 106 
Standard force, 10 
Standard mass, 20 
Standing wave, 197, 296, 302, 304, 348, 509 
Standing waves, 193, 275, 277 
Standing-wave condition, 512 
Stapes (stirrup), 297 


Star formation, 608 
Star maps, 310 
Star, gravitational collapse, 137 
Star, neutron, 137 
Star-Spangled Banner (song), 86 
Starboard, 130 
Stars, faint, 501 
Starting motor, 467, 477 
Statcoulomb, 445, 455 
Static electrification, 381 
Static friction, 34 
Stationary state, 508, 525 
Stationary-state wavefunction, 519 
Statistical distribution, 500 
Statistical scatter, 514 
Statistics of small systems, 262 
Statvolt, 445 
Steady-state cosmology, 611 
Steady-state universe, 606 
Steam engine, 176 
Steam turbine, 541 
Steel, 74 
Steel cable, tensile strength, 84 
Steel disk, 84 
Steel wire, 109 
Steel, rupture strength, 74 
Steel, sound waves in, 273 
Stefan-Boltzmann Law, 232 
Stegosaurus, 231 
Stenotic heart valves, 186 
Step-down transformer, 468, 478 
Step-function wave, 307 
Step-up ratio (transformer), 468 
Stern of the canoe, 57, 116, 130 
Stethoscope, 209, 303 
Stifflegged landing, 76 
Stiffness, how measured, 73 
Stimulated emission, 488, 495 
Stokes’ Law, 37, 197, 203 
Stomach, 4 
Stone on the end of a string, 116 
Stone whirling on a string, 134 
Stopping distance, 75 
Storage ring, 613 
Storm, magnetic fields in, 452 
Straight wire, magnetic field of, 453 
Straight-line path in a spacecraft, 40 
Strain, 81 
Strain, longitudinal, 73 
Streaming velocity, 304 
Strength of materials, 525 
Stress, 71, 81, 143 

compressive, 73 

tensile, 73 

yield, 72 
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String, pulling it through smooth tube, 134 
Stroboscope, 6, 29, 300 
Stroboscopic, 24 
Stroboscopic photography, 35 
Stroke volume, 65 
Strong interaction, 529, 555, 557, 599, 610 
Strontium, 540 
Strontium-90, 542 
Styrofoam, 213 
Styrofoam cup, 215 
Sublimation, 149 
Submarines, communicate with, 499 
Submerged, force to stay, 170 
Subsidiary maxima, 365 
Sudden stop, 34 
Sugar solution, 192 
Sun, surface temperature of, 500 
Sunset, 344, 361 
Super-critical mass, 559 
Superconductivity, 459 
Supergravity, 608, 612 
Supernova, 597 
Superposition, 278 

of sine waves, 367, 501 

of two sinusoids, 285 
Supersaturated, 155, 166, 168 
Supersonic, 26, 27, 269, 305 
Supersymmetry, 608 
Superunification, 608 
Support couch, 4, 11, 76 
Surface charge, 399, 400 
Surface current, 407 
Surface temperature of the sun, 500 
Surface tension, 6, 173, 207 

and Archimedes’ Principle, 179 
Surface tension ripples, 195 
Surface wave, 274 
Surface-to-volume ratio, 215, 231 
Surveying, 310 
Surveying, laser, 489 
Suspensions, settling, 203 
Sweating, 232 
Sweep frequency, 300 
Swim bladder, 170 
Swimming coach, 207 
Swimming pool, 335 

wall of, 28 
Swing, playground, 281 
Swiss Alps, 567 
Symmetric collision, 61 
Symmetry, 45, 46, 60, 570, 585, 603 
Symmetry in electromagnetic theory, 595 
Synchronize clocks, 574, 591 
Synchronous motor, 434, 452 
Synthesizer, harmonic, 284 


Syphon, 173 

Syracuse, Sicily, 141 

Systeme International (SI), 23, 440 
Systole, 196 

Systolic, 146, 209 


Tackle, block and, 108 

Tangent (trig. function), 103 

Tap water, pump to top floor, 172 

Tau lepton, 601 

Tauon, 601 

Tax rate, 179 

Telephone booth, 33 

Telescope, astronomical, 330 

Television, color, 498 

Temperament, equal, 301 

Temperature, 226 

Temperature gradient, 213 

Temperature inversion, 339 

Temperature regulation, 235 

Temperature scales, 222 

Temperature, body, 212 

Temperature, variations in air, 156 

Ten thousand volts is safe, when, 409, 415 

Tennis, 2, 35, 201 

Tennis ball, 57 

Tennis racquet, 57 

Tensile, 81 

Tensile stress, 73 

Tension in the elevator cable, 31 

Tension in the rope, 64 

Terminal speed, 37 

Terminal velocity, 75, 81 

Terminator, 263 

Terrorist, 538, 563 

Tesla, 433, 440, 444, 448, 455 

Tesla coil, 415 

Tetherball, 117 

Thermal conductivity, 213, 227 

Thermal conductivity, table, 214 

Thermal expansion coefficient, 141, 165, 223, 
228 

Thermal expansion, linear, 234 

Thermal expansion, non-uniform, 233 

Thermal expansion, volume coefficient of, 
234 

Thermal gradient, 227 

Thermal motion, 501 

Thermal noise, 292 

Thermodynamics, 252, 259 

Thermodynamics, see First Law of 
Thermodynamics; Second Law of 
Thermodynamics 

Thermogram, 211 

Thermometer, 217, 226 
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Thermometer, alcohol, 236 

Thermometer, fever, 233 

Thermostat, 212, 226, 235 

Thermostat, sea as a, 221 

Thin films, interference in, 363, 367 

Third Law of Thermodynamics, 151, 166, 229 

Third, major (interval), 271, 302 

Third, minor (interval), 271, 302 

Thompson, D’Arcy, 231 

Thoracic aorta, 186 

Thorium, 533, 562 

Thorium-234, 34 

Thread is burned, 59 

Three Blind Mice (song), 270, 286 

Three-degree background radiation, 500, 
606, 611 

Three-dimensional X ray, 503, 527 

Threshold frequency, 485, 495 

Threshold of hearing, 287 

Threshold of pain, 287, 414 

Threshold wavelength, 486, 495 

Throw, how far can I, 102 

Throwing, 65, 112 

Thunderstorm, 372 

Thymine, 262 

Thyroid, 542, 552 

Tibia, 72, 76, 81 

Tides, 127, 129 

Timbre (tone quality), 270, 295 

Time dilation, 570, 589 

Time dilation (film), 570, 590 

Time to fall, 77 

Time-reversal invariance, 60, 248 

Tire gauge, 175 

Tire pressure, 172 

Tires, friction against the, 59 

Toddler, 70 

Tomography (CAT), 542 

Ton, 11 

Tone color, 270 

Tongue, feel current with, 424 

Tools, bag of, 62 

Toothbrush, 3 

Toothpaste tube, 171 

Torque, 129, 431, 451 

Torque and angular acceleration, 135 

Torr, 146 

Torricellian vacuum, 146, 165 

Total internal reflection, 329, 338 

Total relativistic energy, 588 

Tow truck, 50 

Towing cable, 59 

Toy car, 6 

Tracer, radioactive, 542 

Trachea, 203 
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Track-and-field, 136 

Train, 37 

Trajectory, 6 

Trajectory of the ball, 103 
Trampoline, 4 

Trans-uranic, 539 

Trasducer, 292, 297 
Transformation of velocities, 54 
Transformer, 468, 475 
Transforming reference frames, 60 
Transit, 310 

Translational degrees of freedom, 228 
Transmission grating, 361 
Transmission in the rear, 32 
Transmission, real-wheel, 59 
Transmission-line tower, 405 
Transuranic, 555, 558 
Transverse wave, 273, 296, 358 
Trapezoid, area of, 27 
Travelling wave, 193, 197 
Tray, they always collect your, 38 
Tree limb, bending the, 87 
Triangle mnemonic, 575 
Triboelectricity, 372, 392 
Trigonometric identity, 278 
Trigonometry, 103 

Triple point, 225, 229 

Tritium, 535, 542, 564, 607, 611 
Trumpet, 270, 304 

Tug boat, 11, 33 

Tug-of-war, 58 

Tumbling of the spacecraft, 40 
Tungsten, 74 

Tungsten filament, 408 

Tuning fork, 273 

Turbulence, 190 

Turbulent flow, 197, 203 

TV (television), 395, 397, 420, 449, 482, 498 
TV towers, 497 

Twelfth (interval), 677 

Twin paradox, 591 

Twin, identical, 45 

Twins in space, 58 

Twins pushing off, 49 
Two-clock time, 571 

Tycho Brahe, 132 

Tygon, 303 

Tyrannosaurus rex, 84 


Ultrasonic cleaner, 307 

Ultrasonic echo location, 303 

Ultrasonic imaging, 290 

Ultrasonogram, 304, 306 

Ultrasound, 306, 456 

Ultraviolet, 336, 344, 360, 483, 494, 498 
absorbed in air, 178 


Uncertainty Principle, 496, 502, 513, 521, 524, 
603, 614 
Uncertainty, frequency and wavelength, 
502 
Unification, 608 
Uniform acceleration, 8, 27, 29 
Uniform motion, 24 
Uniform velocity, 8 
U.S. Bureau of Standards, 20, 22 
U.S. space program, 12, 76 
Units conversion, 10 
Units, electric, 440 
Units, mixed, 17, 177 
Universal gravitation, Newton's Law of, 132, 
401 
Universal Law of Gravitation, 614 
Universe: 
birth of, 606, 607 
steady-state, 606 
Uranium, 529, 533 
Uranium-235, 584 
Uranium-238, 34 
Utricle, 122 
UV (ultraviolet), 344, 360, 498 


Vacuum cleaner, 2 
Vacuum hose, 171 
Van Allen belt, 449 
van't Hoff’s Law, 192 
Vapor-pressure curve, 234 
Vector, 102, 106 
absolute value of, 106 
component of, 106, 616 
electric field, 402 
magnitude of, 160 
Vector addition, 134 
of E-fields, 402 
of forces, 37 
of velocities, 111, 593 
Vector boson, 605, 608 
Vector field, 377, 457 
Vector wave, 307, 358 
Velocity addition, 111, 569, 578 
formula, 588, 592, 595 
Velocity transformation, 54 
Velocity-vs.-time curve, 2, 41 
Venous blood flow, 65 
Ventricle, 65 
Ventricular fibrillation, 414 
Venturi tube, 196 
Venus, 132 
Vertical jump, 110 
Vertical motion, 11 
Vertical, apparent, 38 
Vertigo, 121 
Very Large Array (VLA), 481 
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Vestibular apparatus, 122, 129 
VHF (very high frequency), 482 
Violin, 274 
Violin tuning, 302 
Virtual image, 314, 328 
Virtual object, 321, 328 
Viscosity, 187, 188, 196, 271 
Visible light, 494, 499 
Visible spectrum, 344, 360 
Vitreous humor, 290, 328 
VLA (Very Large Array), 481 
Voice formants, 301 
Voice, human, range of, 363 
Volcano, erupting, 131 
Volcanoes change the length of the day, 
130 
Volt, 373, 392 
Voltmeter, 412, 422, 477 
electrostatic, 473 
quickie, 414 
Volume coefficient of thermal expansion, 
224 
Vortex, 107 
Vortex patterns, 181 
Vortices rolling up, 257 
Vortices shed, 202 
Vorticity, 197 
Vowels, waveforms of, 300 


Walking in a boat, 63 
Walking speed, 8 
Walking up an incline, 110 
Warm-blooded animals, 215, 228 
Warm-water heating, 173 Í 
Washing, 6, 204 
Water: 

compressibility, 177 

density of, 168 

viscosity of, 189 

weightless, 39 
Water cannon, 199 
Water drops in space craft, 179 
Water drops on the car, 179 
Waterfall warms river, 111 
Water mains, 201 
Water molecule, 400 
Water pistol, 185 
Water tower, 187 
Water wave, 207 
Watt, 99, 106, 420 
Watt-hour, 99 
Wave, 295 

momentum of, 272 

plane, 328 
Wave equation, 508, 520 
Wave-particle duality, 486, 521 
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Waveforms of different instruments, 270 
Wavefront, 314, 328 

equation of, 592 
Wavefunction, 506 
Wavelength, 193, 197, 274 

and frequency, 300 

and period, 205 
Wavelength change, Compton, 490 
Wavenumber, 520 
Waves, 192 

in general, 272 

on highway, 306 

long, travel faster, 182 

standing, 193 

travelling, 193 
Wavetrain, 283, 487, 495, 502 
Weak interaction, 599, 605, 610 
Weber (unit of magnetic flux), 442, 445 
Wedge, 108 
Weighing instrument, 20 
Weighing under water, 170 
Weight, 2, 17, 22 

of air, 157 

of the fly, 35 

on earth, 16 

loss, long-term, 179 

on moon, 17, 39 
Weight-bearing design, 72 
Weighted average, 62, 524 
Weighted-average position, 51 
Weighting function, 51 


Weightless water, 39 
Weightlessness, 3, 5, 14, 24 
Weight and volume, scaling, 83 
Wet suit, 230 
Wetting, 179 
Whales, 69, 161 
Wheatstone bridge, 425 
Wheel and axle, 108 
Whine of a shell, 26 
Whirling the stone, 116 
Whispering gallery, 303 
White light fringes, 367 
White noise, 293 
Whole-body dose, 552 
Whole-body landing, 75 
Wien displacement law, 500 
Wilson, R.W., 500, 606 
Winds and ocean currents, 124 
Wine bottle, French, 171 
Wineglass, shattered, 267 
Wire, stretch a, 73, 109 
Wire, tensile strength of, 83 
Wolf, 69 
Wood, rupture strength, 75 
Wool, thermal conductivity, 214 
Word, 32-bit, 262 
Work, 90, 105 

to breathe, 203 

to pump blood, 203 

table, 485 

who is doing the, 61 
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Work-energy theorem, 92, 93, 105, 184, 196 
Work function, 485, 495 

World line, 588 

World War II, 528 


X-ray, 483, 491, 495 
production of, 503 
soft, 498 
X-ray crystallography, 492, 503 
X-ray diffraction, 492, 496, 505 
X-ray spectrum, 503 
X-ray technician, 554 
X-ray vision, 560 
Xenon, 540 


Yalow, Rosalyn, 565 

Year, 130, 132 

Yes nod of the head, 35 

Yield strain, 73 

Yield stress, 72, 73, 81, 84 
of bones, 74 
table, 74 

Young's double slit, 348 

Young’s modulus, 73, 81, 84, 109 
table, 74 


Z (atomic number), 519 
Zero gravity, 2, 5 

Zinc, 486 

Zinc (electrode), 394 
Zone plate, 368 


TABLE OF PHYSICAL CONSTANTS 


Speed of light in vacuo, c 
Avogadro’s number 
Electron charge, e 
Planck’s constant, h 
Atomic mass unit, u 
Electron mass 

Proton mass 


Bohr magneton, jig 

Electron magnetic moment 
Nuclear magneton, uy 

Proton magnetic moment 
Rydberg 

Coulomb constant, k, = 1/47, 
Faraday 

Ideal gas constant, R 
Boltzmann’s constant, k 
Gravitational constant, G 


Conversion Factors 


2.99792458 x 10° meters/sec 

6.022045 x 10” mole! 

1.6021892 x 107” coulomb 

4.135701 x 107" eV-sec 

931.5016 MeV/c? 

0.5110034 MeV/c? = 9.109534 x 10-* kg 
938.2796 MeV/c? 

= 1836.15152 mMetectron 

= 1.007276470 u = 1.6726485 x 10-7 kg 
0.57883785 x 107" MeV/tesla 
1.00115965241 ug 

3.1524515 x 107" MeV/tesla 

2.7928456 uy = 0.001521032209 pg 
13.605804 eV 

8.987552 x 10° newton m?/coulomb? 
9.648456 x 10* coulombs/mole 

8.31441 joules/mole kelvin 

8.61735 x 10`" eV/Kelvin 

6.6720 x 107" m°-kg`'-s~? 


1 GeV = 10° MeV = 10° eV = 1.6021892 x 107° joules 
Wavelength of 1-eV photon = 1.2398520 um 

Temperature for 1 eV per particle = 11604.50 kelvin (from E = kT) 
1 year (sidereal) = 365.256 days = 3.1558 x 10” seconds 

1 coulomb = 2.99792458 x 10° statcoulombs 4 


1 inch = 2.54 cm 
1 pound = 0.4536 kg 


1 gallon = 3.785 liters 


Some Astronomical Data (Rough) The Greek Alphabet Powers of 10 
Radius of earth 6.37 x 10° m alpha A a Equals Prefix Symbol 
Mass of earth 5.98 x 10% kg beta B B 
Radius of sun 6.96 x 10° m gamma r y 1075 femto f 
Mass of sun 1.99 x 10” kg delta A 8 10°” pico Pp 
Earth-sun distance 1.5 x 10” m episilon E ë 10°? nano n 
zeta A t 107 micro u 
eta H 7 107° milli m 
theta e 0 10°? centi c 
iota I x 107! deci d 
kappa K K 10° 
lambda A i 10° deka da 
mu M u 107 hecto h 
nu N v 10° kilo k 
nu N v 10° mega M 
omicron oO o 10° giga G 
pi ll a 10” tera py 
rho P p 
sigma 2 o 
tau T T 
upsilon Y v 
phi $ o 
chi X X 
psi Y w 
omega Q w 
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